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Abstract

1. For the operator Tr(D) defined by —d3/dx3 and a triple of boundary

conditions irregular in the sense of Birkhoff, the reduction of this triple to

canonical forms is implicit in the reduction made for a more general third

order operator (Theorem 1.2).

2. A new technique is developed for calculating the Green's function for

the nth order ordinary linear boundary-value problem (Theorem 2.4), and is

applied to Tf; a necessary and sufficient condition is given for the identifica-

tion of degenerate sets of boundary conditions for Tf (Theorem 2.6).

3. A new technique is developed for calculating asymptotic expansions

for large zeros of exponential sums, and the form of the expansion, which in-

cludes a logarithmic asymptotic series, is established by induction (Theorem

3.1); expansions for the cube roots of the eigenvalues of P¿" then follow as

special cases.

4. A theorem of Dunford and Schwartz (Theorem 4.0) giving a sufficient

condition for completeness of eigenfunctions in terms of growth of the norm

of the resolvent operator, is applied to prove that, with a possible exception,

the eigenfunctions of Tr span ¿¡¡(0, 1) (Theorem 4.5).

0. Introduction. Some of the subject matter to be treated relates directly

to the «th order ordinary linear differential operator T„(D) defined by

(0.1) L(D)y m p0(x)D"y + p1(x)P«-1y + ■ ■ ■ + pn(x)y,

in which the coefficient functions pj(x) (j = 0, 1, ••-,«) of the real variable

x are continuous and po(x) ?¿0 in the domain of y, and by the set of « linearly
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independent homogeneous two-point boundary conditions

(0.2) £ k>-.y<»-«>(0) + o,-.»-.y("-'>(l)] = 0
«-i

(i = 1, • • • , »),

with the coefficients a,-,»_, and 6,-,B-t complex. The operator Tï(D), defined

by L(D) = -D3 and BC's (0.2) (for « = 3) irregular in the sense of Birkhoff,
will be treated in detail. The following definitions and corresponding ab-

breviations (indicated in square brackets) are made:

A boundary form [BF, Ui(y) ] is the left-hand member of a linear boundary

condition [BC] given by (0.2).

The boundary matrix [BM] is the matrix of coefficients ai,«-«, o<,„_, of the

BF's (0.2), with not necessarily the same ordering of columns as in (0.2).

The order [kt] oí a BF is the order of the derivative of highest order in it

with a nonzero coefficient.

A normalized set of « linearly independent [LI ] BC's has at most two BF's

of order « — 1, « — 2, •••, 1 respectively, arranged so that ifeièfeâ • • •

èfcn-ièfen^O, and ki>ki+t. Any set of n LI BC's can be normalized by

means of linear combinations [LC's] of the BF's.

Equivalent sets of BC's are such that each BF of one set is expressible as a

LC of the BF's of the other set.

BC's regular in the Birkhoff sense [R(B) ] are such that for odd « = 2w — 1,

do and 0i are both not zero, and for even « = 2m, 0_i, 0i are both not zero in the

following identities, in which ajsa,-,*^ 6*«&<,»<:

(0.3.1)    00 + 015 =

fllCOl ,

k,
Ö2W1 ,

a„o)i,

, aicom_i, (ai -f- sôi)wm, Oiwm+i,

, a¡¡wm_i, (a2 + sb2)um, bw,w+i,

* k k
, a„um-i, (an + sbn)um, bnum+i,

, biCún

, b2un

, onwn

s-J0_i + 00 + 01Í

(0.3.2) =

»i
aiwi,

02W1,

, Oi«*_i, (ai+sbi)um, (ai+s   bi)wm+i, Oiaw+2,

, a&m-u (a2-\-sb2)o)m, (a2+s   b2)um+i, b2œm+2,

anUi, ■ • ■ , anUtn-l, (On + sbn)o)m, (On+S    b„)uZ+i, bnWm+2,

,ôio)„

jb&ûn

, OnUn

where «>i, • • • , «» are the «th roots of —1 ordered so that Re(pwi) = • • •

= Re(pw„), and p is some complex number. BC's irregular in the Birkhoff sense

[1(B)] are such that 0o0i = O for odd « = 2w —1, and 0_i0i = O for even « = 2ra.
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A now classical paper on the expansion of functions in an infinite series

whose terms are eigenfunctions of an ordinary linear differential operator de-

fined by BC's R(B) was written by Birkhoff [2]. Subsequently, the corre-

sponding problems for certain second or third order differential operators

defined by irregular boundary conditions were treated by Hopkins [8], Stone

[14], and Ward [16]. In [14], the series obtained was summable by means,

rather than convergent in the usual sense; in [8] and [14], special irregular

BC's were considered, and strong restrictions were placed on the type of func-

tion to be expanded. Hoffman [7] has proved that the operators ±d2/dx2 on

L2(0, 1) (or those differing from them by bounded perturbations) associated

with BC's 1(B), have complete sets of eigenfunctions, but are not spectral.

In §4 it will be proved that Tf(D) has a complete set of eigenfunctions under

the condition stated there.

1. Classification of third order boundary conditions. Each 1(B) set of

BC's for the third order operator T3(D), which includes T3 as a special case,

will now be reduced to one of fourteen canonical sets of BC's, thereby sim-

plifying identification of 1(B) sets of BC's and calculation with them. The

BM will be used to designate the BC's. It is assumed that the BC's are

normalized. The following table then gives all possible orders A,- (¿=1,2,3) for

the BF's:

\     Case No.     1      2     3     4     5     6     7

ki      \^

Ai= 2     2     2     2     2     11

Ai= 2     2      110     10

A,= 10     10     0     0     0

Since k3 <2, we have a32 = b32 = 0. Since k2 <2 in Cases 3-7, we have a22 = b22 = 0

in these cases. In Cases 1 and 2, it is permissible to take one, but not both,

of Ö22 and b22 as 0, for the reasons which follow. Let A< = A,+i. The submatrix

/ai      bi  \

Vfli+i   bi+J

of the BM cannot have a null row, by the definition of order of a BF. If it

has a null column, then the order of one of the BF's can be reduced by means

of a LC, thus resulting in an equivalent pair of BC's and a later case (in

Cases 5 and 7, the LI BF's preclude a null column). If both elements of a

column are not zero, then a suitable LC will replace one of them by zero.

Consequently, both elements of one diagonal or the other can be replaced by
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O's, thus giving two (mutually) symmetric subcases. These replacements will

be made shortly in each of the six cases to which they apply.

Upon listing the conditions on the elements of the BM in the seven respec-

tive cases, and choosing ut = ei(i'~ï)rli (1=1, 2, 3), p = i, where * = ( —1)1/J,

expanding the determinant in (0.3.1) leads to further conditions on these ele-

ments in the R(B) and 1(B) (abbreviated as R and I) subcases, as indicated

below. All cases except Case 4 involve two subcases which are symmetric in

the sense indicated above. Only one of the two has been selected for each such

case; selection of the other merely results in the further conditions (labelled

R or I) with the letters a and b interchanged. For brevity, the subcase has

been indicated by specifying only one of the nonzero elements. In Case 1, for

example, the statement baj^O implies a^O, and 022 = 612 = 0. The further con-

ditions, which result from either o< = 0 or o,+i = 0 and 0o = O or 0i = O, are re-

jected when inconsistent with the particular subcase treated. In Case 1, for

example, the conditions including 0,12 = 0 are rejected as inconsistent in this

sense.

Case 1. |au| + |6U| >0, b22*0, \an\ +\bn\ >0.

R: ai2aiibti 9e 0,

I: an = 0, ¿12 5* 0,

I: an 9* 0, an = 0, 6si 9* 0,

I: an 9e 0, ají j* 0, 631 = 0.

Case 2. |au| +| bi2\ >0, b22?¿0, \a30\ +|ö30| >0.

R: ai2<Z!o0io 9a 0,

I: an = 0, 612 ?* 0,

I: O12 1* 0, a,0 = 0, b30 7e 0,

I: an ?* 0, a30 7e 0, ôs0 = 0.

Case 3. \at2\ +\bK\ >0, 621^0, |c3i| +\bn\ >0.

R: ai20i2flii 9e 0,

I: flu = 0, 0,1 * 0,

I: asi 5¿ 0, an =0, bu 9e 0,

I: an 9i 0, an 9± 0, Ô12 = 0.

Case 4. \an\ +\bn\ >0, |an| +\b2i\ >0, |o3o|+|A3o| >0.

Ô0
R: -■— = ai2fl2i&so + fli2Ô2iflso + Oi2flinfl3n 9e 0,
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61
—-—        = oi2¿>2ia>o + bi2a2ib3o + ai2b2ib3o 9e 0.

I: Only one of the above expressions equals zero.

I: Each of the above expressions equals zero.

Case 5. \an\ + \bu\ >0, tWO, |a»0| + |M >0.

R: fli^i^o ^0,

I:   030 = 0, ^o^O,

I:   (130^0, aiü = 0, ¿iüt^O,

I:   030^0, 0137*0, ¿^ = 0.

Case 6. |ou| +\bu\ >0, tWO, |a,0| + |ftio| >0.

R: ÍI11CÍ30630 9e 0,

I: au = 0, bn ^ 0,

I: an 9e 0, a»o = 0, A3o 9a 0,

I: an 9e 0, a3o j* 0, iso = 0.

Case 7. |cm| +|ôu| >0, 620^0, |an| + |&30| >0.

R: a3oaii¿n 9e 0,

I: a3o = 0, zjjo 9e 0,

I: a3o 9a 0, an = 0, ¿>n 9e 0,

I: a30 5¿ 0, an 9¿ 0, in = 0.

The purpose of this section is to write sets of BC's equivalent to the BC's

1(B) in Cases 1-7 respectively, and having as many 0's in their BM's as pos-

sible. After selecting the consistent further conditions, we note that if an

element a< or A< of the BM is not zero, then the LC obtained by multiplying

the BC corresponding to its row by the reciprocal of this nonzero element

replaces it by the element 1. Also, by adding multiples of this row to the

preceding rows we do not change any coefficient of a higher order derivative,

and so all elements above the 1 and in the same column can be replaced by the

element 0. The necessary LC's will not be stated, and the original notation

will be kept for each element other than 0 or 1. By proceeding in this way,

we have proved

Theorem 1.2. Any three LI third order BC's 1(B) are given by linear BF's

expressible canonically by one of the following BM's, whose columns are ordered

as in (0.2), or the BM's obtained from them by interchanging the letters a and b

and also the "a" and ub" submatrices of each BM:
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Case 1 (a)

Case 2 (a)

Case 3 (a)

Case 4

(a)

Case 5 (a)

Case 6 (a)

Case 7 (a)

0

0

1

an

an

0

0

1

0

Û12      ^11

0 Û21

.0      0

bi2b2ia»o

"1      an

fflO 1

Ö20 0

a%o 0

0 1

0 0

1 0

öio 0

O20 0

flso 0

flio bu

Ö20 0

Ö80 0

bn

bn

0

en

bn

0

0

0

1

¿ii

¿21

0

iio"

¿20

bio.

bio~

b2o

0 .

bio~

b2o

bto.

bió

bio

bzo.

+ bi2a2\b3o + #i2¿2i¿ao

0      0      on    0

0

0

0

1

0

1

0

0

0

1

0

0

1

0

1

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

1

0 J

bio'

620

0  J

on
0

1.

Remark 1.2.1. In Case 4(a), the reason for selecting the indicated further

condition will emerge from the discussion following Corollary 3.2.1. In all

other cases, the (a) subcase has a shorter uninterrupted sequence of 0's

proceeding up the successive columns of the "a" submatrix of the BM than

does the "b" submatrix.

The identification of degenerate sets of BC's for T3~(D) depends upon its

characteristic determinant [CD, A], and will be made at the end of the next

section.

2. The CD and Green's function for Tn(D) [9]. The CD for Tn(D) is

defined by

(2.0.1) A(yi, • • • , yn) m det Ui(y¡) (i,j = 1, • • • , n),

where yi, • • • , y» are a fundamental set of solutions [FS] of L(Z>)y = 0. The
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Green's function G(x; t) for Tn(D) is given by

(2.0.2) G(x;t) = Z(x;t)/A

where Z(x; /) is the CD augmented by the (« + l)th row yi(x), • • ■ , yn(x),

g(x; t) and by the (« + l)th column Ui(g), ■ • ■ , Un(g), g(x; t), and g(x; t) is a

fundamental solution [is] oí L(D)y = 0, that is, a solution (except at x = /) such

that dk~lg/dxk~l (k = l, ■ ■ • , n — \) are continuous at x = t, but dn~1g/dxn~1

has a jump of — l/po(t) at x = t. The calculation of A and Z will be simplified

by the use of zero values for some of the quantities yjt_1)(0), yj*_1)(l)

(j, k = 1, ••-,«), in accordance with the analysis which follows.

Lemma 2.1. If yi, ■ • ■ , yn are a FS for L(D)y = 0, then A(yu • ■ • , yn)

= S«-C" C,p,(yi, • • • , y„), where C» is the nXn determinant whose columns

are the nth combination of n columns (in any one of the n ! possible orders) of the

BM with the ith row aia, • • ■ , fl<,n-i, oi0, • • ■ , &.,»-i, and p,(yi, • • • , y„) is

the nXn determinant whose columns correspond to those of Ct in the W matrix

with the ith row y,(0), • • • , yi"_1)(Q), y«(l), ■ • • , y((B-1)(l) (and are in the order

corresponding to that of C<).

Proof. This lemma is a special case (involving two »X2re matrices) of a

theorem proved in the treatise by Muir [10].

Corollary 2.1. If the linear transformation [LT] of the FS yT*(x) into the

FS yj(x) is given by yy(x) = XX. i cjkyyk(x) (j= 1, • • • , «), then p,(yu ■ • • , y„)

= (det cjk)pK(yyi, ■ ■ ■ , yyn).

Proof. This is an instance of the usual rule for multiplying two determi-

nants.

Lemma 2.2. Z(x; t)= 2^,1" CKMK(x; t), where CK has the same meaning as

in Lemma 2.1, and MK(x; t) is the (» + 1) X(« + l) determinant formed by first

augmenting the Wmatrix by the (« + l)iA row g(0), • • • , g("-1)(0). g(l), • • •,

g(n-1)(l), g(x; t) and the (2n-\-l)th column yi(x), • • • , yn(x), g(x; t), and then

taking as the first « columns those corresponding to the respective columns of pK,

and yi(x), ■ ■ ■ , yn(x), g(x; t) as the (n + l)th column.

Proof. Expanding the defining determinant for Z(x; t) by minors of its

last row gives

(2.2.1) Z(x;t) = [¿(-l)"+1+JyX*)A>J + (-l)2»+2g(x; t)A,

where Ay is A with its/th column deleted and Ui(g), ■ • ■ , Un(g) as its «th

column. The theorem used in proving Lemma 2.1 is also applicable to Ay and

gives, after interchanging summations over/ and k,
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(2.2.2)       Z(x;t) = E   C,[( ¿ (-l)»+1+'y,(x)M.y) + (-i)2»+2g(x;t)u^,

where p.«,- transposed is u, with the jth row written as the nth and g replacing

y, in it. The proof is completed by noting that the expression multiplying

C, in (2.2.2) is precisely the expansion of i!7»(x; t) by minors of its last column,

since p«y is the transpose of the minor of y>(x) in this expansion.

Corollary 2.2.1. If the LT of the FS y7*(x) into the FS y¡(x) is given by

?>(*) = S*-ic;*3\*(*) Ci"-1, • • • , «), then M,(x; t) = (det cjk)My,(x; t) where
My* is obtained from M, by replacing the FS y¡ by the FS yy):

Proof. By the rule for multiplying determinants, each minor of the last

row (the g-row) of M, equals det e,* times the corresponding minor of MT«.

Corollary 2.2.2. Af«(x; t) is invariant under the change from onefs g(x; t)

to another.

Proof. Since any two fs's differ only by a LC of the y,(x), such a change

merely adds to the last row of MK a LC of the other rows.

Remark 2.2.2. The convenient fs's will be g„(x; t), gb(x; t) defined by

g„ = 0 for x<i, go = y(x; t) for x>i; gb=—y(x; t) for x<i, gb = 0 for x>t;

y(x; t) is the solution of 7,(7>)y = 0 such that dk-1y/dxk-l = 0 (k = 1, • • • ,»-l)

at x = t, and dn-ly/dxn~l= -l/po(t) at x = t.

In order to use two convenient FS's, we need the following

Definition. The FS y,(x) is a normalized FS [NFS] at x = x0 if yj*_1)(x0)

= 8jk, where 5,* is the Kronecker delta.

Remark 2.3.0. If y¡(x) is any FS, then theNFSatx = x0is IF,(x;x0)/iF(xo),

where IF,(x; x0) is the Wronskian IF(x0) with its jth row replaced by

Yi(x), • • • , y„(x).

Lemma 2.3. If ya¡(x), ybj(x) are NFS's at x = 0 and x = l respectively,

then ybj(x) = ¿J-i yg-1)(0)yol(x) and yaj(x) = £ï-i yfr^Dy^x).

Proof. These relations result from the LT's ybj(x) = Ei_! Cj*y0*(x) and

Yay(x) = £t-i Cjkybk(x) by differentiating A—1 times and then substituting

x = 0 and x = 1 respectively.

Remark 2.3.1. The matrices of these mutually inverse LT's are the

transposed Wronskians [IF¡,(0)]' and [IF0(1)]' respectively, and therefore

Wb(0)Wa(l) = l. If pi(x)=0, by Abel's identity Wb(0) = Wa(l) = l.
Remark 2.3.2. If the coefficients of L(D)y are constant, then y0,(x —1)

= ybjix), y6,(x + l)=y0y(x), and y(x; t) = [-l/po(t)]yan(x-t).

Remark 2.3.3. The results of this section apply to the interval [a, b] if

the symbols "0" and "1" appearing explicitly as function arguments are re-

placed by a and b respectively, and the symbol "1" in x —1 and x + 1 in

Remark 2.3.2 is replaced by b—a, and x—t is replaced by x — (t—a) in the

same remark.
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By the foregoing analysis, beginning with Lemma 2.1, we have proved

Theorem 2.4. Let L(D)y be given by (0.1), let yaj(x), ybj(x),

ytj(x) (j = l. • : ■ , n) be NFS's of L(D)y = 0 at x = a, x = b, x = t respectively,

and let G(x; t) =Z(x\ t)/A be the Green s function for L(D)y = 0 and the associ-

ated LI BC's (0.2), with the arguments 0 and 1 replaced by a and b respectively.

Let y(x; t) = —yin(x)/po(t), and let [Wa(b)]', [Wb(a)]' denote the respective

transposed Wronskian matrices of the yaj- for x = b and the ybi for x = a. Then

from the matrices

BM:

«10 fli.n-i

OnO "  -  • "ti.ii-1

Wa matrix:

Wb matrix:

-y(a;t) ■ ■ ■ -y("-'>(a;/)

ftl.n—1

»0 -   "   -   On.n-l

[Wa{b)\'

y(b;l) y<»-"(i;0

y«i(*)

y<m{x)

0,       x<t

y(x; t),  x >t J

y«(*)

ybn(x)

—y(x;t),   x<l

0,        x >t

where the derivatives indicated in the augmenting rows are with respect to x, Aa

is obtained by taking each determinant C, (k = 1, • • • , 2nd), wAose columns

are one of the 2nCn distinct sets of n columns of the BM, and multiplying it either

by the corresponding nXn determinant paK formed from the Wa matrix or by Wa(b)

times the corresponding nXn determinant pb, formed from the Wb matrix, and
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then summing over all k; Za(x; t) is obtained in the same way, but with pat and

pbt replaced by the corresponding augmented determinants Ma, and Mb, respec-

tively.

Remark 2.4.1. The conclusion of Theorem 2.4 remains true when the

symbols a and 6 are interchanged in it, beginning with A„.

Remark 2.4.2. The Wb matrix is used when CK has more Ai,,-i columns

than a¿,y_i columns.

As a preliminary to the calculation of A and Z for the eigenvalue equation

[EE] L(D)y—Xy = 0 for Tr(D), the following formulae involving trigonometric

functions of order « [%] [6], which satisfy y(n)+y = 0, are presented. Here

and subsequently, o}l = ei{2l~1)Tln (/ = 1, • • • , «).

General formulae :

(2.5.01)

(2.5.02)

(2.5.03)

(2.5.04)

(2.5.05)

(2.5.06)

1    M

«jW = — 2-, wi e
« ¡-i

Uj+n(z)   =   -  Uj(z)

(•)
Uj    (z)   = Uj-,(z)

n

Uj(z + w) = X) M;-.+i(w)m,(z)

«y(») = E
(-l)r««+r-i

(j = 1, • • • , n),

(/any integer),

(/, s any integers),

Cm = i. • • •,»).

(/any integer),

(/ = 1, • • • , «),

(/ any integer).

r_o (nr +/ - 1)!

(2.5.07) Mj(wiz) = «i     «y(«)

Special formulae for « = 3 :

1 2 T x      31'2   "1
(2.5.08) Uj(z) = j (-\)i-h-> + je*>2 cos I -(/ - 1) y + — zj

(/ any integer),

(2.5.09)

Mi(-z) = Mi(z) + «2(2)^3(2),

2
«2(-z) =   — M3(z)  — Mi(z)w2(z),

2
U3( — z)  =  U2(z)  — M3(z)«i(z).

LetX = p3. Formula (2.5.04), Remarks 2.3.2 and 2.3.1 give, respectively,

yaj(x) = pl~'Uj(px), ybj(x) = pl~>Uj(p(x - 1)), fF0(l) = 1. Also, y(x; f)

=p~2u3(p(x — t)). The BM and determinants formed from it will be designated

by writing only one row, with the subscript i omitted. Using (2.5.03) and

(2.5.04) gives the desired matrices:
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4'

o O      -h      o

a h     o     O

3

■3

2
« i

¿
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(2.5.1)

By Theorem 2.4, Remark 2.4.2, and Formula (2.5.02), it follows easily that

p3A(p) = - | a2aiflo \p3 + (— | fl2fliô01 p3 + \ a2a0bi \ p3 — | «i«O021 p3)ui(p)

+ ( | fl2fli021 P6 + I a2aobo | p2 — | «i«O0i | p2)u2(p)

+ ( | fl2fliôi | p4 — [ a2«o021 p4 — | aifloôo | p)u3(p)

+ (- | a0b2bi | p' + | aiÔ20o | p3 — | «201001 p')wi(-p)

+ ( | «20201 | P6 +   | floOîOO | P2 —   | «10100 | p2)«2( — p)

+  ( | «10201 I P4 —    I «20200 | P* —    |  «00100 | p)«s( —P)   —    | 020100 | p',

where the columns for each C, have been ordered as in the BF's (0.2), and

that the terms CAT« of Z(x; I, p) are as indicated in Table 2.5.1, which follows.

Each power pm« occurring as a factor of Mt has been associated with C, for

convenience in the work of §4.

TABLE 2.5.1. TERMS OF Z{x; t, p) FOR 7Y(£>)

Coefficient
Cnpmi

Multiplier Mrp-**«

(*«) (x>t)

| ajOiüo p

I a2aiôo p '

0

¡\P •

aia<¡bi\p~*

a?ß\bz\

l20o2>o| p~3

aiaobi | p~s

a2aibi[p

020062!p

OiOoiol p~

OoM>i| p

aiM>o| p~

aj}\jbn\ p

O262611

OoW>o| P_s

O16160I P~3

aibjbi\p~l

dzWol p~l

aobibo\ p-4

«s(p(l-

-«2(p(l-

«i(p(L

«i(p(l-

-M3(p(l-

«2(p(l-

til(p( 1 -

-«l(p(l-

«»(p(l-

-t))ui{px)

■t))u¡(px)

■t))u3(px)

■t))ui(.px)

t))uz(px)

■t))m(px)

■t))ui(px)

t))Ui(px)

t))u,(px)

-ui(—pt)ui(p{x-

Uî(-pt)Uî{p(x-

-ui(-pt)u3(p(x-

-Ut(—pt)Ul(p(x-

Ut(—pt)Ui(p(x-

-ui(—pt)ui(p{x-

-Ui(—pt)Ui(p(x-

Ul(-pt)Ul(p(x-

-Ul(—pt)Ui(p(x-

■i))+u3(p(x-

l))-„3(p(*-

l))+u3(p(x-

l))-u3(p(x-

l))-u3(.p(x-

l))+m(p(x-

l))-«3(p(*-

l))+«3(p(x-

l))+«3(p(z-

-i))«l(-p)

■t))ux{-p)

■/))«.(-p)

■i))"2(-p)

i))«2(-p)

<))««(-p)

t))u3(-p)

t))u3(-p)

t))u3(-p)

«»(p(l

-«2(p(l

«.(p(l

«l(p(l

-KS(p(l

«2(p(l

M2(p(l

-Ml(p(l

«.(p(l

-tt3(p(*-i))

-t))ui(px)-u3(.p(x-

-t))u^px)+u3(p(x-

-t))u3(px)-u3(p(x-

-t))ui(px)+u3(p(x-

-t))ui(px)+u3(p(x-

-t))u3(px)-u3(p(x-

-t))ui(px)+u3{p(x-

-t))ui(px)-u3(p(x-

-t))u3(px)-u3(p(x-

■i))«l(p)

0)«i(p)
■t))ui(p)

■í)Wí)

t))u2(p)

/))«2(p)

■0)««(p)
■OWp)

t))u3(p)

-U3(~pt)th{p{x-\))

u2(-pt)u2{p{x-l))

-«l(-p<)«3(p(x-l))

-Mi(-pi)«l(p(*-l))

U3(-pt)Ui(p(x-l))

-u¿-pt)m(p(x-í))

-Ui(-pt)ui(p(x-l))

Ul(-pt)Ul(p(x-l))

-u3(-pt)u3(p(x-\))

bibib,OP u3(p(x-t)) 0
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Remark 2.5.1. Using only the NFS pl~'Uj(px) entails more calculation

(although less than the FS e"V). and requires (2.5.05) and (2.5.09) for sim-
plification.

In order to identify and exclude degenerate cases, (2.5.01) is substituted

in (2.5.1). Since «?= —1, there follows

(2.6.1) 3P3A(p) = Cp3+Z P.(m)**' + Z P»(p«i)«-'"',
i-i i-i

where

C m - 3(| a2aia0|  + | 6261601 ),

Pa(pui) =  I a2ad)2\ (p£o¡)6 + (| «2«i6i|   — | «2«o62| )(pa>¡)4

+ ( I a2aibo I   — |«2«o6i|   + [ «10062! )(pui)3

+ (— I «2«o6o|   + I ai«o6i| )(pwi)2 + | aiaobo\ (pwi),

Pb(pí»¡) =  I «2*2*11 (pwi)6 + (| «162611   -  I «262*01 )(pwi)4

+ (| «062611   —  I «162601   +  I «26160[ )(pw{)*

+ (— I 006260!   + I «161601 )(po)i)2 + I «061601 (pwi)-

The BC's (0.2) are called degenerate if the associated EE L(D)y = \y has

only a finite number of solutions satisfying them. A necessary condition for

the exclusion of degenerate BC's is the existence of infinitely many zeros p„ of

(2.6.1), making infinitely many p\ simple zeros of A (Remark 3.0.6) and

poles of G [9]. The sufficiency of this condition follows from the existence

of the corresponding eigensolutions Uj(pnx). By complex variable theory,

A(p) for L(D)=—D3 and (0.2) (which include Tf(D) as a special case)

has infinitely many zeros if and only if the coefficients of Pa(pui) or Pb(pœi)

are not all zero. Therefore, we have established

Theorem 2.6. The BC's (0.2) associated with L(D)= —D3 are degenerate

if and only if all coefficients of Pa(pu)¡) and Pb(pui), as given by (2.6.1), vanish.

In the next section, some general results will be obtained from which in-

formation about the spectrum of T3~(D) will then follow by specialization.

3. Exponential sums and the spectrum of Tr(D). The necessary material

by Schwengeler [13] is summarized as follows:

Remark 3.0.1. An exponential sum [ES, F(z)] is defined by

¡v

(3.0.1) F(z) m Z P,(z)*S (N > 1),
r-l

in which the a, are distinct complex constants and the P*(z) are polynomials

in the complex variable z which are not identically zero. F(z) is an entire
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transcendental function whose zeros have no finite limit point in the complex

plane.

Remark 3.0.2. The indicator diagram [ID] is the unique smallest convex

polygon such that none of the exponent points [EP's] a* lie outside of it. Each

vertex is an EP.

Remark 3.0.3. As arg z varies from 0 to 27r, each vertex of the ID assumes

the role of representative of the prevalent term [PT] of F(z); that is, the

term of largest absolute value as |z|—+». A transition direction <pw is the

direction of the outgoing perpendicular to a side 5 of the ID. In the direction

<pw, each EP on 5 corresponds to a PT. This means that the terms of F(z)

of largest absolute value in the direction <pa correspond to those exponentials

e"-* whose EP's lie on S.

Remark 3.0.4. In an angular region including the boundary sides, which

are rays from 0 in the respective directions of the outgoing normals to two

consecutive sides of the indicator diagram, that term of 7"(z) is prevalent

which has the intersection of these two sides as its EP. An EP in the interior

of the ID cannot correspond to a PT. More specifically, if the projection of

the EP af on a ray in the direction </> is algebraically further from 0 than the

projection of the EP a*, then 3 a positive constant c £. Pk(z)e'""/Pj(z)ea>!

= 0(e~ei'1) as | «I —»• oo andargz = c£.

Remark 3.0.5. The zeros of 7"(z), with finitely many possible exceptions

[w.f.m.p.e.], lie in disjoint angular regions [AR's] (each with vertex at 0

and of arbitrarily small angle) given by <pw — e<<b<<pw-\-e, with e>0.

Remark 3.0.6. When the only EP's on 5 are the two vertices, the number

Nw(r) of zeros satisfying 0 < | z\ gr in the AR corresponding to (pw is given by

Na(r) =r\ S\ /2t-\-0(1), where | S\ is the length of S. These zeros, w.f.m.p.e.,

are simple, and are given by

(3.0.6) z„ = [2mr + i(mi - m2) Iog(2mr/| S| ) + 0(1)Je'*-/ | S|,

where mi, m2 are the respective degrees of the polynomials Pi(z), P2(z), and

a*, a* are the vertices on 5 ordered so that <bw = ir/2-\-arg(ai*—a2*). The

principal value of log(2w7r/| S\ ) is used.

To extend (3.0.6) through explicit terms which are 0(n~" log" «), with p

an arbitrary positive integer, (3.0.1) is transformed by means of the identity

(3.1.1) a + ß m 2(aß)l'2 cosí — log — j,

with a = Pi(z)eV, ß = P2(z)Ci'. By Remark 3.0.4, with j = 1, 2, and

A = 3, • • • , N, dividing F(z)=0 by 2(a/3)1'2 gives cos [(i/2) log (o//3)]=^,

where \¡/—*0 exponentially as |z| —>oo, for z in the AR of Remark 3.0.5. We

substitute (i/2) log (a/ß) = ± (n- l/2)ir-0, where | Reö| <w/2 and the posi-

tive integer n is large enough, to ensure this (i.e., makes  |^| <1). Thus,
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±(- l)"-1 sin 6 = f. Therefore, 0 -> 0 and 8 = 0(sin 6) = Oty). From

(i/2) log (a/ß) = (*/2) [log (P1(z)/P2(z)) + (al-a2)z], 0„ = 7r/2+arg(«1*-a2*) =

7r/2-arg(ai —o2) and arg z=<¡>u+x, where |x| <e by Remark 3.0.5, it follows

that arg[(i/2)(«i —a2)3]=7r-|-x and that only the lower sign is applicable in

the expressions ±(n — \/2)ir and ±( —l)n_1 sin. Therefore, as n—»°o

(3.1.2) -^ [\og(P1(z)/P2(z)) + (a, - at)z] = - (n - -\r - 0.

Let P,(z) = ZT^o C„zm*~\ and C„0 A 0 (v - 1, • • • , AT). Substituting

z = wei*<°/\ai — a2\ in (3.1.2) transforms it into

(3.1.3) w - (2» - 1)» + » log(Çi(w)/(22(w)) + 20,

where (?,= SíT-o ÍX'"' (f-1, 2), and .£„„ = (e*<»/|ai--a2| )m"-'C,,. For the

iteration procedure which is to follow, the leading terms of Q\ and Q2 are

factored out, thus giving Q, = K,owm'(l-r-e,), where e,= Z?-ic"w~' Wlin

cr3 = K„/K,o when m„>0 but is assumed replaced by 0 when rap = 0. Thus,

(3.1.4) w = 2w7t + im log w + c + 5 + 20,

where m = m\ — m2, c= —w+i \og(Ki0/K2a), and 5 = i log [(1 +ei)/(l +e2)].

Taking logs and reciprocals respectively, after factoring out 2«7r in asymp-

totic expansions [AE's] of the form w = 2nir-\-rj, which occur in the following

analysis, lead to

(3.1.4a) log w = log n + log 2ir + log(l + £),

(3.1. 4b) «r« = (1 + £)-«(2w7r)-'

respectively, where ¡~ = 7]/2nir. Iteration in (3.1.4), with the aid of the respec-

tive Taylor polynomials [TP's] for (l-f-£)-8, log(l-K), log(l+0 f>-l, 2),

and then induction, will result in an asymptotic expansion up to an

0(n~p~l log*"4"1 n) error term, with p an arbitrary positive integer, as «—><».

There are three cases: Case (1) m¡Am2; Case (2) mi = m2, P\y^P2\ Case (3)

P1~P*.

Case (1). m\Am2. The zeroth AE's for 8 and w, indicated by using the

superscript (0), are defined to be those whose explicit terms of smallest order

are 0(1) but not o(l). Thus, 5(o) = 0(w-1)- From w = 2w7r + 0(log n), we get

w(0) = 2«7T + im log 2w7T + c + 0(n~x log n), since 0[log(l + £)] = 0(£)

= 0(n~l log n). By the definitions of c and K„, Schwengeler's term indicated

by "0(1)" in (3.0.6) equals -m^-r+i log (Cw/Cw) + 0(n~l log n). The

first AE ô(1) is obtained from w<°\ as follows: 8m = i(cn- cn)(w^)-1 + 0(n~2)

= i(cn-c2l)[í+O(0}(2mr)-l + O(n-2)=i(cu-c2l)(2mr)-i + O(n-2 log n). The

first AE w(1) is obtained from w<0) and 5(1). as follows:
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*z<» = 2»ir + im log w(0> + c + 5(1)

= 2«ir + ¿w[log 2«r + (im log 2mt + c + Oí»-1 log n))(2nir)'1 + 0({2)]

+ c + í<1>

= 2wt + iwt log 2mtt + c + (2»x)_1[—w2 log 2mr + ¿me + ¿(en — Cji)]

+ 0(n~2 log2«).

Here and subsequently, the term 20 is dropped, since its inclusion would

merely lead to terms which are 0(6). We have established, for A = 1, the fol-

lowing induction hypothesis:

For p = k, with A some positive integer, let 8(p) and w(p> be given by

(3.1.5) 8^ = ¿ »-'Píi(log n) + 0(n->-i \Qgp n)}

V

(3.1.6) îz/*> = 2wir + im log 2nw + c + ¿2 n~'PWj(\og n) + 0(n~'>-'1 log"+1 n),

where Pwj and Pjy are polynomials in log n of degree j and less than j respec-

tively.

With the aid of TP's, iteration gives

5(*+l)   _   t   £-   [(ei    )     _   (£2    )  ]   +  0(M )

¡=1 I

k+l    (_ 1)1-1 r   I   m, -v   ¡ /m, \   ¡-1

= * Z     ¿    I |Zci.(^w)-4 - | Zc2.(w«>)-4 J + o(«-*-2),

where, from (3.1.6) and the TP for (1+£)"".

f        *-h^ 5(5 + 1) • • ■ (s + a - 1)    -1
(«,<»)- = (2«*-)-   1 +   Z   (-1)'-—;■-=--Í"

L «_i ?! J

+ 0(n-k~2 log*+2-««) (1 g s g k),

(«,(*>)-« = (2«t)-'[1 + 0(fí] = (2«7r)-* + 0(«-*-2 log m) (s ^ k + 1),

£ = (2t)-1 T»-1/.! + ¿ »-^lPwil + 0(m-*-2 log*+1 n),

£* = (2t)-'|m-1/.1 + ¿ »-í-lP.y 1   + o(n-k-2 log^1 n) (q g; 2),

where pi=im log n-\-(im log 27r+c). The following lemma (whose proof is

obvious, and so will be omitted) will be used:

Lemma 3.1. If Q = 0(n~b log" n), with a and b non-negative integers, then

Q=0(n~k~2 log*-1-2 n) whenever b>k + 2 (independently of a), and whenever

b = k + 2,agk + 2.
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In the expression for £5 preceding Lemma 3.1, the quantity a, given by

*
o m n~lpi + £«-,'-1r\,,-,

y-i

is a LC of quantities which are of the form n~ß log" w, where 0 — a<ß — k+l,

except for the first term of n~lpi, which has a = /3=l. Therefore, in the re-

sulting multinomial expansion for a", which is a LC of quantities n~b log" «,

among those terms having the same value for b one and only one will have the

largest value for a; namely (n~Hm log w)\ when b = q=l, 2, • • • , k-\-l— s.

When o = k + 2 - s, then a = k +1 - s, and (2»t)-*»-* log" n = 0(«-*~2 log *+2«)

by Lemma 3.1. Therefore,

*+i-«
(«;<*>)-• = (2«tt)-' +   Z «"9_'P.„(log n) + 0(n~k~2 log*+2 »)     (I = s = k),

d-i

where P,9 is a polynomial of degree q in log « with the leading coeffi-

cient [( —l)5s(s + 1) • • • (s + q — l)/q\(2ir)q+'](im)q. Similarly, since e,

= YjT-i C«(w(t))~*, it is a LC of quantities w~" log" «, with a<ß. The multi-

nomial expansion of its /th power is a LC of quantities n~b log" «, with a<b;

by Lemma 3.1, all terms with b^k+2 are 0(n~k~2 log*+1 «). Therefore,

*+i
(3.1.7) 8«+» = j X) M_,P¿0og «) + 0(»-*-2 log*+1 «),

,-1

where the polynomials P¿ are respectively of degree less than/. Furthermore,

the analysis of £5 following Lemma 3.1 applies in

*+i (_i)ï-i
log(l + |) = E-£5 + 0(n-k~2 log*+2 n)

«-i        ?

by merely substituting s = 0. Therefore, log(l+£) = ]C*Îî w_aPf«(log n)

-\-0(n~k~2 log*+2 «), where the polynomial P^q is of degree q in log », with the

leading term [(-l)«-1/a(2ir)i](t»i)4 log« «. By (3.1.4), (3.1.4a), and (3.1.7),
this term is multiplied by im, but the resulting coefficient of log* « is not

affected by the addition of 5(*+1) in w(*+1) = 2nw+im log wik)+c + 8'-k+1\ There-

fore, even if one of mi, m2 is 0 (see the statement just above (3.1.4),

*+i

(3.1.8) w«+u = 2»ir + im log 2mtt + c + £ »-'P^(log «) + 0(w~*-2 log *+2 «),
j-i

where the polynomial P'wj= im P^+tP'sj, and is of degree/ in log «, with the

leading coefficient [( — l)i~l/j(2ir)i](im)i+l. This establishes the form of (3.1.5),

(3.1.6) for arbitrary integer p > 0. From the uniqueness of the AE's in (3.1.5),

(3.1.6), (3.1.7), (3.1.8) through the &th term of each summation, it follows

that P'v = Ptj, and P'Kj = PWj (/=!. '••»*)• This completes the induction.
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Case (2). mi = m2, Pi f^Pi- Since the term im log w drops out of (3.1.4),

p\ = c, and the TP for log(l+£) does not appear. The essential details of

Case (1) hold when all (nonzero) powers of log n are simply deleted; p\, P'i}

in (3.1.7), and P'wj in (3.1.8) are replaced by the constants c, caj and c'v}

respectively. Therefore,

p
(3.1.9) ii« = 2nir + c + Z <W»~> + O^'^1)

>-i

for all integer p > 0.

Case (3). P1=P2. Since Qi(w)=Q2(w) in (3.1.3), the result is w=(2w-l)x

+26. Thus, we have proved

Theorem 3.1. Let the ES F(z) be defined by F(z) = £JL, P,(z)ea>' (N> 1),

wAere the P,(z) are polynomials respectively of degree m, in the complex variable

z, and the o„ are distinct complex constants. Let the consecutive vertices a* and a*

of the ID for F(z) be the only EP's on the side joining them, and ordered so that

4>w = ir/2-\-a.rg(a* —a2*), where <pw is the argument of the outward normal to this

side. The zeros z„ corresponding to this side, w.f.m.p.e., are simple, and given by

zn = (e4*"/ I «i — «21 )   2nw + im log(2wir/ | «i — «21 ) + e

(3.1.10)

+ Z n-'pj(\og n) + 0(n~k~l log*+1 »)
i-l

wAere A is an arbitrary positive integer, m = m\ — m2, c = — it — nupw

-\-i log (C10/C20), C10 and C2o are the leading coefficients of Pi and P2 respec-

tively, and pj(\og n) is a polynomial, of degree j in log n with the leading coefficient

(2ir/j)(m/2iri)i+l, reducing identically to a constant when m\ = m2 and to zero

when Pi=P2.

In addition to Theorem 3.1, the following results will characterize a(T^),

the spectrum of T3~(D).

Theorem 3.2. If A(p), with pn=X, is the CD of one of the EE's —dny/dxn

=Xy and dny/dxn=\y, and wi=eiTln, then A(pw2) = ( — l)n_1A(p).

Proof. By Corollary 2.1, it is sufficient to consider A(p)=det Ui(y,) as

formed from the respective FS's y¡ = «*">* and y¡ = ef'¡x, where Wy = ei(-2'~1)Tln and

„. — ¿¡Urin (jmll • • • , n). Replacing p by pu\ merely shifts the last column of

det Ui(y,) to the position of the first, and is therefore equivalent to applying

n — 1 successive transpositions of two adjacent columns.

CoROLLARY3.2A.If pois a zero of A(p) for Tä(D), then poui? (1=1, ■ ■ -,n — í)

are zeros of A(p).

Proof. This follows from / successive applications of Theorem 3.2.

]■
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Apart from requiring an additional condition in a subcase of Case 4, the

BC's 1(B) for Tf(D) are nondegenerate, since using their canonical forms in

(2.6.1) results in P„ and Pb oí unequal degrees ma and mb respectively. In the

(a) cases ma>mb, and the respective values of ma are as follows:

Case 1(a) 2(a) 3(a) 4(a) 5(a) 6(a) 7(a)

5 4 4 3,2,1 2 2 1

In the corresponding Cases l(b)-7(b), mb>ma and the values listed above

for ma become those for mb. It is unnecessary to consider these cases sepa-

rately. The significant items for the spectrum of Tf(D) are exhibited below.

The AR's including the first two listed values of <pw are the only ones for

which Theorem 3.1 will be applied; by applying the substitution p = — p' and

Corollary 3.2.1, the AE's for the remaining AR's will then result.

Case      Pa       Pb ID Vertices ai        a^     | ai—oi\       <t>a

(1) ^0      5^0    regular hexagon ±o,i*, ±u2*, ±o»*       ui     — wi        1 —ir/6

(2) ^0      =0    equilateral triangle      w¡*,     u2*,     u3*       wi        o,3        31'* 0

(3) =0      ^0    equilateral triangle   — of, — W2*, —w*    — on     — o>3        31" r

Remark 3.3.1. In all three cases, the term Cp3 in (2.6.1) does not affect

the asymptotic character of the zeros, since the origin, which is an EP only

when C^0, lies inside the ID.

Remark 3.3.2. Under the convention —7r<arg zgir, used here and sub-

sequently,  I e*\  increases, for a given  \z\, as |arg z\  decreases, since \e'\
=- ^|z|co3arg z

Case (1). By Theorem 3.1, and the fact that the polynomials in (2.5.1)

have the arguments pw¡, the 0(1) term is — it — (ma — mb)(ir/6)

+i log(CaoWim°/C¡,uC02""'). Therefore, p„ = w„e_iT/6, where

•Wn

(3.3.1)

X

2nir + i(ma — mb) log 2»7r — it — (ma + 7mb)-\- i log(C0o/C¡,o)
6

+ ¿ »-,>,-(log n) + 0(«-*_1 log*+l«)   .

j-i J

When (2.6.1) is written as

via 3 wtf» 3

(3.3.2)    3p3A(p) = Cp3 + Ê Ca, E ipui)m°~se>»' + Z C*. Z ipui)mi->e-™,
«-0 1=1 s=0 Z=l

the substitution p= —p' transforms its right-hand member into an expression

of the same form, but with C'as= (- l)m>-'Cb„ C'bs = (-l)""-,'Cas, Pá of degree

ml =mb, Pb of degree mb =ma. Application of (3.3.1) gives p„' =w,!e~"16,

where
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w» =    2«ir + i(mb — ma) log 2mtt — t — (mb + 7w0)-h » \og(Câo/Cbo)

(3.3.3) * 1
+ E «"'>/ (log n) + 0(«-*-' log *+1»)   ,

j-i J

where the primed items other than w„' are obtained from the corresponding

unprimed ones in (3.3.1) by means of the substitutions following (3.3.2). Since

p = p'e±iT, by Corollary 3.2.1 we have the following result for Case (1):

The zeros of A(p) for Tr(D), w.f.m.p.e., are simple, and given by w„e-i6T",

wne~iTl6, wne"12, wie-"12, wJewl\ w'nei6Tl*, with w„ and wJ given by (3.3.2)

and (3.3.3) respectively.

Case (2). By Theorem 3.1, Case (2), and Corollary 3.2.1, we have the

following result for the present Case (2): The zeros of A(p) for Tf(D),

w.f.m.p.e., are simple, and given by wne~i2r/3/3112, wn/3112, and wnei2ll3/3112,

where

r 2ima      i^ "I
(3.3.4) wn = I (2« - 1)t - —- + E Cjn-i + CX«-*"1) J,

and the c¡ are constants.

Case (3). By the substitution p= —p', we have Case (2) again, but with

C'as = ( — l)m*_*C6„ and P'a of degree m'a = mb. Therefore, we have the follow-

ing result for Case (3): The zeros of A(p) for T3(D), w.f.m.p.e., are simple,

and given by w¿ er^H/i1'*, wJe"l3/3li2, and wnV'731/2, where

T 2irmb       * "I
(3.3.5) W =    (2m - 1)tt-+ E c'j n~> + 0(n~k~l)   ,

and the cj are constants.

The remaining analysis will not require these AE's, but the knowledge

that for # = arg p bounded away from <p„, and for r= \p\ sufficiently large, the

corresponding X is not in the spectrum of P. For example, examination of

these AE's shows that X£E<r(Pr) for e<0<7r/6 —e, as r—><». This fact will

be used in the next section.

4. Completeness of the eigenfunctions of T3(D) in L2(0, 1). If X££o-(P„),

then G(x; t, X) is the kernel of the integral operator [10] which is called the

resolvent operator of Tn\R\\. In P2(0, 1), the norm o/Px[||Px|| ] satisfies

(4.0.1) ||Px|| =   sup       f   \G(x;t,\)\2dt\
OSiSl  \_J o J

1/2

The notations G(x; t, X) and G(x; t, p) will be used interchangeably. It will be

proved that, with a possible exception to be specified later, the eigenfunctions

of Tr(D) span Z.2(0, 1), provided that the BC's (0.2) are nondegenerate.

This will be done by applying
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Theorem 4.0 (Dunford-Schwartz) [5]. Let T be an unbounded operator

on L2(0, 1) whose resolvent R\ is an 10 with kernel G(x; t, X) such that

JoJo\G(x; t, X)| 2dxdt< «. If for some \(£<t(T) and lying outside of disjoint
AR's with a common vertex, each of angle <ir/2 but such that the sum of their

angles is arbitrarily close to 2ir, we have ||Px|| <P|X| *, where K, k are integers

with the same respective values for all such X, then the eigenfunctions of T span

L2(0, 1).

We proceed to show that the hypotheses of Theorem 4.0 are satisfied by

Px of T3(D). G(x; t, X) is continuous in x and / over the unit square defined

by 0S*ál, 0 = /gl; therefore, /¿/¿| G\ 2dxdt< <*> for all X<í<r(Pr). By the
results of the preceding section (or Schwengeler's work), the zeros of A(p)

approach, in an angular sense, the <pw rays for which <pw is an odd multiple of

ir/6 in Case (1) and an even multiple in Cases (2) and (3). More precisely,

these zeros, w.f.m.p.e., lie in the AR pairs defined by <pw — t<<p<<pw and <pw<<f>

<<j>u,-\-e, where e>0 and suitably small, and (¡>w = sir/6 (s— +1, • • • , +6).

Therefore, \($l<t(T3) as r-*°o when (s — l)7r/6 + e<4><sir/6 — e; that is,

when (s-l)7r/2-|-3e<arg X<sir/2-3e (s=-5, -4, • • • , 6). Therefore,

X(£a"(Pr), if we impose the restrictions (s-l)7r/6 + e<<p<(s—l)7r/6-r-(e + e'),

and S7t/6 —(e + e') <<p<sir/6 — e, where €'>0 and arbitrarily small. The cor-

responding X lie outside the disjoint AR's, in the X-plane, given by (s— l)ir/2

+ 3(e + e') <arg X<S7r/2— 3(e + e') and any four consecutive integer values of

s; we select s= —1, 0, 1, 2. These disjoint AR's obviously meet the require-

ments of Theorem 4.0. For the remaining values of s these AR pairs are merely

duplicated. Estimates are needed for [/¿|Z(x; t, X)|2df]1/2 and for A, in ac-

cordance with (4.0.1). We designate the four AR pairs in the p-plane cor-

responding to s=l, 0, 2, —1 as AR pairs (1), (2), (3), (4) respectively. It

will be seen later that the remaining values of s result in the same estimates

as these do. We require the arrangement in Table 4.2.1 of the exponentials

exp(+pto¡g), for q real and p in the AR pairs (l)-(4) respectively, in descend-

ing order of absolute value as r—><». For g>0, the first three exponentials

—>°° in absolute value and the last three —>0. For «<0, the descending order

is reversed, and the preceding statement then applies.

TABLE 4.2.1

AR Pair Exponentials in descending order for j>0

e~f"if, e**"!«, e'""''1, e~<m''', e~pa'g, e'"**';

The estimating of [/¿| Z(x; t, X) |2]"2 will be simplified by noting that

(1)
(2)
(3)
(4)
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(4.3.1) f   \z\2dt=  f   |£c.Jf.   dig  f (Z I C«Jf.|W

By the Schwarz inequality,

( f  I CtiMu| | CHMt¡ \dt\ gf  | CHM.( \2dtj  | C«,.M»; |2z7/,

and so the mixed product terms in the expansion of /¿( Z« I C,MK\ )2dt are not

of larger order than the larger of /¿| CKiM,(\ 2dt and /¿| C,¡Mt¡\ 2dt. Therefore,

(4.3.2) f   \z\2dt = 0\   f  Z |C«M,|2ziil = oimax  f   \M.\2dt],
Jo LV o    « J L cKfio Jo J

where the last item in brackets means the /¿| Mt\ 2dt of largest order over all

k3Ck9*Q. Furthermore, 0[/¿| MK\ 2dt] is the larger of 0[f(*>t)\Mt\2dt] and

0[Í(x<í)| M,\ 2dt], Also, the factor |p"*»|2 of | MK\2 will be regarded as written

outside the integral sign and accounted for after integrating the estimates

for | p~m'Mt |2. These integrals may (and will) be used instead of the

io| P~m"MK\ 2dt themselves, since the O and/symbols may be written in reverse

order. For brevity, the transitive relation /> = 0[ctJ will be designated by

p<~q, and |p~m«Äf«| by QK. We shall use the ordering of the MK in Table

2.5.1. Unless otherwise specified, the upper sign of a ± or + symbol will

refer to the AR pairs (1) and (3), and the lower to the AR pairs (2) and (4).

k= 1. For x>t, Çi<~exp{ (x — t)r cos (ir/3+4>)}, by Table 4.2.1. There-
fore,

(4
/' X     2 CX     2 1

Qidt =  I    Qidt < ~ — exp {2r cos(tt/3 + <b)}.
o J o r

z< = 2, •••, 10. For x>t, Q,= \ua(p(l—t))uß(px)—u3(p(x — t))uy(p)\,

where a+ß = 3+y, by (2.5.02). We drop the e""* term of (2.5.01) for each of

these u's, since e""*4 = e-"«—>0 for q>0 in all four AR pairs, by Table 4.2.1.

On using (2.5.08) and applying the identity

cos A cos B = [cos(4 + B) + cos(A - B)]/2,

two of the resulting cosines cancel out, giving

. i   r        *   31'2 i
Q* < ~ I e<I-'+1^'21   cos \(ß - a) — H-p(l - t - x)\

(4.4.2)
r *       31'2 "II

- cosl (y -3) —+-—/>(*-/-1)1 .

Since 0[|cos(f?+z)|] = 0[|sin(0+z)|] = 0[elImîl] = 0[el2Hsinar«zl] for 6 real,
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the first cosine in (4.4.2) is not of greater order than the second, and so is

dropped. Therefore,

(4 4 3) &<~Mp{(l/2)(*-/+l)rcos*}

•exp{(3"2/2)(l + t - x)r(± sin<p)}.

The cosine addition formula gives

(4.4.4) QK < ~ exp{r cos (w/3 + <b)} exp{(x — t)r cos (ir/3 ± <b)}.

Replacing x by the value 1 gives

(4.4.5) QK < ~ exp{r cos#} exp{ — tr cos (t/3 ± <b)},

and integration results in

rx 2        i
(4.4.6) |   Q.dt < ~— e2rooa*.

Jo r

For x<t, keeping only the exponential of largest order for each factor gives

(4.4.7) Q, < ~exp {(1 + x - t)r cos (x/3 + d>)},

/•i i
QKdt < <~ — exp {2r cos (tt/3 + <b)}.

x r

k = 11, • • • ,19. For x > I, the calculation is similar to the last one, but now

the exponential epu2q is kept. Thus, QK<^e{l~x+t)ra"*, and

/'X     2 1
QKdt <~— e2"*"*.

o r

For x<t, QK=\ua(—pt)us(p(x — l))—u3(p(x — t))Uy(—p)\, with a+/3 = 3-(-7.

Here <7<0, and so, by Table 4.2.1, we drop the expOse*'''3^) term. Applying

(3.1.1)  to the remaining two terms of  (2.5.01), we then proceed as for

Q, (k = 2, ■ ■ ■ , 10) forxX. Thus,

(4.4.10) Q, < ~ e"cos * exp{ (/ - x)r cos (2ir/3 + <b)}.

Now, cos(27r/3— <p) is negative for the AR pair (1) and positive for the AR

pair (3), and cos(27r/3+<p) is negative for the AR pair (2) and positive for the

AR pair (4). For cos(27r/3 T<p) <0, integration gives

rl 2 i
(4.4.11) I   Q,dt <~— e2r eo»* (in the AR pairs (1) and (2)),

J x r

and for cos(2tt/3+0)>O, integrating and replacing x by the value 0 give
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T1   2 1
(4.4.12) |    QKdl <~— exp{2rcos(ir/3 + <p)},

J x r

in which the upper and lower signs apply to the AR pairs (3) and (4) respec-

tively.
k = 20. For x<t, Ç«<~e(,-x'rcos*, and

/>i              /» i                 jQ,dt =   I    Q\dl < >-e2rc°'*.
o              J x                    r

By allowing for the ranges of <p in the respective AR pairs, by keeping

only the larger of the respective estimates for flQ^dt and flQfcdt, and noting

that [/¿| M,\ 2dt]112 has the factor r"*-1'», we obtain

TABLE 4.5.1

Estimates for r-»«-»/«!/^ Mt\ Ht}"'

2, • ■ • , 10 11,    - -, 19 20

(1) 0[er0M(T/,_*>] O[er0M*] 0[eroos*] O[er0M*]

(2) o[eroo»(x/3+*)j (9[erc»8*] 0[e"0!*] 0[erCM*]

(3) (} [er cos («73-«) ] (9[ercos(T/3-*)J ¿) [er °°» (T/3_*) ] 0 [V CM * ]

(4) o[eroo»(T/3+*)] 0[e,c0» (T"+*>] o[eroos (T/3+*) 1 Ofe"""*]

By (2.5.1) and (2.6.1),

20

A(p) = E C«p„    where      E C«M« = C/3,
«-1 «=1,20

10 I 3 19 J S

E c«M« = — p-3 E Pa(pco,)«"",     E c,p« = — p-8 E P6(pa>,)e-^'.
1=2 3 J=l <=,!! 3 J_l

Since we have excluded the degenerate case P„=0, P& = 0, we now consider

the following three cases: Case (1) P„^0, P¡,^0; Case (2) Po^0, Pt=0;

Case (3) Pa = 0, Pbye0. In all three cases, lower bounds are obtained by

applying the triangle inequality and factoring out the leading term Q of

the PT of A(p), in accordance with Table 4.2.1. Thus, |a| =\Q+(A-Q)\

= |e| - |A-0| = |Q|(l - |(A-0/e|) = |Ç|(l -A), where 0 è h
= |(A-0/e|=O(r-').

Case (1). Po^0, Pb^0. We have

1
— p-3Cbo(pùi2)mbe-<K"1 (1 - h) = — I C60| rmi~3er cos*(l - h),I Al   =

where h = hi, h2 for the AR pairs (1) and (2) respectively;
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| A |   ^   |(l/3)p-3Cao(pa.3)m«eH (1 - A,)

= (1/3) | Cao | rm»-V c°» f/W)(l _ A,)(AR pair (3));

| Aj  i  |(l/3)p-«C0o(pui)"-«'",| (1 - ht)

= (1/3) | Co | rm"-V <™<*/3+*>(l - A4)(AR pair (4)).

For all r sufficiently large, there is a positive constant K¿ smaller than

any of the four positive quantities (1/3) | Cbo\ (1 — A) (A = Ai, A2),

(1/3) | Co| (1 — h3), (1/3)| Ca0| (1—A4). Let Aa be the smaller of the unequal (by
§2) quantities ma-3, mb-3. Then |A| >K¿rk*e"xa* (AR pairs (1), (2)),

|A| >iCÄr*Ae'-oo3(T/3:F*) (AR pairs (3)( (4) respectively). The largest entries in

Table 4.5.1 are 0[erc°8*], 0[erC08*], 0[er CM <*/'-*>], 0[er cos <*/3+*>] for the

AR pairs (1), (2), (3), (4) respectively. By our exclusion of degenerate cases,

not all of the C, vanish for k = 2, • • -, 19. By (4.3.2),

(/.,|*i*r-o[sf(/.,|*'i*n-
and [/¿| M%\ 2dt]112 equals rm«~l/2 times the corresponding entry in Table 4.5.1.

Let kz be the largest value of the mK —1/2 (k=1, • ■ ■ , 20) such that

CKA0. Then for all r sufficiently large, there are positive constants Ki, K2,

K3, Ki such that (fl\Z\ Ht)112 <Ktfkzer cos *, K2rkze' °°8 *, K3rhzer °°8 <»/*-♦>,

Kirkzer co» (T/3+*) for the AR pairs (1), (2), (3), (4) respectively. Let Kz be the

largest of the constants K\, K2, K3, and K^ Then for the AR pairs (1), (2),

(3), (4), (fl\Z\2dt)U2<Kzrmz times er cos *, er cos *, er C09 <>-'3-*\ «' »» (''w>

respectively. Therefore, |[i?x|| <(Kz/K^rkz-k^= (Kz/K^\\\ (*z-*a>/3, where

the constants (Kz/K^) and (Az — A¿)/3 are independent of the choice of X in

the AR pairs (l)-(4) inclusive, for all sufficiently large r. There are integers

K, k3K^Kz/K^, k^(kz — k¿.)/3. This completes the proof in Case (1).

Case (2). Po^0, Pb = 0. For the AR pair (1),

A     è
1

— p-3Cao(pü>3)m°e"'"
1   ,       ,

(I-Ai')   = — I Co I rm°-V c°8 <*/3-*)(l - h{).

We see at once from Table 4.5.1 that (jl\ Z\ 2dt)112 is possibly of exponentially

larger order than A unless C« = 0 (k = 2, • ■ • , 20), which is a degenerate case.

Therefore, Theorem 4.0 is inapplicable.

Case (3). Pa = 0, Pb^0. For the AR pair (3),

A     ^
1

— p-3C6o(pco2)mte-',MJ
1   ,

(1 - A3') = — I CM I r-»-»e""*(l - H).

By Table 4.5.1, (fl\Z\ 2dt)1'2 is possibly of exponentially larger order than A
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unless C, = 0 (k= 1, • • • ,19), which is a degenerate case. Therefore, Theorem

4.0 is inapplicable.

Remark. The estimates in this proof remain the same if four consecu-

tive values of s other than —1, 0, 1, 2 are used, in view of (2.5.07). Also,

the possible exception referred to earlier occurs when P„(pcoj) or Pb(pui) is

identically zero. Thus, we have proved

Theorem 4.5. If Pa(pu¡) and P¡,(po>¡), as given by (2.6.1), are both not identi-

cally zero, then the eigenfunctions of T3~(D) span L2(0, 1).
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