A REGRESSION PROBLEM CONCERNING
STATIONARY PROCESSES

BY
M. P. HEBLE

1. Introduction. Let y(¢) =x(¢) +m(t) be a continuous parameter stochastic
process observed for 0=<t< T, the mean value being m(f) = Ey(t), and x(¢)
being weakly stationary (see [7, p. 33]) and continuous in the mean, with
Ex(t) =0. The means m(t) are assumed to be of the form

m(t) = v191(t) + v2b2(t) + - - - + vp0,(2)

where v1, - + -, v, are unknown parameters and ¢1(f), - - -, §,(f) are known
continuous functions of . We want good linear unbiased estimates

1 Y1

of v=

le Tr
One criterion used is the “naive” criterion of “least squares,” viz. minimiz-
ing the expression
f T
. 0

with respect to ¢. The integral involving y(f) is here understood to be in the
sense of Cramér [3, Lemma 3]. Another criterion used is that of “minimum
variance,” i.e. minimizing the error-covariance matrix E(c—+v)(c—v)* with
respect to c.

The object of this paper is to derive, under certain assumptions, asymp-
totic expressions (following Grenander and Rosenblatt) for the error-matrices
of the least-squares and the minimum variance estimates, cz,r and cu,r,
respectively, i.e. the expressions

y0) = 3 ci(h)| de

=1

1.1) ql'im DrE(cr,r — v)(cL,r — 7)*Dr,
(1.2) 11'im DrE(cm,r — 7)(em,r — 7)*Dr

where the D, are suitable non-negative definite norming matrices (see [7,
p. 235]). Following Grenander and Rosenblatt we shall say that ¢z is
asymptotically efficient if (1.1) =(1.2).
Our object is further to investigate whether a necessary and sufficient
Received by the editors May 23, 1960.
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condition for the asymptotic efficiency of ¢i,r can be derived, analogous to
one obtained by Grenander and Rosenblatt for the discrete-parameter case
(see [7, pp. 86-88, 233-245]).

The problem can be regarded as purely a problem of approximations. The
plan adopted in this paper is that of approximating by a sequence of discrete
parameter situations to the continuous parameter situation. Let

S= {tl, tz, - - - } be any denumerable dense set of time points in (0, T). Let
Si= {tl, by v v, tk}, and D; be the set of observations {y,,.}, =1, .-,k
k=1,2, - .So D Dy for all k. For each Dy consider the corresponding
values of the regression functions ¢;(¢;), 1=1, - - -, p; j=1, - - -, k; as also

the “least squares” and “minimum variance” estimates ¢y s,, cu.s, (cf. [7,
pp. 86-88]), their respective error-matrices being denoted by es,, Es,. Also
denote the sample {y,}, 0<t<T, by ©, the corresponding least squares and
minimum variance estimates by cr.r, cu.r respectively, and their respective
errors by er, Er. The estimates c.,r, cu,r have yet to be defined. The next
thing to prove is that (at any rate for a suitable choice of the dense denumer-
able set S) c1,s,, cu,s, converge to ¢z, cu,r respectively (in the mean square),
and their respective errors converge to er, Er.

The error-matrix Er will be shown to be nonsingular and continuous under
certain conditions (Theorem 1, §3).

These conditions will be shown to be satisfied in the case of certain purely
nondeterministic stationary processes (the “THGMx” processes of Doob [5]),
provided the regression functions are sufficiently smooth. It is interesting to
note that in the case of these special processes, one can follow a direct
procedure, mimicking a method due to Mann and Moranda [8], to show that
Er is nonsingular and continuous. However this last computation will be
omitted here.

Our assumptions for the final results are the following: the x(t)-process is
continuous in the mean; the spectral distribution function of the x(¢)-process
is absolutely continuous, the spectral density f(\) being positive, continuous
and of bounded variation on (— «, ®); the regression functions ¢(t) satisfy
certain conditions analogous to those imposed by Grenander and Rosenblatt
in the discrete parameter case (see §5); the integral operator R on L?(0, T)
with the continuous covariance function r(¢, 7) for its kernel has an inverse
R~' and that each of the regression functions ¢ is in the domain of R~

For convenience, henceforth the assumptions stated in the last paragraph will
be referred to as the conditions A. With these assumptions, we first obtain asymp-
totic expressions (in the sense of GR) for the error-covariance matrices er
and Er (Theorem 2, §6). With the same assumptions A, we next obtain a nec-
essary and sufficient condition for ¢y r to be asymptotically efficient (Theo-
rem 3, §7).

The class of regression functions mentioned above includes the following
polynomial, trigonometric, and mixed polynomial-trigonometric regressions:
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@) o) = v, v Z 0 an integer;

(ii) () = peits, v = 0 an integer; u any real no.;

1" cos ip .

(iii) ) = . , v = 0 an integer; u any real no.
¥ sin fu

2. The least squares estimate. We shall now define the “Least-Squares
Estimate.” Clearly

I3

P

¥ - c,¢,-(t)l dt

j=1

T P T__
= fo |y |2t — X ¢ fo #;()y(t)dt

=1

P T P T
-2 ¢ j d CiCs () o;(t)de.
ch;qb(t)y(t)t chfoqbwmt

j=1 $,j=1

The right side is equal to

- 7
(2.1) f |(y(t) |t — ¢*s — s*c + c*Bc
1]
where
T_——
f $1(2)y(t)dt
C1 2.1 0 .
c = . y z —3 . = . y
. . T
Cp Zp f (1) y(2)dt
0

and B=((J{p:(t)¢i(t)dt)). The matrix B is assumed to be strictly positive
definite. Let B/2 be its positive definite square root. Then (2.1) is equal to

T
(2.2) f [ y(2) lz + [B”’c —_ B‘”zz]*[Bmc - B-1/2z] — z*B-13.
0

We see that (2.2) is minimized for
B'%¢ = B1/%,
i.e.,
¢= B3

Thus we conclude: The least squares estimate =cp,r=B~'Z. It is easily seen
that ¢ r is linear and unbiased. Its error
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=er = E(c.r — v)(cL.t — 7)*

B! (( fo ’ fo TdT(tFr(t - T)¢j(1’)dld‘r)> B!

where r(t—7) = Ex(t)x(1).

Next define the sets Sk as follows. Let # be a fixed positive integer. For
each positive integer k define € by: 2*"'ne, =T, where (0, T) is the interval
over which the sample is observed. We take Si= {0, €, 26, ¢ ¢ -, T} and the
dense denumerable set S is defined to be the union of all the sets S;,
k=1,2,.--.

We know that [7, pp. 86-88] for Sk, the least squares estimate and its
error are given by

*
Crs, = [‘psk(bsk]—lq’;kysm
* *
€s, = [(I)Skq)sk]—lq’SkRSk"psk[q):kq)Sk]_l
where QSI, is the (kXp) matrix: ¢5k=((¢i(ti)i’ 1‘=1y T kv J=1v ] P)),

Rg, is the (kXk) matrix: Rg,=((r(t:—t;); 4, j=1, - - -, k), and ys, is the k-
vector of observations:

y(fl)}
Y8 =
y(t)
It is easy to see that as k— «, ¢, 5, converges to ¢z r in the mean square, and

es,—er.

3. The “Markov” or “minimum variance” estimate. Next, we shall con-
sider the minimum variance criterion. The fact that x(¢) is continuous in the
mean implies that the covariance function r(¢, 7) is continuous. Now assume
that for every finite sequence S,={ti, ts, - - -, t.} of time points, all the in-
verse matrices occurring in the formal definition of the Markov estimate (cf.
[7, pp. 86-88)): [®%, Rs'®s, | ~'®F Rs'ys,, exist, where ®s, is the (kX p) matrix
(p;t); s=1,---,k; j=1,--+,9)), Rs, is the (kX k) matrix
((r(t;—t;); 1, 5=1, - - -, k)), and ys, is the k-vector

)’(.tl)

y(t)
For the purposes of the present section, let S={t, &, - - - } be any de-
numerable dense set of time points in (0, 7). Let Si= {tl, ty, -+, t} and

D, be the sample {y,}, i=1, - -+, k; k=1, 2, - - - . So DC Dyyy for all k.
We then know that (cf. [7, pp. 86-88]) for each D, there exists a unique mini-



354 M. P. HEBLE [May

mum variance linear unbiased estimate (viz. the “Markov” estimate) cu,s,,
with error

* 1 -1
Es, = [‘I)SkRSkq’Sk] .
Clearly
ESggESk.“g -2 0.

Hence there exists a limit matrix Es20 of the sequence {Es,}.
Next we show: The error covariance matrix of any linear unbiased estimate
is 2 Eg. -
Let m* be any linear unbiased estimate based on the sample {y(s)},
0=t=<T. Say

Then, because of the continuity in the mean of the process, it is easy to show
that m* is the limit in the mean square of a sequence {p,:'} of linear unbiased
estimates based on finite sets of time-points, and we can assume these finite
sets of time-points to be S;,, for some increasing sequence of integers { Jk } . Let
the error-matrices of uf and m* be denoted by 8. and & respectively. Then

& Z Es;, = Es.

Letting 2—  we obtain
§ = Eg.

From this we conclude: E, is independent of the dense denumerable set S: if
S’ is any other dense denumerable set, Es=Eg.. For by the preceding result
Eg ZE;s. But by the same argument Eg= Eg.. Hence Eg:=Eg=Er say.
Next: the estimates {cu.s, |} form a Cauchy sequence:

E(cu,s,, — cm.s,)(cm .5, — cm,5,)*— 0
as m, n— o, This is proved by using the matrix parallelogram law:
for all p-vectors x and y,
E(x+ y)(x + »)* + E(x — y)(x — 9)* = 2Exx* + 2Eyy*.

We have only to take x=mn/2, y=m./2 where we have set mi=cm,o,—7.
and use the fact that the linear unbiased estimates of ¥ form a convex set.
From this it follows next that the sequence {cu.s,} tends to a limit cu.s
in mean square. Clearly Er is the error-matrix of ¢y, s.
Furthermore, the limit vector cu g is independent of the dense denumerable

(3.1)
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set S: cy.gs=cu, s where S, S’ are any two dense denumerable sets. For, write
m for cu,3—7, and m’ for car,sr —<. Then using the convexity property of the
set of linear unbiased estimates of 4 and the above parallelogram law (3.1),

we easily obtain
m+ m"\ [ m + m"\*
E ) = Ex
2 2

e (55 -
! 2 2 oo

Em — m')(m — m')* = 0.

and

Hence

This shows that m=m’, i.e., cx,5s=c¢r, s =Cu,1, SaY.
To sum up, we have proved:

LEMMA 1. There exists a unique linear unbiased estimate ¢y ,r with minimal
error-covariance matrix Er. We shall call ¢y v the Markov estimate based on the
sample {y,}, 0=<t=T.

For the final results of this paper it is essential that the error-matrix Er
be nonsingular and continuous. We therefore want a reasonable condition
which will ensure that Er will be nonsingular and continuous in 7. The fol-
lowing theorem is to this end.

THEOREM 1. Suppose the conditions stated earlier at the beginning of this
section hold, and suppose, for any T >0 the integral operator R on L*(0, T') with
the continuous covariance function r(t, 7) for its kernel has an inverse R~' and
that each of the regression functions ¢i(t) is in the domain of R™'. Then the error
matrix Er of the Markov estimate will be nonsingular, and continuous in T.

Proof. Consider the matrix

. * _—1 —1
E1'= lim (‘I’N,‘RN,,‘PN,‘) .

Ny—w
It has been shown that the matrix

* —1 -1
(®x5Rn,®n,)

decreases as Ny increases, i.e.,

* —1
®n Ry ow,
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increases as N, increases. Since these error-matrices for the discrete situations
are nonsingular (by virtue of earlier assumptions in the paper) it is enough
to prove that with the assumptions of the proposition

. * -1 . .
lim &y, Ry, Py, is finite.
Nb—ow

We shall show that the diagonal terms in this limit matrix are finite.
Consider a partition of [0, T]

O=t<tH<ty<:---<ty,=T

and suppose the subintervals A;= (¢,_;, ¢;) are of the same length d=T/N,.
Consider the integral operator Ry, with the piecewise constant kernel with
values R(¢;, t;) on A, XA,. Clearly Ry,—R in the norm since

T T
[ Rw, = R =f f | Ry, — R|dtdr
0 0
N
=2 f f | R(t:, 1) — R(t, 7) |2dtdr
Au'XAj

1,7=1

N
<e Y f fdtdr
ii=1 v A;x4;

S eeT*—>0 as Ny — o,

The operator Ry, takes a function in L2(0, T) into a step function having con-
stant values on the intervals A;. In particular a function ¢x, which is piecewise
constant:

¢Nk=¢ionAi’ i=1y""Nk
is carried over by Ry into a step function

xv. = Ry, éw,
and

x~, = x;j (constant) on A, j=1-.-, N

For such a step function, the inverse operator exists (by virtue of our earlier
assumptions) and

—1
on, = Rw, xn,
where
—1
& Rw, (i, 7)
¢Nk = Z LX}' on A.‘.
=1 U
Also
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_ Ye  Ru,G, )
(R]Vlg‘ﬁNn ¢Nk) = z Lk(i¢s¢16

§.m1 )

Nk _
> 6:RwyGy )¢5

i, j=1

Now let ¢ be one of the regression functions in the original problem; let ¢x,
be the step function obtained from ¢ as follows:

év, = ¢(t:) on Ay = (tiy, t),

| ai| =8, =3,
Then

Ng
(Ryvdny o) = 2 &(t) Ry (i, ;) 8(4;)82.

$,j=1

Using the spectral theorem for self-adjoint operators [1, pp. 188-190] we can
write

(RNk‘ﬁNu d’Nk) = f Adx((E;Nk) ¢Nk’¢Nk)

Np) (¥
- Z Xj k 5,' ¥)
j
where A™ are the eigenvalues of the operator Ry, and 8P are the (positive)
jumps of bounded monotone nondecreasing function (EM¢y,, ¢y,). Simi-
larly

(R, 8) = 2 \;5;
i
where \j, §; have similar meanings w.r.t. R. Clearly

(Ni) (Ng)
2N T8 e g,
j Nkﬂw i
Since Ry,, R~ are assumed to exist, and the functions ., ¢ are, respectively,
in the domain of Ry,, R,

)
AWe
i

(Ruidws ov) = Y

j

< o,

1
(k%@=2;@<w

F) J



358 M. P. HEBLE [May

Since Ry,—R in the norm the set of the eigenvalues of Ry tends to the set
of eigenvalues of R. Therefore

1 1
Ty X =y

5 7\;"" Negmo 5 A

provided the r.h.s. is convergent. But the r.h.s. is actually convergent since

1
(R¢, ¢) = 2 Th< e

]

Thus

(Rusdwy o) = (R 6, 8) < .

This is true for each one of the regression functions. Hence the proposition.
The continuity of Er in T follows.

EXAMPLE. As an example consider the case of the purely nondeterministic
process with spectral density f(\)=1/(1+\?), r(t, 7)=r(t—7)=¢"'*"l. In
this case the linear integral operator R with continuous kernel r(t—7)
=¢~!*7l is known to have an inverse R~! (see for instance [4, pp. 371-381]),
viz. the differential operator

d2
1 —_—
de?
plus boundary conditions at the end-points 0 and T. If the function ¢(¢) is
sufficiently smooth, then

R$(t) = ¥(r) = ¢(r) — ¢"(r) + {$(0) — ¢'(0)}r(r — 0)
+ {&(T) + ¢'(D)}r(r — T).

To show that RY/(r) =¢(f), we make use of Aronszajn’s theory of a “reproduc-
ing kernel” Hilbert space [2]; that is, a Hilbert space of functions f(x) de-
fined on a set E say, with a kernel K(x, y) which satisfies the “reproducing”

property:
(f(x), K(x, 9))= = f(y)

where the inner product on the left hand side is the inner product of the Hil-
bert space, y being kept fixed. The class of functions f(x) having the above
property is generated by all the functions of the form Y »_, axK(x, ). The
“norm” of such a linear combination is defined bythe quadratic form

2 n
= 2 a;mK(yi, w).

Jik=1

i a K (x, yi)

k=1~
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In our example, the kernel is r(¢ —7) =¢~!*~"!, the functions are continuous
functions on [0, T], and the inner product is the integral

6, ¥) = f (W@ dr.

Now, if ¢(¢) is sufficiently smooth, then ¢ has the inverse image under R:
R$(t) = ¥(r) = ¢(r) — ¢"(r) + {(0) — ¢'(0)}r(r — 0)
+{&(T) + ¢'(D)}r(r — T)

and hence ¢ is in the range-space of the operator R, It can be shown that a
continuous function which is in the range-space of the operator R has the
“reproducing” property mentioned above. Thus, finally, for sufficiently
smooth functions ¢, ¢:

(R, ¥)

T
- f [6() — ") + {8(0) — SO }r(r — 0) + {$(T) + ¢'(D)}r(r — D W(r)dr
- f (W ()dr + f o (W (7)dr — o/ (TIW(T) + &/ (O (0)
+ {4(0) — ¢'(0)} f H(r — OW(r)dr + {$(T) + ¢/(T)) f r(r — TY(r)dr

T T
- f () + f (W (dr — ¢ (TW(T) + ¢ O)(0)
+ {#(0) — ¢'(0)}¥(0) + {&(T) + ¢'(T) }¥(T)
T T
- f o(r)(r)dr + f & (W (dr + $OW(0) + $(TI(T).

The error-matrix Er is nonsingular in this case. This result agrees with the
ones obtained by Mann and Moranda (Sankhya [8]) and by Grenander
(Thesis [6]).

In the case of the general “elementary Gaussian” purely nondeterministic
“THGMN” process, we know that the integral operator R has an inverse R™!
(see for instance [4, appendix]). Aronszajn’s theory of “reproducing” kernel
Hilbert spaces can be used in this case also, and we conclude that in this case
too, the error-matrix Er is nonsingular and continuous in T.

4. The approximation to the spectral density f(\) by spectral densities of
discrete processes. Henceforth we shall use the discrete processes D, which
are already used in the discussion (§2) of the least squares estimate: Let 7 be
a fixed positive integer. For each positive integer m, D, is defined to be the
process {¥ie,}, k=0, +1, +2, - - -, €, being given by: 2* nen=T.
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We now want to consider the procedure of approximation to the given
spectral density f(A\) on (— «, ) by a sequence of “discrete” spectral densi-
ties fm(A\) corresponding to the discrete processes D.

For a while we shall digress from our present problem and consider an
arbitrary continuous parameter weakly stationary process x(f), — o <t< =,
continuous in the mean. Let F(\) be the spectral distribution function of this
process. Consider a sequence

",Z—I,ZO,ZI,"'

of independent positive stochastic variables, identically distributed. Although
the discussion of this paragraph and the next two paragraphs is known (cf.
[7, pp. 58-59]) it will be briefly repeated here for convenience. Put

b =t1+ 2, v=---,—-1,0,1,---.

To determine the probability distribution of ¢,, we can fix ¢y as 0 say, or we
can let it have some arbitrary probability distribution. Then

yl':x(tv)’ V='°')—1)071)"'
is also stationary with covariances

Ey,j, = Ex(t,)%(t,) = E[Ex(t,)5(t,) | t,, b fixed]

= Enyy = E f " explilt, — LN AFQN)
= f mE exp{i(t, — t,)\}dF(\)

= [ “tocenpearey

where ¢(\) = Ee™*, the 4+ or — sign being taken according as v=u or v <.
To determine the spectrum of the new y,-process define

L |a|2
P)\(a) = f_, ——I 1 _ ae—“lzdl

if |a| <1, and for |a| =1, P\(a) is defined as the distribution function on
(—m, ) having all its mass at the point A=0 where a =¢¥, —7w <0=w. Thus
for fixed a (I a| <1)Pi(a) is a distribution function in A (—7 <A =m). Also

f"*dP() {a" 20
ev a) =
—r * a, vy < 0.

Define the function GQA) as:
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6o = [ " Pulo(®)dF ).

G(\) is well-defined since |¢(x)| 1. Clearly G() is the spectral distribution
junction of the {y,}-process.

Let z=h¢, where E£=1 and k>0 is a parameter, and consider the limiting
behavior of G(k\) as the parameter h—0. The characteristic function of
G(kN)

*/h T
= f edG(h\) = f eSMAdG(N).

—x/h -

Then it is known (cf. [4, p. 59]) that

x/h [
f e d\G(h\) — f e'v*dF(x)
—x/h —00

as h—0.

Now returning to our original problem of estimation, consider again the
processes { y(t)} and {x(t)}, and specialize the situation of the preceding
paragraphs of this section as follows: The new assumptions (a) and (8) on
the spectral distribution function will be introduced progressively. Choose
to=0, and z=h¢, h>0 being a parameter and £=1 (or £=1 with probability
1). Then

¢(x) = Eeir* = Eeisht = gich,

Let Pi(a) be as before, and consider for fixed \, P.(a) as a function of a.
Now (with a=¢%) for —r <A<7

P {0 i <6,
ef) =
* 1 A0
Therefore for fixed A (—w <A S7) and with ¢(x) =e™*
1" -—1r+n21r<x§)\+n21r,
Plo)] = : '
* 0 ANbnde _wtonle
k h

where 7 is any integer positive, negative, or zero. The assumption (a) is as
follows.

() Now let F(\) the spectral distribution function of the x-process be
absolutely continuous: FQ\) = /2 f(u)du, with f(u) 20 and fEL(— o, »).
Thus in this special situation
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6o = [ Rls@lire = [ Al

i (Hm)/hf(t)dt _ f_i { i i s (t +hn21r>} i

Na=—co (—=+n27)/h h Naw—co

Thus G(A) is seen to be absolutely continuous on (—w, m) with spectral

density
GO = — Z fc+n 21r>

n=—o0

The series clearly converges for almost all A& (—m, 7). Now consider G(k\)
with £>0. Clearly

HG(R) = KG/ ()N = [ > f()\ + )]

Num—o0

= fa(A)dx

say, with the notation: fiQ)= X m_» fO\+7-27/h). Thus in this special
situation, the relation

x/h ©
f ePd\G(h\) — eivzdF (x) for every y,

~x/h A0 J o

which was obtained earlier, becomes

x/h ©
f e (A\)dA — f evzf(x)d\ for every y.
—x/h h—0 —o

Now introduce the further assumption:

(8) The spectral density f(\) is continuous and of bounded variation on
(_ @, °°)' .

The condition (B) is, if we recall, a condition which ensures the validity
of the Poisson summation formula (cf. Zygmund [9, p. 37]).

With these additional assumptions (@) and (8), the following properties
of the family of functions { f;.()\)} are established. (It will be understood that

£>0.)

LEMMA 2. fu(A) is periodic with period 2r/h, and further {fi(\)} is a family
of functions of uniformly bounded variation on any finite interval (a, b). More
precisely, given any finite interval (a, b), there exists ho>0 such that for 0 <h
< ho, f(N) is of uniformly bounded variation on (a, b). Also for fixed k>0, fs(\)
s conlinuous.

The proof of this is just the proof of the validity of the Poisson summation
formula (cf. Zygmund [9, p. 37]).
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LeEMMA 3.

f '”e"‘"f;.()\)d)\—) f Qe""‘f(x)dx for every y.

—x/h h—0

This has been established already.

LEMMA 4.

x/h
H(\)d\ < K, K being independent of h.

—x/h

For, taking y=0 in Lemma 3, we obtain

z/h

fHr)an = f - f\dx < K.

—x/h

LEMMA 5. For any numbers o, B8 (fixed)

fp[fh()\) - f)]ax -0 as h— 0.

Proof. Since

L

/h ©
HVAN = f SOV

—x/h

therefore (remembering that [2,f(\)d\ < «)

[k
f [£10) = fV)]dN = f fA\AN >0 as h— 0.
—x/h INlzx/h

Let o, B be fixed numbers and &> 0 small enough so that (o, B) C(—n/hk, w/h).
Then

8 LI
05 [0 —flas [ HO -~ A0 ash—o.
a —x/h

Lemma 5 follows.

We now use the following simple result from the theory of Lebesgue
integration: If ¢.(\) 20 for all n, on a measurable set E, and [ ¢.(\)dA\—0 as
n— o, then {da,.()\)} converges in measure to 0 (but it is not true that ¢.(\)—0
a.e.). Making use of this result, we immediately obtain the following.

LEMMA 6. With the hypotheses introduced before the last lemma, there exists
a sequence {h,,} converging to 0, such that fr, \)—f(\) as he—0, for almost every
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Next, just as a “collapsing” of f(A) to obtain f,(\) was done above, so also
a similar “collapsing” of the Z(\)-process can be done. This, however, is not
needed in the pfesent context, and hence will not be discussed here.

5. The regression spectrum. Now it is necessary to state the assumptions
about the regression functions. They are (1)—(5) below.

Assumptions about the ¢-functions:

(1) Let
(r) T
(IJT = f l¢r(l) |2dl, r = 1’ 2’ ce, p'
def. 0
Then ®pP— o as T—w, r=1, - - -, p.
2) ‘1’%»/@(’)@1 as T—)oo for any fixed k, r=1, - - -, p.

. T — (r)_ (s)\1/2
3) Lim ( [ ot h)¢.(t>dt) / (% 5. )

exists for A>0 and =R,"?,say; 157, s<p.

Certain consequences will follow from these assumptions, just as in the
discrete case. To deal with negative &, first put ¢,(f) =0 for £<0, and then
define R;® for all real & by (3).

Now for £=0, substituting # for ¢ —#k and using the fact that ¢,(¢) =0 for
t<0, we have

T o T—h .
f é:(t — k)¢, (b) dt f éo(u + h)p-(u)du

h
(Q}r)tp;c))llz (Q‘I(’r)@;a))uz

T
f (1 + B)p,(w)du

(tp;r)q);'a))llz

T
(4 + h)p.(u)dt ¥ 0}
J, #@F Do @y

(q,(r) P© )1/2 (cp(r)q)(s))l/z

T—h “T—h

Taking limits as T— and using the “slowly increasing” character of ®§
(see (2)) we obtain
(r 8)

[R(' r)] sie., Rop = R: (the adjoint).
Next let & be an arbitrary column p-vector, and consider the quadratic form
P
Tyep = a*R,_”a = Tll_{l: rgl (@('))1/2 [f ¢r(t + l’)d’o(t + I-‘)d ] (@(3))1/2 .

This relation is proved using the slowly increasing character of ®}. Let  be
an m-vector, m an arbitrary integer. Then
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T -r];’ 2
> —'i———d’r(t +v)|dtZ0.

Z kyoy_uk, = lim = (q);'r))m

»,u=1 T—w 0

Hence a*Ra is a non-negative-definite sequence. It follows that
Ry = f eMdM(\)

where M(\) is a bounded nondecreasing hermitian matrix-valued function.
Assume that Ry=M(®)— M(— «)=M is nonsingular. The matrix func-
tion M(\) is called the spectral distribution function of the regression functions.

Now we introduce our next assumption about the regression functions.

(4) For any ¢>0, the corresponding “discrete” regression functions ¢;(ne),
n=0,1,2, - -;4i=1, - - -, p; satisfy the conditions of GR (see [3, pp. 233-
235]), and the spectral distribution function M.(A\) on (—m/¢, m/¢€) obtained
asymptotically for this discrete situation (see [3]) converges to the spectral
distribution function M(\) on (— «, «), which is obtained in the continuous
case (see (1)—(3)). The matrix distribution d M (\) will be assumed to have no
mass outside a finite interval (—A4, 4), and for m/e= 4, the distribution
dM.(\) is assumed to be the same as the distribution dM()).

Next consider the discrete situations obtained from the continuous param-
eter situation by restricting our consideration to the values of the regression
functions at the time points k¢, k=0, +1, +2, - - - , where € is chosen to run
through the sequence of values € (tending to 0) such that f,(\)—f(\) a.e.
The existence of such a sequence has been established in Lemma 6. The
following lemma is now needed.

LEMMA 7. Let the assumptions and the notation be as in the preceding para-
graphs of this section. f(\) is assumed to be positive and continuous and of
bounded variation on (— o, ©). {&} tending to 0 is the sequence mentioned in
the last paragraph. The integrals

x/ek x/ex 1
aMN)dM.(N), aM.(\),
Fa(NaM L) f_w o M

—x/ex
) ) 1
f faM ), f ™ dM(N),
all exist. Contention: as e—0
*/ek ©
(a) FuNAM () — f FNAMO.
—x /e —
x/ek 1 0 1
b aM.(\) - — dM()).
( ) f—f/ﬂe fekO‘) ( ) f—m f(>‘) ( )



366 M. P. HEBLE [May

The proof of this lemma will be omitted. The last assumption about the
regression functions is the following.

(5) For any e as above, and corresponding D (§2), define as in [7,
p. 235]

@Nrs) 0

DNk-Sk = : ’
(»)
0 (q):g Sl;)

the subscript “S.” having the same meaning as in §2. For D define

(q)q('l))lﬂ 0

Dr = .
0 @)
We assume that

1/2
& Dy, s,,Dr — I (the identity matrix)

as T— o, uniformly w.r.t. €.

6. Asymptotic expressions for the error-covariance matrices. We shall
now derive asymptotic expressions (in the sense of Grenander and Rosen-
blatt) for the error-matrices er and Er, under the conditions 4 (see Introduc-
tion).

Let (0, T) be the interval over which the process {y.} is observed. Divide
this interval (0, T) into # equal parts. Define the sequence {e&} by: 2*~'ne
=T (= Nie&, say where Ny=2*¥"1). Out of this sequence {ek} there exists a
subsequence, which again we shall denote by {ek} such that f,(A\)—f(\) a.e.
(85), and henceforth we shall consider only this subsequence {e:}. Denote by
Dy the discrete process {x(me)}, m=0, +1, +2, . The process Dy has
the spectral density g, (&N) on (—7/e, 7/¢€). gg,‘()\) is given by

+ n21r)

1 =
gGI;O‘) = E f

€k n=—o

From the spectral density f(A) on (— =, «) was also constructed another
spectral density f,,(\) of a distribution on (—/e, m/€:). This was defined by

w0 = 2o+ 77)

and
age(aN) = fo,(N).
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Now f,,(\) is continuous on (—m/e, m/€). Also f,(A\) >0 on (—=/e&, 7/e).
Therefore g, (e\) is continuous and positive on (—n /€, 7/e). Thus both the
spectral densities f,,(A), g¢(€\) satisfy the conditions of [7] for the discrete
case. For each ¢ and corresponding D (§2) and “discrete” regression func-
tions ¢;(ne.), define Dy,.s, and Dr as in the last section. Clearly €/?Dy, s,
-—>D]T as ¢—0. Now for D, we have the asymptotic relations (cf. [7, pp. 237-
240)).

ek

Dn,.s:6: Dy, 8, ~ M:;l27rf gtk(_fk)‘)dMu()‘)M;li

—x /e

1 ek 1 -1
Dy,.8,Ex Dy, 8, ~ —f —daM. .\ ] R
V1.8 Dy s, [21 o TN KON I

or

T/eg
/2 - -
5: DNk,SkckDka‘klnN M.:21r fq("‘)thk(_)‘)Mt: ’

—x/ep

1/2D E.D 1/2 [ 1 frm ! M ( k)] )
€ LA P " .
79 N, 8k N, 8, €k 2r —x/ex fu(—x) ’

If we let &—0 in each term on the right side, we obtain, respectively:

M-12x f " =N M,

2r [ f _: f(_—17\5 dM()\)] o

Now we want to change the order of limits: we want to let e,—0 first and then
let T— o, and show that we still obtain the same limit, in each case. The
situation can be essentially explained by considering double sequences of
numbers {@ma} and {dma} such that
aﬂmbmn —Cm > 0
n

b for each m,
Qmn — ©
n

Gnn — Ay > 0
dmn—0, >0 for each n

Qp —> ©

and

0<cm—c>0.
m
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Without loss of generality we can take cn=1 for all m, and c¢=1. The condi-
tion (5) of §5 amounts to the following

Qmn

-1 uniformly w.r.t. m.
a, n

Then

Gmnbmn — 1 for each m
n

implies that

Apbmn — 1.
n

This means a,~1/bn.. However, the rate of growth of @, does not depend
upon m at all, i.e., is uniform w.r.t. m. Hence a.~1/b,, i.e.,

n
ab, — 1.

This justifies the change in order of limits.
In terms of the matrices Dy, er, Er, the last result amounts to the follow-
ing:

LeEMMA 8. For any fixed Ty>0, and the sequence {mTo};_,,

lim Duryémr,Dnr, = M2 f F(=NdMON) M,

m— o

L | -1
lim DyryEmryDmr, = 2 f —dM )\] .
e ToCmTomT, 7r|: o SN 0y

Here we note that Er, er, Dr are continuous functions of T and that Dy— «
as T— ». Again, it is simpler to consider first functions ar and br of a variable
T (0<T< »), where ar, br are both continuous functions of T, and ar T =
as T— ». The above lemma can be restated for such ar, br as:

LEMMA 8. For any fixed To>0 and the corresponding sequence

{mTo} mms, lim @nrbmr, = 1.

m—

Now we want to prove that the last result implies:

lim aTbT = 1.

To

Now first let { 7w}, be a sequence DT, T «.
Then for any T,, 3 integer m 3
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mTy < Ta < (m+ 1)T.

Let
mTo + hn = Tﬂ’
So
am n a n
1=amr.,§ Tethy _ 0T <
AT, amT, amT,
<14 £say, where £—0.
ar,
=149 where n—0as n— .
AmT,
This implies
Ty —1
AmT,

where the positive integer m is as defined above. Or

AmT,

— 1.
ar,
Similarly
A (m+1) Ty -1
ar, )
Thus
LEMMA 9. or
lim =1,
Towo Gary
lim =1,

T—wo Ga+1)Ty
where for any T>0, nTo ST <(n+1)To.
Now from Lemmas 8 and 9
LemMA 10. Taking any fixed To>0,

lun arb,.ro = 1,

T— o
where

nTy < T < (n + I)To

369
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Similarly

lim drb(n+1)1'o = 1,

T
where
nTo =T < (n+ 1)T,.
From this follows
LeEMMmA 11,

hm drbT = 1.
To o
Since arbar,—1 therefore ar~1/b.r,, However, the rate of growth of ar
is independent of T, i.e., is uniform w.r.t. To. Hence ar~1/bz, i.e.,
arbr — 1.
Toe
This proves our contention.
Thus finally we obtain

THEOREM 2. Under the conditions A, as T— «

DrerDr — M_121rf f()\)dM ()\)M_l,

L | -1
DrErDr — 2% —dM(A .
rrDr [f_g,f(k) ( )]

7. Elements of the regression spectrum. The notions of “regression spec-
trum S” and “elements of regression spectrum” are defined exactly as in the
discrete case (see [7]), and, by exactly the same arguments as in the discrete
case we obtain the following theorem. Our basic assumptions are the condi-
tions A of the Introduction.

THEOREM 3. Let the assumptions be as in the past paragraph. Then the least
squares estimate cp,r 1s asymptotically as efficient as the Markov estimate cu,r
iff the spectral density is constant on each of the elements of S.

The class of regression functions mentioned above includes the following:

($)] o) = v, v 2 0 an integer;

(ii) o(t) = teits, v = 0 an integer; u any real number;

¥’ cos tu ) . )

(ii1) () = . , v = 0 an integer; p any real number.
{” sin iu

The calculations are entirely analogous to those in the discrete parameter case
(see [7, pp. 245-247)).
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