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1. Introduction. For a differential system with complex coefficients that

is of the general form of the accessory differential equations for a calculus of

variations problem of Lagrange or Bolza type that is identically normal (see,

for example, Bliss [4, §81 ], Morse [ll; 12], Reid [15; 16; 18; 20]), variational

methods are employed to establish certain oscillation criteria involving asso-

ciated two-point boundary problems.

In particular, application of these general results to special systems which

are equivalent to self-adjoint scalar quasi-differential equations of even order

yields corresponding criteria for these equations. It is to be emphasized that

for such scalar equations the definitions of conjugate point and oscillation

employed here are the restrictive ones arising from the corresponding con-

cepts for the associated differential system, and lack the generality cor-

responding to the definitions introduced by Leighton and Nehari [lO] for

real fourth order equations

(1.1) (r(x)u")" - p(x)u - 0.

In view of Theorem 3.6 of [lO], however, a very special instance of one of

the criteria developed here provides a variational proof of the recently estab-

lished result of H. Howard [7, Theorem 2.1], to the effect that if r(x) and

p(x) are real-valued positive functions with r(x)GC"(0, «), p(x)EC(0, »),

and for a>0 we have /" [r(x)]~ldx= «>, then (1.1) is nonoscillatory on (a, «)

if and only if for b>a the smallest proper value X& of the boundary problem

(1.2) (r(x)u")" - \p(x)u = 0, u = «' = 0 at x = a, ru" = (ru")' = 0 at x = b

satisfies X(,>1. The criteria here derived also include as special cases some of

the results of Barrett [2].

The formulation of the general system under consideration is given in §2,

together with the statement of the basic results of the spectral theory for

allied boundary problems, and the ensuing proof of a comparison theorem

whose result is basic for the specific oscillation criteria of §3. In connection

with the general criterion of Theorem 3.2 it is to be noted that one of the
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basic assumptions involves the concept of a principal solution as developed

recently by Reid [20]. Finally, §4 is devoted to the application of the general

results to self-adjoint scalar quasi-differential equations of even order as cited

above.

Matrix notation is used throughout; in particular, matrices of one column

are termed vectors, and for a vector y = (ya), (a = \, ■ • ■ , n), the norm |y|

is given by (|yi| 2+ • • • + |yn|2)"2. The »X« identity matrix is denoted by

£«, or merely £ when there is no ambiguity, and 0 is used indiscriminately

for the zero matrix of any dimensions; the conjugate transpose of a matrix M

is designated by M*. The relations M^N, (M>N), are used to signify that

M and N are hermitian matrices of the same dimensions and M—N is a

non-negative (positive), definite matrix. If the elements of a matrix M(x)

are a.c. (absolutely continuous) on an interval [c, d], then M'(x) signifies the

matrix of derivatives at values for which these derivatives exist and the zero

matrix elsewhere; correspondingly, if the elements of M(x) are (Lebesgue)

integrable on [c, d] then f¡M(x)dx denotes the matrix of integrals of respec-

tive elements of M(x). If matrices M(x) and N(x) are equal a.e. (almost

everywhere) on their domain of definition we write simply M(x) = N(x). In

the totality of finite dimensional rectangular matrices with elements defined

on a given interval [c, d] we denote by 8[c, d] the set of all matrices whose

elements are (Lebesgue) integrable on [c, ,d], and by ?2[c, d] the set of all

matrices M whose elements Mas(x) are measurable and | Ma$(x)\ 2£8[c, d].

For brevity, a matrix is termed continuous, etc., when each element of the

matrix possesses the specified property.

2. A general self-ad joint differential system. For x on a given ray

X: a<x< » of the real line, let t¡¡(x, y, t) denote the hermitian form

(2.1) a(x, y, r) - w*R(x)r + x*Q(x)y + y*Q*(x)r + y*P(x)y

in the 2n variables (y, v) = (yi, • • • , yn, *i, • • • , irn) with R(x), Q(x), P(x)

nXn matrices having complex-valued continuous elements on X, and R(x),

P(x) hermitian on this interval. In addition, consider a vector linear form

(2.2) *(*, y, w) = <t>(x)r + 6(x)y,

where tp(x) and 6(x) are mXn (m<n) matrices with complex continuous

elements on X, and satisfying the following hypothesis:

(Hi) For xEX the matrix tf>(x) is of rank m, and ■7r*R(x)ir>0for arbitrary

non-null vectors v satisfying t¡>(x)ir = 0.

In particular, (Hi) implies that the (w-|-n)X(»t+n) hermitian matrix

(2.3)
*(*)    **(*)

*(*)        0

is nonsingular on X.
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For the Bolza type variational problem involving the functional

(2.4) 3[y; e, d] - J «(*, y(x), y'(x))dx,

subject to the auxiliary »i-dimensional vector differential equation

*(*, y(x), y'ix)) = 0,

the Euler-Lagrange differential equations in vector form become

[R(x)u' + Q(x)u + **(x)p]' - [Q*(x)u' + P(x)u + fl*(*)„] - 0,

*(*, «, «') - o,

where u(x) is an «-dimensional vector function and p(x) is an »i-dimensional

"multiplier" vector function.

As in Reid [17, §4], if the inverse of (2.3) is written as

(2.6)
T(x)    r*(x)

r(x)     t(x)

where T(x) and t(x) are hermitian matrices of respective orders n and m, and

r(x) is an «îX« matrix, then in terms of the canonical variables

u(x),       v(x) = R(x)u'(x) + Q(x)u(x) + <j>*(x)n(x)

the equations (2.5) may be written as the first order differential system

(2.7) «' = A(x)u + B(x)v,       v' = C(x)u - A*(x)v,

with the coefficient matrices

(2.8) A = - (TQ + t*0),   B = T,   C = P - Q*TQ - Q*t*6 - b*rQ - 0*/0.

Moreover, the matrices B and C of (2.8) are hermitian on X, and B is a non-

negative definite matrix of rank n — m with B<p* = Q.

In [18] the author has discussed various oscillation criteria for a vector

differential system (2.7) equivalent to the Euler equation for a functional

(2.4) with no auxiliary differential restraints $> = 0, and with the coefficient

matrices A, B, C satisfying weaker conditions than those imposed above.

For the system under present consideration the conditions may be relaxed

in a corresponding fashion, but for simplicity attention is restricted to the

case described above.

Throughout the following discussion we shall make the following assump-

tion on (2.5), or equivalently on the canonical system (2.7).

(H2) The system is identically normal on X; that is, if X\ is an arbitrary

nondegenerate subinterval of X, and u(x) =0, v(x) is a solution of (2.7) on X\,

then v(x) =0 on X\.

For [c, d] a compact subinterval of X the symbol 55[c, d] = ®**[c, d] will
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signify the class of vector functions y(x) which are differentially admissible

on [c, d] in the sense that on this subinterval y(x) is a.c, y'0*0£82[c, d],

while $(x, y(x), y'(x)) =0 on [c, d]. Because of the frequent occurrence of cer-

tain linear subclasses of $)[c, d] we introduce the further notation: 3)o*[e, d]

= {y|y£2)[c, d], y(e)-0}, ®*[c, d] = {y|y£S)[c, d], y(d)=0}, ®„[c, d]

= {y\yE®[c,d],y(c)=0=y(d)}.
We shall be concerned with the four boundary problems consisting of the

linear vector differential system

(2.9) «' = A(x)u + B(x)v,       v' = C(x)u - A*(x)v - \K(x)u,

in the characteristic parameter X, and the two-point boundary conditions

A**[c, d]: v(c) = 0, v(d) = 0;       A0*[c,d]: u(c) = 0, v(d) = 0;

A*o[c, d): v(c) = 0, u(d) = 0;       A00[c, d]: «(c) = 0, «(d) = 0.

For brevity, these boundary problems will be referred to as SB**[c, d],

S3o*[c, d], 93*o[c, d], and S3oo[c, d], respectively. Throughout the following dis-

cussion it will be assumed that K(x) is a hermitian matrix which is continu-

ous on X, and $[y, w; c, d] will signify the hermitian functional

$[y, w; c,d]=   I   w*(x)K(x)y(x)dx

for y(x), w(x) vector functions of S2[c, d]; for brevity, we set $[y; c, d]

= ®[y,y<c, d]. For the special case of K(x) =E the functionals fgW*(x)y(x)dx

and /¡?y*(#)yO*:)d:'¡; are denoted by ß[y, w; c, d] and @[y; c, d], respectively.

We shall be concerned primarily with matrices K(x) possessing the following

property on compact subintervals [c, d] of X, where (p, q) may denote any

one of the sets (*, *), (*, 0), (0, *), or (0, 0).

Ppg[c, d]: K(x) is a continuous hermitian matrix such that $t[y, c, d] is

positive definite on 35p4[c,d], that is, ft [y ; c, d] >0 for arbitrary y(x) £35p4[c, d]

with y(x) ^0 on [c, d].

The basic results of the spectral theory for the above defined boundary

problems are given in the following theorem.

Theorem 2.1. If hypotheses (Hi) and (H2) hold for (2.7), [c, d]CX, and
for (p, q) either (*, *), (*, 0), (0, *), or (0, 0) the matrix K(x) has property

PPq[c, d], then 93pi[c, d] possesses a sequence of proper values XJ4=XJ'[c, d],

0 = 1, 2, • • • ), and corresponding proper solutions u = uf(x) =uf(x\ c, d) of

(2.9) for^X=Xf suchthat:
(i) X,*^X£lf 0'=1, 2, • • • ), and)?-*» asj^«>;

(ii)  3[«J»; c, d]=Xf, «[«T, uf; c, d] = ojk, (j, A= 1, 2, • • • );
(iii) S\y;c, d]èXf/ory£[y|y£S)J)i[C,d], ®[y;c,d] = l, ®[y,u?;c,d]

= 0 /or k <j}, and iAe equality sign holds only if there is a corresponding vector

function z(x) such that u = y(x), v = z(x) is a solution of (2.9) for X=XJ*.
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It is to be remarked that the above definition of differential admissibil-

ity is more general than the one frequently used, which restricts the functions

to have piecewise continuous derivatives. In references to previous literature

no distinction will be made in regard to the class of differentially admissible

functions employed by the cited author, however, since the corresponding

results for the wider class of admissible functions may be established by obvi-

ous modifications, or are readily derivable from the stated results by well-

known approximation theorems for the Lebesgue integral.

In the case of real differential systems (2.9) with K(x) =E, the results of

Theorem 2.1 were first established by Morse [ll; 12] in his extensions of the

classical Sturmian theory to general accessory boundary problems associated

with identically normal Lagrange variational problems; an alternate treat-

ment of such problems is given by Hu [8]. If K(x) is positive definite and the

coefficient matrices of (2.9) are real-valued on [c, d], then the results of

Theorem 2.1 are explicitly given by Reid [15; 16]; moreover, for such real

systems the general results are contained in either [15] or [16] as soon as the

following result is established.

Lemma 2.1. If hypothesis (Hx) holds and Ä[y; c, d] is positive definite on

®p«[c> d], then there exists a constant 1=lpq[c, d] such that 3 [y ; c, d\ l] = 3 [y ; c, d]

+l$[y; c, d] is positive definite on î)pî[c, d].

Indeed, if the result of this lemma is not true then for/= 1, 2, • • • there

exists a vector function y;(x)G3)Pi[c, d] such that S[y,; c, d\j] ^0, <§[y>; c, d]

= 1. Now (see, for example [16, Lemma 3.2]), there exist positive constants

«io, /o such that 3[y; c, d]^w0@[y'; c, d\— /0<5[y; c, d] for yG3)[c, d]. Con-

sequently,

m&bi ;c,d]+ j®\yj; c, d] =g /„,     g[yy; c, d] = 1 (/ - 1, 2, • • • ),

so that <§[y/ ; c, d]^lo/m0 0 = L 2, ■ • • ) and $[y¿; c, ¿]—>0 as j—►<». In

view of the boundedness of the sequences {S[y,-; c, d]}, {@[y/ ; c, d]} the

vector functions y,-(x) are uniformly bounded and equicontinuous on [c, d],

and by classical function theory results there exists a y(x)G2)j>a[c, d] and a

subsequence {y,t(x)} such that yjt(x)—>y(x) uniformly on [c, d], while the

sequence (y/*(x)} converges weakly to y'(x) in the Hubert space %2[c, d], so

that we have @[y; c, d] = l, $[y; c, d]=0, contrary to the assumption that

®[y< c< d] is positive definite on $)M[c, d].

For the above problems 93pa[c, d] with complex coefficients, the results of

Theorem 2.1 may be obtained from the corresponding results for an associ-

ated problem with real coefficients involving 2w-dimensional real-valued vec-

tor functions, or by methods entirely analogous to those employed in the case

of real coefficients; in this latter regard, the reader is referred to Reid [18; 20].

In particular, once Lemma 2.1 is established the methods of Morse [ll; 12;

13, Ch. IV], Birkhoff and Hestenes [3], Hestenes [5], Hu [8], or Reid [15;
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16; 18; 20 ] may be used to establish the general results of Theorem 2.1. In

particular, the following results are ready consequences of the extremizing

properties of the proper values of the boundary problems ©M[c, d] stated in

Theorem 2.1.

Corollary 1. If mis the smallest integer such thai X£ [c, d] ^0, then m — 1

is the negative index of 3[y;c,d]on 3Dpa[c,d], that is,m — i is the dimension of

a maximal linear subclass of S)pt[c, d] on which 3 [y; c, d] is negative definite;

in particular, m is independent of the matrix K(x) satisfying Ppt[c, d] and

occurring in the boundary problem ^^[c, d\.

Corollary 2.5Soo[c, d] is a subproblem of dimension n of each of the prob-

lems S3o*[c, d] and 33*0[c, d], while $8o*[c, d], $B*o[c, d] are individually sub-
problems of dimension « of S8*«[c, d], and consequently for j = 1, 2, • • • ,

0*r -I 00r -, 0*      (- -] *0r i 00 r . *0     r .

Ay [c, d\ ^ Ay [c, d\ g \j+n[c, d\,        Ay [c, d\ á Xy [c, d\ ^ \i+»[c, d\,

Xy   [C, d]  =g Xy   [c, d] £ Xj+n[c, d], Xy   [C, d] t% Xy   [C, d] ^ Xy+ntc, ¿].

In particular, a ready consequence of Theorem 2.1 is the following com-

parison theorem, which is basic for the oscillation criteria of the next section.

Theorem 2.2. If b, c, d are points of X satisfying b<c<d, and r+s>n,

then }?+,-n[b, d] gMax(X?*[6, *], X,*°[c, d]).

Indeed, since r-f-s>» there exist constants $i, • • • , er, /i, • • • , /, such

that the vector function y(x) defined by

y(x) = £ «y (x; b, c)es on [b, c],       y(x) = £ «* (*. c, d)/* on (c, d],
y-i t-i

is continuous on [6, d], satisfies with «*° = m?)(x; 6, d) the r+s—n — l orthog-

onality conditions Ä[y, «2°; ¿, d]=0 for A<r+s—«, while $[y; 6, d]

= |ci|2+ • • • +|er|2+|/i|2+ • • • +|/.|*«1. Then y(x)G2)oo[&, d], and

by Theorem 2.1 we have

x£_[Mj*3[y;M] = txr[*,c]Ur+ txThrf]|/.|'.
y-i »»i

sSCMÍUI' + CMÉIAI',

asJírZUI'+ZUI'l-Jí.
L y-i t-l J

where J17=Max(X?*[6, c], Xs*°[c, d]).
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Finally, in view of the form of the boundary problems considered by

Nehari [14], Leighton and Nehari [lO], and Howard [7], we note the fol-

lowing result.

Theorem 2.3. Suppose that hypotheses (Hi) and (H2) hold, while for a com-

pact subinterval [c, d] of X and (p, q) one of the sets (0, 0), (0, *), (*, 0), (*, *),

we have C(x) = Ci(x) — C2(x), where Ci(x), &(x) are continuous hermitian

matrices with C2(x) having property Ppq[c, d], 7/SBp4[c, d] denotes the boundary

problem consisting of the differential system

(2.10)       u' = A(x)u + B(x)v,       v' m Ci(x)u - A*(x)v - r\Ct(x)u,

with the corresponding boundary conditions Ap4[c, d], and a = aJ<[c, d]

0 = 1, 2, ■ • • ) are the proper values of 58P4[e, d] as specified by Theorem 2.1,

then for j = l, 2, • • • we have a/*[c, d]=T if and only i/X/*[c, d]£0for the
corresponding boundary problem 58p4[c, d] involving (2.9) with K(x) any her-

mitian matrix having property Ppt[c, d].

The result of Theorem 2.3 is an immediate consequence of Corollary 1

to Theorem 2.1, and the fact that for K(x) = Ct(x) the boundary problem

*8j>«[c> d] is equivalent to $8p4[c, d] under the linear change of parameter

a=X+1.
3. Oscillation criteria. A point x% is said to be conjugate to Xi, (with respect

to the differential system (2.7)), if there exists a nontrivial solution u(x),

v(x) of this system with u(xi) = 0 = u(x%). The system is termed nonoscillalory

on a given interval if no two distinct points of this interval are mutually con-

jugate.

Now in view of hypothesis (Hi) a necessary and sufficient condition for

(2.7) to be nonoscillatory on a compact subinterval [xi, x2] of X is that

3[y; *i, x2] be positive definite on SBoo[*i, xt]. The reader is referred to Bliss

[4, §§89-91 ], or Morse [12, Part III], for a proof in the case of systems with

real coefficients, and the details are readily extensible to systems with complex

coefficients. In particular, for systems (2.7) satisfying (Hi), (H2) one may

employ the methods used in Reid [18, Theorem 2.l] to establish the cor-

responding result for similar systems involving no auxiliary differential equa-

tions $(x, y, y)=o.

Throughout this section it will be assumed that hypotheses (Hi), (H2) hold,

and that K(x) satisfies P**[c, d] for arbitrary nondegenerate compact subinter-

vals [c, d] of X. In view of the extremizing property of the smallest proper

value of the boundary problem 93oo[c, d], it then follows that (2.7) is non-

oscillatory on a given subinterval Xo of X if and only if X?°[c, d] >0 for arbi-

trary [c, d]£X0. In particular, from Corollary 2 of Theorem 2.1 it follows

that a sufficient condition for nonoscillation on Xo is X?*[c, d]>0 for arbi-

trary [c, d]£X0, although in general this latter condition is not necessary
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for nonoscillation. In certain circumstances this latter condition is also neces-

sary, however, as is shown by the following theorem.

Theorem 3.1. Suppose that for arbitrary bEX there exists a d>b such that

Xj°[0, d]<0. Then for a given Xi£X a necessary and sufficient condition for

(2.7) to be nonoscillatory on [xi, <*>) is that X?*[xi, x2]>0for all x»>Xi.

In view of the remark preceding the statement of the theorem, only a

proof of the necessity of the condition is required. Now if XiEX and there

exists a 6 >xi such that X?* [xi, b] ̂  0, let d > b be a value such that Xj° [b, d] ^0
as assured by the hypothesis of the theorem. From Theorem 2.2 it then fol-

lows that Xt°[xi, d] ^0, and consequently (2.7) is oscillatory on [xi, d].

From the extremizing properties of the proper values X*°[o, d] it follows

that for a fixed value bEX the j'th proper value X*°[&, d] is a monotone de-

creasing function of d on (b, ») (see, for example, Morse [12, Part III] or

Reid [16, §6]) and consequently the assumption that there exists a d>b

such that Xj°[o, d] <0 is no stronger than the condition that there exists a

di>6 such that Xî°[6,di]=0.
In view of Corollary 2 to Theorem 2.1, the condition Xj°[6, d] <0 implies

that Xj"*[o, d]<0, although in general the converse is not true. We shall

proceed to show, however, that under certain circumstances the hypothesis of

Theorem 3.1 may be replaced by the condition that for arbitrary bEX there

exists a d>o such that Xj*[o, d] <0.
Let (Hs) denote the following hypothesis:

(Hz) If cEX there exists a continuous hermitian matrix Co(x) such that for

arbitrary d>c the functional f¡y*(x)[Co(x) — C(x)]y(x)dx is non-negative on

2)»o[c, d], and a constant hermitian matrix M = 0 such that if (U; V)

= (Uo(x) ; Vo(x)) is the solution of the matrix differential system

(3.1) U' = A(x)U + B(x)V,       V' = C0(x)U - A*(x)V,

satisfying Z70(x)=£, Vo(c) = M, íAcn í7o(x) is nonsingular on [c, <»),and

(3.2) S(x,c; Uo) = f ü»\t)B(t)U¡r\t)dt

is such that w*S(x, c ; í/o)tt—► oo as x—> » for arbitrary non-null constant vectors ir.

In the terminology of Reid [18; 20], (Uo(x)\ Vo(x)) is a matrix of con-

joined solutions of (3.1), that is, LVjVo — Fji/o=0. For x^c the matrix

S(x, c; Uo) of (3.2) is clearly hermitian and non-negative, and hence the posi-

tive definiteness of this matrix for x>c is assured if it is shown that it is non-

singular for such values of x. Now, (see Reid [20, §3]), if

Ui(x) = Uo(x)S(x, c; Uo),       Vi(x) - Vo(x)S(x, c; Uo) + U*~\x),

then (U; I0 = (£M*); ^i(x)) is the matrix of conjoined solutions of (3.1)
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satisfying the initial conditions Ui(c) =0, Fi(c) =£. If x2>c, and £ is a vector

such that S(x2, c; t/o)£ = 0, then since clearly 0^5(x, c; i/o) ûS(x%, c; i/o) for

c£x^x2 it follows that S(x, c; Uo)^ = 0 on [c, xj]. Then u(x) = Ui(x)l-,

t»(x) = Fi(x)£ is a solution of the differential system u' — A(x)u+B(x)v,

v' = Co(x)u—A*(x)v with u = 0 on [c, x2], and hence w(x), iz(x) is also a solu-

tion of (2.7) with m = 0 on [c, x2], so that by the normality hypothesis (77j) it

follows that 0=v= Fi(x)£ on [c, x2]. In particular, 0= Fi(c)£ = £, thus estab-

lishing that for x>c the matrix 5(x, c; i/o) is nonsingular, and consequently

also positive definite.

If p=pi(x) is the smallest proper value of the matrix S(x, c; i/o) then the

monotone character of S(x, c; Uo) implies that pi(x) is monotone nondecreas-

ing on [c, <x>). Moreover, a simple limit argument shows that the hypothesis

that ir*S(x, c; f/o)7r—> °o as x—>» for arbitrary non-null constant vectors t is

equivalent to the condition that pi(x)—> oo as x—» «-, which in turn is equiva-

lent to the condition that S_1(x, c; t70)—>0 as x—* w. That is, ( i/0(x) ; F0(x)) is

a principal solution of the matrix differential equation (3.1), as defined by

Reid [20].

Theorem 3.2. Suppose that hypotheses (Hi), (H2), (HA hold, K(x) is a

continuous hermitian matrix satisfying P**[c, d] for arbitrary [c, d] QX, while

for arbitrary bEX there exists a c>b such that X£*[t\ c] <0. Then for arbitrary

bEX there exists a d>b such that X£°[/j, d] <0, and for XiEX a necessary and

sufficient condition for (2.7) to be nonoscillatory on [xi, oo) is that X?*[xi, x2]>0

for all x2>Xi.

If bEX, and c>b is such that X**[t>, c] <0, then by Corollary 1 to Theo-

rem 2.1 there exists an «X« matrix G(x) whose column vectors belong to

3)**[ô, c] and S[G7r; b, c] <0 for arbitrary nonzero constant vectors it; that

is, 3[dr; b, c] is a negative definite hermitian form in x, and hence there

exists a positive k = <c[&, c] such that 3 [Gir; b, c] ^ — 2#c| 7rj2 for arbitrary con-

stant vectors t. Now (3.1) is the Euler-Lagrange canonical matrix differential

system for the functional

3o[y; c,d] =  I   uo(x, y(x), y'(x))dx,

where w0(x, y, ;r)s7r*.R(x)ir+7r*Q(x)y+y*<2*(x)7r+y*Po(x)y, with P0(x)

= P(x) + Co(x)-C(x) and 3o[y; c, d]-3[y; C, d]=/?y*[Co-C]ydx^O for
y(x)G®*o[c, d]. For i/0(x), F0(x) as in (H3) and d>c, let U(x)=G(x) on

[b,c], U(x) = Uo(x)[E-S(x,c; Uo)S~1(d,c; Uo)]G(c) on [c, oo). In particular

(see Reid [20, §3]) on [c, oo) we have that

U(x), V(x) = Vo(x)[E - S(x,c; Uo)S~\d,c; U0)]G(c) - uT\x)S~\d,c; Uo)G(c)

is the solution of (3.1) satisfying U(c) =G(c), U(d)=0, and the column vec-



100 W. T. REID [October

tors of U(x) are elements of 3)*o[¿, d]. Therefore,

$[U*; c, d] g %[Ut; c,d] = - t*U*(c)V(c)t

= - r*G*(c)[M - S~l(d, c; U9)]G(c)x

^r*G*(c)S-1(d,c;Uo)G(c)ir,

the last inequality resulting from the condition M 2:0; in view of (Ha) there

exists a d0>c such that S[Uw; c, d]^fc|ir|* for d¡zd0, and consequently

3[t/x; b, d]íá — k|x|2 for such d and arbitrary constant vectors tt. It then

follows that the negative index of 3f[y; b, d] on 3)*o[i>, d] is at least n, and

thus Xj°[&, d] <0 by Corollary 1 of Theorem 2.1.

Corollary 1. Suppose C(x) ^0 on X, and for Y(x) a fundamental matrix

solution of the first order matrix differential equation

(3.3) Y'= A(x)Y

we have: (i) if bEX there exists ac>b such that the nonpositive hermitian matrix

JlY*(x)C(x) Y(x)dx is negative definite; (ii) if cEX then

as x—► oo for arbitrary non-null constant vectors it. 7*Aen for a given xiEX the

system (2.7) is nonoscillatory on [xi, oo) if and only t/X?*[xi, x2]>0/or all

X2>Xi.

Since C(x) ^0, and condition (ii) holds for a fundamental matrix solution

Y(x) of (3.3), hypothesis (H3) is valid for C„(x)=0, J17=0, U0(x) = Y(x),
F0(x) = 0. In particular, the column vectors of Y(x) are elements of 35** [b, c]

for given [6, c]C.X, and for arbitrary constant vectors x it may be verified

readily that u(x, Y(x)tr, Y'(x)ir) =r*Y*(x)C(x) F(x)tt. Consequently, if c is a

value satisfying condition (i) of the corollary then the negative index of

3f[y; b, c] on 35**[b, c] is at least n, so that Xî*[ô, c] <0 by Corollary 1 to
Theorem 2.1, and the conclusion of the corollary is an immediate consequence

of Theorem 3.2.

If in addition to the conditions of Corollary 1 the matrix of (i) is such

that 7r*[/£y*(x)C(x)F(x)dx]7r—»— oo as c—+oo for arbitrary non-null con-

stant vectors x, then for a given XiEX it follows that for x2 sufficiently large

the negative index of 3f [y ; Xi, x2] on SBo* [xi, x2] is at least n, so that Xj* [xi, x2]

<0 for x2 sufficiently large, and by the above Corollary 1 the system (2.7)

is oscillatory on [xi, oo). However, an independent but related argument

establishes the following stronger result.

Theorem 3.3. Suppose C(x) á 0 on X, and for Y(x) a fundamental matrix

solution of (3.3) we have condition (ii) of Corollary 1, and (V): there exists a
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non-null constant vector wo such   that ir*\JlY*(x)C(x) F(x)dx]iro—»— °°   05

c—* ». Then for a given xiEX the equation (2.7) is oscillatory on [xi, 00).

For XiEX, &>xi, and tto a constant vector satisfying (i'), let yo(x) be an

element of 35»[xi, b] such that yoQ>)= Y(b)iro. Such a y0(x) may be chosen

in many ways; for example, if Xo is not a proper value of S8oo[xi, b] then for

X=Xo there is a unique solution u(x), v(x) of (2.9) with w(xi) =0, u(b) = Y(b)wo,

and yo(x) may be chosen as u(x). By condition (i') there exists a c>b such

that ir0* \Jl Y* (x) C(x) Y(x)dx ]ir0 Ú - 3 bo ; *i, b ] - 21 ir012. Moreover, the proof
of Theorem 3.2 for Uo(x) = F(x), F0(x) = 0 shows that if d > c and ( U(x) ; F(x))

is the solution of U' = A(x) U+B(x) V, V = -A*(x) V satisfying U(c) = Y(c),

U(d) =0, then 3[i/7r; c, d]—»0 as d—>oo for arbitrary constant vectors w. In

particular, if d = x2 is a value such that 3[t/iro; c, x2] t% \iro\2, then 3[y; #1, #2]

<0 for the y(x)G35oo[xi, x2] defined as: y(x) =yo(x) on [xi, b], y(x) = Y(x)ir0

on [b, c], y(x) = i/(x)ir0 on [c, x2]. Consequently, for such a value x2 the nega-

tive index of $[y; Xi, x2] on 55oo[xi, x2] is at least one, so that (2.7) is oscil-

latory on [xi, x2].

4. Self-adjoint scalar quasi-differential equations of even order. An im-

portant instance of (2.7) is provided by certain systems which are equivalent

to self-adjoint scalar quasi-differential equations of even order. Suppose pj(x),

0 = 0, 1, • ■ • , 2«), are real-valued continuous functions with p2n(x)>0 on

X:a<x<oo, and let R(x), Q(x), P(x) be diagonal matrices with Paa(x)

= p2a-2Íx),Qaa(x)!=ip2a-i(x)íora = l, • ■ • , «, while Rßß(x) = 0 for ß = 1, • • • ,

«-I, R„n(x) = p2n(x), and $(x, y, Tr) = (Trß-yß+i), (/3 = 1, • • • , m-1). The

corresponding system (2.7) is then

m«  = «o+i (a = 1, •■•,«- 1),

Un    =   - Í(p2n-l/Pin)un + (l//»2»)n„,

(4.1) VÍ   = P0U1 — ipiu2,

VÚ   ~ ip2a-3Ua-l + pta-ïUa ~ Íp1a-\Ua+\ ~ V„-l (ot =   2,  •   •   •  , M —   1),
2

V„'    =  ÍpU-íUn-1 +  (pin-i ~ pin-l/p2n)un  — Vn-1 — Í(p2n-i/p2n)Vn,

and it follows readily that this system satisfies hypotheses (Hi) and (H%).

Moreover, (u; v) is a solution of the vector system (4.1) if and only if there

exists a scalar function w(x)EC(n) and associated Py(x)GC, (j=i, ■ ■ ■ , «),

such that

(4.2)

O'-l) ,. .
«y = W (J » 1, • • • , »),

M , (n-1)

»■ = PtnW        + iPin-lW ,

v( = pow — ipiv/,

iz9+, = i^23_iw        + />2,î«'     - tp-i(it\W        - va    (ß = 1, • ■ • , n — 1).
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If w, Vi, • ■ • , vn is a solution of (4.2), then in general the function w does not

have derivatives of order higher than n and (4.2) is not equivalent to a linear

differential equation of the form ^J¡li /y(x)w(j); however, (4.2) is equivalent

to the quasi-differential equation (see Bôcher [5]; Achieser-Glasmann [l,

Anhang II]; Reid [19, p. 451]),

(4.3) D<2">w = 0,

where for » = 1, 2, • • • and a function w(x)ECin) we use the following modi-

fication of the formal derivative operator D, as determined by the set of

coefficient functions p,(x),

ZX*> = Dk (A = 0,1, • • • ,n- 1);

ZX"> = p2nD» + ipu-iDn-1;

DC+iy = DDP+r-1) - (-l)'[ip2„-V+iD^-'+1 - p2n-yD-->

- ipu-v-iD»-*-1]      (j = 1, .-.,»- 1);

Z)(2»> = DD*,2*-1) - (-iy[ipiD - poD0].

For example, for n = l and n = 2 equation (4.3) becomes, respectively,

(PiW1 + ipiw)' + ipiw' — pow = 0,

([p\w" + ipiw']' + ipiw" — p2w' — ipiw)' — ipiw' + pow — 0.

If for/ = 0, 1, • • • , 2n we have that pj(x) is of class C<'/2) or C<(i+1)'2> ac-

cording as j is even or odd, then (4.2) is satisfied by a set w, v\, • ■ ■ , v„ if

and only if w£C(2n), and in this case (4.3) may be written

(4.5)    ¿ (-l)H¡^«](fl - i £ (-l)»-*([/.2t+iW7<*>](*+i)
>-o

+ [ptk+iw^»]«') = 0;

that is, (4.3) is of the form of the general self-adjoint scalar differential equa-

tion of order 2n (see Reid [19]). Moreover, in this case for j = l, •••,«,

n

Vj =  2 (-l)a_,'[/,2«W(°')](',I_,') + ipv-iwV-U

+ »Z (-l)^i-l([p2ß+lW^^Y^ + [p^lWl»]^'*»).
0-J

Employing the terminology of the preceding sections for the correspond-

ing first order system, a point x2 is termed conjugate to Xi, relative to (4.3),

provided there exists a nonidentically vanishing solution w(x) of (4.3) satisfy-

ing w(a~1)(xi)=w(a~1)(x2), (a=l, ■ • • , n). Moreover, we shall say that this

equation is nonoscillatory on a subinterval X0 of X if no two distinct points of
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Xo are mutually conjugate. It is to be emphasized that these definitions of

conjugate point and oscillation for (4.3) are the more restrictive ones arising

from the corresponding concepts for the associated first order system (4.1)

in the sense of §2, and do not have the generality corresponding to the defini-

tions introduced by Leighton and Nehari [lO] for real fourth order equations

(4.7) (r(x)u")" - p(x)u = 0.

For (4.3) a definition of conjugate point corresponding to that of Leighton and

Nehari [lO] would be that a value x2>Xi is the feth (right-hand) conjugate

point of xi if x2 is the minimum value of a*+2„_i such that there is a nonidenti-

cally vanishing solution w(x) of (4.3) with zeros at x=oy,(j = 1, ' ' -,k+2n—1),

where xi = ai^a2á • • • áa*+2„_i. However, for the case of an equation (4.7)

with positive coefficients r(x)EC", p(x)EC, it follows from Theorem 3.6 of

[10] that a value x2>xi is conjugate to xi in one of the above described senses

if and only if it is conjugate in the other sense, and consequently application

of results of this section to (4.7) does provide a variational proof of Theorem

2.1 of Howard [7]. At present it is not known for what classes of equations

(4.3) the two concepts of conjugacy are equivalent, and the present paper

makes no contribution to the solution of this problem.

For brevity, special criteria for (4.3) will be limited to cases covered by

Corollary 1 of Theorem 3.2, and Theorem 3.3. The solution F(x) of the cor-

responding equation (3.3) satisfying Y(c)=E is readily found to have ele-

ments F0„(x) as follows: Yaß(x)=0 for a>ß; Yaß(x) = (x-cy~a/(ß-a)\ for

1 uaußün-1 ; if r(x) = - ptn-\(x) / p2n(x), then Ynn(x) =exp [if*r(s)ds], and

Yan(x)=J*[(x-t)n-a-1/(n-a-l)\]Ynn(t)dtîor l^ag.n-1. Moreover, since

W(x) = F*_1(x) is the solution of the matrix differential equation

W = — A*(x)W satisfying W(c)=E, the elements Waß(x) are as follows:

Waß(x)=0 for ß>a; Waß(x) = (-i)a-»(x-c)a-»/(a-ß)\ for lußucxun-1;

Wnß(x)=znß(x)exp[if*r(s)ds], (ß=l, ■ ■ ■ , n), where 2„„(x) = l, znß(x)

= [(-l)"-V(«-/3-l)!]/?(í-c)"-"-iexp[-^r(s)d5]d<, 08 = 1, • • • , «-1).
Of particular interest is the case in which p2„-i(x) = 0, since in this in-

stance Yaß(x)=0 for a>ß, Yaß(x) = (x-cy-"/(ß-a)\ for l^atißtin, and

Waß{x) = 0 for ß>a, Waß(x) = (-l)°-i>(x-c)«-i,/(a-ß)\ for lußuaun. In

this case the hermitian form 7r*C(x)7r is the Jacobi form

n n—1

(4.8) J(X; ir)   =   £ P2a-t(x) |  Ta |2 -  i 2 Pt«-lix)[faTa+l ~ *«4-lT«].
a-1 a-1

Moreover, if ?; = i;(x|ir) denotes the vector polynomial 07„(x|ir)) with

(4.9) Va(x | x) - [ ¿ Tß(x - C)"-V03 - 1) IJ (« = 1, •••,»),

then
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(4.10) T*i f  Y*(x)C(x) Y(x)dx\ x = f J(x;n(x\ x))dx,

r* [" C'y-^DBQ) F^HOdíl »

(4.11)

-       [pud)]-1 S ,     'At-C)~*T>
Je 3-1   (n - ß)\

dt.

From (4.11) it is seen that condition (ii) of Corollary 1 to Theorem 3.2 is

equivalent to the condition that /" [/>2»(0]-1di = °°. Moreover, C(x) ^OonX

and condition (i) of the corollary holds whenever there exists a non-negative

continuous q(x) which is not identically zero on any [oi, » ) Ç.X, and is such

that

(4.12) J(x; it) + q(x) | xi |2 ^ 0   for arbitrary x = (t„), (a = 1, • • • , n).

Consequently, for (4.3) Corollary 1 to Theorem 3.2 provides the following

criterion.

Theorem 4.1. If pin-i(x)=0, /r[i»»(0]~ld<= <*>, and (4.12) holds for a
continuous g(x) ^0 which is not identically zero on any [oi, oo) EX, then for a

given XiEX the equation (4.3) is nonoscillatory on [xi, oo) if and only if for

arbitrary x2 > xi the functional

(4.13) C { £ pu.(x) | nM I2 + i £ ¿v-itoií00**-" - v^-"vw\\ dx
J mi     \ a—0 0—1 /

is positive definite in the class of functions J?(x)£C(n-1)[xi, x2] with r;CB_1>(x)

a.c. and T?(n)(x)££2[xi, xs], while rj(a-1)(xi) =0, (a = l, • • • , n).

In view of the results of §2, the stated property of positive definiteness

of the functional (4.13) may be phrased in terms of the smallest proper value

of various associated boundary problems. In particular, if po(x) does not van-

ish identically on any nondegenerate subinterval of X, then by Theorem 2.3

the stated positive definiteness property of (4.13) is equivalent to the condi-

tion that for arbitrary x2 > xi the smallest proper value of the boundary prob-

lem

(4.14) D(2")w+(-l)n(\-l)po(x)w = 0,   w(a-1»(*i) = 0 = r„(x2),   (a=l, •••,«)

be greater than 1, where the functions Vj(x) are defined by (4.2). For n = l,

p2(x) = 1,7>i(x) s0, this criterion reduces to that of Theorem I of Nehari [14].

For n = 2, pj(x)=0 (j=l, 2, 3), the corresponding nonoscillation criterion is

that of Theorem 2.1 of Howard [7]. For n = 2, pi(x)s=0=pi(x), the result of

Theorem 4.1 is equivalent to the special case of Theorem 3.1 of Barrett [2]
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provided by the corresponding equations 7>w>w» = 0 in which po(x)  is not

identically zero for large x.

Finally, since by a suitable choice of x the »7i(x|x) of (4.9) is equal to a

given polynomial of degree less than «, through the choice of x0 such that

i?i(x|xo)=x"-1 the following result is a direct consequence of Theorem 3.3.

Theorem 4.2. If p2n-iix)=0, f? [pin(t)]-xdt= oo, the form J(x; x) of (4.8)

is nonpositive for xEX, and (4.3) is nonoscillatory on [xi, oo) for xx sufficiently

large, then each of the integrals

(4.15) J  PtaW'-^dt, (a « 0, 1, • • • , « - 1),

is convergent.

For »= 1, pi(x) = 0, the result of Theorem 4.2 was established by Leigh-

ton [9]. For « = 2, Îi(ï)=0s|i,(ï), and pt(x) bounded on X, the result is a

special case of a criterion established for analogous fourth order matrix differ-

ential equations by Sternberg and Sternberg [21 ]. If p2n-i(x)=0, J(x; x) is

a nonpositive form for xEX, and one of the integrals (4.15) is divergent, the

argument indicated above may be used to prove that for given cEX, and d

sufficiently large, the smallest proper value X?*[c, d] of the boundary problem

SBo*[e, d] associated with (4.1) is negative; in particular, this result generalizes

Theorem 2.4 of Barrett [2].
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