VISCOUS FLUIDS, ELASTICITY AND
FUNCTION-THEORY. I

BY
JAMES SANDERS

Introduction. In this first paper, we are going to consider the properties
of pairs of functions {u(x, ), v(x, y)} of two real variables (x, ¥), whnch for
some fixed k satisfy the system of differential equations
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k is any real number such that k+150.

We set s=x+1y and f(2) =#-+1v and call f(z) a bi-analytic function of z
of type k. The main purpose of the paper is to show that all the elementary
properties of analytic functions can be extended to bi-analytic functions. The
fundamental reason for this is that the first two equations of (0.1) are merely
an inhomogeneous form of the Cauchy-Riemann equations for -1 while
the last two imply that {(k+1)9—1'w} is analytic. ¢(z) = (k+1)0 — i will be
called the associated analytic function of f(2) =u+1v.

If an elastic body is in a state of plane strain in a plane parallel to the
(x, ¥) plane, then its elastic properties are determined by two functions
u(x, y) and v(x, y), the x and y components of the displacement of a particle.
The known equations of classical elasticity theory show that «—1v is a bi-
analytic functions of type k. There is, then, a geometric interpretation of 8
and w; 6 is the “dilatation” and w the “rotation.” What happens in elasticity,
therefore, is analogous to the situation in the theory of the two-dimensional
flow of a perfect fluid where the velocity components # and v are such that

u—1v is analytic.

In problems of plane stram k=\/u+1, where A and u are the usual
Lamé's constants. Therefore £>1/3. Problems of generalized plane stress
give rise to the same equations, only now
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2(\w)

=————+1 andso 3>k>0.

2+ 0w > k>

Thus bi-analytic functions of type k with 2>0 are of interest in mathe-
matical physics. However, up to now it is only functions of type —2 that
have attracted mathematical interest. In fact, when k= —2, equations (0.1)
have the form that, as Haskell has shown, characterize areolar-monogenic
functions [1]. The theory of these functions has been fairly well developed,
notably by Kriszten [2]. It turns out, however, as a consequence of the theory
developed in this paper, that the case k= —2 is very special and the extension
from k= —2 to any k is nontrivial. This is what one might expect, of course,
from the fact that it is the cases ks —2 that occur in physical theories.

We shall also introduce bi-analytic functions of type —1. These are func-
tions f(2) =#-+1v such that # and v satisfy the equations

U — Uy = 0,
u,+v:=0
(0.2) e
0, — wy, =0,
0y + w; = 0.

Again (0+iw) is called the associated analytic function of f(z).

These equations are not a special case of (0.1). However, the formulae we
derive for functions of type k (k= —1) will turn out to be valid for functions
of type —1 provided £ is set equal to —1, w to zero and w/(k+1) is replaced
by —aw.

Equations of the form (0.2) have been introduced by Lauricella in the
study of elastic plates [3]. Under the usual assumptions the fundamental
problem of the theory of plates reduces to the Dirichlet problem for the bi-
harmonic equation, namely, finding a function ¢(x, y) such that A(A¢)
= A%’ = 0 in a domain D with ¢, and ¢, given on the boundary of C of
D[A=0?%/3x?+3?/dy?]. By setting u =¢. and v= —¢,, Lauricella reduces this
problem to the problem of determining what we have called a bi-analytic
function of type —1 with prescribed values on the boundary. Although
Lauricella introduced equations (0.2) he did not notice that they could be
made the basis for a generalization of the classical theory of functions of a
complex variable. This was done by the present author [4]. However, that
paper was mainly concerned with generalizations of (0.2) obtained by put-
ting some nonconstant coefficients into the equations. Consequently, it did not
obtain many of the results we shall derive here for bi-analytic functions.

Functions of type infinity can also be defined. These are functions f(z)
=u+1v such that



1961] VISCOUS FLUIDS, ELASTICITY AND FUNCTION-THEORY 87

uz—vy=0,

0.3) Uy + v = w,

03_w1=0’
0y + w: = 0.

Once more 0+1w is called the associated function of f(2).

However, we shall not concern ourselves with such functions since, if
f(2) =u+1vis of type infinity with associated function ¢(2) then if(2) = —v+iu
is of type —1 with associated function 4¢(2). In this way the theory of these
functions is immediately reduced to the theory of functions of type —1.

Bi-analytic functions of type —1 occur not only in the theory of elastic
plates but also in the theory of viscous fluids. The equations governing the
incompressible two dimensional flow of a viscous fluid with no “body forces”
are

plAu = Pz
(0'4) #A‘D = plh
Uy + Vy = 0

where u and v are the components of the velocity in the x and y directions
respectively, u is the coefficient of viscosity and so is >0 and p is the pressure.
Here we have assumed that the velocities are so small that the nonlinear terms
in the equations can be neglected. This is the approximation first introduced

by Stokes.
We shall show later that equations (0.4) are equivalent to the equations
( 4;+ v, =0,
“v - 0y = g-)
1
(0.5) {—p=— 5 =0,
m
1
— v +¢=0
7

and so (z—1v) is bi-analytic of type « with associated function ((1/u)p+1f)
where { is the vorticity. By our previous result this fact can also be expressed
by saying that (v+iu) is bi-analytic of type —1 with associated function
(—¢+ip/u). However, calling (u—1v) bi-analytic has the advantage of pre-
serving the analogy with the theory of perfect fluids.

We now sketch the lines of development of the paper.

Chapter I first considers various forms of the equations defining bi-
analytic functions and shows their equivalence. These considerations lead to
the theorem that every biharmonic function is the real or imaginary part of
a bi-analytic function with k0. (The case k=0 is obviously very special
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since the real and imaginary parts of a bi-analytic function of type 0 are
harmonic.) This has been proved by Kriszten for the case k= —2 but only
when the domain is rectangular [2]. By using contour integrals we have re-
moved this restriction on the domain.

Next, the problem of constructing a bi-analytic function with a given asso-
ciated function is solved.

Then, some simple formulae are obtained for converting bi-analytic func-
tions of type K into functions of a different type, k. The first kind of formula
does this by taking a linear combination of two functions of type k. The result
obtained shows that functions of type —1 arise as the residue at k= —1, of -
families of bi-analytic functions of type k where k= —1. The second kind of
formula converts a function of type K into one of type k by adding a har-
monic function to the real or imaginary part of the function of type k.

Finally the integral and derivative of a bi-analytic function are defined
and shown to have the properties connoted by those words. “Cauchy’s”
theorem, that the integral of a bi-analytic function around a simple closed
curve is zero provided the function is bi-analytic inside the curve, is an im-
mediate consequence of the definition of the integral. The analogues of
Morera's theorem and Weierstrass’ double-series theorem easily follow. This
section is clearly motivated by the paper of Bers and Gelbart on a generaliza-
tion of the Cauchy-Riemann equations [5].

Chapter II discusses the algebra of bi-analytic functions.

It is first shown that the only transformations of the independent vari-
ables x and y that transform bi-analytic functions into bi-analytic functions
are linear. It is also shown that linear transformations of the dependent vari-
ables % and v are the only such transformations permitted.

However, in addition to these purely negative results, we have made a
fundamental discovery showing how to “multiply” a bi-analytic function
with an analytic function so as to obtain a bi-analytic function. The product
function has as associated function the product of the original associated
function and the multiplying analytic function. This “multiplying” is not
strictly algebraic since it involves two integrals. However, these integrals are
only integrals of analytic functions. The special nature of functions of type
— 2 becomes apparent here.

The product is not unique; it depends on the lower limits of the integrals
and on two real-valued parameters. By choosing these parameters in certain
ways we obtain four particular products which are called the left and right
cross products and the left and right dot products. Finally the associative law
and the usual rule for differentiating products are shown to hold provided
the above mentioned lower limits are chosen in a suitable manner.

Chapter III constructs bi-analytic functions denoted by Z, E(3), L(2),
C(2) and S(z) that have properties similar to those of the analytic functions
z*, ¢*, log 2, cos z and sin z respectively. These functions are obtained by
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multiplying the corresponding analytic function with a simple bi-analytic
function whose associated function is 1.

Some of these “elementary” functions give examples of the fact that the
zeros of bi-analytic functions are not isolated. This is what is to be expected,
of course, from the behaviour of elastic bodies.

We next give, in Chapter IV, very simple derivations of results, for bi-
analytic functions, similar to Taylor’s and Laurent’s theorems for analytic
functions. These results are obtained without using anything corresponding
to Cauchy’s Integral Formula. '

However, we then go on to give a form of “Cauchy’s” formula, which
determines the values of a bi-analytic function inside a simple closed curve
in terms of the boundary values of both the function and the associated
function.

This formula is then applied to various problems. First, the existence of
all the derivatives of a bi-analytic function is proved. Then a uniformly
convergent series of bi-analytic functions is shown to be differentiable term-
by-term. This result is then used to obtain simple formulae for the coefficients
in “Taylor’s” series. We thus obtain the Taylor's series of the elementary
functions.

Finally we attempt to classify the isolated singularities of the functions.
We are left with some unsolved problems on essential singularities.

Chapter V views some of the classical results of elasticity theory from
the stand-point of the theory developed in the previous chapters. In particu-
lar our “Cauchy’s” formula is shown to be obtainable from Betti's reciprocal
theorem by integrating by parts.

In Chapter VI we first show that the equations of viscous fluid flow can
be put into the form already indicated in this introduction.

It is planned to discuss some more general systems of equations, with
nonconstant coefficients, in Part II.

CHAPTER I. PRELIMINARIES: DERIVATIVE AND INTEGRAL

1. Fundamental relations. We first give exact definitions of bi-analytic
functions:

DEFINITION 1. A complex-valued function f(z) =u(x, y)+iv(x, v) of the
variable z=x+1y will be said to be bi-analytic of type k(% —1) in a domain D
of the z-plane provided u and v have continuous derivatives of the first order in D
satisfying

uz_ vy = 0,
(1.1) Y

U, + v, =

where (k+1)0 —iw is an analytic function of z in D, that is, 0 and w are continu-
ous and have first derivatives in D satisfying the Cauchy-Riemann equations
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¢+ 1)6: + w, = 0,

-1 (k+ 1)8, — . = 0.

DErFINITION II. A complex-valued function f(z)=u(x, y)+iv(x, y) of
z=x1y will be called bi-analytic of type —1 in a domain D of the z-plane
provided u and v have continuous derivatives of the first order in D satisfying

uz_vy=0,

1.2
1.2 u,,+v,=0

and provided that there exists a definite function w such that

Oz_wy=0,

1.2
1.2) 0, + w, = 0.

In Definition II, we might have proceeded differently and used the con-
dition A@=0. However then w would only be determined up to a constant.
From the present viewpoint all functions with different w’s are considered as
different functions even if the w’s differ only by a constant.

For convenience, a bi-analytic function of type k will be denoted by
B.A.F. (k). (k+1)8—1iw or, when k is —1, 844w, is called the associated func-
tion of f(z) and will be denoted by A.F. The real and imaginary parts # and v
of f(z) will be said to be biharmonic conjugates, or sometimes, k-conjugates.

The main arguments of the paper will be conducted with functions of type
k with k> —1 and the results for functions of type — 1 will, for the most part,
obtain only passing notice. We have adopted this procedure since most of the
proofs when k is —1 follow on the same lines as when k> —1; whenever this
is not so we shall note the differences.

It will be assumed from the start that # and » have continuous derivatives
of all orders. This will be proved in the chapter on “Cauchy’s” integral;
this is a valid procedure since that chapter does not depend on preceding
work.

From (1.1) u or v can be eliminated by differentiating. In this manner we
get the following set of equations:

Au = — kb,
(1.3) Av = + k6,
0 = u, — v,

These are the more usual equations of elasticity in the cases of plane
strain and generalized plane stress.

One immediate consequence of (1.3) is that # and v are harmonic when
k=0. Otherwise, since 6 and so 0, and 6, are harmonic, we conclude that u
and v are biharmonic, that is
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A(Au) = A% = 0,
(1.4 (aw)
A% = 0.

When equations (1.3) are differentiated and subtracted we find
A4z — vy) = — k(022 + 6y)
or
(k4 1)As = 0.

Thus, if 24150, equations (1.3) alone show that 6 is harmonic. When
= —1, the equation A@=0 should be added to (1.3).
We now show that not only does (1.3) follow from (1.1) but that the con-
verse statement is also true.

THEOREM 1. If (1.3) holds, then there exists a function w such that (1.1) s
true.

Proof. Since, as has already been shown, (1.3) implies that A@=0, there
exists an w, determined to within a constant, such that (k4 1)6— 4w is analytic.
We shall show that #,+v.=w. Now,

. we = (k + 1)6,
= (k + 1) (4zy — vyy)
= (Usy + v25) + k(tay — vyy) — (922 + v3y)
"= (uy + v2)z + ¥, — Ao
= (uy + v2)a.
Similarly,
(uy + 1)y = wy.
Therefore,

w = (uy + v;) + constant.

Since w is only determined to within a constant, this constant can be adjusted
so that

Uy + v, = Q.E.D.

Another way of proceeding is to define w immediately as w=wu,+v,. Then
-from this and %,—v, =0 we have

Au=0,+w, andso 0,4+ w,= — k. or (k+ 1)6,+ w, = 0.

Similarly (k+1)8, —w.=0.

This last proof is due to Love [6]. When k= —1, and so the equation
A@=0 is added to the set (1.3), we can not proceed in Love's manner. How-
ever, the proof given above does show that #,+v.=a constant =g, and so we



92 JAMES SANDERS [January

can conclude that (x—ay)+iv is B.A. (—1). Also if % and v in addition to
satisfying this modification of (1.3) inside D satisfy § .udx—vdy=0 where ¢
is the boundary of D then we can conclude that a=0. For,

affbdxdy = ffb(“u + v.)dxdy

=f—udx+vdy=0

and so
a=0.

The condition & .udx—vdy=0 is not artificial; it occurs in Lauricella’s
formulation of the elastic plate problem.

We now show that any biharmonic function is the real part of a B.A.F.
with k270, or —1. In the proof we freely use both equations (1.1) and their
equivalent, (1.3).

THEOREM 2. If u is any function satisfying A*u=0 inside D then there exists
a biharmonic function v such that u-+1iv is B.A. (k) with k#0 or —1.

Proof. Given #, set ¢ =Au. (1) Therefore, Ap=0. Therefore, there exists
a function ¥ such that (¢+#) is analytic.

Let
—k0+ik+ 1w=f':(¢+i¢)dz
@) =f odx — ydy

+i [ van+ o0y

so that {(k+1)0—iw} is analytic. This definition is suggested by equations
(1.3).
The function v is now defined by

A3) v = f ‘(—u, + w)dx + (u, — 6)dy.

We show that this is a proper definition by showing that this integral is
independent of the path of integration, that is, that
(—uy + w)y = (uz — 0):

or
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— Uy + Wy = Uy — O,

or
Au = 0, + wy
or
¢ =0;+ w,.
Now, by our definition of # and w,
b; = i %,
k
k+1
“mT Y

Therefore 0, +w, =¢.
It is now easily verified that #+4v is B.A. For from (3),

.= —ty+ow or #+v,=w
and

vy =u—0 or wu,—uv, =0,

while we have already seen that {(k+1)0—-iw} is analytic. Q.E.D.

A similar proof shows that starting with a biharmonic function v, a func-
tion # can be found such that (#+1v) is B.A.

If the domain D is multiply-connected then, in general, the conjugate
function is multi-valued, as in the case of harmonic functions. This gives a
method of constructing multi-valued biharmonic functions; for if # is a func-
tion with an isolated singularity, the function v will usually turn out to be
non-singlevalued. Some types of multi-valued functions are important in elas-
ticity theory where they are realized as dislocations.

As an example let #=x log 7 where 72=x2+42% Then the method of Theo-
rem 2 shows that

24k 20k +1) y 24k
v = ——9ylogr + ————=xarctan — — ——.
k k x k

If =0, the conclusion of Theorem 2 cannot be true since the real and
imaginary parts of a B.A.F. (0) are merely harmonic. If k£ is —1 the result
is still true but the above proof breaks down; for this case a proof on entirely
different lines has been given in [4].

The conjugate v of a biharmonic function % is not uniquely determined
by u. This is shown up in the proof of Theorem 2. There, ¢ is determined
only to within an additive constant. Since z, is arbitrary this means that a
term —B+4(4/(k+1))y can be added to 6 and a term a+A4x to w where



94 JAMES SANDERS [January

a, 4, B are arbitrary constants. Again, since 2, is arbitrary, v, as defined by
(3), can have a term

1 A
U — Ax?
¥+ ax 4+ By > k+1y+ %

added to it, where 4, «, B, v are arbitrary constants.
We now show that this is the most general form possible for v, that is,
if » and v; are any two conjugates of u then

n=v+v+ax+8

for some real constants o, 8, 7, A. The converse statement, that if v, is con-
jugate to % the function v; defined as in the above equation is also conjugate,
is fairly obvious.

To prove our assertion, set v=v;—9,. Then, v is the conjugate of 0, that
is,

_vy = 0, v: =W
where
and
0= (k+ 1)8, — w: = — (£ + 1), —

From the first equation, since we have assumed k=0, v=f(x)+g(y).
Therefore (k+1)g"(y) = —f"(x) = — A where 4 is a constant. Therefore

1
f(x) = Py Ax? 4+ ax 4+ 7,

and
—_ 1 A 2
g(y) = “2iri’ + 8y + 72
and so
v-'y+ax+ﬁy——l— 4 ’+—1—Ax’, Q.E.D.
2k+1 2

The result for k= —1 is that v=a+8y+vy? This has been shown in [4].
By the same method it can be shown that if %, and u; are two real parts
of B.A.F.’s with the same imaginary part then
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1 1
m=t+vy+ax+pfy—— x’+—£-Ay’

2 k+1
provided k3 —1. When k is —1, the result is that
# = 4 + a + Bx + yx2.

We next consider a natural question. Given an analytic function (k+1)8
—1w, can a B.A.F. (k) be constructed with this function as its A.F.? Clearly
if the problem has a solution the solution is not unique since if any analytic
function is added to a B.A.F. the sum is a B.A.F. with the same A.F. In the
next theorem we give one solution of the problem.

TrEOREM 3. If {(k+1)0—1iw} is any analytic function then (u+iv) is a
B.A.F. (k) with {(k+1)0—1iw} as its A.F., where

u=—— xf,
2

e 2,
M et ) A N T At

provided k## —1.

Proof. We first verify that v is well-defined, that is, that the above integral
is independent of the path of integration. The condition for this is that

[kxa-l- ] +[k +k+29] —0
g e T T T LT

(1.5)

or

k
— 80+ (k4 18 + 0y = 0

and this is obviously true. Next,
k k k

Uy = — — 0 — — x0,, u, = — — a6,
2 2 Y 2
E E+2
v, = — 28, + w, v, = — — af, — — 0,
2 " Y 2 2

and so
U, — vy = 0,

uy + v; = w. Q.E.D.

Again, if the domain is multiply connected the v defined in (1.5) is, gen-
erally, multi-valued even when 0 and w are single-valued.
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When % is —1, (1.5) is still valid, provided it is modified by setting
k= —1and w=0; thatis (¥ +1) isa B.A.F. (—1) with 4w as its A.F. where

1
u = — 0,
2

[ (=5 ) se+ (0= )8
v = - %+ (— 2. — — .
W2 2 2 )?

When k=0, (1.5) still holds .and shows that

u=0, v=f wdx—Ody=Imf 0 — iw)dz
20 20

are the real and imaginary parts of a B.A.F. (0) with A.F. 6 —4w. This shows
that every B.A.F. (0) is of the form

# + 4v = (an analytic function)
+ 4 (a harmonic function).

This emphasizes the relatively trivial nature of functions of type 0.

2. Conversion. A natural question to ask is the following: In what way
does a B.A.F. (k) depend upon the parameter k? No very precise answer can
be given to this question but we have found some simple formulae that give
some information on the subject. First, we have the following result:

THEOREM 4. Suppose f(z) is a B.A.F. (K) whose A.F. is (K+1) 0 — 1w and
suppose also that g(z) is a B.A.F.(K) whose A.F. is i[(K+1)0—iw]. Then

Kk+ K+ k

(1.6) F(z) = “T_Tf(z) + ig(2)

is a B.A.F. of type k whose A.F. is
K(K+2)(k+ 1)
k+1)0 —iQ = K+ 16—
(& + 1)0 — (K_k)(K+1)[(+) ]

provided K% —1 or k, and k= —1.

Proof. This result is easily checked by a direct computation. Q.E.D.
For K=0 and —2 the function F(2) in (1.6) is analytic.
If kis —1, (1.6) can be modified to

F(z) = — f(z) + 4g(2)

K+1
whose A.F. is
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K(K +2)
O+il=——|(K+1)0 — i} -
+i (K+1)*{( + 1)0 — iw}
A result similar to Theorem 4 is the following:
THEOREM 5. If f(2) and g(z) have the same meanings as in Theorem 4, then

Kk+K+k

(1.7) F(z) = —if(z)+ﬂ—g(z)
is a B.A.F. (k) whose A.F. is
o KE+2)EA+1) .
4+ 1)0 —ig = E—BDETD i (K + 1)8 — v}

provided K#= —1 or k, and k# —1.
If kis —1 the formula can be modified to
1
F(z) = —if(s) — ——
(2) if(2) K11 g(2)
whose A.F. is
K(K 4+ 2)
0+ iQ = —— (K + 1)0 — twy.
+i (K+1)2z{( + 1) — i}
We shall also omit the proof here and go on to the case K= —1.

THEOREM 6. Suppose f(z) is @ B.A.F. (—1) whose A.F. is 0+1iw and that
g(2) isa B.A.F. (—1) whose A.F. is i(0+iw). Then

1

(1.8) F(z) = 3 1f(Z) + ig(2)
is a B.A.F. (k) whose A.F. is 0+iw. Also

_ 1
(1.9) G(2) = — if(2) + 1 g(2)

is @ B.A.F. (k) whose A.F. is i(0+1w).
Here, k is not equal to —1.

The proof again is direct and simple.

Formula (1.8) shows the following: If f(z) is a B.A.F. (—1) which is an
integral function of a parameter k then f(z, k= —1) is the residue, at k= —1,
of a B.A.F. (k). Conversely, if F(2) is a B.A.F. (k) whose A.F. does not de-
pend on k, then F(z) has, modulo an analytic function of z, a simple pole at
k= —1 with residue a B.A.F. (—1).
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The above results are very interesting but are not examples of what we
shall call “conversion.” This term will be used for the process of changing a
B.A.F. (K) into a B.A.F. (k) by adding a harmonic function to the function
of type K, this harmonic function being related to the integral of the A.F.
Our result in this direction is the following:

THEOREM 7. If f(2) is a B.A.F. (K), K5 —1, whose A.F. is (K+1)0—1w,
then

(1.10) F@) = /&) + ©
where
(K +1)0 —ig = X~ kf'[(x+ 1)8 — iwds,
k %

is a B.A.F. (k), provided k is not —1, whose A.F. is

K+ 1)

—— (K 4+ 1)6 — iw].

WK+ D) [(K + 1)8 — iw]

Again the proof is trivial and will not be given.

The formula for the A.F. of F(z) shows that (1.10) can not be used to con-
vert a B.A.F. (K) into a function of type 0. It is easily seen that the only case
in which a harmonic function can be added to a B.A.F. (X) to give a B.A.F.
(0) is when K =0 and then the harmonic function can be quite arbitrary.

If K is —1, then (1.10) still holds provided

, E+1
® +i0 = _Tf 6 + iw)dz

where (f+1w) is the A.F. of f(z). The associated function of F(g) is now
kE+1
—— O+ e).

In the case k= —1, K —1, (1.10) is again valid provided © is defined by
the equation

(K+1)0—-i2=—(K+ l)f‘[(K+1)0—iw]dz.

The A.F. of F(z) is now [—K/(K+1)][(K+1)0—1w].

In the future we shall say we are converting f(z), a B.A.F. (K), not only
when we form the function F(z) defined in (1.10) but also when we add a
function of the form

(constant) f‘[(K + 1)6 — iw|dz to this F(z).
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The resulting function is, of course, still a B.A.F. (k) with the A.F. we have
indicated.

As an example of conversion, consider f(g) = { (log r+x2/r2) +i(—xy/r?)},
where r2=x%+19?2, Thisis a B.A.F. (—1);in fact, it is one of the “fundamental”
functions used by Lauricella. Its A.F. is 2/2. Thus ©+4:Q= —2((k+1)/k) log 2
when zo=1. Therefore F(z)={(— ((k+2)/k) log r+x2/r?)+i(—xy/r?)} is a
B.A.F. (k) whose A.F. is [—2(k+1)/k](1/2), provided k=0, —1. The F(s)
we have found here is known from elasticity theory; it gives the displacements
due to a finite force acting at the origin, in the x-direction. Similarly, starting
with Lauricella’s other function { (xy/r?) —i(log r+y2/r?) } we find the B.A.F.

(k),
xy (k+2 y?
FriGm -2

This gives the elastic displacements due to a finite force acting at the origin,
in the y-direction.
3. Derivatives and integrals.
DEeFINITION III. If f(2) =% +1v s B.A. (k), then the derivative of f(2) is
d
(1.11) _f‘= Uy + i0s.
dz
TueoreMm 8. If f(z) is B.A. (k) then df/dz is also a B.A.F. (k) whose A.F.
is the derivative of the A.F. of f(2).

Proof. This is easily shown by a direct calculation provided it is assumed
that # and v have continuous derivatives of the second order. This last as-
sumption will be made throughout this chapter and will be proved independ-
ently in Chapter IV. Q.E.D.

Theorem 8 still holds when k= —1 provided w, and not (w.+a constant)
is called the A.F. of df/dz. This convention will be followed in future.

Definition III and Theorem 8 are valid even in the special cases k=0 and

=—1.

THEOREM 9. If k# —1, the only B.A.F. (k) whose derivative is identically
zero in a domain is

(1.12) u+ v = (a+ ib) + (¢ + id)y.
When k= —1, the corresponding result is
(1.13) u+ v = (a + i) + i(cy + dy?)

where a, b, c and d are real constants.

Proof. This is fairly obvious, the calculations being very similar to those
giving our results on the nonuniqueness of a conjugate function. Q.E.D.
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The lack of symmetry with respect to x and y in (1.11), (1.12) and (1.13)
is very striking. The fundamental reason for this is that the equations defin-
ing B.A.F.'s are themselves nonsymmetrical.

Formally (1.11) is the same as when f(2) is analytic. If we try using the
expression (v, —1u,) as the derivative of f(z) we find that the derivative is bi-
analytic of type —k/(k+1) when f(2) is B.A. (k). Thus only in the case k= —2
is this “derivative” of the same type as the original function, f(2), and even in
this case the two derivatives, (#.+1v,;) and (v, —1%,), are not equal as they are
for analytic functions.

We now define the integral.

DEeFINITION IV. Let f(z) =u-+1ivbea B.A.F. (k) whose A.F. is {(k+1)0 uo}
Let {(k+1)©—1Q} be the analytic function defined by

{(+1)0 — i} =f [(& + 1)6 — iw]da.
1)
Then the integral of f(2) from z, to z along some continuous rectifiable path is

F(z) = U+iV=f‘udx+(—v+ 9)dy+if'vdx+(u—®)dy
%0

%0

(1.14)

f (4 + in)ds — i(© + iR)dy.
We denote the integral by
F@) = f (a)-da.

The dot here does not denote multiplication. In Chapter II a dot product
and other types of products will be defined; however, none of the products
defined there enable us to define the integrand in our integral as the product
of f(z) and dz.

When k= —1, (1.14) must be modified by setting 2=0. @ is then defined

by @+iQ=[Z,(0+iw)dz.

THEOREM 10 (“CaucHY's THEOREM”). If C is a simple closed continuous,
rectifiable curve inside which f(z) =u-+1v is B.A. (k) and such that u, v, 8, Q are
continuous inside and on C, then

f;f(z)-dz = 0.

Proof. We first show that inside C the integrability conditions
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Uy = (_1’ + 9Q).,
7= (u—0),

hold.
These conditions reduce to the forms

u,,+v,=9,=w,
vy—'uz=—'®z=_0,

which are obviously true. _
Since we have assumed that # and v have continuous first derivatives in-
side C, the theorem now follows in the form

f(@):dz=0
CI

where C’ is a curve inside C and homologous to C.
By letting C’—C the theorem now follows in the usual way. The case
k= —1is treated similarly. Q.E.D.
Next we show that the indefinite integral is bi-analytic.

THEOREM 11. If f(2) 4s @ B.A.F. (k) then
P& = [ f0)-as
is also a B.A.F. (k) whose A.F. is
{ (& + 1)0 — iq} =f'{(k + 1)0 — iw}ds

where { (k+1)0—iw} is the A.F. of f(2).
Proof. Setting F(z) = U+4iV, we have, from (1.14)
U, = u, Vo=,
U,=v+4+ 9, Vy=u—0,

and so
U, -V, =6,
U,+ V.= Q. Q.E.D.
Again, the theorem is true for k= —1 and is proved in a similar manner.

Finally we show that differentiation and integration are inverse processes.

THEOREM 12.
(a) Let f(2) be a B.A.F. (k) whose A.F. is { (k+1)0—iw}. Then the deriva-

tive of F(z) = [; f(2) -dz is f(2).
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*d
(1.15) ) 3.8 = 16) = 160 + ity = 39000+ i)

when k7% —1. When k= —1, (1.15) must be modified by setting wo=0.
(Bo+1w0) ts the value of (0+1w) at 8= 32,.

Proof. Part (a) has already been proved, essentially, in Theorem 11 since
it was shown there that if F(z) = U414V then U and V have derivatives and
U.=uand V,=v.

To prove part (b) we could use our results (1.12) and (1.13) on functions
with zero-derivatives. However, it is simpler to proceed directly. Thus,
df/dz=1u,+1v, has [(k+1)0,—1w.] as its A.F. and so the integral of its A.F. is

f [k + 106, — iws)dz = (& + 1) — 80) — i(w — wi).
Therefore,

—dz = f ‘u,dx + [0 + (0 — wo)]dy + if .v,dx + [us — (0 — 60)]dy

50 dz 20 2Z0
= (4 + iv) — (uo + v0) — wo(y — ¥0) + #Bo(y — ¥0).

The case k= —1 is handled similarly, remembering that the derivative of
f(2) is a function whose A.F. is 0,+iw, not 0,+4(w,+a constant). For this
reason the term —f(2o) +4(y —¥0)0, is not the most general type of term with
a zero derivative. Q.E.D.

Having shown that the derivative and integral have all the above simple
properties, we now give some results which will be used later. First we have

THEOREM 13 (“MORERA’S THEOREM”). Suppose D is a domain of the z-
plane inside which [(k+41)0—1iw] is analytic. Also,

(k+1)0 — iQ --f'[(k + 1)8 — iw]ds

where 2o 1s any point in D.
Suppose also that u and v are two continuous functions such that

fudx+ (—v+4+ Q)dy = 0,
c

fvdx+(u—®)dy=0
c

for every simple, closed, continuous rectifiable curve C in D. Then (u+iv) is a
B.A.F. (k) in D having [(k+1)0—iw] for its A.F.

Proof. Define functions U and V by the equations
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]
U =f udx + (—v + Q)dy,
2

V= f ‘vdx + (u — ©)dy.

It follows from the hypotheses that U and V are functions of . Also,
U, = u, Uy=—1v4+Q,
Ve=, Vy=u— 0,
and so
U= Vy=0, U, +7V.=2Q,
and so
(U + iV) is B.A.(k) with A.F.[(k + 1)® — iQ].
Therefore (U+14V) has a derivative which is itself B.A. (k); in fact
U.+iV.=u+1ivand so (u+1iv) is B.A. (k) whose A.F. is (d/ds) { (k+1)0 —iQ}
=(k+1)0 —iw. Q.E.D.

This result will now be used to prove the following analogue of Weier-
strass’ double-series theorem.

THEOREM 14. Suppose (un—+1v,), n=1, 2, - - -, is @ uniformly convergent
sequence of B.A.F.s (k) in D, whose sequence of A.F.’s [(k+1)0,—iwa] also
converges uniformly in D. Then u+iv=lim(u,~+1v,) is a B.A.F. (k) whose A.F.
is [(+1)0—iw]=1lim[(k+1)8,—iw,].

Proof. [(k+1)8,—1w.] is a sequence of analytic functions converging uni-
formly in D. Therefore

(B + 1)0 — iw = lim[(k + 1)8, — iw,]
is an analytic function in D. Also setting

(k+ 10, — iQ, = f '[(k + 1)8, — tw,]dz

20

where 2, is some point in D, we easily see that [(k+1)0,—1Q.] converges
uniformly to {(k+1)0—iQ} = [; [(k+1)0—iw]dz.
Now, by Theorem 10,

f(u,, + 4v,) - dz =fu,,dx + (—v + Q)dy + ifv,.dx + (4n — ©,)dy
c c c

=0,

when C is any simple, closed, continuous rectifiable curve in D.
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Since the sequences {%.}, {va}, {©a} and {Q.} are uniformly convergent
we can take the limit of the above equation by taking limits inside the integral
sign. .

Therefore

fudx+ (—v+ 9)dy+ifvdx+(u—®)dy=0.
c c

The hypotheses of Theorem 13 are now seen to be satisfied and so the
result follows. : Q.E.D.

Theorems 13 and 14 are obviously true for all & including the singular
case k= —1.

CHAPTER II. ALGEBRA

1. Changes of the independent variables. The problem we shall now state
and answer is the following:

Suppose (¢ + #) is any B.A.F. (k) of 2 =2x + 4y and suppose
{u=f(x, ¥), v=g(x, y)} is a reversible transformation and such that
[(B24+1)f —ig] is an analytic function of z. Under what conditions on k;, ks, ks,

f(x, ¥) and g(x, ¥) is ¢+ a B.A.F. (k3) of u+iv?

First suppose k10, —1 or —2. Then the only transformations satisfying

all the above conditions are

(a) x+ 1y = a(u + iv) + (¢ + id)
where a, b and ¢ are real constants. In this case k3=k;.
(b) x + iy = ib(u + 4v) + (c + id)

where b, ¢ and d are real constants and now k3= —k1/(k1+1). This last condi-
tion can be expressed by saying that i(¢p+#) = —¢+1i is a B.A.F. (k).

The fact that the above transformations have the results stated is easily
checked. It is much more difficult to prove that they are the only transforma-
tions that work. We shall not prove this here; the proof we have is so long
that its presence would make this paper appreciably longer and the result is
not of great importance.

When k; is —2, the only admissible transformations are

2= (a + ) (% + iv) + (c + id)

where @, b, ¢ and d are real. In this case k3=k;.

The results for ;= —1 are the same as those that have been stated for
k1 #0, —1, —2 except that in case (b), k3 is .

When k;=0, then (f+14g) can be an arbitrary analytic function of either
z=x-+1y or Z=x—1y and k3 is, in all cases, equal to 0. This result is to be ex-
pected, of course, since we have already seen that all functions of type 0 are
of the form (an analytic function) 44 (a harmonic function).
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The result of all this is that, generally speaking, the technique of con-
formal mapping or anything similar is not available for the study of bi-
analytic functions.

There are, however, different ways of applying conformal mapping to
B.A.F.’s. Theorem 3, for instance, shows that any B.A.F. (k) is of the form

bivm (i >+' '(kxo+)d (kw+——k+zo d}
uw—{z 1]102,,wx2,2>y

2.1
@.1) + (W' + ')

where (u'+4’) is an analytic function and {(k+1)0—iw} is the A.F. of
(u+1v).

Thus, we can make a conformal mapping of the (x, ¥) plane into the
(&, 1) plane and so send [(k+1)0—iw] and («'+1v’) into other analytic func-
tions of (§+147). We can then apply (2.1) in the (£, 3) plane where 0, w, %’
and ¢’ are the functions of (§+77) obtained in the above manner. This will
give us a bi-analytic function of (£417).

Unfortunately the dissection of a B.A.F. (k) given by (2.1) is not unique;
there are other ways of breaking up a B.A.F., #+1v, into a sum of an analytic
function and a B.A.F. determined in terms of the A.F. of u4-1v.

In fact we shall find another method of doing this in Chapter III. This
technique of conformal mapping, therefore, will probably not be very useful;
certainly no use has been found for it in the present paper.

2. Changes of the dependent variables. The possibilities in making trans-
formations of the dependent variables are also very limited.

Suppose ¢+ is any B.A.F. (k) and suppose {u=1(, ¥), v=2(¢, ¥)}
where {(k2+1)f —ig} is an analytic function of ¢+4#. The problem we are
concerned with now is the following: Under what conditions on ki, ks, ks,
fand gis (u+14v) a B.AF. (k;5)?

First, suppose k170, —1, or —2. Then, the only possibilities are

(a) u+ v = a(¢ + W) + (c + id),
where a, ¢ and d are real and k;=#k;.
(b) u+ 10 = ib(¢ + W) + (c + id)

where b, ¢ and d are real and k3= —ki/(k1+1).

This condition again means that 7(#+14v) = —v+41u is B.A. (k).

Again, by admitting functions of type «, the case k= —1 comes under
this general case.

When k is —2 the possibilities are again greater, we can set

u+iv=(a+ib)(¢+ W) + (c + id)

and now k3= —2.
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Functions of type 0 only admit thie same transformations
%+ v = (s + i) (¢ + W) + (c + id)

and k;=0.

Again, it is easily seen that the transformations given above have the
desired properties while the statement that they are the only such trans-
formations is more difficult to prove. It can be proved on the same lines as
the corresponding result in §2 but the proof will be omitted for the reasons
given there. : .

3. Multiplication. If (#;+4v;) and (#;+14v;) are both B.A.F.(%) then it is
clear that (u;+u2)+i(n1+v0) is a B.A.F. (k). It is quite easy to see, also, that
if (u,+9v;) is a B.A.F. (k) with A.F. {(k1+1)01—1'w;} and (us+1v,) is a
B.A.F. (k) with A.F. { (k2+1)0:=1ws} then (us+u) +4(v1+vs) is not a B.AF.
at all unless either {(ki+1)0—tw:} and {(k:+1)8,—iws} are both constant
or k1= kz.

The other simple algebraic property of bi-analytic functions is that if
(u+1v) is a B.A.F. (k) with A.F. {(¢+1)0—iw} then a(u+iv) =au-+iav is a
B.A.F. with A.F. a[(k+1)0—1w] when a is real.

Consider now, though, the effect of multiplying by 4. Let (x+14v) be a
B.A.F. (k) with A.F. {(k+1)0—1'w}. Under what conditions on k and &, is
t(u+1iv) = —v+iu a B.A.F. (k1)? We have

()= wy =0 = — o,
(=v)yt+u. =0 =0

Thus, our question reduces to finding when { (k1+1)0' —iw'} = — (ks +1)w
—18 is analytic or when

_(kl + Do, = — by,
— (k1 + Doy, = + 6,.

But
1
T r ™
0, = ! Ws.
k41
Thus the condition is that
1
il it

or
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To summarize then: if (¥+1) is a B.A.F. (k) then ¢(u+4v)=—v+iw is a
B.A.F. (—k/(k+1)) whose A.F. is [—i/(k+1)][(E+1)0—iw].

The only cases in which —k/(k+1)=F are k=0, and —2.

This means, according to our remark about adding functions of different
type, that only when 2=0 and —2 can #+1y, a B.A.F. (%), be multiplied by
(a+1b) where a and b are real nonzero constants.

Consider now the possibility of multiplying two functions (¢+4#)) and
(u+1v). Let U+iV=(p+W)(u+1) = (pu—y) +i(Yu-+vd). Suppose (#+1v)
is a B.A.F. (k) with A.F. {(k+1)0—1'w}, and that (¢ +#) is analytic.

Then only when k=0 or —2 can (U+41V) possibly be bi-analytic.

It is easily seen that k=0 will not work but k= —2 does. That is, we have

THEOREM 15. If u+iv is a B.A.F. (—2) whose A.F. is {(k+1)0—iw} then
U+iV=(p+)(u+1iv) = (¢pu—yv) +iYu+vp) is a B.A.F. (—2) provided
(o+) is analytic. The A.F. of U+iVis (p+#) [(B+1)0—1w] [with k= —2].
In fact, if (p+p) s analytic and u-+1iv is B.A. (k), then only when k= —2 is
(¢ +3p) (u+1v) bi-analytic.

With this result it is possible to define a “product” of an analytic function
and a B.A.F. of any type k. This can be done by first converting the B.A.F.
to a function of type —2, then multiplying with the analytic function and
finally converting this product back into a function of type k. Since the con-
version process is not unique this gives a great variety of products. The most
general form obtained by this method is shown in the following definition:

DEFINITION V. Suppose (u+1v) isa B.A.F. (k) whose A.F.is [(k+1)0 —iw],
where k7= — 1. Suppose also that (¢+#)) is an analytic function. Then, a prod-
uct of (u+1v) and (p+) is any expression of the form

k42

UiV = 6+ i) (u + in) — m{w + i) [al Re [ b+ )0 — inlas

— ib; Im f ‘[(k + 1)6 — iw]dz]
(2.2)
— a; Re f (¢ + W) [(k + 1)0 — iw]dz

+ by Im f 6+ W)k + 1)0 — iw]dz}
21
where ay, by, az, be are real numbers such that a1 +b1=1 and as+bs=1. 20 and 2,

are any two points in the domain of definition of (u-+1v) and (¢p+)); the ordered
pair (z0, z1) 2s called the lower limit of the product.
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In (2.2), the expression (¢+4#))(#+1v) is the ordinary product of these
functions, that is, (pu —u)) +1(vd+yu).

It is easily checked that (U +4V) is a B.A.F. (k) whose A.F. is
@+#) [(k4+1)0—iw], thatis, U.— Vy=1/(k+1) [(k+1)6¢+wf]=8. U+ V,
=¢w—(k+1)yf=Q so that

(k+1)0 — i@ = (¢ + iW)[(k + 1)6 — iw].

This last statement is true for all 2 except k= —1, even k=0. This is
interesting since our conversion process does not work for k=0.
If k= —1, Equation (2.2) can be modified as follows:

U+ iV =(¢+ W)(u+ i)

(2.3) - %{(tﬁ + i) [al Re f‘:(() + w)dz — ib; Im j::(o + iw)dz]

— 6 Re f "6+ i) (6 + iw)dz + ibs Im f "6+ )6+ iw)dz} :

The products defined in (2.2) and (2.3) obviously have some of the simple
properties that are desirable in products. Thus,

(a) they are 0 when ¢+#/=0 and when %+iv=0 (assuming that the
conjugate of =0 is w=0 when k= —1);

(b) when u+iv=1, they reduce to ¢+ (provided we make the same
assumption as in (a) when k= —1);

(c) in fact when (#4-1v) is analytic, they all reduce to the ordinary prod-
uct of analytic functions;

(d) when kis —2, they all reduce to the ordinary product of (¢ +#)) and
(u+1v) (provided ay, by, a; and b, are chosen so as to have a definite value for
k=—-2).

One apparent disadvantage of Definition V is that it gives us an infinite
number of products depending on the lower limits and the parameters a, a,,
b, and b;. However, these parameters will later be made definite while the
freedom in choosing the lower limits will turn out to be an advantage.

The expressionsin (2.2) and (2.3) will be denoted by P{¢ -+, u+iv; 20, 21} .
It will now be shown that the usual rule for differentiating products holds
provided the limits can be chosen properly.

THEOREM 16.

d d

d—zP{tb + i, u + iv; 20, 21} = P{Z (@ + W), u + v; 2, zZ}
(2.4) ;
+ P{¢ + ‘"P, 5 (u + 'i‘U), 23, 22}
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provided either k= —2 or if k# —2 or —1,
0:0(33) = bw(z) = a2 Re [({k + 1}8 — i) (¢ + )]sy
= baIm [({£ + 1}0 — iw)(® + )]s, = 0.
Proof. From (2.3) we have

d
— P{¢ + iy, 4 + iv; %0, 21}
dz

= U, + iV,
= (¢ + W) (4= + iv2) + (¢ + W) (% + 10)

k42
2k + 1)

— as[(k + 1)06 + Y] + ibs[(E + )oY — ¢]

{al(k + 10006 + i) + ibro(6 + i)

+ oo+ I Re [ [k + 1)6 — iw]ds

— iby(¢e + ) Im f ‘[(k + 16 - iw]dz}

k42
2k + 1)

= (ot ) 0e+ i) — {6+ [ e S0+ 00 = ol
— i1 [ 16+ 00— il

- ke [+ ]l@+ 00— il

+ ibs Im f [ @+b)] [+ 1) — iolas}

kE+2
20+ 1)

- a,[({k + 1}6¢ + yw) — Re f" [iz(¢+ iw)] [(& + 1)6 — iw]dz]

+ (¢ + i) (us + dv.) — {(¢ + W) [a:1(k + 1)0 + ibw]

+¢b,[({k+1}o¢ w)—lmf[ (¢+w)][(k+1)0—w] ]}
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d
= P{E (¢ + ), u + iv; 20, 22} + (& + W) (u: + iv.)

E+2

. . d .
- 261D {(¢ +ib) [01 Re [ 2 e 0~ il

— ib, f ‘%[(k+ 1) — iw]dz]

£ d
—a Ref @+ i) — [k + D0 — io]de

: d
+ by Im f (¢ + ) = [(& 4+ 1)6 — iw]dz}

E+ 2
2k + 1)

—amk+nM+Wdu+“mk+nW*¢d»

{<¢ + i) [ea(h + 18(zs) + bra(as)]

by integrating by parts.
The assertion now follows. Q.E.D.
When kis —1, (2.4) still holds under the conditions

a10(25) = biw(zs) = az Re [(0 + iw) (¢ + i’l’)]t-cz
= by Im [(0 + i) (¢ + )]s, = 0.

In general the product in Definition V is not associative and commutative
with respect to multiplication by analytic functions. In order to get products
with these properties we shall specify the values of the parameters suitably.

If, in (2.2), we set a;=a,=1 and by=b,=0 we get a product that will be
called the left cross-product. If @;=a,=0 and b;=b,=1 the product will be
called the right cross-product. These quantities have most of the properties
desired in a product and so will be often used hereafter. For convenience,
formal definitions are now given.

DEeFINITION V1. Suppose (u+1iv) isa B.A.F. (k) whose A.F. is { (k+1)0—iw}
where k%~ —1, and suppose (@+#)) is analytic. Then, the left cross-product of

(u+1v) and (p+w)) is
6+ ) X (4 +i0) = (& + W) + i)
R+ 2 . £ .
s - m{w +ire [ 166+ 08 - il
—Re [+ lh+ 00— inlas}
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When k is —1, the left cross-product is

¢+ W) X (u+iv) = (6 + i) (4 + 1v)
(2.9 -+ re [0+ ia

+ —;- [ :“ + )0+ iw)ds.

DEFINITION VII. Suppose (u-+iv) is a B.A.F. (k) with A.F. {(k+1)0—iw}
where k7= — 1. Suppose also that (p+w) is analytic. Then, the right cross-product
of (u+1w) and (p+) s

(w4 i) X (¢ + W) = (¢ + i) (v + iv)

B2 . . .
(2.6) + 2(k + 1) 1'{(4’ + iy) Im jlo [ + 1)6 — iw]dz

— Im f @+ W+ Do - iw]dz} .

When k is —1, the definition is
(u+i0) X (¢ + W) = (¢ + W) (v + iv)

(2.6) +%i{(¢+i¢) Im j:(o+iw)dz

=3 @+ )0+ )i -

We now show that these cross-products are commutative and associative
with respect to multiplication by analytic functions.

THEOREM 17. Suppose (u—+1v) is B.A. (k) and that (p+#1) and (Y-+ip2)
are analytic. Then

(62 + is) X [(61+ i) X (w4 iv)] = [(d1 + W) (b2 + iW2)] X (w + 4v)

provided that
(2) the lower limit of (¢1+01) X (u+1v) is (22, 20),
(b) the lower limit of (a+ipa) X [(d1+) X (w+1v) ] is (20, 21),
(c) the lower limit of [(1+if)(pat+is) | X (u+1v) is (22, 21).

Proof. We give the proof for the case k7 — 1. The proof is exactly similar

when k= —1.
Let the A.F. of (u+iv) be [(k+1)0—iw]. Then the A.F. of (¢1+i)

X (u+1) is (¢1+#n) [(B+1)0—1w]. Therefore,
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(b2 + i) X [(¢1 + #1) X (4 + iv)]
= (¢2 + W) { (1 + W) X (u + iv)}

kE+2
Z(k _|_ 1) {(¢2 + 14(2) Re f [(k + 1)0 - w](¢l + ﬂﬁl)dz

— Re f [ + 1)8 — iw] (@1 + 1) (b2 + i'l’z)dz}

= (¢2 + W) (d1 + i'l'l)(u + iv)

k+ 2
T2k + 1) {(¢’ + #2)(é1 + 1) Re f ([& + 1)6 — iw]ds

— (6a-+ i) Re f 6+ i) [k + 1)o—iw]dz}~

k42
2(k D {(¢z + Wz)f [ + 1) — iw](¢1 + iW1)dz

~ Re f [k + 1>o—iw](¢1+i¢l)(¢z+w,)dz}

= (¢2 + W) (¢1 + W) (4 + 1v)

b+ 2 . . , |
T T D {(¢2 + i2) (61 + 1) Re j:’ [(& 4+ 1)8 — iw]dz

— Re f '[(k + 1)0 — iw]($1 + 1) ($2 + 'i'ﬁz)dz}
= [(¢1 + W) (2 + iW2)] X (u + iv). Q.E.D.

A similar result holds for the right cross-product.

THEOREM 18. If (u+w), (p1+®1) and (p.+.) have the same meanings
as in Theorem 17, then
[(% + i0) X (61 + W1)] X (2 + W) = (u + iv) X [(d1 + 1) (@2 + ¥s)]
provided
(a) the lower limit of (u+1v) X (d1+1) is (22, 20),
(b) the lower limit of [(u—+iv) X (dr+#1) ] X (2 +ie) is (20, 21),
(c) the lower limit of (u-+iv) X [(dr+31) (Po+s) ] is (22, 21).

The proof is exactly similar to that of Theorem 17 and so will be omitted.
We could also consider a mixed product

(2 + wW2) X [(w + iv) X (61 + igy)].

It turns out that this is not anything very much simpler.
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Another property of cross products is that if in (2.5) and (2.6), (¢+#)) isa
real constant, ¢, and go=2; these products both reduce to ¢(x+1v). However
this choice of the lower limit will sometimes be inconvenient.

Other types of products, dot products, will now be defined. If, in Defini-
tion V, a1=b,=1 and a3=5b,=0, the resultant product will be called a left
dot product while if a;=b;=0 and as=b,=1, the result is the right dot prod-
uct. Again, formal definitions will be given.

DEerFiNITION VIIL. If (p+3) and (u+1v) have the same meanings as in
Definitions VI and VII, then, when k<~ —1,

(¢ + W) (u+iv) = (¢ + W) (u + iv)
_ k42
20k + 1)

+ iIm f @+ Wk + 1o - iw]dz}-

{(¢ + iY) Re f '{ (k+ 1)0 — iw}ds
(2.7) s

When k= —1, the definition is

1 3
@ -+)- (et iv) = 6+ W)+ i0) = — (64 W) Ref O+ iw)ds
(2.7 "

1 L3
— 5 ®+#)iIn f (6 + i) (0 + iw)dz.

DEeFINITION I1X. When k= —1,
(u+iv)- (¢ + i) = (¢ + W) (u + iv)

k+2 " : .
- + O 1){(¢+ w)zlmf" [(& + 1)6 — iw]ds
+ Re f "6+ W[+ l)e—iw]dz}.
When k= —1,

1 z
(w+ in) (6 + i¥) = (¢+i¢)(u+iv)+7(¢+i¢)i1mf (0 + iw)ds
(2.8) o

1 z
+—Re [ @+ )0+ ia)ds
5
Dot products are not associative. Thus if z0=2,

i [ic(u+ )] = — (u+i0) + %—f—f.:[(k + 1)8 — iw]ds
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while

—1-(u+ i) = — (u+ i) + f [(& + 1)8 — iw]ds

2(k + 1)
and so
iei-(u + 4v) & (i-9)-( + 4v) since 44 = — 1,

A similar result holds for right dot-products.
However there are some simple results on repeated products which we

give in the following theorems.

THEOREM 19. Suppose (p1+w1) and (p2+w2) are two analytic functions
and suppose f(g) =u-+iv is a B.A.F. (k). Then -

(2.9)  [(¢1 + 1) -f(2)]- (p2 + iW2) = [(d1 + 1) (d2 + iW3)] X f(3)
and
(2.10) (¢2 + W) - [f(2) - (¢1 + W1)] = f(2) X [(®1 + 1) (2 + its)]

provided that, in (2.9), the lower limit of
(@) [(@+a)-f (5)]'(¢z+i\ﬁz) 15 (20, 21);
(b) (@1+) -f(2) is (22, 20);
(©) (dr+an) (P2 o) Xf(2) 35 (25, 21);

and that, in (2.10), the lower limit
(a) of @at+e): [f(2): (1) ] is (20, 21);
(b) of f(2) - (dr+i1) is (22, 20);
(c) of f(2) X (¢r+in) (p2+s) is (22, 21).

THEOREM 20.

(@1 + i) -7(2)] X (b2 + iWe) = (&1 + i) - [(d2 + iW2) X f()]

(2.11) = [(61+ #1) (62 + #2)]-f(2)

provided that the lower limit of
(@) (p2+1p2) Xf(2) and (d1+#) -f(2) is (22, 20);
(b) (1+i) - [(Be+s) Xf(2) ] and [(pr+i) -f(2) | X (B2+) 35 (20, 21);
Al (©) [@1+i)(@2+d2)]-f(2) is (22 21).
50,

(2 + i) X [f(2)- (&1 + W)] = [f(2) X (¢2 + iW2)]- (61 + i)
= f(2)- [(¢1 + 1) (2 + i¥2)]

provided that the lower limit of
(@) f(2) X (d2+1e) and f(2)- (b1+1) is (22, 20),
(b) ($atie) X [f(2) - (d1+i) and [f(2) X (o) |- (br+) 4s (20, 21),
(©) f(2) [(Br+) (da+idn)] is (22, 21).
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The proofs of Theorems 19 and 20 will not be given since they are similar
to that of Theorem 17.

A mnemonic can be given for all these results, Theorems 17, 18, 19 and 20;
namely, two cross-products and two dot are equivalent to a cross-product,
while a dot and cross-product is equivalent to a dot-product. The methods of
choosing the lower limits in all these results are very similar.

CHAPTER III. THE ELEMENTARY FUNCTIONS

1. Preliminary considerations. By means of the multiplication formulae
it is possible to generate a great variety of bi-analytic functions. Some such
functions will be constructed by this method in this chapter and a number of
their properties will be demonstrated.

First, a B.A.F. whose A.F. is 1 is easily found. There are an infinite num-
ber of such functions, of course, all differing from each other by analytic func-
tions. The one that will be continually used in the following work is

(3.1) 2O 0) = g it
. ;8) = x4+ .
2k + 1) 2E+1)°
We shall also use the following function, whose A.F. is :
k k42
3.2 1-ZO(k, g) = — ; +

y—1 %.
2(k+ 1) 20+ 1)

In constructing (3.2) from (3.1) the lower limit (0, 0) has been used.

If (u+1v) is a B.A.F. (k), we shall use the notation a(u+4v) for the B.A.F.
(au)+i(av) where a is a real number. Also, if ¢ and b are real, the notation
(a+1b) - (u+14v) will be used for the function a(u+iv)+b{i-(u+iv)}. It
should be noted that if (#-+4v) has f(2) as its A.F., then the A.F. of (a+1b)
- (u+1v) is (a+1b)f(2).

Thus,

(a4 ib)-ZO(k, 3) = aZDO(k, 2) + bi-ZO(k, 2)
is a B.A.F. (k) whose A.F. is (a+1b).

Now,
dizZO k42
d 2k+ 1)
and
&i-Zo Ck+2
iz 2+

and so
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k42

(3.3) i{(a+ib)-z<°>} =———{a—ib}.
dz 2+ 1)
When kis —1, the functions used will be
1
ZO0(—1;2) = 5 x— -Eiy
and
3.4 1-Z2O0(—1;2) = +—;—y-—-2£-ix.

Suppose, now, that f(2) is any analytic function. Then, f(2) X Z© (%, z) is a
B.A.F. with A.F. f(3). Also, i-ZO(k, ) Xf(z)=4- {f(s) XZ©} is a B.A.F.
with A.F. if(3) and so (a+1b)- {f(5) XZ®} is a B.A.F., with A.F. (a+1b)f(s).

By setting f(2) equal to z*, log 2, e, sin 2z and cos 2 the above formulae
gives us B.A.F.’s which will be denoted by (a + )-Z™(k; 2), (@ + b)
-L(k; 2)(a+1b) - E(k; 2), (@+1b) - S(k; 2) and (a+1b) - C(k; 2) respectively.

It turns out that many of the properties of these functions are formally
very similar to the properties of their A.F.’s, provided the formalism de-
veloped in this paper is used.

In all the above and in the rest of the chapter, the variable z could be
replaced by z— 2, where 2, is any complex number. In this way the special
role of z=0 can be transferred to an arbitrary point 2=2,. We have preferred
to write the results with z instead of 3— 2, merely for conciseness.

2. The generalized powers Z™(k; z). Suppose, first, that k> —1. Then,

k ' k+2
(n)(b = on 0) = e faon P n+1
(3.5) Z®W(k;8) =" X 2 2+ D) 1y + 2t DD Re (zY)

provided > —1, When n= —1, we have

2
p— T2 sl

k
D(h:g) = g1 0 =" 3
(3.6) ZEV(k;2) =31XZ 2+ 1) iy 20+ D)

Also,
(3.7)  i-Z™W(k;z) = — __Lyzn - i_L Re (z+)
2(k+1) 2(k+1)(n+ 1)
= -2 X gn, n#E -1
while
k k42

(3.8) 1-ZCV(k;z) = — 1 log | zl = 4§20 X g1,

2(k + 1) 2(k + 1)
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When Re(n) > —1, the lower limit used in the cross product was (0, 0),
when Re(n) < —1 and also when Re(n) = —1, Im(n) 50, the lower limit was
(0, =) while when n= —1, the lower limit was (0, 1). This choice of limits
makes the results somewhat simpler than any other choice.

In the above, 7 is any complex number. If # is not a positive or negative
integer the functions are, of course, multi-valued. Also, when # is a positive
integer, Z™ and 7-Z™ are homogeneous polynomials of degree (n+1) in x
and y.

We now can easily see that

Zmto)(k; 3) = gmte) % Z(O)
= gm X Z(P)
and
1 Zmt0)(k; 3) = 4. Z(0) X gmtr
3.9 (k5 2) .
=1.-Z® X zm

provided the lower limits are chosen so that the contribution from the lower
limits in the integrals is always 0.
Suppose, now, Re(n) >0. Then,

ZM = g0 X ZO = 50D X (3 X ZO)

and so
YAQ dzn1 VAL
= X Z“)) (z"“ X —)
dz < dz t dz
= ((n — 1) x Z(ﬁ—l)) + Z(ﬂ—l)
since
dzZm
= ZWo,
dz
Therefore
azm
(3.10) =n X ZnD,
dz
Similarly
di-Z™»
(3.10) =4-ZD X g,
dz

We had to proceed in the above manner since dZ¥/dz50. Also, it can
be seen that the restriction Re(n) >0 is not essential and the formulae (3.10)
really hold for all n0. If kis —1, the definitions of the generalized powers
are
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(3.10) ZM(—1;2) = — %iyz" + m Re (z1Y),

provided ns —1, while

3.11) ZV(—1;2) = %log | zl - %iyz“.

Also,

(3.12) 1-ZM(—1;2) = lyz" - —1— Re ()
2 2(n + 1)

for ns —1, and

(3.13) 1-ZCD(—1;2) =%yr‘—%ilog |z|.

Equations (3.9) and (3.10) hold even when k= —1.
It should be noted that if k= —1,

1
ﬂWh@=k+lﬂW—h»+ﬂ%ﬂW—hﬂ}

and

1
3.14 i-Z™(k;2) = — i{Z™(—1; i-Z™(—1; 3).
(3.14)  i-Z™(k;2) i{ Z™( mﬂ+k+lz (—1;2)

These formulae are an illustration of Theorem 6. We obtain the “polar form”
of Z™ by setting z=re®. Thus, when k5 —1,

1
) (b [ —— T ) {
Z™ (k; 3) 2 DG T D) r {[(k + 2) cos 0 cos n6

— (nk + 2k + 2) sin 6 sin #8] + i(n + 1)k sin 8 cos nd},

for n —1, and

+ 2 } k
ZED(k;g) = {——sin? 0+ ———1 | —— cosfsiné.
(%;2) {Z(k 1) sin? 6 4 20+ ogry + 14 20+ D cos fsin
The results for k= —1 are obvious from these formulae.
Similarly,
1

1-ZM(k; 3) = 7*+1{ (n + 1)k sin 8 cos nf

T2+ D+ 1)
+ i[(nk — 2) sin 0 sin #8 + (% + 2) cos 6 cos n6]},
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and

k k+2
1 ZCV(k;2) = — sin 6 cos 6 + i{——— 0 + logr} .

k
—_— n2f - ——————
20k + 1) 2+ 0 2E+ D
If n is real, these formulae show that for n#= —1,
rn+l
ZW(~1;3)| § ——— 1
2019 s el + 1+ [+ 1]

yntl

— il
Targ it el + sz}

|i-zo(~1;9)] =

{|k+2] + |nk+ 28+ 2|

+ |n+1|| 2|}
I{lk+2|+|nk—2|
+ |n+1] 2]}

Even cruder estimates, easily obtainable from the above, will serve our
purpose later, namely,
| Zw(=1;2)| =2+,
[i-zm(=1;2)| < 41,

| Z™(k;2)| < m
2ln4+1] | k+1]

,n+l
. ZM(ks3)| <
[#20®a] = T

1
3.1 Z™(k; S B8+,
(3.15) I ( z)l { + |k+1|}r

3
‘.Z(n)k; é 1 - n+1
420 9] {+|k+1|}'

all valid for || 22.

It is interesting to consider the zeros of Z™(k; z) since in this respect,
the properties of the bi-analytic functions are quite different from those of the
corresponding analytic functions z".

Suppose, first that kis —1. Then, Z&D(—1;2)=0for 2= +1 and z= +1e.
Also, if n=(2p+1)/(2g) where p and ¢ are integers then Z"(—1, ) =0 for
g=re'* (¢ odd) and z=re?* (¢ even). Thus, in this case, Z™(—1, 2) has a
whole line of zeros going through the origin. The only other cases in which
Z™(—1, 2) is zero are when Re(n) > —1, in which cases z2=0 is a zero.

Consider now, the situation when &k is —2. First, Z-V(—2; 2) =0 when-
ever y is 0. For all other n, Z™(—2; 2) =0 for z=re'?* where p is an integer.
Thus, in every case, Z™(—2; 2) has a line of zeros. Now, suppose % is not
0. —1 or —2. Then, ZCV(k; 2)=0 for z2=+1 and z= tie /&), If n=
—2(k+1)/k, Z™(k, 2) =0 for g=reil2p+11/207 where p and ¢ are integers.
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Again, if n=2p+1)/2q, Z™(k; 2) =0 for z=re’* or re?*r, as in the case k= —1.
If nisnot —1, —2(k+1)/k or (2p+1)/2q then the only time the Z™ (k; 2) =0
is when Re(n) > —1 and z=0.

All the above statements are easily proved using the “polar form” of
ZM™(k; 3).

3. The logarithmic function, L(k; z). Again, we shall first consider the
case of k7= —1.

Using the lower limit (0, 0) we find

( B+ 2
L) = O(peg) = d— " —1) —
L(k;3) = (log 2) X ZO(k; 2) {2 D x (log [ zI 1) — yIm(log z)}
(3.16)
+ o iytog 4]
20k + 1)
We easily see that
dL(k;
3.17) (8; 2) = ZV(k; 3).
dz

L(k; 2), like the corresponding analytic function, is an infinite-valued
function, with 2=0 as the branch-point. However, unlike log 2, L(k; 8)—0
for 2—0. Also, L(k; 2) has other zeros, namely z= +e¢, and the points on
|2| =1 where argz= £ n7 Fea (e2>0) the numbers 6= +nr+e, being the
roots of tan 0=0/2.

Next,
i-L(k;2) = 1-Z® X (log2) = —-———k———ylog | 2|
2k + 1)
(3.18)
+'{ ! Im(log 2) + bt 2 (1 —log | l)}
miog 2 _— X -
[ PR 2+ 1) %8 1%
and
di- L(k;

(3.19) —1—{‘;—-“—) = i ZED(R; ).

2

Again, ¢-L(k; 2) is infinite valued and has z=0 as its branch-point. The
zeros of 1-L(k; 2) are the same as those of L(k; z2).
Coming now to the case k= —1, we have

L(—1;2) = (log2) X ZO(—1;32)

1
= —;—-(xlog |z| — x) ——Z—iylog ]zl s
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dL(—1;3)
= T zen(—1; )
dz

and
L(—1;2)=0forz=0,2=+e¢ and z= % 1.

It is remarkable that L(—1; 2) is single-valued, although, of course, 2=0
is still a singularity of the function in the sense that the function is not bi-
analytic at this point.

Finally,

1-L(—1;2) = i-ZO(—1;2) X (log 2)

1 1
=?ylog | 2| +?z{—xlog | 2| + 2+ 2y Im(logs)}

and

di-L(—1;3
__(_’_) = §-Z1(—1; 3).
dz

This function is, again, infinite valued. Its zeros are 2=0, z= +e, and,
once more, the points on |z| =1 where arg z= +n7 Fen.

The relations between the functions of type k, k> —1, and the functions
of type —1 is the same as for the generalized powers, namely .

L(k; z) = ﬁL(—l;z) + ifi- L(—1; 2)}

i-L(k;z) = — iL(—1;2) + i-L(—1; 2).

k+1

The author has not been able to find any simple analogue of the func-
tional equation log 212, =log z;+log 2.

4. The exponential function, E(k; 2). Using (0, — « 41(0)) as the lower
limit we find, when & is not —1,

E(k;2) = e* X ZO(k; 2)

(3.20) —(k+2e’ i €%y si )+'
. = 2%+ D) cosy 20+ D y sin y 12

e® COS .
E+ 1 Y

This function is clearly single-valued and bi-analytic for all z. Also it is
never 0, except when k is —2, when y=0 is a line of zeros.
We easily see that

dE(k; z)

(3.21) —

= E(k; ).
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Also,

i-E(k;2) =1 Z0(k;3) X e* = — mye’ cos y

(3.22)
26+ 0 Y T2k %Y
and
di-E(k;
(3.23) —’—dii) = i-E(; 3).
2

This function also is a single-valued bi-analytic function for all £ which,
when k is not —2, is never equal to 0. Again y=0 is a line of zeros in the case
k=-2.

When kis —1, we have

E(—1;2) = e X Z0(—1; 2)

1 1
= 7e’(cosy + ysiny) — —Z—iye’ cos ¥,

dE(—1;
__S___z_)= E(—1;2),

dz
i-E(—1;2) =1-ZO0(—1;32) X e*

1 1
= —2-ye' cosy — ?ie’(cosy — ysiny).

E(—1; 2) and - E(—1; 2) are never zero. Once again,

E(k;2) = k—_:_lE(—l; 2) + i{i-E(—1; 3)},

i-E(k;2) = — iE(—1;2) + i-E(—1; 3).

kE+1

The functional equation of the ordinary exponential e* has an analogue.
Thus

&@ X E(z) = e X (ef X ZO®) = ¢i+s X ZO

and so
E(Zl + Zz) = ef(21) X E(Zl)

where {(21) =2;. The same result holds for - E(k; z2).
In the case k=0,
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E(z + 2nwi) = E(3),
i-E(z + 2nwi) = i- E(2),

where 7 is an integer. When k0, E(k; 2) has no periodic properties.
5. The trigonometric functions, S(k; z) and C(k; z). Once again we con-
sider the case B —1 first. We define

S(k; 3) = (sin z) X ZO(k; 2)

_ (k+2 hyt E 'h)
= — COS% 2%+ 1) cosh y 2(k_*_l)ysm y

(3.24)
+imysinxcoshy,
C(k;2) = cos 2 X ZO(k; 2)
= si ( i inh y 4 k2 h)
(3.25) ST e M T
k
+imycosxcoshy.

Most of the familiar properties of sin 2z and cos 2 hold for these functions.
Thus,
dC(k; 2) dS(k; 2)

o S(k; 2), = + C(k; 3),
C(z + 27) = C(3), S(z + 27) = S(2),
Ciz+ ) = — C(2), Siz+ 7 = — S,
S(z+ 7/2) = C(2), C(z+ n/2) = — S(2).

However, S(z) is even while C(2) is odd:
S(—Z) = S(Z), C(—Z) = - C(Z),

and so
S(r/2 —2) = — C(2), Clx/2 — 2) = — S(2),

S(r — 2) = — S(2), C(r — 2) = + C(3).

There also exist forms of Euler's formulae. If we define E(z-3) =e**XZ®,
we have C(2) +[iXS(z) | =E(i-2) and

1
C@z) = >y {EG-2) + E(—i-2)},

1
S(z) = Y X {E(i-z) — E(—i-2)}.
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Also,
C(n-3) + [i X S(n-2)] = E(ni-3)
where
C(n-z) = cosng X Z®
and
S(n-2z) = sinnz X Z©,
Next,
i-S(k;g) =1 ZO(k;2) X sing
k
= — ————— y sin x cosh
(3.26) 20+ 1) ’ ’
-+ i cos x(ﬁ-—z— cosh y — ——-——ysinhy),
2k + 1) 2(k+1)
1:C(k;2) = 1:Z9(k;2) X cos 3
k
@.27) = — 20+ 1) y cos x cosh y
— isin x(ﬁ—?— cosh y — —-—k——y sinhy).
2k + 1) 2(k+ 1)
Again we have the results
T )
dz
S05ED _ 4 it ),
dz
i-Cz+2r) = i-C(2), 1S+ 27r) = i-S(2),
i-Ce+7 = —1C(3), i-S+x) = —1iS(@),
1S+ 7/2) = i-C(3), 1:C(z+ x/2) = — i-S(3),
1-S(—2) = {-5(2), 1-C(—32) = —1-C(2),
1-S(xr/2 — 2) = — i-C(2), 1-C(x/2 — 2) = — 1-S(2),
iS(r—32 = —1iS0), i-Clxr —2) =+1C(2).

Consider now, the zeros of these functions.

When k=0, C(z) and i-C(z) have lines of zeros, x=pr while S(z) and
1-S(2) have lines of zeros, x=(p+1/2)w, where p is an integer.

When kis —2, y=0is a line of zeros of C(2), 7- C(3), S(2) and 7-S(2).
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Suppose, now, that k is not 0, —1 or —2. Then, y=0, x = pr are zeros of
C(z) and ¢- C(3). If, inaddition, —2 <k <0, then C(2) haszerosatx = (p+1/2)m,
y= 1Y, where Y is the positive root of tanh y=—((k+2)/k)(1/y). If k>0
or k< —2 then the only zeros of C(z) are y=0, x=pr. However, if £>0 or
< -2, then 7-C(2) has zeros at x=(p+1/2)w and y= + Y’ where Y’ is the
positive root of tanh y=+((k+2)/k)(1/y) while if —2<k<0, y=0, x=p~x
are the only zeros.

If —2<k<0, (k% —1) then the zeros of S(2) are y=0, x=(p+1/2)r and
x=pm, y=+ YV while y=0, x=(p+1/2)7 are the only zeros if k>0o0r k< —2.
Finally, if —2 <k <0, the only zeros of 1-S(z) are y=0, x=(p+1/2)x while
if k>0 or < —2, it has additional zeros,

x = pm, y=1 V.

In the case k= —1,

1 1
S(—1;2) = — —2—cos x(cosh y — ysinh y) — ry 1y sin x cosh y,
L . 1,
C(—1;2) = —2—sm z(cosh y — ysinh y) — > 1y cos x cosh ¥,
. r L .
i-S(—1;2) = ?ysm x cosh y + E-t cos x(y sinh y 4+ cosh y),

1 1
i-C(—1;2) = —2—ycosxcoshy vy 1 sin x(y sinh y 4 cosh y).

All the properties of these functions in the cases k# —1 carry over to this
case, k= —1. Even the discussion of the zeros is valid provided Y is taken to
be the positive root of tanh y=-+(1/y) (while ¥, of course, does not exist).

CHAPTER IV: TAYLOR'S AND LAURENT'S THEOREMS;
CaucHY's INTEGRAL ForMULA

1. Taylor’s and Laurent’s Theorems. We shall now show that if f(z) is
B.A. (k) in a circle of radius R and centre 2, then

J() = f:d,uZ(")(k;z — 20) + i ba(z — 20)"

where the series converge absolutely for | z—zo| <R and uniformly for [ z—zol
= Ry, Ry being any positive number less than R. a, and b, are, of course, con-
stants.

The proof given here does not rely on any analogue of Cauchy’s integral
formula but proceeds by reducing the result to Taylor’s Theorem for analytic
functions. (Of course, the fact that the derivative of a B.A.F. exists and is
B.A. is used and this depends on Cauchy's integral.) The idea behind the
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proof has already been indicated in [4] where the result for B.A.F.’s of type
—1 was obtained with, however, the restriction that the expansions were valid
only in a circle of radius R’ where R'/R was sufficiently small. We are now
able to remove this restriction.

Suppose, then, that f(z) is a B.A.F. (k) in |z—zo| <R, with k= —1, whose
A.F.is [(k+1)0—iw].

Then

(B4 1)0 — 0 = 3 au(z — 20)"
0
for | 2—20| <R and where, by Cauchy’s inequality, |a.| < M/R=.
Now, a@n-Z™(k; 2—32) is a B.A.F. whose A.F. is a.(3—20)"* Also, if
an=ans~+18., we have by equations (3.15)

I nZ™(k, 2 — zo)l = | anZ ™ (k; 2 — 20) + Bai-ZM(k, 2 — zo)|
s i s —alm- il Kk s
=& IFS A R"

for n2=2 and all (z—2y).

Therefore, D ¢ an-Z™(k; z2—32,) is a series of B.A.F.’s which converges
uniformly for all R such that |z—20| £ Ro<R and absolutely for | g—2,| <R.

Thus the hypotheses of our version of Weierstrass’ double-series theorem
(Theorem 14) are all satisfied and so »_¢ @n-Z™(k; 2—2,) is a B.A.F. (k) in
|2—20| <R with A.F. [(k+1)0—iw].

Therefore, {f(z) - an Z™(k; z—zo)} is a B.A.F. (k) whose A.F. is 0,
that is, it is an analytic function in | 2—20| <R. Therefore

(@) — idn'Z(”)(k;z — zg) = i ba(z — z0)™

We note, finally that the argument is still valid, with unessential changes
in the case k= —1; the major difference is that M’ must be replaced by 6 M.
We have thus proved

THEOREM 21 (“TAYLOR’S THEOREM”). Suppose f(3) is B.A. for |z—2i| <R.
Then, for all z such that Iz—zo| <R,

4.1) &) = 3 an 20z — 20) + 3 bale — 20)°

where the series converge absolutely for |z—zo| <R and uniformly for |z—zo|
< R, where R, is any positive number less than R. a, is determined uniquely by
the A.F. of f(z) and b, uniquely by the a,’s and f(2).

Suppose next, that f(z) is B.A. (k) for Ri<|z—2,| <Ra Then, its A.F.
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(B+1)0—tw= D¢ an(z—20)"+ 2 ¢ a—n(2—2))™" where the first series con-
verges absolutely for |2—320| <R, and the second for | 2—30| > Ry. Therefore,
M n
|a,,| §—: |a_,.| §MR2.
R}

Therefore, by the type of argument used in proving Taylor’'s Theorem,
35 an-Z™(k; 2—30) and Y ¢ a_n-Z™(k; 2—2,) are B.A.F. (%), in Iz—zol
<Ry and lz—zo| > R, respectively, and have respective A.F.'s ¢ an(3—20)"
and D¢ a_n(z3—20)""

Carrying through the argument as in Taylor's Theorem we get the follow-
ing result:

THEOREM 22 (“LAURENT'S THEOREM”). Suppose f(z) s B.A. for R,
<|2—20| <Ry. Then, for all z in this domain

4.2 flz) = i anZ(k;2 — 20) + i ba(z — 20)™.

The series of positive powers converge absolutely for Iz—zol <R, and uniformly
for Iz—zol = Ryo <R, while the series of negative powers converge absolutely for
| 2—20| >Ry and uniformly for © >Ri.2|z—2| ZRie>Ry. an is determined
uniquely by the A.F. of f(2) and b, uniquely by the a.’s and f(z).

2. Cauchy’s integral formula. When any of the products, defined in Chap-
ter I, of a B.A.F. and the analytic function 1/(z—{) are formed it is found
that the resulting functions are multi-valued. Therefore the analogue of
Cauchy's integral formula can not be obtained in this way.

To circumvent this difficulty, we shall form an expression involving two
B.A.F.’s of type k, one of which has [1/(z—{)]? as its A.F.

Suppose, then, that Fi(2) = ¢1 + 1 is a B.A.F. (k) whose A.F. is
[(B4+1)8;—iw;:] and that Fy(z) =¢o+if. is another B.A.F. (k) with A.F.
[(B+1)8,— ..

Let

[(F 4+ Dol — i'] = f ‘[(k + 1)8, — iw,]dz,

[@+nu—mu=f1@+n&~MMa

Consider the expression
{61+ i) X [k + 18] — iwf ]} + {(B2 + i) X [k + 1)8) — iwi ]},

where the first product has (2, 2,) as its lower limit and the second product
(22, 25) as lower limit.
This is a B.A.F. (k) and a little algebra shows that it is equal to
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k42
k41

[(e+ 16 — iwd J(61 + i) + [(k + 18! — iw! |(d2 + i¥2) — wf wf,
that is, the integrals disappear.

If, now, we form the dot product of —4 and this expression, we obtain
the following:

LEMMA.
—i-{(d1+ ) X [(k + 187 — iwf ] + (62 + #a) X [(k + 1)8] — iw{]}
(4.3) = —i{[(& + 106 — iwf (61 + 1) + [(k + 1)8] — iwo! |(¢2 + i¥2)

— (& + 1)(k + 2)6{0/ }
is a B.A.F. (k) whose A.F. is
—i{[(k + 1)8] — iwf ][(k + 1)0:1 — iw1] + [(k + 16! — ! [[(k + 1)82 — dws]}
d
= { =ik + 185 — iwd ][k + 1)8! — iw!]}.
The lower limit of the first cross-product is (2., 22) and of the second is (22, 22)

while that of the dot product is either (21, 21) or (22, 22).

An analogue of Cauchy’s integral can now be obtained by setting ¢+
= —29(k; 2—¢) in (4.3) and applying “Cauchy’s Theorem” (Theorem 10)
to the resulting B.A.F. The formula is given in the following theorem.

THEOREM 23 (“CAUCHY'S INTEGRAL FORMULA”). Suppose f(z) =u-+iv is
B.A.F. (k), k%~ —1, in a domain D bounded by a simple, closed continuous
rectifiable contour, C. Let the A.F. of f(2) be [(k+1)0 —iw] and let [(k+1)0' —iw’]
=[5 [(k+1)0—iw]dz where z, is any point in D.

Suppose also that f(z) and [(k+1)8' —iw’ ]| are continuous in the closure of D.
Then, if ¢ is any point in D,

1) = i—r fc {—i- [(f(z) x ?1_;) — 2D (ks — ) X ((k+ DF — w)]} ds

1 @ e
= c{z_ ;G D — W]z s - )
— (k4 2)¢' Re(zi;)}dz

(4.4)
— i{[(—-k+ 0o’ — k:_ 1“"] Re(z i ;)

+i0 + i) Tm (—— )} 4
i iw') Im — y.
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Proof. Applying “Cauchy’s Theorem” to the function shown in (4.4), the
integral in (4.4) is seen to be equal to the integral of the same function taken
around any small circle T" with { as centre. Let 2—{ =re® be such a circle. We
shall show that as r—0, the integral approaches f(¢).

Now, the first term, (1/2w4) £1(2)/(z2—¢)dz gives f({) in the limit, by the
same argument used to prove the result for analytic functions. It is only
necessary, then, to show that the limit of the other terms is 0.

Now,

Z(_2)(k7 z— {)

1

—r
T D {[(k + 2) cos 0 cos 20 + 2 sin 8 sin 26] — ik sin 6 cos 20} .

Therefore

f Re {ZCD(k; 3 — §)}dz
r

]

2% l
— —————[(k + 2) cos 6 cos 26 + 2 sin 8 sin 20]e*id6
f 0 2(k 4 1) ]

E+4
=——m
4(k +1)
and
f Im {ZD(k;2 — )}dz = +f Tk sin 8 cos 20¢'%do
r o 2(k+1)
_ kr
Ak +1)

Therefore, the terms — (1/2mi) £ p[(k+1)0' —iw’ |Z-2(k; 2—{)dz give, in the
limit, (1/2(k+1)) [(k+1)0'(§) — i’ () ].
Next,

- 3
b
8
Ve
(S
- —
'/Nt
N—"
&
I
“O

and so the other terms give, in the limit,
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200 + [+ 000 + 00|
7 9T rr1e S
= ——— [+ DIE) — W ®)].
2(k+1)[(+)(s*) i'(£)]
Thus the total contribution form the integral around a small circle is f({).
Q.E.D.
The corresponding formula in the case k= —1is

0 = 5- § {—i- [(f(z) X ;‘17) —ZeN(—t35— ) X @ + w>]} - ds

(4.5) =—— c{f(z) —(0’+iw’)Z"2)(—1;z—g')—0’Re(z_1_g_>}dz

2w z — ¢

1 1
+ {w’ Re( >+ 0 Im( >}dy.
z — ¢ 32— ¢

We note that the only one of our previous results used in the above proof
was Cauchy’s Theorem. Therefore the only hypotheses needed for (x-1v)
are those given in our original definitions, Definition I and Definition II.

If other types of dot and cross-products are used in the integrand, the
integrand will be found to differ from the above by an additive term propor-
tional to

1 (k+ 2)[(k + 1O — i']
2mi (t+ 1)z —¢)
(with a real constant of proportionality). Thus the integral will have the value
k42
k+1

[(& + 1O ©)ie’ ()]

f(¢) + (real constant)

The integral in (4.5) is always a B.A.F. (k) for { inside or outside C,
provided #, v, 8’ and ' are any functions continuous on C. This is not im-
mediately obvious since the integrand, regarded as a function of ¢, is not one
of the products we have defined in Chapter III. However, a little algebra
shows that it is B.A. and its A.F. is
1 (b + 18 — ics

2riJ ¢ (z—9)?

This, of course, is (d/dz) [(B+1)0’ —iw'] = [(E+1)8 —iw] when [(F+1)8’ —iw']
is analytic inside C but, in any case, it is analytic. This A.F. does not, of
course, involve f(z) since the terms involving f(2) are obviously analytic.
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It is clear that, as in the case of analytic functions, the domain D does
not have to be simply-connected but can be bounded and multiply-connected.

As a first consequence of Cauchy’s formula we see that all derivatives of
f(2) exist inside D; this follows as for analytic functions.

Cauchy’s formula will now be applied to the problem of differentiating
series term-by-term.

THEOREM 24. Suppose that {f1(2), f2(2),  + - , fx(3) } 1s a sequence of B.A.F.
(k), inside a domain D and that >y f.(3) is uniformly convergent in every closed
region D' interior to D. Suppose also that the series of A.F.'s 3 [(k+1)0n—iwa]
is uniformly convergent in D'. Then

(a) 1) = 22 f»(3)
1
1s bi-analytic of type k inside D and its A.F. is
[(& + 16 — iw] = 20 [(k + 10, — iwn].
1

(b) d ® g
Ef(z) = ‘\_1"’ ;;fn(z)

in D',
The A.F. (d/d2)f(z) is

d/ds[(k + 1)8 — iw] = i d/dz[(k + 1)8, — iw,].

Also, the differentiated series is uniformly convergent in D' and has a uniformly
convergent A.F.

Proof. (a) This has been proved previously. A different proof will now be
given, using Cauchy’s integral.

Let C be a continuous simple closed rectifiable curve or a set of such
curves, bounding D’. Then, f.(¢) is a Cauchy integral taken over C. Since
6., w. and f.(z) are uniformly convergent on C, we can sum such integrals by
summing inside the integral sign.

Thus, &) = 2. U.(t) is a Cauchy integral and so, by our previous re-
mark, B.A. (k) with A.F.

1 [+ 1) — i )
'2—7:1: Wdz—[(k-}-l)o—w]

since ((k+41)8' —iw’) is analytic inside C. Q.E.D.
(b) We have
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036 AL - e+ 0w -tz -0
— @20 Re(z i ;)]dz - i[(_{k+ e - k-:-lw')Re(z 1 3‘)

s n( )]
- ﬁ d;{[Zf"(z) — (Z{ Gk + 1}6d — iw))ZD (k2 = §)

- :)]dz" i[(—{k+ -y :L 1 “") Re(z - r)
+ i + iw’) Im (z_iEﬂ dy}

Ry ol .
- S8 I - e on - ielzenenp

1 27

— (k4 2)0' Re (Z i S)]dz—il:("{k‘*' 1 - kj-lwl) Re(z -1-_§’>
+ (0’ + i) Im (z—i——;ﬂ dy}

©  df.
Zl: if2(§)

— (k+2)¢ Re(
2

That the A.F. of (d/dz)f(z) is 2.1 (d/dz)[(k+1)8,—iw.] follows from the
above and that this is (d/dz) [(k+1)0 —iw] follows from the result on analytic
functions.

That the differentiated series D_.; (d/dz)f(2) is uniformly convergent
follows as for analytic functions [7]. Q.E.D.

By repeating the above process, we see that a uniformly convergent series
of B.A.F.’s can be differentiated term-by-term any number of times.

It is sufficient for the validity of Theorem 24 to assume that Y fa(3),
0. and Y w. are uniformly convergent on some simple closed rectifiable
contour C; the above proof then goes through and the same conclusions fol-
low.

Using Theorem 24 it is possible to obtain simple formulae for the coeffi-
cients a, and b, in equation (4.1). a,, of course, is determined by the deriva-
tive of the A.F. of f(2). Also, bo=f(20). To find by, differentiate equation (4.1)
term-by-term. Thus,
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©0

> nba(z — zo)"t = -;;{f(z) - ?a,.-Z‘"’(k;z - zo)} .

1

Now, this derivative in the sense of analytic functions can be written as

a d 2
- an.Z(") k; —_
dz dz Zo: (8 2 = 2)

where the differentiation is in the sense of bi-analytic functions since bi-
analytic differentiation reduces to analytic differentiation whenever the
differentiated function is analytic.

Therefore,

L3

d 0
D nba(z — z0)™! = d—f — 2 18, Z™V(k, 3 — 2)
2 1

1
d
—_—— aO'Z(O)(k, z — zo)’
dz

and so, putting 2=3, in this equation,
k42
2m=zo 2(k+ 1)

b1=—

dz

where d. is the complex conjugate of a.. Repeating this process of differentiat-
ing term-by-term, we get, finally,

a0 = [(& + 1)6(20) — sw(z0)],

dz: [(B+ 1)8 — iw]

aQn = — )
! d 2mmz
4.6
4.9 bo = f(z0),
1 (ar E+2
.= — —(n = ) ——— g}
b n!{dz" fa@) e Dy e ’}
The result when k= —1is
ay = 0(20) + iw(Zo),
L P oviw
4.7 " nl dz» “" "zo,
. b0 = f(zo)y
1 {d"f(z) (n—1! }
n = TN - Ap—1( -
n!  dz" |, 2

The Taylor’s series of the elementary functions are now easily obtainable.
The results are
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E+2 ©
(4.8) E(k; 2) = Z(k':_l)+zo)—-z<u>(k 2) (o!'=1),

E+2 & (=1)»
E()

4.9 S(k; z) = — Gt T Gt l)lz("‘“’(k; 3),
(4.10) C(k;2) = i ((;1))'” Ze™(k; 2),

E+2 & (=)t
(4.11)  L(E142) = — G D) e 4 ; Z™(k; 3).

Finally, if m and 2, are real, m» —1, we have the following analogue of
the Binomial Theorem:

k42 gph
2k+1) m+1
2 mm—1) .- (m—n+1)

T

If mis —1, the first term must be replaced by ((k+2)/2(k+1)) log | 20| .

The above formulae are obviously valid wherever the corresponding for-
mulae for analytic functions hold.

The results when k= —1 are easily written down, from the above.

3. Bi-analytic functions with isolated singularities. The example Z")(k;
z), where 7 is a positive integer, shows that it is possible to have single-valued
functions which are bi-analytic except at one point. We shall say that a func-
tion f(z) which is bi-analytic for 0 <| z—zo| < R has an isolated singularity at
2=2¢. An attempt will be made in this section to classify the types of isolated
singularities.

We shall assume that both the B.A.F. and its A.F. are single-valued. At
least when kis —1 the example L(—1; 2) shows that it is possible for a func-
tion to be single-valued but to have a multi-valued A.F. We shall not con-
sider such functions.

Suppose, then, that f(z) is B.A. for 0 < | z—zo| =R. Then, Laurent’s Theo-
rem shows that

Z™(k; 3+ 20) =
(4.12)

- z:""-Z(")(k;z).

fG) = 2 an-Z™(k;2 — 20) + 2 ba(z — 2)* for 0 < I z — zol S R

Let g(2) = 2,25 ba(z—20)" fi(2) = 220 @ Z™ (k; 2—20).

Now, {as} and so fi(s) is completely determined by the A.F. of f(2), say
k(2). Therefore, in classifying the singularities of f(z), attention must be paid
to the singularities of the A.F., k(2). The difficulties of the problem lie in the
question as to what types of behavior in f(2) are possible when %(3) behaves
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in a given manner; as will be seen we have not been completely successful
in answering this question.

The problem will be discussed under three headings, corresponding to the
different possible singularities of k(z).

(A) Suppose h(2) is bounded in the neighbourhood of 2.

Then, k(2) has at most a removable singularity and so therefore its integral
Jih(2)dz is regular, where z, is any point in the neighbourhood of zo. Thus
fi(2) = 228 an-Z™(k; 2—20).

(A.1) Suppose f(2) is bounded in the neighbourhood of z,.

Then it can be shown that f(2) is equal in the neighbourhood of 2z, but
not necessarily at 2, to a B.A.F. which is B.A. not only in the neighbourhood
of 2o but at z, itself, that is, for all z, in |z—zo| =R. In this case, f(z) is said
to have a removable singularity.

This is proved, as with analytic functions, by representing f(z) as a
Cauchy integral taken over |z—2| =R and a small circle |z—2| =p <R. It
is easily seen that as p—0, the latter integral —0 and since the values of f(z)
do not depend on p, f(2) is equal, except at 2o, to a Cauchy integral taken

over IZ—Zol =R. Q.E.D.
Thus,
(4.13) () = 2 a0 Z™(k;2 — 20) + 2 ba(z — 20)"
0 0
for |z—20| <R.
(A.2) |f(z)| — 0 as g 2.
Then

(4.14) fla) = Z::“n'z‘")(k;z —20) + é ba(z — 20)®

with b_p % 0, for |z — 2| = R.

For, fi(z)—0 as z—2z, and there can not be an infinite number of terms
with # negative in g(2), since g(2) would not approach « if there were, and so
f(2) would not approach .

This means that for some integer p, |z—zo IPf(z) is bounded.

(A.3) f(3) is unbounded for z near z, but |f(z)| does not approach « as
2—2,.

Then,

(4.15) f(z) = i an-Z™(k;2 — 20) + ib,.(z —r for0< ] z— zol = R.
0 —o

Thus f(2) comes close to every value for z near 2o (Weierstrass) and takes
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on every value, with at most one exception an infinite number of times
(Picard).
Next, consider the situation when k(2) has a pole.
(B) h(2)— = as z—3z
Thus, fi(2) = 2,2, G- Z™(k; 2—30), a_, 0, and so lz—zol 7-1f) () is bounded
for some integer p.
(B.1) f(2) is bounded near z,. We shall show that this is impossible.
Now, fi(z)— = as z—z,. Therefore, if f(2) is to be bounded,

@) = /1@ + 3 balz — 20", by 5 0,

—p+1

The sum in g(g) must start at (—p+1) since if it started at any other value,
g(z) would approach « at a different order than f,(z) and so f(2) could not be
bounded.

By the same argument, the highest order terms a_,-Z—?(k; s—20) and
b_p11(2—20)~?*! must add up to zero if f(2) is to be bounded.

Consider the real part of such an equation and put the functions in the
polar form. Then, there is a factor 7~?, p> —1, which can be cancelled and so
we get a trigonometric series that adds up to zero. All the coefficients must
therefore be 0 and so it can be seen then that a_, and b_,4; must each be 0.

If pis —1, then IZ(‘l)(k; z—zo)‘ =0 (log r) while Iz—zol‘P+1=0(1) and
so the argument is simpler. Q.E.D.

(B.2) f(2)— = as z—z,.

(4.16) f(z) = i an ZM™W(k;2 — 20) + i ba(z — z0)".

We have not been able to discover whether a finite or an infinite number
of the b_,'s (n>0) differ from 0 in this case.

(B.3) f(2) is unbounded for 2 near z, but I f(z)| does not approach « as
Z2—2.

In this case it is obvious that

(4.17) &) = 3 020z — 20) + 32 bals — 70)*

where there are an infinite number of the b,'s for n <0 which are nonzero.
Finally we have
(C) k(z) has an essential singularity.
Then

fi(z) = i .- ZM(k; 2 — 20).

—0
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It would appear plausible that a function like this f1(z) would approach
indefinitely close to any given number as z—2,. However, we have not been
able to prove any theorem on the behavior of such functions.

Consequently we are not able to give any further results in this case.

CHAPTER V: ELASTICITY THEORY

1. Stress functions. The usual method of relating problems of plane strain
and generalized plane stress to the theory of biharmonic functions is by means
of a stress function [8]. We shall now relate this procedure to the theory of
bi-analytic functions.

Suppose, then, that (#-+14v) is bi-analytic function of type k2 with associ-
ated function (k4+1)0—iw (k> 0).

Let

Ey = (k + 1)“: - (k - l)vlh
(5.1) Ey =uy — v,
Eau = (k— Du, — (k+ 1y,

These functions E;; when multiplied by Lamé's constant u give the
elastic stresses when # and —v are elastic displacements.

Then,
oE oE
2 2 = e + Uy + s = O,
ox dy
(5.2)
oE dE
12 ”_ kOy — vz — vy = 0,
dx ay

Ey+ Ey, = 2k, and so A(En + Ez) = 0.
From (5.2), it follows that there exists a function ® such that
Ey =2d,, E;=—2%,,
G-3) Eun =2%,,, and A(A®) = 0.

This function @ is the usual Stress-function [8].

We shall now express # and v in terms of ®.

Let (#+1¥) be B.A. (k) with A.F. [(¢+1)0—1Q].

Then, 2k =Ej;+Egp=2A0= —2k0O, and so 8,= —40. Also

En = (k + l)u, - (k - 1)%
= (k+ Du. — (k — 1)(u. — 0)
= 2u, + (k — 1)0
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and so
1 k-1
(5.9 Uy = ry En + 6..
Similarly,
1 k—1
5.5 = = —— Faq ~ ..
( ) Oy 2 23 2 e
Let ¢+ =d/ds@+i¥).
Then, from (5.4),
k-1
Uz = q’w + 93
k-1 k+3
= (2 —¥: s = —
(@ — ¥y + 5 (] p
k+3
==—0, - (¢a—95)
2
k+1
= — (—-—— 0+ ¢). .
2 2
Similarly
1
Uy = (—2' Q- l[/)v.
Thus

1
[+ G+00+s] =0 (s-—a+

Now,

[January

e-"#’v

\0) =0.

[u+iz(k+l)®+¢] and (v—%ﬂ+¢)

are the real and imaginary parts of a bi-analytic function. It is therefore easy

to see that

1
u+iv = —(¢+i¢)——2-[(k+1)@—i9]+(ay+b+icx+id)

where a, b, ¢ and d are real constants. However, since Ej3=u,—v,= —2®,,,
it follows that ¢=a. Further ¢ is only determined by ® to within a function

of the form
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. Ax? LA + ax + By +
— Ax? — ——— %
2 2Rl TR
and so it is easily seen that (¢+#) +(1/2) [(+1)© —iQ] is determined only
to within a function of the form (ay+b)+i(ax+d).
Finally, then, we can write

d 1
(5.6) u+iv=——(®+i¥) — —[(k+ 1)0 — iQ].
dz 2

This result shows that the introduction of a stress function in elasticity
theory is analogous to the introduction of a complex potential in the theory
of perfect fluids; in fact, when (#-+1v) is analytic, (5.6) reduces to

d
u4 v = ——(f2)
dz

where f(2) is analytic.

What has been shown above is that if (#+4v) is B.A. (k) then it can be
expressed in the form (5.6). The converse statement is also easily seen to be
true: If (@+4)) is B.A. (k) with A.F. [(k+1)© —iQ], then (u+4v) defined by
(5.6) is B.A. (k). Also, if E;; are then defined by (5.1), then (5.3) holds.

Finally, we note that the terms of the form (ay+b)+i(ax+d) in (5.6)
represent a rigid body displacement.

2. Betti’s Reciprocal Theorem. Starting with the equations defining bi-
analytic functions, we shall now obtain some forms of Green's Identities.
These will correspond to those given in [4] for the case k= —1. With them
we shall obtain a uniqueness theorem and Betti's Reciprocal Theorem. We
shall then obtain “Cauchy’s Integral Formula” (Theorem 23) from Betti's
Theorem by an integration-by-parts technique. This result corresponds to the
fact that Cauchy’s Formula for analytic functions can be obtained, by
integrating by parts, from the Green’s representation of harmonic functions

() lf( dlogr aul >d
u(x,y) = — u — —log r)ds.

First, then, we have

LeEMMA L. Suppose f(2) =u-+1iv is B.A. (k) in a domain D and whose A.F. is
(B+1)0 —iw. Suppose also that U and V are functions possessing continuous first
derivatives in D and let

@=U3—Vy, Q=Uy+Vz.
Let 0, w, U and V be continuous in D+ C, where C is the simple closed con-

tinuous rectifiable boundary of D.
Then
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ff oedxdy+—ff wQdxdy
= fc [ (om+ am,) - V(Om ~3 j_ ] wm)] ds,

where ny and ns are the x and y components of the outward drawn normal to C.

@S.

Proof. This is essentially the same as the proof of Theorem 8 in[4]. Q.E.D.

COROLLARY I. As a corollary of this we see that if (u+14v) is B.A. (k) and
u, v, 0 and w are continuous in D+ C, then

59 ff,,(oz"'k-:f”’)dxdy
=ﬁ[u(om+k l N wn,) - v(om— P :_ 1 wm)]ds.

COROLLARY II. From (5.8) we see that if, in addition, u=v=0, then u=v
=0 in D+C, provided k+1>0.

For then the right hand side of (5.8) is 0 a;nd so 0+ (1/(k+1))w?=0in D
and so §=w=0in D. Therefore (#41v) is an analytic function with 0 bound-
ary values and so is identically 0. Q.E.D.

LeMMA I1. With the same assumptions as in Lemma 1,

ff {U 0z + 2w,) + V2w, — 0y)}dxdy
D

(5.9
2k +1 2k +1
= - Qdxdy.
k+1'¢;w(Um+ Vni)ds k+1ffpw xdy
Proof.

[ [ 06+ 20 + V(2 = 0} asay
D

2% +1
R
2% +1
TR+t
2%+ 1
T Ek+1Je

We now make the following definitions, valid for any pair of functions,
(u, v) having continuous first derivatives in (D+C):

f (Uwy + Vw,)dxdy
D

f {(Uw)y + (Vo). }dzdy — 2k + f (WUy + wV.)dxdy

adsdy. Q.E.D.
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1
(5.10) A(u, ) = ) (2 + v))n1 + uyna,

1
B(u, v) = v.n, + > (vy + uz)ns.

LeEmMA III. Let
0= u; — vy, w = Uy + vz,

®=U3_Vy, 9=Vy+Vz,

where u, v, U, V are continuous and have continuous first derivatives in D+ C,
and 0, w, ©, Q have continuous second derivatives in D.
Then

1
fc {UA(u,v) + VB(u,v)}ds — 0l f f D{ U(9: + 20,) + V (2w, — 6,)} dxdy

(5.11) =f;{“x4(U, V) + vB(U, V)}ds

- —;—ff {4(©. + 29,) + v(22, — ©,) } dxdy.

Proof. This is very similar to the proof of Theorem 9 of [4].
Let

M(“, v) = U + Z“W + Vyz = 0: 4 20)7,
H(u: ”) = 205 + vy + Uy = 20, — 0,
Then

f f D{ UM(u, v) + VM (u, v) — M (U, V) — vM(U, V)}dxdy

= [[[ (e + 20+ U 200+ W + (Vs
- f f D{(uUz)z+ 2uUy)y + WVy)z+ 200V2): + (0V,)y + (0V2),} dwdy

= 2fc{UA(u, v) + VB(u,v) — uA(U, V) — vB(U, V)}ds

- f f (U0 + %) + Vs — 6,) — (O + 20,) — (20, — ©,)} dady.

Q.E.D.
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DEFINITION.

1 1
X(u,v) = A(u,v) — 7 wng + rY kbn,

1 1
= '2—' [“3 + vy + k(4. — vv)]”I - (“v - ? )”Z;
(5.12) { {
Y(u, v) = B(u,v) — —2—- wny + — kbng

= (,,z - _;_w) o+ — [u, + vy — k(%: — 9,)]na.

THEOREM 25 (BETTI's RECIPROCAL THEOREM).
(5.13) f{UX(u, v) + V¥ (u,v)}ds =f{uX(U, V) + oY (U, V)}ds
c

where (u+1v) and (U+14V) are B.A. (k) and (u, v), (U, V) are continuous and
have continuous first derivatives in D+ C.

Proof. Starting with (5.11) and substituting from (5.9) for the double
integrals we get

e L T

T CCER S T

Now, from Lemma I,
wnl)} ds

1 1
—vien, —
f;{U(an’+k+1wm> V('” E+1

(@)

®) . )
, =f;{u(®n1 + Pl 9n2> — v(@nz - Pl Qn;)}ds
Adding k(8)/2 to (a) we get the required result. Q.E.D.
If
1
X = ‘E" {(k + l)uz - (k - 1)”:«}:
1
Xy = "2“ (4y — 02),
1
7, = (k= Du = (& + Du},
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then
X(“: ‘D) = Xun + Xynz,
—Y(u,v) = Xym1 4+ YVyn,.

Now, X, X,, Y, are the usual stresses of elasticity theory divided by 2u, u
being Lamé’s constant and so Theorem 25 is the usual form of Betti's Re-
ciprocal Theorem.

This could be obtained more directly of course, but we wished to do it
starting with the basic equations defining bi-analytic functions.

It is intended, later on, to integrate by parts in (5.13). To do this we first
prove

LeMMma IV.
i) 1
X(u,v) = E-(v - —w’),
(5.14) :
0 k+1
Y(u,v) = —(u—-—-—l-——-ﬂ'),
as 2

where 0=0., w=w,, so that
d
(B4 1)0 — to = = [(& + 1)8" — '],
b
Proof.
1
X, 9) = o o+ B = 30l [ = - G+ ) |
1 1 1
[oym1 — vome] + Py uyne + Py k + Duny, — Py kvymy
1 1 1
= [v,nl - v,nzl + 7 (w - v,)nz + 7 (k + 1)(9 + v,,)nl - —2' kv,,n;
1
= (vyn; — v;1m2) + Py [wns + (& + 1)6n,]
1
= (v,m1 — vm2) — 5 (—wins + w)n1)
(- 5)
=—(v ——d').
as 2

The second result follows similarly. Q.E.D
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LEMMA V. Under the hypotheses of Theorem 25,
Y a0’ aU 1%
(5.15) f{u ——Gk+D)r—+o—— (k+ l)0’—}ds =0,
c as as as as
where

d
— [+ 10" —i0] = (k4 1)0 —
dz

d
— [( + 1)§' — i'] = (& + 1)8 — iw.
dz

Proof. This follows immediately from Theorem 25 and Lemma IV, by
integrating by parts in the integral & [UX (u, v)+ Y Y (x, v) ]ds. It is assumed,

of course, that «, v, U, V, &, o are single valued on C. Q.E.D.
LeMMA VI
a0 v v,
'u(f’l)—_—f[u———(k+l)v—l+w.;f_(k_*_l)a/ ]ds,
5.1
(5.16) o i oo 2
v(én) = [u —— (k4 l)v + o' — — (k4 1)0 — ]ds,
21r as ds
where
k (y — n)? E+2
U, = :
Y N TR
k (=85 —mn
V1 = y
2(k +1) r2

(k+ 1)0{ — 19 = log(z — &),
where £=£+1in, s=x+1iy, r*=(x—£)2+ (y —n)? and where
k (x— 8y —n) ,
2k + 1) r
Vs = k (y — n)2 ) log r
2(k 4+ 1) r 20k + 1) ’
(k+1)07 —iQf =1ilog (z — §).

U,

Proof. Lemma V is applied to a contour consisting of the boundary C and
a small circle I' about &.

When U+1V=ZD(k, z2—§) the first result in (5.13) is obtained; when
U+iV=1-Z-V(k, 3—§) the second result is obtained. Q.E.D.
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THEOREM 26. If (u+1v) is B.A. (k) in D, and u and v have continuous

derivatives of the first order in D+ C and if C is a continuous rectifiable contour
x=x(s), y=y(s) with x'(s) and ¥'(s) continuous (x'*+y'*>0), then

. .
u(e) — in(®) = — f {[": :’ — [k + D — i’ ] 2D (k2 — z)] ds

=)

(5.17)

— i[(k + 1)0' — iw'](0 + iw)dy — (k + 2)¢' Re(
when (k+1)0—iw=1/(z—§).

Proof. From Lemma VI,
) 1 _an! 40! )
w + i@ = [ {—<u +in 2 a2 ot
27 c as as

_ av,
'+ ik 4+ 1)0] + N [k + 1) — ']

k42 alogr}
k+ 18 d
+ (k+1) 1k+1 ™ s
1 00, aQ
=— {(u+w)([k+1]——z——>
271 as

1 |
[(k+1)0’—-w’](——+t6‘:> 2 2087 :f }ds

1 U 0V
- {u+wdz+[({k+l}0’ ')( ! 1)
2riJ c L3 — & as

_ , 0 log r
(k4 2)8 3 ds.

s

Now,
oU 14 aU V aU oV

< 1-{- 1)ds-—( ldac:+z—ldx>+< l+t—-—l>dy
as as dx ox dy dy

d . v, oU,
= —(U;+ iVy)dx + [(wl - —) + z(——-— - 01>] dy
dz ox ox

= {i ZD(k, 2z — E)}dx + <6U1
"~ \dz ’ dx

- [di ZED(k, 3 — £):| dz — i(6; + iwy)dy.
3

avy\ .
)tdy + (w1 — 81)dy
ox

Thus,
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W) + ine) = — f {“ T [ )0 — 2Nk = e)} dy

al
— i[(k + 1)8 — iw’](0: + iw)dy — (k + 2)8' °g L gs.
Next,
dlogr is = alogrdx _ GImlog(z—-é)d
as dx dx
a1l
= Re [__;;D_g_i + —-1, Im(log{z — E})] [dx + idy]
x
dl - d
= Re(M dz) = Re( ? )
dz 32— &
Finally then, we get (5.17). Q.E.D.

The result is, of course, the same as in Theorem 23 except that these less
restrictive assumptions had to be made on the smoothness of the function
and the contour.

CHAPTER VI: Viscous FLuiDs

1. The form of the equations. Consider the viscous flow of a fluid in the
x—y plane. The motion of the fluid is determined by two functions u(x, y)
and v(x, y), the components of the velocity. If the velocities are sufficiently
slow for nonlinear terms to be neglected the equations of motion are

AU = p,,
(6.1) BAD = Py,
%, + vy, =0,

where p(x, y) is the pressure and p a constant, is the coefficient of viscosity.
Let { =u,—v., so that { is the vorticity.
Then,

= pA(u; + v,) = Ap.
Also, uA(uy—1v.) = (psy— pyz) =0.

Thus,
Uy + v, = 0,
(6.2) Uy —9;=¢,
At =0,

Equations (6.1), therefore, imply (6.2). Conversely, however, starting from
(6.2) we can get (6.1).
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For, since A{ =0,
Ay — v:) =0 or (Aw), = (Av),.

Thus, there exists a function p such that
1 1
Au = - ?;’ A‘D = — Py. Q-E.D.
I I
Also, [p/u+it] is an analytic function, since
$o = Uys — Vpz = — Vyy — Vo = — AV = — — P,
Sy = Uyy — Voy = Uyy + Ues = Ath = — P,
n

which are the Cauchy-Riemann equations.

Thus, (v + su) is a bi-analytic function of type —1, whose A.F. is
[—=¢+i(p/u)]. We could also say, of course, that (#—1v) is a bi-analytic func-
tion of type © whose A.F. is [(1/m)p+it].

All our results on bi-analytic functions can thus be applied to the flow of
viscous fluids.
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