EXAMPLES RELATING TO NORMALITY IN
TOPOLOGICAL SPACES

BY
H. H. CORSON

1. Introduction. In a recent paper [3], Mansfield has studied various
topological properties which lie between normality and paracompactness. He
raised several questions concerning equivalence among these properties. Some
of these questions are answered here by proving that the Z-products which I
recently studied in detail furnish counterexamples. I wish to thank Melvin
Henriksen for his suggestion that the Z-products might serve the purpose to
which they are put in these theorems.

Those who are interested in the theory of 2-products will notice that these
results sharpen the known facts, although at the expense of techniques
which are different and more involved. Hence, for simplicity’s sake, only 2-
products of copies of the integers will be presented. These methods can be
used to prove analogous theorems where each of the factors is separable
metric and complete; but what is true beyond this is open, except for the
results in [2].

2. Notation and statement of the main theorem. If for each a €A there
is given a copy of the integers Jq, then the 2-product of the J, is defined to be
the set of points p in the topological product P of the J, such that p.0
for at most a countable number of coordinates. 2 is given the topology it
inherits from P.

The properties studied by Mansfield are modifications of the concept of
full normality which was introduced by Tukey. Let us define this term first.
A topological space X is fully normal if for each open cover U of X there is an
open refinement VU of U such that, given any point x€X and any sub-
collection V,CUV with x€NV;, there is some UE&U with UV, CU. Now,
if m is a cardinal number, m-fully normal is defined similarly with the alter-
ation that V. has cardinality less than or equal to m. Also, almost m-fully
normal is defined by altering the definition of fully normal to require only
that for each subset M of cardinality m of each UV, there isa UE€ U such that
M CU. Note that these properties are inherited by closed subspaces [3,
Theorem 4.1].

By the references or theorems in Mansfield's paper one will see that the
following sequence of implications holds for all snfinite m. (Some remarks on
the case where m is finite are in the last section.)
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paracompactefully normal=m-fully normal=almost m-fully normal
=countably paracompact and normal.

(Recall that X is paracompact if each open cover has an open, locally finite
refinement. Also, X is countably paracompact if each countable open cover
has an open, locally finite refinement.) Moreover, these are the only valid
implications among these properties, since the following theorem settles the
only case left open by Mansfield.

THEOREM 1. Let 2 be the Z-product of uncountably many copies of the
integers. Then Z is almost Wo-fully normal, but not No-fully normal.

3. Proof of the positive part of Theorem 1. Before embarking on this
rather involved proof, the reader may appreciate an example of a simple
cover for Z—yet a cover which is very much like the refinement that will be
constructed in this section. For each a©4, let

W) = {x € Z: 2, = 0}.

Then W= {W(a): «€A4} is the cover to which I refer. It is easy to see that
any countable subset of Z is contained in an appropriate W(a). The general
idea of the following proof is to construct a refinement as much like W as
possible. Furthermore, W is also used in the next section to prove that 2 is
not No-fully normal.

From the proof that 2 is almost N,-fully normal it is possible to isolate
that part that is similar to those techniques developed in [2], and this is
presented in the proof to Lemma 1. Note that a basic open set U is an open
cylinder in 2 such that U, consists of one point in J, for the & where U, J,.

LLEMMA 1. For each open cover U of T by basic open sets, there is a countable
subset K CA and a subcover U of U such that V,=0 or J, for each V&V and
aE’'K.

Proof. Suppose the lemma is false. Let K; be a countable subset of 4, and
arrange K, in a simple sequence. Denote by a; the first member of Ki. Let
U, be the set of U& U such that U,=0 or J, if «&’'K,;. For n an integer, define

Z(ay, n) = {xE 2%y = n}

Since there are only countably many Z(ay, #), and since we have assumed that
the lemma is false, there exists an #; such that Z(a, 71) has this property:
For each cover W of Z(a1, #1) by elements of U and each countable KC4,
there is a W& W such that W,0 or J, for at least one «&’K. In particular
one may choose x;EZ (a4, n1) such that x,&’'U,.

For the next step of the induction, define

Ky = {a € A: (z1)a = 0},
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and arrange K, in a simple sequence. Suppose that r, 7, 73, 74 are integers,
and assume that a4, a; are the first two elements of K; while a3, a4 are the first
two elements of K,. Define

Z(arzazay, ri7arsry) = {x CEZixa,=riyt=1-.-, 4}.
Let
Uy = {UCU: Uy =0 or Joif a € K, U Ka}.
Since there are only countably many Z(ay - - - a4, 11 * - * 14), since the lemma

is assumed to be false, and since #; was chosen as above, there are n,, 73, 74
with the property: For each cover ‘W of Z(anoosa4, manansng) by elements of U
and each countable K CA4, there is a WEW such that W,0 or J, for some
a€’K. In particular one may choose x,EZ(a1 - - * au, m1 - - - m4) such that
xze,U‘llg.

Continue this process, taking the first s members of each K;, ¢<s, at the
sth step. One can prove that x; converges to some %o&Z as in [2, Theorem 1].
Choose a U&U such that xo& U. Let N be an integer such that x;& U if
1= N. Let M be an integer such that U.=J, if -

a€EU(Kai=M+1,M+2 -},

but aE’K;\J - - - \UKy. Then define T to be max(M, N). If Ur is the subset
of U defined at the Tth stage of the induction, one sees that U&Ur for the
following reason: If U,#0 or J,., then a€EK,\U . - - UKy because x,& U
on the one hand, and M was chosen as it was. This gives a contradiction since
xr& UEUr, and xr was not supposed to be in Udlr.

Having proved Lemma 1, we now note that in order to prove Theorem 1,
it suffices to show that every cover U by basic open sets has a refinement of
the required type. Let U and K be the sets in the statement of Lemma 1.
Arrange K in a simple sequence, and let a; - - - @, be the first s elements of K.
Let n; - - - m, be integers. For each VEU such that #;&E Vg, =1 - - - 5, and
such that V,=J, for a€K\{eu - - - .}, define V' to be the basic open set
such that

(V)a; = 1, i=1---5s
and
Va=Vay a#a i=1-.-s

Denote by G, the set of all such V' for VEQD and integers n - - - n,.

The following assertion will now be proved: Let §=U;" G, and let Zx
={xEZ:x,=0if €’K}. Then for xEZx and each countable K’ DK there
isa UEg such that x€ U and U,=J. if a€K'\K.
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For suppose the assertion were false for some x&€Zg and some K’. Let
x' €2 be defined by

%, if a EK,
(#)a =11, if a € K'\K,
0, otherwise.

Since any UE&G with x& U has the property that U, J, for some a€K'\K,
and since G has the relation to U that was described above, U,=0 for some
aEK'\K. Hence ' €'UgG. However, this is a contradiction, since it is easy to
see that G is a cover for 2 because U is a cover.

Let © be the first uncountable ordinal. For x &2k and 8 <, define counta-
ble sets Kg(x) CA and Up(x) EG inductively so that they have these proper-
ties: First, K CKs(x) SK;(x) if B<8. Second, &€ Us(x) and (Up(x))a=J, if
aEKg(x)\K. Finally, if (Us(x))as®J. for 6§<B, then aEKp(x). Since, for
xEZk, there are N; of the Us(x), it follows that there is a subset {a; - - - a,}
CK and integers n; - - - n, (depending on x) with the property: For un-
countably many Up(x), B<Q, one has

(Us())a; = s, i=1---5
and
(Us(2))a = Jay fora € K\{a1 - - - a,}.
Denote this uncountable subset of G by 3¢(x), where xEZx.

First, 3¢=U{3C(x): *€Zk} is a cover for =. To show this, let yEZ and
define

K, = {a: 3. = O}\K.

Choose xEZk so that x.=19, if «EK. It follows that y& Us(x) for 8 suffi-
ciently large, since K, is countable and since, whenever (U;(x)).7=J. and
aEK,, one has aE Kg(x) for all 8> 6.

Second, it is now possible to prove that 3C is the required refinement of .
Let H;C3C,1=1, 2, - - -, let xo€N{ H; and let y;€ H;. Assume that s, is the
smallest integer with the property that H; &G, for some H;,&3C. Let C be
a countable subset of A\K such that (3;)e=0if a&’Cand1=1,2, - - ..

By the construction of 3¢, H; €3¢(z) for some zEZg. It will be shown
that {y;: 1=1,2,--- } C Us(2) for B large enough, where Us(z) €3¢(z). Note
first that for a €K, Us(z) €3¢(2), and U;(z) E3¢(z), one has

(Us(2))a = (Us(2))a = (Hip)a-
Also, by the minimality of so and the construction of G,

3)a; = @o)ay = Yig)ays if 1 = 5o, for all 5.
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Hence, for 8 sufficiently large and Ujz(2) E3C(2), each y,& Us(2) because C is
countable and because, whenever (Us(2))o7J. and aEC, one has a € Kp(2)
for 8> 4.

4. Completion of the proof of Theorem 1. It is sufficient to prove that a
closed subspace of 2 is not No-fully normal. The space F, will be chosen for
our purposes. Recall that Fy is the set of x&2 such that, for any integer
n#0, xo=n for at most one aEA. Obviously FyCZ, and it is also a closed
subspace, as was observed in [4].

Not only will it be possible to prove the announced result, but also the
following stronger statement.

LEMMA 2. The space Fq is not 2-fully normal.

Proof. For the cover W defined in the first paragraph of §3, let U be the
trace of W on F,. Suppose § is a refinement of U by basic open sets such that
S1ES8, S.:€8 and SiNS.# & imply S1\US, C V for some VEV. Let x;E Fy be a
point such that, for some nonempty, finite set BiC4, (%1)a=0 if a€A\B:
and (xl).,;éO lf aEBl.

Now I assert: There is a finite subset Bs, By SB; CA, and a point x,& F,
such that x; has the same relation to B; as x; does to By, (x3)a= (x1)a if aE By,
and finally x,&€SES implies that (x;)s =S, for some a & B;\B:.

To prove the assertion, let S;E8 be a set which contains x;. Let

Bz = {a E A: (Sl)a = (x,)a} U Bl,

and choose any point x,& Fy, with the required relation to B; and x. It is
easy to see that B, properly contains By, since § is a refinement of V. Suppose
%, ES:ES8. Note that, since S; is basic, (Sz)a7 (x2)e implies (Sz)e=J, for
aE B;\B,. Hence if S, does not have the required property, x1E€ S.. However,
in this case x1€S1M\S: but no VEV contains S$;\US,, since (S1).=0 implies
(S2)a=J.. This proves the assertion.

It is clear that by replacing x; with x, and B, with B; one may choose x;
and B; in the above manner, and so on. Now the sequence {x;} which is so
chosen approaches some limit xo& Fy, since (%;)a= (%i11)« for all «a€’B;;,\B;,
and since Fy is closed in Z. Suppose xESES; then x;ES for all i sufficiently
large. By the properties of {x.} and {B;} , %;11E S implies that S, = (xi11)a
for some a©B;.1\B;. It follows that S is restricted simultaneously on in-
finitely many coordinates. Hence S is not open, which is a contradiction.

COROLLARY. Fo is almost Ro-fully normal and realcompact, but not 2-fully
normal. (See [2] for the term realcompact.)

Proof. One may conclude that F, is realcompact from the results in [2].
Note that this corollary improves [2, Theorem 4]. Also, the proof of the
corollary is more direct.
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5. Finite m. The case where m is finite raises several problems, as Mans-
field has observed. None of these are settled by the methods of this paper
except the question concerning equivalence of m-full normality and almost
m-full normality, m finite. It is possible to prove that these properties are
not equivalent for finite m by a much simpler argument than that of §3, if
one utilizes the theorems of [2], Lemma 2 of §4 of this paper, and the follow-
ing lemma. (Note that it is an open question whether almost 2-full normality
implies almost m-full normality, m finite, although the corresponding ques-
tion concerning m-full normality has been answered affirmatively by A. J.
Goldman. See [3].)

LEMMA 3. Suppose m is finite and X*™ is almost 2-fully normal. Then X 1is
almost (m-+1)-fully normal.

Before proving Lemma 3, note that it does imply that 2 is almost m-fully
normal for all finite m. In fact, it was proved in [2] that the collection of all
the neighborhoods of the diagonal is a uniformity for Z¢ as long as s=WN,.
Cohen discovered in [1] (see [3] for a proof) that the latter property is
equivalent to almost 2-full normality. Hence 2 is almost m-fully normal for
all finite m, but not m-fully normal because of the results of §4.

Proof of Lemma 3. The lemma is obvious when m=1, since X is homeo-
morphic to a closed subspace of X?, so suppose that it is true for m—1, and
suppose X" = (X2)2™"! is almost 2-fully normal. Then X? is almost m-fully
normal. Let U be an open cover of X. Define

w = {U: U € u}.

There is a closed neighborhood N of A in X2 such that NCUuz2 (A is the di-
agonal in X2 Hence A is closed in X?, and the last statement follows from
that fact that X2 is normal.)

Since X2 (and hence N) is almost m-fully normal, one may choose a re-
finement U of the cover of N by the trace of U% on N so that U has these
properties: If Vi - - - NVax= &, V,EDV, and {pl - pm} CUT V;, then
there is a U?€U? such that {1 - - - pm} C U For each point xEX, let T,
be an open neighborhood of x such that T2C V for some VED. Since X?
(and hence X) is almost 2-fully normal, there exists a refinement 3C of

T,: xEX} such that HiNH,# & and ;€ H;E3C for t=1 and 2 implies that
h1, e} C T for some xEX. .

To show that IC is the refinement that is required, let {xo - - - xm} be
m+1 points in Uy H;, where H;&3C and- Ng' H;> . By the relation of 3
to {T.:x€X]}, there is for each 4, 0Si<m, a T, such that {xo, x:} CT.
Notice that (xo, x.) ETZ, and (xo, x0) ET5, for each i. Hence N T5.# .
Therefore UT{ (xo, x.)} CU? for some U*EU?, since each T CV; for some
V:€9. From this one may conclude that {xo - - - xm} CU.
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REMARK. [ could not find a way to apply this simpler approach to Theo-
rem 1.
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