AUTOMORPHISMS OF FORMAL POWER SERIES
UNDER SUBSTITUTION

BY
BENJAMIN MUCKENHOUPT

1. Introduction. The purpose of this paper is to show that for most cases
the only automorphisms of a certain group of formal power series are what
might be called the obvious ones. The power series to be considered will be
of the form Yy a.x‘ where a,70 and the coefficients are all members of a
given field. The composition to be considered is that of substitution or func-
tional composition. Given the series f= Yy ax® and g= D 1 bxf, then
fa= 2% ai(g)i=abix + (aib+abl)x2+ - - - . Given a field, the series of this
type clearly form a group with this law of composition. Furthermore, besides
the inner automorphisms it is clear that any field automorphism a—a induces
an automorphism Z{" axi— E{” dx* of the group. Such automorphisms of
the group will be called simply field automorphisms. Showing that combina-
tions of these and inner automorphisms are the only automorphisms of the
group of power series for most base fields is the main part of this paper.

The original interest in this subject stemmed from the hope that auto-
morphisms other than the obvious ones might be found and that they might
have applications to the theory of iteration of analytic functions. The usual
way of solving, for example, the functional equation g[g(z) ] =f(z) where f(z)
=Y I asand la;l #1 is to find an inner automorphism that simplifies f(2).
The solution k of k~1(f[k(z)]) =aiz is found and then g(z) =hk[(a.) /2h~(3)].
Proving that h exists and is analytic is not difficult. The method was origi-
nally used by Schroeder(). If the first coefficient of f(2) is 1, however, no such
simple automorphism gives results. No other automorphisms are suggested
by this paper, but the present results do have independent interest.

In §2 some useful lemmas and definitions will be given.

In §3 the following will be proved.

THEOREM 1. Over a field of characteristic O every automorphism of the group
of formal power series under substitution can be written as the succession of an
inner automorphism and a field automorphism (%).

Received by the editors October 18, 1960.

(1) See E. Schroeder, Uber iterierte Functionen, Math. Ann. vol. 3 (1871) pp. 296-322. For a
simpler presentation see H. Kneser, Reele analytischer Losungen der Gleichung ¢[¢(z)] =e* und
verwandter funktionalgleichungen, J. Reine Angew. Math. vol. 187 (1949) pp. 56-67; see p. 58.

(?) This result was announced for the case when the base field is the complex numbers by
N. J. Fine and Bertram Kostant in an abstract, The group of formal power series under iteration,
Bull. Amer. Math. Soc. vol. 61 (1955) pp. 36-37. Their proof has not yet appeared.
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The method of proof will be to consider an arbitrary automorphism and
to reduce it by stages to the desired form.

In §§4 to 6 the case for fields of characteristic p 0 will be considered.
The principal result is the following.

THEOREM 2. Over an infinite field of characteristic not 2, every automorphism
of the group of formal power series under substitution can be written as the suc-
cession of an inner automorphism and a field automorphism.

Whether this can be extended to the case of finite fields or fields of char-
acteristic 2 remains an open question. However, the following partial results
can be proved for more general cases.

THEOREM 3. If a series has first coefficient 1, then under any automorphism
the transformed series has first coefficient 1. Hence the first coefficient of a series
determines the first coefficient of the transformed series.

THEOREM 4. Any automorphism of a group of formal power series can be
written as the succession of an inner automorphism and one that takes series of
the form ax into series of the same type.

THEOREM 5. Over a field of characteristic not 2 the first k coefficients of a
series determine the first k coefficients of the transformed series under an auto-
morphism. In addition, the relation between first coefficients is a field automor-
phism.

These results will be proved by methods similar to those of §3.

2. Basic lemmas and definitions. Throughout this paper the basic form
of composition by substitution will be used. If f= Y raxiand g= D b,
then

fe=abx+ -+ [aba+ - - - + aj(jbjl—lbn—j-{-l =+ terms of lower b/’s)
+ - Fabi)e -

LEMMA 1. If f= D 7 ax' and ay has (multiplicative) order q, f may be writ-
ten in the form k=[x + Qi1 boiix @+ ]h.

Let h= D caxiand g=aix+ D ;o bgiy1x?+! where the b4 and ¢; are to
be determined. In the series if the coefficient of x* is: c.a}+ (termsin lower ¢,’s),
n not of the form gj+1, cgiy101+ (terms in lower ¢,'s), n=¢j+1, j an integer.
In the series gh the coefficient of x" is: aic,+ (terms in lower ¢;’s and b;'s), # not
of the form gj+1, a1cyj11+bgj1ai+ (terms in lower by’s and ¢;'s), n=¢j+1.
From these it is clear that the ¢, may be chosen successively to make the nth
terms of if and gh equal provided that 7 is not of the form ¢j+1. These latter
terms may be made equal by proper successive choice of the b,;;1's. Thus, by
proper choice of the bg;1's and the ¢,’s the equation if =gh can be obtained.
Multiplying this by A~! gives the desired result.
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The following special case is the one usually needed.

LEMMA 2. If f= D_r aix’ and a, is not a root of unity, then f may be written
in the form h—[ax]h.

LeMMA 3. If f= D ¢ axi, a1=1, a; is the second nonzero term and p is the
characteristic of the field, then by proper choice of h, h—*fh may be given arbitrary
terms from the (25)th on except possibly for the (2j—14kp)th ones, k an integer.

Let g= > ¥ 'auxi+ Y g bixi and h=x+ D ; cix’. Then for n=2j, the
nth coefficient of fk has the form ¢,+jaca—j1+ (terms in lower ¢,’s). Again,
for n=2j, the nth coefficient of hg has the form ¢,+(n—j+1)acn_jt1+bn
4 (terms in lower ¢;'s and b,'s). From these it is clear that for n#2j—14kp
the nth terms may be made equal by proper successive choice of the ca—j41
regardless of the choice of the b,. For n=2j—1+4kp proper choice of b, can
make the terms equal. This gives the asserted arbitrariness.

DEeFINITION. For characteristic p2 let

Pi(x,7) = 2 r‘x‘+‘(=
0

x

for the real field and small),
—rx

Py(x,7) = 2 2_‘Cf‘r‘x2i+l( for the reals and small) ,
0

- (1 — 2rx?)12

r _ r -
P.(x,7) = P, (x, ) P, (x,1)P, ! (x, ) P,,il(x, 1)
2—n 2—n

for » > 2 and not of the form 2 + kp,
r —1 r —1
P,(x,7r) = P, (x, —) P, o(x,1) Py (x, ) P, _s(x, 1)
4 —n 4

for n > 2 and of the form 2 4 kp.

The binomial coefficient C;* being an integer is defined for any field.

The reason for considering these particular series is that Pi(x, r) and
Py(x, r) have the properties of Lemma 5. These properties are essentially pre-
served under automorphisms so that these series are essentially transformed
into themselves under any automorphism. Knowing the images of Pi(x, r)
and Py(x, r), of course, determines the images of the other P,(x, r). However,
because of the form of the P,’s shown in Lemma 4, any series can be written
in some sense as the product of these series and one of the form ax. The pre-
cise statement of these ideas will be the main part of the proofs.

LEMMA 4. P.(x, r) has the form x+rxrti4 - - .,

This is clearly true for =1 and n=2. It follows in general by induction
with a simple calculation.



376 BENJAMIN MUCKENHOUPT June

LEMMA 5. Pi(x, r)*=Pi(x, nr), Pi(x, r)Pi(x, s)=Pi(x, r+s), Pi(x, r)
= (rx)~'Pi(x, 1)(rx), Ps(x, r)"=Py(x, nr), Pay(x, r)Pa(x, s)=Py(x, r+s), and
P2(x’ 72) = (rx)—1P2(x, 1)(rx).

With base field the real numbers and x sufficiently small, induction shows
that [Pi(x, r) |*=x/(1 —rnx) = Pi(x, nr). The identity of the two outer ex-
pressions does not depend on the field so that it holds generally. The other
expressions are proved in a similar manner.

LEMMA 6. Given an integer n>2 and a series f over a field of characteristic
p#2, f can be written in the form H(ax) [15-1 Pi(x, a;), H having the form
SRS'TP,(x, 1) T~ where m is greater than n—1 and R is a finite product of
P.'s with subscripts greater than n—1.

First choose @ to be the first coefficient of f. Choose the @¢;'s so that
g=(ax) [I3=1 Pi(x, a;) has the same first n coefficients as f. This is possible
by choosing the a;’s successively, for since the P;’s have the form of Lemma 4,
proper choice of an a; will give the (4 1)st coefficient of the product any de-
sired value while the previous coefficients are not affected. Now if fg=! is
the identity, the proof is finished. Otherwise fg~! has a second nonzero term,
Cm, Where m>n. There is a product R= []2*}! Pi(x, b;) and series S and T
such that (SRS™Y)(TPn(x, 1)T-')=fg~'. This follows from the fact that by
proper choice of the b;, R can be given arbitrary coefficients from order m to
order 2m, and by Lemma 3 proper choice of S will give arbitrary coefficients
to SRS-!from order 2m on except possibly for the (2m —1+Ep)th ones. Again
byLemma3, TP, (x,1) T canbe given arbitrary terms from the (2m+2)nd on
except for the (2m+1-+kp)th ones. Since the characteristic is not 2, one or the
other of these series can adjust any term.

3. The characteristic 0 case; proof of Theorem 1. Given an arbitrary
automorphism, 4, denote the image of a series f under the automorphism as
f4. The proof will proceed in steps as indicated.

A. If f has first coefficient 1, f4 does also.

The series (2x)f may be written in the form g=!(2x)g by Lemma 2. Con-
sequently, f=(2x)~'g~*(2x)g. Then f4 is of the form A~'k~'hk, and therefore
will have first coefficient 1.

B. There exists & such that A~1(2x)4h =bx where b is the first coefficient
in (2x)4.

Let (2x)4=bx+ - - - . Now suppose that some power of b, the nth, were
such that d"=1. Then (2"x)4=[(2x)4]*=(bx+ - - - )*=x+ - - - . Since the
inverse of 4 is also an automorphism, 27=1 by part A. This is impossible since
the base field is of characteristic 0. Therefore, b is not a root of 1 and Lemma 2
gives the desired result.

C. Now define an automorphism B by f2=h='f4h, h the series of part B.
Then (2x)8=bx.
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D. A series of the form ax is transformed by B into one of the form ax.

Clearly (2x)(ax) = (ax)(2x). Applying B gives (bx)(ax)®= (ax)E(bx). Let
(ax)®=ax+ Y 5 ax'. Then comparing nth terms of the last equality gives
ba.x™=a,b"x". Now as shown in part B, b is not a root of unity. Therefore,
a,=0 for n>1.

E. 2x)8 = 2x, [Pi(x, @)]® = x +a*x*+ ---, and [Pux, o)]?
=x-+ctxs+ - - -, where a* and ¢f are not 0 provided that a and ¢ are not 0.

By the definition of Py and Lemma 5, (2x)~'Pi(x, a)(2x)=Pi(x, 2a)
= [Pi(x, a)]%. Applying B to the outer terms gives (bx)—*[Pi(x, a)]B(bx)
= ([Pi(x, @) ]®)%. Now if [Pi(x, a) ]® has the form x+a.x*+ - - -, 2,70, then
([Pi(x, @) ]B)? has the form x+2a.x"+ - - - . Then comparing nth terms in
the above equation gives a.b" x"*=2a,x" so that b»~!=2. Since the field has
characteristic 0, » must be a constant independent of a.

Again, by the definition of P;and Lemma 5, (2x)~'Ps(x, c) (2x) = [Pa(x, c) |*
Applying B gives (bx)~}[Pa(x, c)]2(bx) = ([Ps(x, ¢)]B)*. [Pa(x, c)]® has the
form x+cmx™+ - - -, cn#0, so that ([Psy(x, ¢)]5)* has the form x+4cnx™
+ - - .. Comparing mth terms in the preceding equation shows that bm!=4.
Since the field has characteristic 0, this shows that m=2n—1.

Using their definition it is now clear that [Py (x, d) ]® has second coefficient
0 for k= 2. Now if ##2, all the [Pi(x, d) 8 for k=1 have second coefficient 0.
Using Lemma 6, this would show that no series is transformed into one with
second coefficient not 0. This is impossible since B is an automorphism; there-
fore n=2. This immediately gives the conclusions of this section.

F. Now if [Pi(x, 1)]B=x+4ax?+ - - -, define an automorphism C by
¢ = (ax)fB(ax)™.

G. [Pi(x, 1)]¢=Pi(x, 1).

Apply C to the equation (2x)[Pi(x, 1) ]t=[Pi(x, 1)](2x) to obtain
(2x) [x+x2+ D7 a.x7]2= [x+x2+ D5 @.x"](2x). Comparing nth coefficients
of this equality gives 4a,+ (terms in lower a;) = 2"a, -+ (terms in lower a;). For
n =3 the coefficients are uniquely determined. However, Py(x, 1) satisfies the
above equation. Therefore, [Pi(x, 1)]¢=Pi(x, 1).

H. Denote (ax)¢ = dx. Then [Pi(x, a) |°=Pi(x, @) and the transformation
a-~d is a field automorphism.

Since Pi(x, @) = (ax)~'Pi(x, 1)(ax), applying C gives [Pi(x, a) Je
=[(@)~'x]Pi(x, 1)(ax) =Pi(x, 6). Now (ab)x = (abx)® = (ax)°(bx)C = (ax)(bx)
=abx and Py(x, a+b) = [Pi(x, a+b)]°= [Pi(x, 0) J°[Pu(x, b) ] =Pr(x, a-+D).
Since the transformation has an inverse, it is a field automorphism.

I. Let D denote the power series automorphism induced by the inverse
of the field automorphism obtained in H, and let f8=[f¢]2.

J. The second nonzero term of [Pi(x, a) ]¥ is of order not less than k+1.

This follows from the definition of P; and the forms of [P,] and [P;]Z.

K. The first p terms of a series f determine the first p terms of f%.

Apply Lemma 6 with n=p. The product H? will have first coefficient 1
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and the next n—1 coefficients zero since the [P:]Z in it will contribute noth-
ing to these terms by part J and the other functions have their terms of order
less than p+1 canceled by their inverses. Therefore, the first p terms of f¥
are determined by the other product which in turn is determined by the first
p terms of f.

L. [Pa(x, 1)]® has the form x+cx?+ D8 cax where ¢>0 by part E. Then
applying E to the equation (2x)[Piy(x, 1)]* = [Pa(x, 1)](2x) gives
(2x) [x+exd+ 28 caxn]t= [x+cx*+ D 5 cax*](2x). Comparing nth coeffi-
cients gives 8¢,+ (terms in lower ¢;) =2"c,+ (terms in lower ¢;). Thus for
n>3, ¢, is uniquely determined. Since P,(x, c) satisfies the above equation,
[Py(x, 1) ]E=Py(x, c).

Now computation shows that [Ps(x, 1)]F=x+cx*+cxs+(c—(1/2)c?)x®
+ ..., and [Ps(x, 1)]B=x+cx®+ - - -. It may also be verified that
Py(x, 1) P3(x, 1) Ps(x, 1) has the same first six terms as P;(x, 1) Py(x, 1). Apply-
ing E to both, the sixth terms must be equal by part K. This gives 2¢+(5/2)c?
=c+(7/2)c? whence ¢=1 since ¢#0.

M. [Py(x, a) |F=Ps(x, a).

First, [Pa(x, b%) ]E= [(bx)~'P:(x, 1)(bx)]E = (bx)~1Pa(x, 1)(bx) = Ps(x, b2).
For the case when a is not a square observe the fact that

o= o (EN ()T

N. E is the identity.

E is certainly the identity on the series ax and Pi(x, ¢) by the previous
sections and the definitions. By part K it is the identity on the first p ele-
ments of any series. Since p is arbitrary, the conclusion follows.

This completes the proof of Theorem 1 since the given automorphism, 4,
was reduced to the identity by use of inner automorphisms and field auto-
morphism.

4. Results valid for any field of finite characteristic; proof of Theorems
3 and 4. Let f4 denote the image of a series f under an arbitrary automorphism
A. Let p#0 be the characteristic of the base field.

LEMMA 7. For a series f= D aux' with a1=1,and for an integer n not divisi-
ble by p, there exists one and only one nth root of f with first coefficient 1.

Let the second nonzero term of f be the kth. Consider g=x-+ Y 5 b:x'.
Then g*=x+ Y s (nb;+terms in lower b;'s)x’. From this it is clear that the
b; may be determined successively to make g*=f since # is not divisible by p.
If h»=g*, the above form shows that the second nonzero term of & must be
the kth. Thereafter, » must have the same terms as g since the equations for
the terms are linear and have unique solutions.
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LEMMA 8. Given a series f= D ax’ with a1 71, then

(2n n)
n n asay — a 2
f=alx+._._._—x+...

al’ - a

This follows immediately by induction.

LEMMA 9. If f= D F aix’, a1=1, and a,50, then for all n not divisible by p
there exists one and only one nth root of f.

There is one and only one starting with x as shown in Lemma 7. Suppose
there were another nth root of f, g= D 1 b’ with by#1. Now

n n b2(bin - b’;) 2
—_— X

2
g =bix+ 52 — b, +--=2+0 + -

since b] = 1. However, the coefficient of x? in f is not zero by hypothesis. There-
fore, the only nth root of f is the one starting with x.

Now to prove Theorem 3 let f= D " aix’, a1=1, and fA= Y ¢ bix* and
consider three separate cases.

CaskE 1. There exists a field element, b, of infinite order. Then by Lemma 2,
(bx)f may be written as h~'(bx)k so that f=(bx)~'h~'(bx)h. As in the char-
acteristic 0 case f4 has the form g='k~!gk so that f4 has first coefficient 1.

Casg 2. All the field elements are of finite order and a,70. Suppose b,
is of order g##1. The characteristic p does not divide ¢ for if it did (by)%/»
would satisfy y?»=1. This, however, has only the solution 1 and would con-
tradict the fact that g is the order of b;. Now

29 g
bo(by — b
[fA]q=b:x+_il—_l)xz .-_—x+0x’+.-.’
bt — by
and fe=x+4gasx?+ - - - . The first series has at least two gth roots, the one

starting with x given by Lemma 7 and f4. The second can have only one gth
root by Lemma 9 since its second coefficient is not zero. Since the series cor-
respond under the automorphism, this is a contradiction. Therefore ¢=1 and
b1 = 1.

Casg 3. All of the field elements are of finite order and a;=0. Now if
g=f(x+x?), g has first coefficient 1 and second coefficient 1. Therefore g4 has
first coefficient 1 by Case 2 and so does (x + x?)4. Consequently, f4
=gA4[(x+x?)~1]4 also has first coefficient 1.

To prove Theorem 4, again consider three cases.

Cask 1. There is a field element, b, of infinite order. As in part 3B for the
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characteristic 0 case it follows easily that if (bx)4=cx+ - - -, then ¢ is of
infinite order. Then there is a series & such that 2~!(bx)4h=cx by Lemma 2.
The reasoning of part 3D then gives the result.

Cask 2. The field is infinite but has no element of infinite order. Choose
an infinite sequence of field elements b; with orders ¢; so that g;;1>¢:. Now if
(bix)A=cx+ - - -, b; and ¢; have the same orders, for if one were of lower
order, s, the sth iterates of these series would violate Theorem 3. Then by
Lemma 1 there exist series h; with first coefficient 1 such that h;*(bix)4h;
=cx+ Zj‘;l d; xietl, As shown by the proof of Lemma 1 these h; are
uniquely determined up to the g;th term. Now for any constant ¢, k; has
the property that A71(cx)4h; has zero coefficients from the second to the gith.
This follows from the fact that [h7!(cx)4h:][hii(bix)4h:]= [hi1(bix)4h]
< [hi'(cx)4h:]. 1f hi'(cx)4h; had the form dix+dix*+ - - - with di#0 and
k=<g;, a comparison of kth terms in the above equation would yield dicix*
= c.dx*. This is impossible since ¢; has order ¢..

Now for 1<, h; has the same terms of order less than g¢; as k; since the
terms of h; are uniquely determined for order less than g¢;, and h;'(bix)4h;
has the same terms as k7' (bix)4h; for orders up to ¢;. Therefore, it is possible
to define a series £ which coincides with each k; up to the g;th term. Since the
q; are arbitrarily large, & is defined and clearly has the desired property.

Cask 3. The field is a finite field. Let the field be of order ¢g+1 and let &
be a generator of the field. Then if (bx)4= D_; cu, it follows as in Case 2
that ¢; has order ¢q. By Lemma 1 there is a series & such that A=*(bx)4h
=cx+ Z? dx9+!, If the d; are not all zero call the first nonzero one di. Then
[A=1(bx)AR)e=h"1(box)Ah =h~'h=x. Therefore

d q
x:[clx_*_dkxkﬁ'l_l_...]q=(clx)0[x+_£xk0+1+...]
Cy

=x+ q;lk akatl .
C1
This is impossible since g is not divisible by the characteristic. Therefore, the
d; are all zero and A~'(bx)4h =cx. Since for any ¢ in the field, (ax)4 may be
written as a power of (bx)4, it is clear that A~!(ax)4h has all coefficients be-
yond the first equal to zero.

5. Results valid when the base field has finite characteristic » not equal
to 2; proof of Theorem 5. Because of §4 only automorphisms that take series
of the form ax into series of the form dx need be considered. Let f2 denote the
image of a series f under such an automorphism B.

LeMMA 10. [Py(x, a) | does not have the form x+bx*+ - - - where b0,
provided that the base field characteristic, p, is not 2.

Suppose that [Ps(x, a)]® had the given form. Let ¢ be a generator of the
prime field of the given field. Then if (¢x)Z=dx, d also has order p—1. Then
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applying B to (cx)~'Pa(x, a)(cx) = [Ps(x, a) | gives (dx)~(x+bx?+ - - - )(dx)
= (x+bx?+ - - - ) "=x+bc%x2+ - - - . Comparing second coefficients of these
expressions gives bd =bc? whence d=c? This is impossible for since ¢ is of
order p—1, this shows that d has order (p—1)/2.

LeMMmA 11. Pi(x, a) has the form x+bx*+ - - - where b0, provided that
a#0 and the base field characteristic, p, is not 2.

Since for a0, Pi(x, a) = (ax)"'Pi(x, 1)(ax), the lemma must be true for
all of these series or none. If it were true for none, Lemma 10 would show
that no series [Px(x, a) ]® has second coefficient not equal to zero. Then using
Lemma 6 with »=3 and applying B would show that no series would be trans-
formed into one with nonzero second coefficient. This contradiction proves
the lemma. :

Now the reasoning of §3 parts J and K proves the first part of Theorem 5.

Letting (ax)®=dx and [Pi(x, 1) |B=x+bx?+ - - -, the fact that Py(x, a)
= (ax)~'Pi(x, 1)(ax) implies that [Pi(x, a)]B=x+bax?+ - - -. Now (ac)x
= (acx)® = (ax)B(cx)B = (ax)(éx) = (dcx), and [Pi(x, a+c)]|B=x+bla+c)x2+

o« =[Pi(x, @) |B[Pi(x, ¢) |B=x+b(a+&)x2+ - - -.

Since 5#0 and the field transformation has an inverse, these equations
show that a—d is a field automorphism. This completes the proof of Theo-
rem 5.

6. Results valid when the base field is infinite and has finite characteristic
p not equal to 2; proof of Theorem 2. Because of §§4 and 5, any automorphism
can be reduced by use of inner automorphisms and a field automorphism to an
automorphism C such that (ax)¢=ax and [Pi(x, @) |[°=x+abx?+ - - -, b50.
Now let f2 = (bx)fC(bx)~

LemMA 12. [Py(x, a) ]? = Pi(x, a).

Let [Pi(x, 1)]P= D ¢ ax'. Since Pi(x, a) = (ax)~'Pi(x, 1)(ax), it will be
sufficient to show that for any k the first k a,’s are equal to one. In any case
a1=a;=1. Now choose ¢ so that ¢ is not the root of any polynomial with
integral coefficients of degree less than k. This is possible since there are only
a finite number of such polynomials and there are an infinite number of field
elements. Then applying D to the equation (cx)~'Pi(x, 1)(cx)Pi(x, 1)
= [(c+1)"%]Pi(x, 1)[(c+1)x] shows that the same equation holds with
Py(x, 1) replaced by Y ¢ axi. Comparing nth terms yields c¢*~'a,+a,
+(terms in lower a;) =a.(c+1)*'. Because of the way ¢ was chosen, this
equation successively determines @, if #<k and n#1+4p™, m=0,1,2, - - -.

Now it is also true that

(cx)~1Py(x, 1)(cx) Py(x, 1) = Pi(x, 1)(cx) 1 Py(x, 1)(cx).

Again, an application of D gives an equation for »_; a‘. Comparing (n+1)st
terms gives
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C"@ny1 + " 1a.n + 2¢8,—1 + Gny1 + (terms in lower a,’s)
‘= @py1 + cun + 20,67 4+ ¢"any1 + (terms in lower a/’s).

This determines a, successively if n <k—2 and n#2+mp, m=0,1,2, - - -.
This and the preceding paragraph show that a, is uniquely determined for
3<n<k—2. Since Pi(x, 1) satisfies the given equations, this shows that the
@, are all 1 for 3=<n <k—2. Since k is arbitrary, this completes the proof.

LeEMMA 13. [Py(x, a) ] = Ps(x, a).

Since

[T (=) T
it 012 [ (574,

it is sufficient to prove that [Py(x, 1) ]?=P,(x, 1). By Lemma 10 [Py(x, 1)]?
has a second coefficient of zero. If its third term were also zero, the second
and third terms of all the [Px(x, a) |? for k=2 would be zero. Using Lemma 6,
all series with first coefficient one would be transformed by D into ones with
their third coefficient equal to the square of their second coefficient. No series
would be transformed into x+x2 This contradiction shows that the third
coefficient of [P.(x, a)]? is not zero.

Choose an arbitrary integer k=2 and c¢ in the field such that ¢ is not the
root of any polynomial with integral coefficients of degree less than 2k. Let
[Pa(x, 1)]2= Z{" bt It is already known that by=1, b;=0, and b3#0. The
equation (cx)~'Py(x, 1)(cx)Pa(x, 1) =Psy(x, 1)(cx)™'Po(x, 1)(cx) when trans-
formed by D gives the following equation when (n+-2)nd coefficients are com-
pared:

b,y + ¢ lbanbs + 3¢b3bs + bat2 + (terms in lower b)
= bp2 + 1bac?bs + 3b3c" b, + " Hlbyyo.

These determine b, successively for 3<n<2k+3andn#3+mp,m=1,2, - - -. .
It is also true that

()T re{ (5 s
)T ref2))
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Applying D and comparing nth terms gives

62 — 1 n—1 . 62 + 1 n—1
[ :I by + bs + (terms in lower b;) = b,.[ ] .
2c 2c
For3<n=kand n#1+42p™, m=1,2, - - -, these equations determine the b,

successively.

Combining the last two results and the fact that k is arbitrary shows
that all the b, are determined except the third. Since P,(x, b;) satisfies the
given equations, [Py(x, 1)]?=P,(x, b;). Now the reasoning of the second
paragraph of §3 part L and §3 part M completes the proof of the lemma.

The reasoning of §2 part N shows that D is the identity. Since D was ob-
tained from an arbitrary automorphism by inner automorphisms and a field
automorphism, this completes the proof of Theorem 2.
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