A CONVERGENCE EQUIVALENCE RELATED TO
POLYNOMIALS ORTHOGONAL ON THE
UNIT CIRCLE

BY
GLEN BAXTER(!)

1. Introduction. We are concerned here with a conjecture made by the
author in a previous paper [1]. We prove this conjecture for real-valued func-
tions and demonstrate its use in the theory of Toeplitz determinants and in
harmonic analysis.

Let f(0) be an integrable function on —7 =0 <7 with Fourier coefficients
Ck, 1.€.,

(1.1) fO) ~ Y aen,
k

-—— 00

and for every =0 let

Co c_l e C_”

€1 Co  *°Conyl
(1.2) D.(fy=1|- - - -

Can Cp-1" "' *Co

Finally, if D,(f)#0 for n=0, let for n=>1
Di—1(e7%f)
—_—

1.3 = (—1"
(1.3) an = (—1) )
and

D,_(e%f)
1.4 n = —1 ”— . .
(1.4) Ba=(—1) )

We now state the conjecture.

CoNJECTURE. Let f(f) be a bounded, measurable function on —7r <=7
and let D,(f) #0 for all 20. Then, log f(f) is integrable and has an absolutely
convergent Fourier series if, and only if, _|a.| <% and D|Ba] < .
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If f(6) is real-valued, then c_x = ¢; and B, =a&.. We consider only this case
of the conjecture in this paper. However, our proof is more general than this
special case in two ways. In the first place, two steps of our three step proof
are quite general. Only the third step of §7 seems missing from the proof of
the general conjecture. In the second place, the methods show a much
stronger connection between the convergence properties of {a.} and {8}
and the Fourier series of log f(f) than is stated above. Let »(n) 21 be an even
function of the integer # such that v(n) Sv(m)v(n—m) for every n, m and
such that »(n)/n*—0 for some A 20. In the notation of (1.1) let

1.9 Il = = il
and set
(1.6 lall = 5 sl

Then, our main theorem is the following:

TuEOREM 1.1, Let f(0) be a real, bounded, measurable function on —w <0=<w
and let D,(f) #0 for all n. Then, log f(6) is integrable and ||log f||, is finite if,
and only if, ||al|, is finite.

According to the Wiener-Lévy Theorem (see §2.c) if f(f) is a positive
continuous function, then ||f||, is finite if, and only if, ||log f||, is finite. More-
over, D,(f) >0 if f(0) is positive. We can thus state an important corollary to
Theorem 1.1.

CoROLLARY 1.1. Let f(0) be a positive, continuous function on —w <0 =.
Then, ||f||, is finite if, and only if, |||, is finite.

We turn now to a brief discussion of possible applications of Theorem 1.1.

2. Applications. For convenience we consider in this section only the case
£(8) >0. Szegs [3, Chapter 11] has defined a set of polynomials ¢.(z) of degree
n(n=0) with positive leading coefficients such that

1 p= )
2.1 — [ 6u(c0Bale )8 = 80
21!’ —_—
It is true that Ia,.l <1 for all n (see [2, §4]), in case f(6) is positive, and we set
(2.2) =111 |anld
ma=]

(a) A difference system. Let the polynomial u,(z) of at most degree » in z
be defined by
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n
(00)1/2

where k,/(co)1/? is the positive square root of k2/co>0 and where &,(3) is the
polynomial whose coefficients are the conjugates of the coefficients in ¢.(z).
In [2] it was shown that u.(z) and a, are related by the difference system

(2.3) Un(z) = 2°ga(27),

(2.4) %n(2) — Un1(2) = anz™i,(27Y), %o = 1/co.

In fact, since la,.[ <1, (2.4) uniquely determines #,(2), which in turn deter-
mines the polynomials ¢.(2). Thus, we have an alternative approach to poly-
nomials orthogonal on the unit circle using (2.4) and starting with a given
sequence {a.} with |a,.| <1. It was also shown in [2] that if {a.} is given
initially with |en| <1 for all =1 and ||a]|, finite, then there exists a function
f(6) >0 with respect to which ¢.(z) defined by (2.3) and (2.4) are orthonor-
mal. Theorem 1.1 now gives a more or less complete answer to the question:
what convergence properties of f(#) and of {a,.} are equivalent under this
correspondence ?

(b) Asymptotic behavior of D,(f). For the moment all of the functions
f(0) will be such that log f(d) is integrable on —w <6 =<w. We introduce the
notation

logf(8) ~ X dme™,

Ma=—00

G(f) = exp {2—1- f_: log f(o)do} .

Szegd [3, p. 76] has proved the following theorem concerning the asymp-
totic behavior of D.(f).

THEOREM (SzEGO). If f(6) >0 and if f'(0) satisfies the Lipschitz condition

(2.5) [£6) — £ < K|6:— 6a]r, 0<y=s1,
then there exists a finite limit

. Du(f) &
(2.6) ”lin‘l’ T, n+l=exp{'§lm|d,,.|’}.

In a subsequent paper Kac [4] proved this theorem in the case that the
Lipschitz condition is replaced by a moment condition Y| kc:| < . In §9,
we find the exact conditions on the {a.} sequence in order that D.(f)/G(f)™+!
possesses a finite limit. As a corollary we will deduce the best possible theorem
of the Szegd type with a moment condition.

THEOREM 2.1. Let f(6) >0 be continuous and let
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2.7 2k ] < .
Then, there exists a finite limit

. Du(f) &
(2.8) ,.11.12 0 ”+l=exp{mz_:lm|d,,.|2}.

(c) A connection with the Wiener-Lévy Theorem. The proofs given below
will imply certain properties for the polynomials ¢.(z) which are interesting
when considered in the light of the following classical Wiener-Lévy Theorem
(see [5, p. 245)).

THEOREM (WIENER-LEVY). Let g(6) be such that ||g||, is finite and let (3)
be an analytic function regular at every point of the range of g(0), —w<0=m.
Then, ”l//(g)“, is also finite(?).

In addition to the mild similarity between the above and Corollary 1.1,
there is the following fact which says the Wiener-Lévy Theorem is only
loosely connected to the use of Fourier series in defining the norm (1.5).

THEOREM 2.2. Let f(8) >0 be continuous and such that |f||, is finite, and let
{¢,,.(z)} be the Szegé polynomials associated with f(6). Let g(0) be an integrable
Sfunction with the following expansions in terms of e*® and ¢i(e®):

(2.9) §0) ~ 3 Gee ~ 3 gutu(e)

with ¢_1(e®) = Fr(e=*). Then, I v(n) ] G,.l < w if, and only if, D_v(n) I g,.l < o,

In particular Theorem 2.2 states that the class @, of functions with finite
norm [|f]|, can be defined in a variety of ways. It also states that the Wiener-
Lévy Theorem is valid if the norm in (1.5) is replaced by a similar sum using
the coefficients in the expansion in terms of Szegd polynomials ¢.(2) of any
sufficiently nice function f(8).

§83 and 4 consist primarily of preliminaries, while §§5 through 7 each
contain one step of the proof of Theorem 1.1. Finally, we consider the ap-
plications in §§8 and 9.

3. Properties of polynomials. In this section we summarize some proper-
ties of polynomials associated with f(6). For details the reader is referred to
[2]. We will use the notation introduced already in (1.1)-(1.6).

‘Every integrable function f(f) with D,(f) #0 for n =0 determines uniquely
(to within a plus or a minus sign) two sequences {¢a(z) } and {¢a(2)} of poly-
nomials, called Szegé polynomials, such that

(?) Actually it is necessary that y(z) be analytic at every point of the range of the function
defined by the absolutely convergent Fourier series of g(6).
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(i) @a(2) and Y¥a(2) are polynomials of degree # in 2 and 1/3, respectively,
with equal leading coefficients,

3.1) (i) % f_ :¢,,(z)¢,,(z)f(o)do = bum, (@ = &),

If f(8) =0(5#0), then D,(f) >0 and ¢.(z) has no zeros in |z| =1. Moreover,
the coefficient of z7™ in ¥(2). for real f(6), is the conjugate of the coefficient
of 2™ in ¢m(2).

For the a, and 8, of (1.3)-(1.4),

2 id -1 D,_\(f)
3.2 kn = 1-— m) = ’
(3.2) mI_Il (1 — amBm) =co Do)
and amBn#1 for all m=1. We define polynomials #,(z) and v,(2) by
Ua(2) = "l 2 Z"'pn(z):
3.3) (e
v.(2) = (o)1 1? 7 "¢a(2),

where k./(co)/? is one of the two square roots of k2/co. The leading coefficient
of ¢.(2) and of ¥a(2) is ka/(co)!/% It is understood that once k./(co)!/? has
been chosen as a particular one of the two square roots of D,_1(f)/Da.(f), it
remains fixed throughout the discussion and is the same k./(co)!/? which
appears in (3.3). This means that %.(2z) and v,(2) are uniquely determined by
f(6). Moreover, for all nx1

%n(2) — Un—1(2) = anz"v,(3),
90(2) — 9a—1(2) = Buz"u,(2),

If f(8) is real, an=PBn, the coefficient of z~™ in v,(z) is the conjugate of the
coefficient of 2™ in u,(z) and

(3.5) BTl = |an])™

M=l

(34) U = Vo = I/Co.

If f(6) =0 (5£0), then |a,.| <1 for all =1 and u.(2) has no zeros in |z] =1
Moreover, the function f.(0) =k2/ | u,.(e“)|’co determines according to (1.3)
the sequence oy, a2, + + +, @, 0,0,0, -« -

Corresponding to the orthogonality relation (3.1), one has

El— f 'u,‘(e"")f(l))e“”"do = Omo, O=mzsmn),
(3.6) T

L g

1
P 2(e¥)f(6)e™df = Bimo, 0=m=<n).
TV —x
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Relation (3.6) uniquely determines #,(2) and v.(2) and is equivalent to (3.1)
using (3.3).

4. Normed spaces. Let @, denote the space of functions f(6) integrable
over —w 0= and such that ||f]|, as given in (1.5) is finite. Then, @, is a
Banach algebra with norm ||f||,. If the Fourier coefficients of f(6) in @, vanish
for negative &, i.e. cx=0 for k<0, we write f(8) € G;}}. We note that G is also
a Banach algebra with norm ||f||,. Using the Wiener-Lévy Theorem, it can
be shown that if f(8) € @;F and

(4.1) Dask#0 in|z] =1,
0

then 1/f(8) € @;+ and log f(0) € @;t. We also use the space @; of all functions
f@ E @, whose Fourier coefficients vanish for positive k. Sometimes to
ﬁmphlasize the manner in which a function g(#) depends on 8 we will write
g@)|),.
We return for a moment to the functions #,(z) and v.(2) determined from
(3.4). Let vx=max{ |/, || }. In terms of 7 we can find some useful norm
inequalities for #,(e*) and v.(e®).

LeEMMA 4.1, For every n=0

P
(4'2) ”“"(e“)”' é o I_Il (l + "(m)')'m)’
and for every n=kz0
.3) [#ale®) = we(e®)ls = 3 wmYrmllom(e)]s-
Mmak4-1

Similar inequalities hold for va(e').
Proof. Relation (3.4) implies that
Un—1(2) + @n2"0p_1(2)

(1- anﬂn)

#a(2) =

Thus,
”“n—l”v + 71&”(”)””1»—1”;
l 1 - anﬂnl

with a similar inequality for ||v||,. Inequality (4.2) follows by induction. To
prove (4.3), we use (3.4) and write

] =

4 — walls < || ta1 = wal]s + Yur(m)]| a5,

and the proof proceeds by induction.
Lemma 4.1 states in particular the following:
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COROLLARY 4.1. If ||v||,= Xomos v(m)ym is finite, then there exist functions
U@ € q;f and V(0) E G5 so that
|ua(e’®) — U®)]|, =0 and |va(e®) — V()
An important property of these functions U(f) and V() was demonstrated
in [2, §4]. We summarize it here in the real case for later reference.

LEmMMA 4.2. If a,=4,, |a,.| <1, and ”a”. s finite, then u,(e®) defined by
(3.4) satisfies (3.6) with

,— 0.

2 2
(4.4) 16) = ka/ | U®) | <o,
where k% =lim k2 and where U(0) is the limit in Corollary 4.1.

In the following sections we will have occasion to use the notation
n 0
Un(2) = 2 Unm2™, 02(2) = D Upm2™.
0 —n

5. Step one. In this section we deal with functions f(6) of the form
(@) 1 € a,
(5.1) (i) D.(f) #0 forn = 0,
(iii) log f(6) € Q..
Let di be the kth Fourier coefficient of log f(8) and let

40) = exp{ z d‘k} ,
B(6) = exp{ 5 dke‘“} .

Then, f(0) =A(0)B@), AB)E a;- and B()E @;. Moreover, A(0)=1/4(6)
€ a; and B(9) =1/B@) € G;.

Let two functions g(8) = Y _n.o gee™™ and h(0) = D2, heei*® be related ac-
cording to the formula

1 x
(5.2) — f h(O)f(6)e=*d8 = g, 0<ksn
T —x

Condition (5.1ii) insures that the relationship between g(f) and £(f) just indi-
cated is unique. We now state an important lemma.

LeEMMA 5.1. If f(0) satisfies (5.1), there exists an integer N and a constant M,
both depending only on f(8), such that for any polynomsials g(6) and k() related
by (5.2)
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(5.3) ||

< [l + X vom |4l

Proof. V\{e denote the Fourier coefficients of A4 (), B(§), A(6), and B(6)
by A,, Ba, A., and B,, respectively. Consider first

(5.4) WO)S©O) = 30) = 2 gne™™,

where gn for m outside 0 <m <n is defined by (5.4). Then,

(5.5) RO)B(O) = 3. wie™® = 3(0) A(6).
k=—o

Calling the function in (5.5) w(f), we get

ol s 3 o) 5 |enl | Aucal

k=—o Mam—o0

(5.6) |
< |14, X vim) | gn -

m=—oc0

But, if (5.5) is written in the form k(8) =w(6)B(), then ||A||, < ||=]|,-||B]|, so
that by (5.6)

(5.7) 12l = 4[| Bll, 22 »(®)| ] -

k=—o0

From (5.4), we find

n
= Z hmck—my

me0

so that for any N>0

v(k)lgkl SZv(m)|h,,.| v(k-—m)|ck._,,.|

k=—o —00
—N—1

= Il Zv(m)l |+ Z ROILAIYROILIE
Now, let N be chosen so large that

5.8) 1L 4]l 1| Bll, z’ vk | | < 1/2.

m=—00

From (5.8) and (5.7) we deduce that
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n N
I < DAL 3@ gl + 1 3 st ]
(5.9) - e
1 n
+7' Z V(M)lh,,,l .
m=N+1

Since the second term on the right in (5.9) is less than or equal to ]|h[|,/ 2,
the proof is completed.

It is interesting to consider a simple example to show that condition (iii)
in (5.1) is essential to the truth of Lemma 5.1. Let f(§) =1—Xe®. Then, the
polynomials g(8) =1 and k(6) = X .o Ne'* are related according to (5.2).
Moreover,

o
Hoz X |w| = -
Il 2 3 el =5

If |\| 21, ||4||, becomes infinite as # becomes infinite and an inequality like
5.3) with II gl|,=»(0) is impossible. On the other hand, I)\| <1 is exactly the
condition that log f(6) € Q..

The functions #,(z) and v.(z) determined by f(f) by means of (3.6) are
of the type discussed in Lemma 5.1. If d; is (again) the Fourier coefficient
of log f(0) and if we set

U®) = exp{— é d,,e"’"} ,

(5.10)

V) = exp{— i d,,e"“’} ,

k=—a0
then we have the first step of our proof as follows:

THEOREM 5.1. Let f(6) satisfy (5.1) and let |thnm— Un| and |vam— Va
approach zero for each fixed m, where Uy and V., are the Fourier coefficients of
U(9) and V(8) in (5.10). Then, ||ua(e®) — U(8)||,—0 and ||v.(e?*) — V(6)||,—0.

Proof. It follows from (5.10) that
1 4
(5.11) 2—f U(0)f(8)e=*0df = by, 05k < o,
TJ —x
If we set 4,(8) = D_"_o Une™, then from (5.11) and (3.6) for all 0Sk<n

El;f_:(un - 'ﬂn)f(o)e—‘koda = %f_:([] —_ ‘ﬂn)f(a)e"""do .

= Z Uka—m

ma=n+1

= gk(n)’ 0 § k é n.
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We apply Lemma 5.1 where h=u,— 4, to find

N
ln — ], M[Hg(n) |+ 2 5tm) | o — U,..|]

(5.12)

I\

N
1[I0 = 2+ 3 s | sn = 0 ]-
In view of (5.12), we can say ||u.(e®?) — U(8)||,—0. The proof for v.(e¥) is
similar and so the proof is completed.

6. Step two. In Corollary 4.1 it was noted that #,(e®) and v,(e¥) converge
in norm if ||y||, is finite. We show here that under only mild restrictions on
f(0) this condition is also necessary for the strong convergence of #.(¢**) and
v.(e%) to functions in @,.

LEMMA 6.1. Let f(0) be a bounded, measurable function and let D.(f) %0 for
all n. Moreover, let u.(e*) and v.(e*) converge uniformly in —mw <0=m to func-
tions U(0) € Q, and V(0) € Q,, respectively, where U(@) #£0 (or V(0) #£0). Then,
f@&a,,log f(6) = Q,, and “u,,(e“’) -U (0)||,—>O, Hv,.(e“’) - V(0)||,——>0. The func-
tions U(0) and V(0) are necessarily those given in (5.10).

Proof. We start with

g

1
— | va(ei®)f(0)e*9d0 = 8y, 0<k<n

2rJ

Passing to the limit as # becomes infinite

1 x
(6.1) Z—f V(0)f(6)e™*°df = b0, 0=k< o,
TJ —x
In particular,
(6.2) V(0)f6) ~ X ame™, ao = 1.
m=0

Since u,(e*?) converges uniformly to U(8), it follows that U(8) = D m_o Unei™.
From (6.1) and the preceding remark it follows that

1 * © 1 -
- f U®B)V(0)f(6)e**do = Y Up — f V (6)£(6) e *+m04dg
rJ - m=0 2rJ

= U oo, 0=k< .

In a similar way we show that

1 r
2—f VO)U®B)f(0)e*4df = V oo, 0=k .,
TJ —x
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Thus, V(@) U@)f(0) = Uys= V.. We first eliminate the possibility that U,=0.
Using the notation of (6.2)

k 1 - ‘
(6.3) E) Unti—m = g f _'U(O)V(o)f(o)e k0 gg

= Ugbyo, 0=5k< =,

Now, if Uy=0, then by (6.3), U,=0 for all m=0. This contradicts our as-
sumption U(0)#0. Thus, we have U(0) V(8)f(6) = U,7#0. Moreover, since
U(@) and V() are continuous and f(f) is bounded, we can find a bounded
function F(8) =7(8) such that

(6.4) U@V ©F6) = U.

It follows from (6.4) that U(f) #0 and V() #0 for all —7 <0 <m. By Wiener's
theorem f(8) = U,/ U(8) V(8) € @,. From (6.2), V(8)/(8) € @;+, and thus by (6.3)

Z Upz™- Za,,,z'" = U, in [z] <1

m=0 m=0

According to (4.1) this means log U(6)E @;f. In a similar way we show
log V(0) € @;. Finally, log f(8) =log Uy—log U(f) —log V() € @,.

To finish the proof let us note that U() and V(6) in (5.10) are the unique
functions in &+ and @;, respectively, with Uy,= V, and satisfying (6.4). The
uniform convergence of u.(e¥?) to U(f) implies convergence of each Fourier
coefficient. The proof is completed with an application of Theorem 5.1.

THEOREM 6.1. Let f(0) be bounded and measurable with D,(f) #0 for all n.
Then, a necessary and sufficient condition that u.(e®) and v,(e®) converge in
norm to functions U(0) £0 and V() £0 in @, is that |||, is finite. In either case,
f(0) and log f(0) are in @,, and U(®) and V(0) are given by (5.10).

Proof. We prove the sufficiency first. The existence of limits U(f) and
V() follows from Corollary 4.1. The constant term of u,(e®) is k2/co, which
according to (3.2) has a finite nonzero limit if ||y||, is finite. In the proof of
Lemma 6.1 we saw that U(f) was either identically zero or never zero. Thus,
U(0) £0, etc. This proves sufficiency. According to Lemma 6.1, f(§) and
log f(0) are in @, and the limits U(0) and V(6) are given in (5.10).

To prove the necessity, we will show |||, = > »(m)| an| is finite. A similar
proof is valid for ||8]|,= >_v(m)|Bn|, and the desired result follows. Consider
(suppressing functional dependence on 6) from (3.4)

(6.5) Up_1 = Uy — aneinOvn.

Comparing coefficients of ¢ on both sides of (6.5), we find that #,,=a,Vno.
Now, if V(0) ="V is given in (5.10), the coefficient of ¢**® on the right side of
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Un—1 Un
= — —ay, emo
| 4 Vv
is zero. Thus,
(6.6) il [ e [P PPO) 20(n) | ] |
. S l— ()| =l — 2v(n) | a,
V , V , e 4 1 4 , 14 [e 4 ,
Summing (6.6), we find
kil Um0 Um Un
6.7 m - [2 — == :Ié -
( ) mz-:o V( ) | « I VO V » V 14

Now, the term on the right of (6.7) has a finite limit as #» becomes infinite and
the coefficient of v(n) | a,,l on the left approaches 1. This completes the proof
of Theoren 6.1.

7. Step three. We now finish the proof of Theorem 1.1 for the case of
real-valued functions f(f). First, we have a lemma which says that we may
assume f(8) € @, and f(f) #0 without loss of generality.

LeEmMMA 7.1, Let f(8) be a real bounded and measurable function on —w =0
<w with D then f(6) € @, and
f(@) is a.e. of one szgn

Proof. In the real case, a, =B, so that y,= |oz,.| . By Theorem 6.1, log f(6)
€ @, under either hypothesis. Thus, log f(6) is equal a.e. to a continuous func-
tion, which is possible only if f(f) is a.e. of one sign.

As remarked earlier, the proof of the general conjecture stated in the
introduction is out of reach at present. However, in the real case we make use
of two theorems of Szegé to finish the proof.

Proof of Theorem 1.1. According to the proof of Lemma 7.1 we have only
, s finite. From (3.2) and (3.5) and from

Szegé [3, p. 44]

Moreover, by (3.3) and Szegé [3, p. 51 (4)]

il n z—l ©
(7.1) lim #,(z) = lim ——i—(—)k,. = exp{-—- dez"} , | z| <1,
0

n— oo n—o (Co)l/2

where di is the Fourier coefficient of log f(f) and where the limit in (7.1)
holds uniformly for |z| £p <1. This means that for every fixed m, | #am— Un|
—0, where U, is the Fourier coefficient of U(f) in (5.10). By Theorem 5.1,
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|ua(e®®) — U(B)]||,—0. Moreover, Up=lim uno=lim k2/co 0. By Theorem 6.1,
|le]|, is finite and Theorem 1.1 is proved.

8. Properties of polynomials. Combining Theorem 1.1 with previous re-
sults of the author [2], we deduce easily the following theorem. We use the
notation of §2a. '

THEOREM 8.1. Let ¢u(2) (n=0) be a polynomial of degree n in z with positive
leading coefficient. Then, {$.(3)} is orthonormal with respect to a positive, con-
tinuous weight function f(6) on —w<0=w with ) |ci| < if, and only if,
there exists a sequence {an} such that |a.| <1, lan] < wand ua(s)
=Fkaz"$n(271)/(co)V/? satisfies (2.4).

Proof. In [2] everything except the implication Z| ck| < o implies
EI oz,.l < » was proved. This fact follows directly from Theorem 1.1 taking
v(n)=1.

Before proving Theorem 2.2 we make an observation. If ||log f(6)]], is
finite, then |||, is finite and according to Corollary 4.1 all terms in the in-
equality

. . o\
max | 6n(e)| S ledu(e], = () el

are uniformly bounded in #. Thus, either series in (2.9) converges absolutely
and uniformly if the coefficients are absolutely convergent.
Proof of Theorem 2.2. It is sufficient to consider the case

(8.1) g(6) ~ i Gret*t ~ i gede(e®).

First, let Zu(k)lgkl < o, Then, the series on the right in (8.1) converges
uniformly, and

1 T
G = - 2 endm(e)e*0do

TV —x m=0
(8.2) = 2 gnbmt
m=k
© Co 1/2
= ,,,z_:,, gm'am,m—ky gm = <§) &m.

Thus, from (8.2)

S8 Gl = 3 vm) | n] m(e )]l

k=0 m=0

and since lim k20, the desired result follows.
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Next assume ZV(k)|Gk| < o, Then,
1 x k
(8.3) b= [ dOORC D = T Hoiin,
21!" —_ m=0

where the H, in (8.3) are the Fourier coefficients of g(@)f@)E @,. If 2.
= (k%/co)'/%gm, then

iy(k)|g,‘| < v(m)[H| Zv(k—m)lu;,,,,_,,.l.

k=0 m=0 ke=m

To finish the proof we must show that

0

Am = E v(k - m) I uk,k_,,.l

k=m
is bounded in m. Equating coefficients of e»~™% on both sides of (2.4), we

find %n n-m="Un—1,n—m+Antin m Thus,

am = Zv(n—m)|u,._1,._,,.| + Ev(n—m)|a,.| | 2 m |

(8.4)
= G+ 2 v(n —m)| an| | Ham]

Summing (8.4) on m

am§EZv(n—k)|an| |f¢n,k|

k=0 n=k

é

v | e[l

I[V]s

This completes the proof of Theorem 2.2.

9. Asymptotic behavior of D,(f). In this section we consider the asymp-
totic behavior of D,(f) for f(6) 20 in terms of the sequence {a,.}. This se-
quence seems ideally suited for this investigation in view of (3.2) and (3.5),
which state

n+1l

(9.1) Du(f) = & Ha—|%MWW

m=1

THEOREM 9.1. Let f(0) =0 be such that f(0) and log f(0) are integrable on
—wZ0=m. Then, a necessary and sufficient condition that there exist a finite

limit for Da(f)/G()**' or for Da(f)/[Da(f)/Daa(f) ]+ is that Y n|aa|? be
Sfinite. Also
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. Du(f) < : D.(f)
9.2 lim = 1—|an|)™=lim —————,
( ) ,,1.» G(f)”+l };I‘( | I ) "—1*12 I: Dn(f) :|n+l
Dn—l(f)

Proof. The proof follows more or less directly from the two equalities
Dn(f)/[Dn(f)/Dn—l(f)]"H = H (1 - l O’MP)—M:
mm=]
and

03 /60 =T1( = |an ™ / TT (1~ [aaln.

m=1 ma=n+1

In (9.3) we have used the fact that G(f) =lim D,.(f)/Dn1(f).
Before proving Theorem 2.1, we present a useful lemma.

LEmMMA 9.1. If f(6) is a positive continuous function, and if u.(e®) is asso-
ciated with f(0) according to (2.1)—(2.3), then for any v(n) of the type in (1.5),

||log un(e)||, s finite. Moreover, if

9.4 log u.(e*) = ;{; d,(: )e‘"",

then

9.5) I"Il(l— |a,,.|2)-m=exp{f)lm|d§?’|2}.

Proof. Under the hypotheses on f(6) it is true that #.(z) = k.z*$n(271) /(o) /2
is not zero in |z| <1 (see Szegd [3, p. 40]). Since, ||un(e®)||, is finite, the
Wiener-Lévy Theorem implies that |]log u,.(e")“, is finite. Now, as remarked
in §3, f.(0)=RkZ/ [u,.(e“’)|2co determines according to (1.3) the sequence
a, q, -, a, 0,0,0,---. We apply the Szegé Theorem to f.(6), which
has any number of derivatives. That is,

- —m . DN(fn)
= leap)m= lim o

= exp{zmld,f,") 2}.
1

The lemma is proved.

Proof of Theorem 2.1. Taking »(xn) =1+ |n|!2, we see from Corollary 1.1
that Zn”2|a,.| < . Thus, Zn]a,.[ % is finite and (9.2) applies. Moreover,
by Corollary 4.1 “u,.(e“’) —U(®)|,—0, where U(0) is given in (5.10), which in
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turn implies that ”log ua(e?®) —log U(9)||,—0. This latter fact can equally
well be written

(9.6) S| de’ = du| — 0.

m=0

Relation (9.6) implies that
Somldn "o X m|dal,
0 0
and the proof is completed by taking limits on both sides of (9.5).

We can show by example that Theorem 2.1 is precise in the sense that
condition (2.7) cannot in general be replaced by a moment condition

2k al <o, v < 1/2.
For if y<1/2, we can take N so large that N(1—2y)>1, and let
1
_— if n=m¥, m=12 ...
a, = 1{2m"N
0 otherwise.
Then,
9.7 Z|k|”|ak| = (1/2) 2o m¥ @1 < w,
k=1 M=l
but
9.8) Skla|P=(1/4)21= .
k=1 k=1

According to Lemma 4.2 we can construct a function f(8) =k%/ | U(0)|’co
which yields this particular {a,.} sequence according to (1.3). By Corollary
1.1 and (9.7), 2| k||| < for this function f(6). On the other hand, (9.8)
and Theorem 9.1 deny the existence of a finite limit for D.(f)/G(f)**.

Although we cannot find exact conditions on f(§) so that D n|as|? is
finite, we can show the following theorem which points out one other amusing
possibility.

THEOREM 9.2. Let f(6) >0 be continuous with 3| cx| < « and let k2 be con-
cave, i.e., 2kp 2 k2, +E3_). Then,
2
da} ,

o el

where both sides of (9.9) have finite limits and where the integration on the right

4 (2)
%n(2)
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is with respect to lwo-dimensional Lebesgue measure extended over the circle
|z| =1

Proof. Taking v(n)=1 in Corollary 1.1, we see that Zl a,.l is finite.
Moreover, ki—Fks_; 2 k2,,— k2, which means that |a.|*k2=k2—k:_, is a de-
creasing sequence. Since ki has a finite limit, ) |a.ka| is finite and the
terms of this sequence are decreasing. This means | na,| —0 as # becomes in-
finite, so that Y %|a,|?is finite. Theorem 9.1 insures the existence of a finite
limit on the left in (9.9). To complete the proof we note that

IS

where d® is defined in (9.4). Finally, we apply (9.5).

2 ©
do = ) m| d:.n) 2,

m=0
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