ON THE COHOMOLOGY OF EXACT SEQUENCES
OF COMPACT GROUPS

BY
SUFIAN Y. HUSSEINI

1. Introduction. If G is a compact connected group, then H*(G), the Cech
cohomology algebra with coefficients in a field L, is a special kind of algebra:
if the characteristic of L is zero, H*(G) is an exterior algebra; if the character-
istic of L is p>0, H*(G) is the quotient of the tensor product of an exterior
algebra and a polynomial algebra. Moreover, the precise structure for H*(G)
when G is a classical Lie group has been fairly well determined [1; 8].

Now let K CG be a closed normal subgroup of G, and put U=G/K. Thus
we have the exact sequence

(S): 1ok el vt

of compact groups; here 7 is the natural injection and f is the natural quotient
map. (S) leads to a sequence of cohomology algebras,
P
(§%: 1—- H¥(U) > H*G) — H*(K) — 1,
where 1 denotes the graded algebra which is zero in all positive homogeneous
degrees and is isomorphic to the ground field L in degree zero.

When the characteristic of the ground field L is zero, then (S*) acts as if
(S) were a split sequence. (For the case of Lie groups see [10, §21]; the general
case follows from it easily.) More precisely, (S¥*) is an exact sequence of graded
algebras, in the sense that the kernel of each homomorphism coincides with
the ideal generated by the elements of positive degree in the image of the
preceding homomorphism.

The purpose of this paper is to give an analysis of the structure of the
sequence (S*) when the ground field is Z,, the prime field of characteristic
$>0. When K is connected, we show that f* is a monomorphism if and only
if +* is an epimorphism, in which case (S*) is an exact sequence of graded
algebras. This is true, for example, when H*(U) is an exterior algebra gener-
ated by elements of odd degree. In general (S*) is not exact; it need not be
exact, for example, when K is totally disconnected. In this case we give the
structure of the kernel and cokernel of f*.

Precise statements of our main results are given in §2. Corollaries and
applications are given in §3. For instance, we obtain a characterization of the
commutativity of G, or the finite-dimensionality of G in terms of H*(G).
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Moreover, the class of those groups of G such that H*(G) is an exterior alge-
bra is shown to be closed under many operations. The proofs of the main
results are given in later sections.

The author takes the opportunity to express his thanks to Professors N. E.
Steenrod and J. C. Moore for their help and encouragement. This work is a
part of the author’s doctoral dissertation submitted to Princeton University
in May, 1960.

2. The main results. The cohomology theory we use is the Cech Theory,
whose coefficient domain will always be, unless otherwise specified, Z,, the
prime field of characteristic p.

Let G be a compact connected group, and suppose that K is an invariant
subgroup. Consider the resulting exact sequence

1
(S): 1-—>K——>GI>U—>1

of compact groups and homomorphisms. Here U=G/K, % is the natural im-
bedding, and f is the quotient map. The study of the structure of the induced
cohomology sequence,
f* ,i*
(8*: 1 - H*(U) > H*(G) — H*(K) — 1,

reduces in a fairly well-known manner to two cases:

(A) K is totally disconnected;

(B) K is connected.
Furthermore, case (A) reduces to a special case of the problem, (A’) say, of
the cohomological study of the locally trivial fibration of G by a finite sub-
group (not necessarily invariant) I', isomorphic to Zz. In (2.2) we state the
results regarding (A’); the result of (2.3) is related to (A), while those of (2.4)
are devoted to (B).

(2.1) Let G be a compact connected group, and let I' be a commutative
finite subgroup of G. Denote the space of left cosets of G modulo I' by U, and
let f be the natural map

[:G—-U.
Observe now that f is a locally trivial fibration of G by I'. Consider next
v: E = E*(T') - B = B*(I'),
the «-universal bundle of T' constructed by Milnor [7]. Thus there exists a

mapping,
x: U — B,
inducing f: G—U. (If G is a Lie group, then the usual classification theorem

for fibre bundles implies the existence of x. The general case can be reduced to
this special case by choosing a closed invariant subgroup, K,, such that
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K.NT'={1} and G/K. is a Lie group.)

DEFINITION (2.1.1). The mapping x inducing the fibration f: G—U is
called the characteristic map of f; and im x* CH*(U), the characteristic algebra
of f, which will be denoted by ch(f).

DerFINITION (2.1.2). A sequence

* '—‘)An—l_’An_)A»+l—)' °

of commutative graded algebras and homomorphisms over Z, is said to be
exact if the kernel of each homomorphism is equal to the ideal generated by
the elements of positive degree which lie in the image of the preceding homo-
morphism.

The next definition is of a notational nature.

DerFiNiTION (2.1.3). Let 1 denote the graded commutative algebra over
Z, which is zero in all positive homogeneous degrees and is isomorphic to
Z, in degree zero. If the sequence

154—->B—->C—-1

of commutative graded algebras over Z, is exact, we shall write B /A for C
in accordance with the notation of [8].

(2.2) Keeping the notation and assumption of (2.1), we assume in addi-
tion that I is isomorphic to Z». Recall that

P(y, 1), ifp=2and n=1,

H*(B) =
(B) {E(x,1)®P(y,2), ifp>2 0rp=2and n>1,

where E(x, 1) is the exterior algebra on one generator of degree 1, while
P(y, 2) is the polynomial algebra on one generator of degree 2. Similarly for
P(y, 1). Then,

THEOREM (2.2.1). With the assumptions of the previous paragraph,
P(y, 1)/ (%), k being an integer =2, if p=2and n=1,
(1) ch(f) ={E(x, 1)®P(y, 2)/(y*), k being an integer =1, if p>2,0r p=2
and n>1.
If T is invariant in G, then ch(f) is a sub-Hopf-algebra of H*(U) and k is a
power of p.

Gi) H*(G)/f*H*(U) ~E(b, m), the exterior algebra with one generator b of
degree m, m being equalto k—11if p=2andn=1,and to 2k—14f p>2,0r p=2
and n>1.

(iii) The sequence

1 — ch(f) = H*(U) f-: H*(G) — E(b, m) — 1
of graded algebras and homomorphisms is exact.
(2.3) Let G and U be compact connected groups, and suppose that

fiGoU
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is an epimorphism with a totally disconnected kernel. Thus both H*(G) and
H*(U) are connected, commutative, and associative Hopf-algebras. (For the
definition of Hopf-algebras and their properties we refer to [8].) Moreover,

f*: #¥(U) — H*(G),

the homomorphism induced by f, is a homomorphism of Hopf-algebras.
Therefore, if we denote the space of primitive elements in H*(U) by V, and
those in H*(G) by V,, we get that

V. C v,

where f is f* restricted to V,. Recall that V, is a graded vector space; i.e.,
Vu= 2 i>0 Vi, where V{is the subspace of homogeneous elements of degree 3.
Let us assume that no nonzero elements of even degree exist in V,. Then the
natural injection ¢,: V,—H*(U) induces a mapping

ou: E(V.) = H*(U)

of Hopf-algebras if the square of every element in H*(U) is zero. The result
we are after is

TuEOREM (2.3.1). In addition to the assumptions of the previous paragraph,
assume that

ou: E(Vy) = H*(U)

is defined and is an isomorphism. Then V, contains no nonzero element of even
degree, and the injection Vy—H*(G) induces

ao: E(Vy) — H*(G),

an isomorphism of Hopf-algebras. Further,
() ker fCVE,
(ii) coker f consists of elements of degree 1,
(iii) rank Vy=rank V,.

An interesting feature of this theorem is that f* is determined by its in-
fluence on the primitive elements of degree 1.

(2.4) Consider the exact sequence of compact connected groups and
homomorphisms,

i f
(S) 15oK->G>U—-1,
and the induced sequence of cohomology algebras and homomorphisms,
I* i*
(s* 1— B¥(U)—> BH*G) — H*K) — 1.

It turns out that the problems of describing +* and f* are intimately related.
In fact, we shall prove
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THEOREM (2.4.1). Consider the sequence (S*) induced by (S) above. Then i*
is an epimorphism if and only if f* is @ monomorphism.

One may suspect that ¢* is always an epimorphism or, equivalently, that
f* is always a monomorphism. That this is not necessarily the case is shown
by this simple example: Consider the unitary group on two letters Us, and
let 2: S'— U, be the imbedding of the circle group S!, which takes e® to the
diagonal matrix whose nontrivial entries are all equal to e®. Then #(S!)-SU,
= Us, and #(S*)MNSU:=~Z,. Thus we obtain the following exact sequence of
compact connected groups and homomorphisms:

i
158> Uy, — Uy/i(SY) = SUy/Z, — 1.

The induced sequence of the cohomology algebras mod 2 fails to be exact be-
cause H*(U;; Z) is an exterior algebra, whereas H*(SU,/Z,; Z,) is a trun-
cated polynomial algebra.

The analysis of (S*) will be taken up in some detail in §§8 and 9. We shall
see that it is possible to construct a split exact sequence (S’) covered by (S).
The problem is thereby reduced to examining what happens to the exactness
of the induced cohomology sequence (S'*) on “going up.” It will be seen that
whatever makes the example given above fail to be exact is, roughly speaking,
all that can go wrong. In particular, we shall prove

THEOREM (2.4.2). Consider the sequence (S*) given above. Suppose that the
space of primitive elements V, of H*(U) has no nonzero elements of even degree
and that the natural map,

ou: E(V) — H*(U),

s an isomorphism. Then
(1) 2* is an epimorphism or, equivalently, f* is a monomorphism, and
(ii) H*(G) /H*(U)=H*(K), as Hopf-algebras.

We shall deduce from these theorems a few interesting relationships be-
tween the cohomology algebra of a compact connected group and its topology.
A precise statement of these results and their proofs will be given in §3. The
proofs of the main theorems will be given in §§6, 7, 8, and 9.

REMARKS (2.5). Borel, in [1, §10], proves special cases of Theorem (2.2.1).
Our proof is quite different from his and our result is more general. Also,
W. Browder announced in [3] a weaker result for H-spaces whose cohomology
is suitably restricted; his method is different from ours.

3. Corollaries. In this section we give some of the applications of our main
theorems. We shall first state and discuss them, deferring the more compli-
cated proofs to the later subsections. The discussion covers three main topics:
the characterization of the commutativity of the group in terms of its co-
homology algebra, finite-dimensional groups and the resemblance of their
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cohomology to that of Lie groups, and the class of those groups whose co-
homology is an exterior algebra (it will be seen that this class is closed under
many useful operations); these topics are taken up in (3.1), (3.2) and (3.3),
respectively.

Note that, although we have restricted ourselves so far to compact con-
nected groups, many of the results of this section are true also for locally
compact connected groups, since a group of this kind is of the same homotopy
type as any of its maximal compact subgroups [9, §4.13].

(3.1) Consider the compact connected group G, and let H*(G; Z,) be its
cohomology algebra with coefficients in Z,, the prime field of characteristic p.

An old result of E. Cartan’s states that G is abelian if and only if
H*(G; Z,), the rational cohomology algebra of G, has no primitive elements of
degree 3 [5]. When p>0 the situation is more complicated; for instance, if
p=2, the result is no longer true; for the group SO; is not commutative al-
though its cohomology mod 2 has no primitive elements of degree 3. Thus
a good criterion for the commutativity of G must exclude more than the
primitive elements of degree 3. So let V, denote HY(G; Z,). Our first result is

THEOREM (3.1.1). The natural injection of V, in H*(G; Z,) extends to an
isomorphism of Hopf-algebras,o: E(V,)—H*(G; Z,), if and only if G is abelian.
It is also possible to obtain a criterion for G to be abelian in terms of

HY(G; Z). Let V stand for HY(G; Z); then the natural injection of V into
H*(G; Z) extends to a homomorphism of algebras

o: E(V) — H*(G; 2),

since the square of every element of H*(G; Z) of degree 1 is always zero. The
criterion is

COROLLARY (3.1.2). With the notation being as in the previous paragraph,
G 1s abelian if and only if o is an isomorphism.

Proof. Suppose that G is abelian. Then there is an inverse system of tori
{ T, dm} such that

G = lim T,.
(—
a

Denote H(T,, Z) by V,. Then the homomorphism ¢,: E(Ve) 2H*(T4; Z) is
an isomorphism for every a. We also know that
lim
V=V,
a
and, hence,

E(WV) = Jim E(V.).
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Therefore, o: E(V)—H*(G; Z) is an isomorphism.

Conversely, suppose that ¢: E(V)—H*(G; Z) is an isomorphism. Since
V=HY(G; Z) is free of torsion, it follows that E(V) is too. Hence H*(G; Z)
is free of torsion. Therefore, H*(G; Z,) = H*(G; 2) ® Z,; E(V Q® Z,)
=E(V)®Z,;and HY(G; Z,) = V®Z,. This means that o,: E(V,)—=H*(G; Z,)
is an isomorphism. By Theorem (3.1.1), G is abelian. Q.E.D.

(3.2) It is well known that for an arbitrary compact connected space X,
neither the vanishing of its cohomology groups in arbitrarily high dimensions,
nor the condition that it be finitely generated in every homogeneous dimen-
sion, constitutes sufficient reason for the finite-dimensionality of the space. If,
in addition, X is a group, it turns out that either of these conditions implies
the finite-dimensionality of X, except in very special cases. The following
theorem describes the situation completely.

THEOREM (3.2.1). Let G be a compact connected group and p, a prime. If G
is finite-dimensional, then there is an integer N such that

(i) HYG; Z,)=0, for all t> N, and

(ii) H*(G; Z,) is finitely generated in every homogeneous degree.

Conversely, if either (i) or (ii) is satisfied and no element of char(G°), the
character group of the connected component of the identity of the center of G, is
infinitely divisible by p, then G is finite-dimensional. (In particular, if p=0,
then (i) or (ii) will imply the finite-dimensionality of G.)

The restriction on char(G°) is necessary as shown by the following exam-
ple: let S! be the group of complex numbers z of absolute value 1, and con-
sider the inverse system,

Sl ol  f

R e R SR S
where f is the homomorphism taking 2 into 2? for some fixed prime p; the
inverse limit »_, is the so-called p-adic solenoid, and H*( Y ,; Z,) =0 for all
k>0. Put G equal to the cartesian product of D, with itself an infinite
number of times; then H*(G; Z,) is zero for all £>0, but G is not finite-
dimensional.
An easy corollary of Theorem (3.2.1) is the following.

COROLLARY (3.2.2). Let G be a compact connected group. Then, if there exist
an integer N such that H(G; Z) =0, for all > N, 1t follows that G is separable
metric.

There are certain distinctive properties that the integral cohomology
algebras of compact connected Lie groups have:e.g., the existence of a funda-
mental class and the freeness of the first integral cohomology groups. We shall
show that, among compact groups, only Lie groups exhibit these properties.
More precisely,
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ProrosiTION (3.2.3). Let G be a compact connected group. Then G is a Lie
group if and only if there exists an integer N such that H¥(G; Z) =0, for alli> N,
and H¥(G; Z)=Z. Further, N=dim G.

ProrosiTION (3.2.4). Let G be a compact connected group. Then G is a Lie
group if and only if there is an integer N such that H¥(G; Z) =0, for 1> N, and
H\(G; Z) is free.

Proofs for these propositions are given in (3.6).

(3.3) Let us consider now the following class of groups.

DerFIniTION (3.3.1). If p is a prime, we denote by €, the class of those
compact connected groups G such that H*(G; Z,) is generated by elements
of odd degree and height 2.

The Samelson-Leray Theorem [8, Theorem (4.10)] allows us to give an
alternative definition.

DEeFINITION (3.3.2). Let p be a prime and G, a compact connected group;
denote by V, the spaces of primitive elements of H*(G; Z,). By €, we denote
the class of compact connected groups G such that V, has no nontrivial ele-
ments of even degree and the natural injection of V,in H*(G; Z,) extends to
an isomorphism, ¢,: E(V,)—H*(G; Z,), of Hopf-algebras.

If G is a compact connected Lie group, then a result of Borel’s says that
it is in @, if and only if H*(G; Z) is free of p-torsion. The following result
summarizes the main properties of €,.

TuEOREM (3.3.3). The class C,, defined above, has the following properties:

(1) it contains all abelian groups;

(i) if GE @y, each closed connected invariant subgroup of G is in Cy;

(iii) if 1-K—>G—U—-1 1is exact and K and U are in C,, then G is in Cy;

(iv) if 1T >G> U—1 is exact, I is totally disconnected, G is compact con-
nected, and U is in Cp, then G is in C,.

(3.4) Before proceeding to the proofs of the results of the previous theo-
rems, we recall the results of E. Cartan and Van Kampen on the structure of
compact connected groups [11].

Denote by G* the connected component of the identity of the center of G;
and by G*, the closure of the commutator subgroup of G. Both G° and G*
are closed normal and connected subgroups of G; when G is finite-dimensional,
G is just the commutator subgroup of G. In general G* is larger. G* can be
represented in a unique way, up to an automorphism, in the form G*/D, where
G* is a product, in general infinite, of simple, simply-connected compact Lie
groups and D is a totally-disconnected subgroup of the center. Let us remark
that D is finite when the product is finite. Denote by G the group G* X Ge. Let
¥,: G*—G*/D =G" be the natural epimorphism. Define ¢,: G—G by putting
#4(%, y) =¥,(x) -y, where x, y are arbitrary elements of G* and G¢, respectively.
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Then ¢, is an epimorphism which, when restricted to the first factor, reduces
to ¥,, while it reduces to the identity when restricted to the second factor.

(3.5) We shall now prove Theorem (3.1.1). The proof that if G is abelian
then ¢: E(V,)—H*(G; Z,) is an isomorphism runs along the lines of the argu-
ment in (3.1.2); we therefore shall not reproduce it. So assume that o: E(V))
—H*(G; Z,) is defined and is an isomorphism of Hopf-algebras. Consider the
group G, described in (3.4), and its epimorphism, ¢,: G—G. Since ker ¢, is
totally disconnected, Theorem (2. 3.1) implies that ¥, the space of primitive
elements of H*(G; Z,), consists of one-dimensional elements only. Since, by
definition, G = (]]: G:) XG*, where each G; is a simple, simply-connected and
compact Lie group, to show that G is abelian we need only show that if the
first factor of G were not trivial, then 7, would have nontrivial elements of
degree 3. But this follows from the following proposition, which is an easy
consequence of a result of Bott and Samelson’s [2].

ProrosiTION (3.5.1). Suppose G is a simple, simply-connected and compact
Lie group. Then HYG; Z) #0 and consists entirely of primitive elements.

(3.6) For the proofs of the results of (3.2), we need the following lemmas.
Let G and U be compact connected groups, and let f: G—U be an epimor-
phism whose kernel is isomorphic to Z,. Since f is a homomorphism, ch(f) is
a sub-Hopf-algebra of H*(U) and im f* is a sub-Hopf-algebra of H*(G).
Therefore, by part (iii) of Theorem (2.2.1), we get the following two exact
sequences of Hopf-algebras and homomorphisms:

(Sy): 1—>ch(f) o H*{U)—>imf*—1,
(S2): 1—>imf*— H*G) — E(b, m) — 1.
Hence, by [8, Theorem (2.5)],
* H*(U) = cf(f) ® im f* as modules over ch(f), and
H*(G) = im f* ® E(b, m) as modules over im f*.

Notice that ch(f) has no nontrivial elements of degree greater than m. Hence,

LemMmA (3.6.1). If Hi(U; Z,) =0, for all 1> some integer N, then H(G; Z,)
=0, for all 1> N.

Suppose now that H*(G; Z,) and H*(U; Z,) are finitely generated in
every homogeneous degree. Write P,(G; t), Po(U; t), Pp(f; t), and Py(x; ¢)
for the Poincaré series of H*(G; Z,), H*(U; Z,), im f*, and ch(f), respectively;
i.e., P,(G;t) is the formal sum D_:z0 ait, where a;=rank H(G; Z,). Similarly
for P,(U; t), im f*, and ch(f). By the decomposition (*) given above we get

Py(U;t) = Py(x; 1) Py(f; 1),

and
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P,(G; 1) = Po(f; 8)- (1 + ™).
But
A+t +2+4 -+, if p =2,
A+p¢+e+ -+, ifp>2
and m=k—1 when p=2 and 2k—1 when p>2. Hence
LEMMA (3.6.2). Po(G; t) S P,(U; t).

Now we can proceed to give the proofs for (3.2).

Proof of Theorem (3.2.1). Suppose that G is a finite-dimensional compact
connected group. Then there is an epimorphism f: G— U where U is a compact
connected Lie group and ker f is totally disconnected. Factor f into an inverse
limit of epimorphisms with finite kernels and apply (3.6.1). This proves the
necessity of the assertion.

Next assume that H*(G; Z,) is finitely generated in every homogeneous
dimension. Observe that the following commutative diagram has exact rows:

1-G6—->G6GXGE—G6 —1
I l l

16— G —G'—>1,

P = {

where G* and G° have the same meaning given them in (3.4) and G* is a con-
nected abelian group. By Theorem (2.4.2), we know that H*(G*; Z,) is a
quotient of H*(G; Z,) and, hence, is finitely generated in every homogeneous
dimension. Applying (3.6.2) to the epimorphism ¥,: G*—G* (see (3.4)), we
get that H*(G*; Z,) is also finitely generated in every homogeneous dimen-
sion. Hence, by (3.5.1), G* is finite-dimensional. Similarly, H*(G*; Z,) is
finitely generated in eévery homogeneous dimension. If no element of H(G*; Z)
(which is, by a classical result, equal to char(G)) is infinitely divisible by 2,
it follows that char(G¢) is of finite rank and, hence, that G¢ is finite-dimen-
sional. Since both G* and G¢ are finite-dimensional, it follows that G itself is
finite-dimensional.

The proof of the fact that the vanishing of the cohomology groups mod p
of G in arbitrarily high dimensions, together with the condition on char(G¢),
imply the finite-dimensionality of G is similar. Q.E.D.

Proof of Corollary (3.2.2). Let G be a compact connected group, and sup-
pose that there exists an integer N such that Hi(G; Z) =0 for > N. Then the
universal coefficient theorem implies that H(G; Z,) =0 for ¢> N, where Z,
is the field of rational numbers. Thus, by Theorem (3.2.1), G is finite-dimen-
sional. First notice that, since G is compact, its metrisability follows as soon
as we establish its separability. So consider now the group G, associated with
G, and the epimorphism ¢,: G—G (see (3.4)). Since ¢, is an open map, to prove
that G is separable it is enough to prove that G itself is separable. By defini-



1962] COHOMOLOGY OF EXACT SEQUENCES OF COMPACT GROUPS 11

tion, G=G*X G, where G is a compact connected Lie group and G° is the
connected component of the center of G. Thus it is enough to show that G*
is separable or, equivalently, that char(G®) is countable. First, we know that
char(G°) is of finite rank, since G* is finite-dimensional. Hence char(G®) ® z Z,
is a finite-dimensional vector space over Z, and is, therefore, countable. Fur-
ther, since G° is connected, we know that char(G®) is free of torsion. Thus
the natural monomorphism Z—Z, induces a monomorphism char(G°)
—char(G%) ® z Zo. Therefore char(G?) is countable. Q.E.D.

Proof of Proposition (3.2.3). Let G be a compact connected group, and sup-
pose that there exists an integer N such that H{G; Z) =0, for all > N, and
H¥(G;Z)=_Z. First of all, Theorem (3.2.1) tells us that G is finite-dimensional.
Next, by the Peter-Weyl Theorem, G is the inverse limit of compact con-
nected Lie groups. Hence, there exists a compact connected Lie group G’ and
an epimorphism f: G—G’ with a totally disconnected kernel such that
f*: H¥(G'; Z)—H¥(G; Z) is an isomorphism. We can also find an inverse
system of compact connected Lie groups G,, and, for each «, an epimorphism
fa: Ge—G' with a finite kernel such that

lim lim
G=«—G, and «——f, =f.
[s 4 a

Therefore f.%: HY(G'; Z)—HY(G.; Z) is an isomorphism for all @, since f factors
through each G.. Hence, for all @ and every prime p, f&*: H¥(G'; Z,)
—H¥(G,; Z,) is an isomorphism. This implies that ker f,=1, for, otherwise, if
p divided the order of ker f., Theorem (2.2.1) would imply that the funda-
mental class of G. does not lie in im f2*. Q.E.D.

Proof of Proposition (3.2.4). Let G be a compact connected group, and
assume that there exists an integer N such that H¥G; Z) = {0}, for 1> N.
Suppose, moreover, that H'(G; Z) is free. Observe, first of all, that, by virtue
of Theorem (3.2.1), G is finite-dimensional. Hence H(G; Z) is finitely gener-
ated. Consider now the canonical group G associated with G, and let ¢,: G—G
be its natural epimorphism (see (3.4)). Then ker ¢, is finite, of order M, say.
We claim

LeMMA. A =HY(G; Z)/¢pXH'(G; Z) is a finite group.

Proof. Using the transfer homomorphism 7: HY(G; Z)—H'(G; Z) [4], we
see that ¢*: H'(G; Z)—H\(G; Z) is a monomorphism and that the order of
every element of HY(G; Z)/¢XH!(G; Z) divides M. Suppose now that p™ is
the highest power of p dividing M, where p is a prime. By tensoring the exact
sequence

*
0— H(G; 2) ﬁ»H!(c‘:; Z)—> A—0

by Z,™ we get the exact sequence
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*
0— Tor(4; Zm») — H\G; Z) ® z,,mf”——®—1> HYG;Z) ® Zym — A @ Zm —0.
Since HY(G; Z) is finitely generated and free, H'(G; Z) ® Z,» is isomorphic
to a finite direct sum of copies of Z,m and, hence, is finite. Hence Tor(4; Zm)
(which is the subgroup of 4 consisting of those elements whose orders divide
p™) is also finite. But p is an arbitrary prime dividing M. Hence 4 is finite.
Q.E.D.

Thus HY(G; Z) is a finitely generated free group. But H\(G; Z) = H'(G; Z),
where G° is the connected component of the center of G. Hence, HY(G*; Z)
and, thus, char(G°), is finitely generated and free. Hence G° is a torus. There-
fore, G is a Lie group, and, hence, G is a Lie group [11]. Q.E.D.

(3.7) We shall give here the proof of Theorem (3.3.3). Parts (i) and (iv)
of the theorem are portions of the statements of Theorems (3.1.1) and (2.3.1),
respectively; thus we need prove only (ii) and (iii). The latter is a consequence
of an essentially algebraic result regarding extensions of Hopf-algebras. If 4 is
a Hopf-algebra, we shall denote by p(A4) and ¢(4) the spaces of primitive
elements and indecomposable elements of A4, respectively [8, §3].

ProrosiTiON (3.7.1). Consider the exact sequence

; .
(S): 1——>A——>BZ+C—>1

of commutative, associative and connected Hopf-algebras over the field Z,. If
p(4)=q(A) and p(C) =q(C) and each has no nonzero elements of even degree,
then p(B) is isomorphic to q(B) and has no nonzero elements of even degree.
Moreover, the sequence

0— p(4) — p(B) — p(C) =0
1s exact.

Proof. The sequence (S) induces the following commutative ladder of
vector spaces with exact rows [8, Theorem (3.6)]:

0— p(4) — p(B) — (C)

L: el l el
q(4) — ¢(B) — ¢(C) — 0.

To prove the proposition it is enough, by [8, Theorem (4.10)], to show
that B is generated by elements of odd degree and height 2. So choose a
homomorphism a: C—B such that joa=1. Denote by L the subspace
1p(4)+ap(C). It is easy to see that the natural map B—B/B?=¢(B) maps
L on g(B);i.e., L generates B. Moreover, L contains no nontrivial elements of
even degree. We want to show that every element of L has height 2. Since the
case p> 2 gives no trouble, assume p = 2. In fact, it is just as easy to show that
every element of B has height 2. So suppose x ©B;. Then x is primitive and,
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hence, x? is also primitive. Thus x2=0, because p(B) has no nontrivial ele-
ments of even degree. Assume now that it has been shown that if x€B,, and
m<n, then x2=0. Take xEB,. Then, by the induction hypothesis, x? is
primitive. But deg x2? is even. Hence x?=0. Q.E.D.

It is clear that Proposition (3.7.1) implies part (iii) of Theorem (3.3.3).
So let us now turn to the proof of part (ii). As a first step, we assert

ProrosITION (3.7.2). Let G be a compact connected group. Then G is in C,
if and only if G* is in @, (see (3.4)).

Proof. Consider the commutative diagram
1-56'>GXG—-G —1
% I !

16— G —G'—>1

and apply Theorem (2.4.2).

Now suppose G is a compact connected group in €,, and let K be an in-
variant subgroup of G. By (3.7.2), K€ @, if and only if K*& €,. So consider
the following commutative diagram of compact connected groups and homo-
morphisms (see (3.4)):

A A
1> K —>G -G /R -1

D: i ¥ )
1-K*—>G*—> G /K*— 1.

Dividing the upper row by the subgroup I'v =ker ¢, K, we get

1—R— G —G*/K*—1
! ! I

1—K*—GY/Tw—G/R*—1
I ! 1

1—K*— G* — G*/K*— 1.

The middle row splits, and G*/T.Ee,, by Theorem (2.3.1) and Proposi-
tion (3.7.2). Hence K*€¢,. Q.E.D.

4. The category of principal fibre spaces. The main purpose of this and
the succeeding sections is to set the stage for the proofs of §2. The category of
principal fibre spaces is described briefly, and a few simple propositions about
this category will be formulated. They will be used in §5.

(4.1) We shall limit ourselves to Hausdorff spaces and compact groups
throughout. So let E be a Hausdorff space and G, a compact group. Recall
that G is said to act on E if and only if there exists a continuous map,
¢: EXG—E, such that for all x€E, ¢(x, 1) =x where 1EG is the identity and
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o(x, gg') =p(d(x, g), g') for all g, ¢’ EG. If, in addition, ¢(x, g) #x whenever
g#1EG, the action is said to be free. In this case E is called a principal fibre
space for G. Denote the decomposition space E/G by B, and the natural map
E—B by f. B is a Hausdorff space, and it is called the base, while f is called
the fibre map. Of course f need not satisfy the covering homotopy theorem.
This is all right because we shall be using the Leray spectral sequence.

The objects of the category ®F are the triples (E, ¢, G), where E is a prin-
cipal fibre space for G. A map of (E, ¢, G) into (E’, ¢’, G') is a pair of maps
(s, N), where p: E—E’ and N\: G—G’ is a homomorphism such that go ¢
=¢’ o (uXN). Instead of (E, ¢, G) itis sometimes convenient to write f: E—B,
where B is the base space and f, the fibre map.

ExampLEs (4.1.1). (i) The principal fibre bundles belong to ®F.

(ii) The total space is a topological group G; the group is a compact sub-
group K; and the action is by translation on the right. Write (G, ¢, K) for
this fibre space. B is G/K. Such fibrations need not be locally trivial. For
example, suppose G’ is a compact connected Lie group and K’, a closed sub-
group of G’ such that the fibre bundle G'—>G’/K’ is not trivial. Denote by G
the cartesian product of G’ with itself infinitely many times; and by K, the
cartesian product of K’ with itself as many times. Then the fibration for which
the total space is G and for which the group is K acting on G coordinatewise
is not locally trivial.

(iii) Let G be a compact group, and assume that I' is a finite abelian sub-
group of G. Denote by E the infinite join of I" with itself. With the weak topol-
ogy, E is a regular CW-complex which serves as a locally trivial fibre bundle
for T. Put E/T'=B. Consider now the space EXr G, i.e., the decomposition
space EXG/T where I' is made to act on EXG via the diagonal map. Then
the multiplication on G, ¢: GXG—G, induces a mapping 1X¢: EXGXG
—EXG which passes to a mapping 1Xr¢: (EXrG)XG—EXr G. In this
fashion EXr G becomes a principal fibre space for G. Moreover, EXr G/G
=B, and the fibre map EXr G—B is just the map 8: EXr G—B induced
by the composition of the projection EXG—E and the locally trivial fibring
E—B. We shall write (EXr G, 1 Xr ¢, G) for this fibre space.

Let {(Ea, ¢, Ga) |a€J } be a set of principal fibre spaces. Then E= I1. E.
is a principal fibre space for G = [ ] Ga, the action being defined by ¢ = 11 ¢e.
Thus

(4.1.2) The category ®F is closed under infinite products.

It is just as easy to prove that:

(4.1.3) The category ®F is closed under inverse limits, and the functor
which assigns B=E/G to (E, ¢, G) is continuous when restricted to the sub-
category of fibrations for which the total spaces are compact.

(4.2) The examples of (4.1.1) are the fibrations which occur in our work.
Those which are locally trivial and fibred by compact Lie groups are the best
behaved. We shall see that the other examples are just as nice.
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PROPOSITION (4.2.1). Consider the fibration (G, ¢, K) where G is a compact
group; K, a closed subgroup of G; and K acts on G by translations on the right
(see (ii) of (4.1.1)). Then (G, ¢, K) is the inverse limit of fibrations of compact
Lie groups by closed subgroups.

The proof is a fairly simple application of the Peter-Weyl Theorem.

5. Spectral sequences and Leray’s operators. Let f: E—B be a principal
fibre space for the compact connected group G, and let Z, be the prime field
of characteristic p. It will be tacitly assumed, unless otherwise mentioned,
that the cohomology groups have their coefficients in Z,. Consider the co-
homology spectral sequence {E,( ), r;Z} of the map f. For its definition
and functorial properties see [6, §4.17]. Recall that

Ex(f) = H*(B; 3%(G)),

where the cohomology theory used is the sheaf-theoretic one with closed sup-
ports, and the sheaf of coefficients 3¢*(G) is the sheaf generated by the pre-
sheaf which assigns to an open set VCB the group H*(f~1V). This spectral
sequence is, however, of little use unless we know that (i) the Cech cohomol-
ogy groups of E and B agree with their sheaf-theoretic cohomology with
closed supports and (ii) the sheaf 3¢*(G) has the cohomology groups of the
fibres for stalks and is simple and E,(f) = H*(B) @ H*(G). The propositions
of (5.1) and (5.2) below will prove (i) and (ii) for the fibre spaces needed for
the proof of our main results.

The latter part of this section is devoted to the description of the oper-
ators of Leray. Our exposition, like that of [1], depends on the solution of a
problem of the Kiinneth type: namely, the relating of E.(f) and E.(f') with
E.(fXf"), where fXf': EXE'—BXUB’ is the product of the fibrations f: E—»B
and f’: E'—B’. This is done in (5.3).

(5.1) Let G be a compact connected group and T', a finite abelian subgroup
of G; and write U for the coset space G/T' and f for the natural map G—U.
Suppose also that y: E—B is Milnor's «-universal fibre bundle for T' [7].
Recall that E and B are countable regular CW-complexes. Thus EXG is
regular and, hence, paracompact, since it is the countable union of countable
compact subsets, namely EXG=U, E*»XG, where E* is the join of T with it-
self (n+1) times. Make T" act on the product EXG via the diagonal map; as
in (4.1.1), denote by EXr G the decomposition space (EXG)/T. Consider
next the commutative diagram,

a g
G—E X G—E
fl& ) 5 by

U(—EXPG—)B ,

where @ and B are induced by the projections a and B.
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ProrosiTION (5.1.1). The induced cohomology map
a*: H*(U) — H*(E X1G)
is an isomorphism of algebras.

The proof makes use of the spectral sequence { E,(a), 7= 2} of the locally-
trivial fibration a: EXr G—>U=G/T. As is well known E,=H*(B; 3*(E))
[6, §4.17]. By the local triviality of &, the paracompactness of EXr G, and
the contractibility of E, it follows that 3¢%(E),=0 if ¢>0 and =Z, if ¢=0
where 3C*(E), is the stalk of 3¢*(E) at any x& U. Hence E3**=0 if ¢#0, and
=H*(B, 3°(E)), for ¢=0. Thus we need only show

LeMMA. 3C(E) is a simple sheaf over U.

Proof. Since I' is finite, it is easy to find a compact connected Lie group
Gs and an epimorphism ¢s: G—Gs such that ¢3|T is an isomorphism. Put
¢s(I") =T's CGs. @5 induces the commutative diagram,

EXr G — E; X1y Gy

{ l
G/T LN Gi/Ts

where E; is the «-universal bundle for T's. We know that 3¢°(E;) is a simple
sheaf over G;/T's. But @; induces an isomorphism between the induced sheaf
33C°(E;) and 3¢°(E). Hence the lemma. Q.E.D.

ProrosiTION (5.1.2). The spectral sequence {E,(B), rg2} of the fibration
B: EXr G—B has the following properties:

(i) the sheaf 3¢*(G) is isomorphic to the simple sheaf whose stalk is H*(G);
and

(i) E2(B)=H*(B)®H*(G).

(i) is a consequence of the local triviality of 8 and the connectedness of
G, whereas (ii) follows from the fact that H*(B) is finitely generated.

(5.2) Let G be a compact connected group, and let K be a connected,
normal, and closed subgroup of G. Put G/K = U, and let f be the canonical
map f: G—U.

PRrOPOSITION (5.2.1). In the spectral sequence {E,(f), rgZ} of the epimor-
phism f: G—U, the sheaf of fibres 3*(K) is simple and E,(f) = H*(U) @ H*(K).

To prove the proposition, we represent J¢*(K) as a direct limit of simple
sheaves. The essential fact is that f: G—U is an inverse limit of fibrations of
Lie groups by Lie groups (see (4.2.1)). So let {(E., ¢a, Ga), «CJ } be an in-
verse system of principal fibre spaces. Denote E,/G. by B, and the natural
maps E,—B. by f.. Assume that, for every «, E, is compact, B, is a complex,
and fq: E,—B, is locally trivial. Let
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(E, ¢, G) = lim (Eq, ¢a, Ga),
(_——

a

and write B and E/G for f, for the natural map B—B, induced by u,.: E—E,.
Recall that
B = lim B,,
—
a

and that the sheaf 3¢*(G.), defined by the cohomology of the fibres of f.
over B,, is simple; it is naturally isomorphic to the simple sheaf L/, whose
stalk is H*(G.). Denote the sheaf 3¢*(G,) by £, and the sheaf g*&£., in-
duced by f,, by £.. Then the mappings p.s: E«—Eg induce in a natural way
a mapping of sheaves f.5:£,—£5. Thus,

PROPOSITION (5.2.2). The system { £a, fas, @, BEJT} is a direct system of
sheaves over B.

Observe that each £, is isomorphic to the simple sheaf giL, = L,.
PrOPOSITION (5.2.3). The direct limit

£ = lim £,
—
a

is naturally isomorphic to the sheaf 3*(G). In particular, 3*(G) is simple, with
stalk H*(G).

It is not hard to construct a continuous mapping £—3*(G) which is an
isomorphism on the stalks. Just as easily it can be shown that the direct
limit of simple sheaves over a connected space is simple.

(5.3) Suppose now that f: X—Y and f': X'—>Y’ are fibre maps. Then
fXf': XXX'—-Y XY is also a fibre map. Assume that the underlying ring of
coefficients is R. Consider E.(f) ® E.(f"), the tensor product of the spectral
sequence of f with the spectral sequence of f’, and give it the usual product
differential and gradation. We wish to define a map ¥,:E.(f) ®E.(f")
—E.(fXf'), r=2, of differential graded R-modules. We follow the notation
of [6].

(5.3.1) First we give a natural map of sheaves

a: £ @ £% > (f X f)+(C*(X; R) & €*(X'; R)) = 0%, |
where £* and £'* are fuC*(X; R) and f¥ €*(X’; R), respectively. Recall
£*® £'* is generated by the presheaf which assigns to an open set UX V of
Y X Y’ the R-module £*(U)®r £ *(V)=*(X; R)(fU)®@C*(X'; R)(f'~'V).
The latter module is included in
(€*(X; R) ® e*(X'; R)(f X f)™(U X V)

= (f X f)+(C*X; R) & c*(X'; R)(U X V).
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Then, by definition, « is the map induced by this inclusion.

(5.3.2) Put am*=(fXf(C*(XXX’'; R)), and consider the cartesian
product map [6, §6],

8: €*(X; R) ® €*(X’; R) — €*(X X X'; R).

Then fXf’ induces the map (fo’)*(a):Ao*—»mz*.

(5.3.3) Let u=C*(a) 0 &: €*(Y; £ @C*(Y'; £'*)—e* (Y X Y’; #*) be the
composition of the cartesian product map & [6, §6] and the map €*(a) in-
duced by a. Then

A= CH(f X f)(8)) ou: €X(V; £¥) ® CH(IY'; £*%) — e*(¥ X V'; %),
A, on the other hand, induces a map
Y:C*(Y; £%) @ CHY'; £'*) —» C*(Y X YV';9*)

of the global sections. Notice that y is a map of filtered graded modules. Thus,

PROPOSITION (5.3.4). With the notation as above, Y induces, for every r such
that 25r < =,

¥ (f X)) Ef) ® Ef) = Ef X f),

a homomorphism of differential graded modules. Furthermore, Yra(fXf) s
induced by ¥.(fXf).

ProposITION (5.3.5). Suppose that the sheaves 3*(G; R) and 3*(G'; R)
are simple and R is a field. Assume further that either Y and Y’ are compact, or
H*(Y; R), H*(Y’; R) and H*(Y X Y’; R) are finitely generated in every homo-
geneous dimension. Then Y.(f Xf'): E.(f) @ E.(f)—E,(f Xf') is an isomorphism
of algebras, for all r=2.

First we need

LEMMA (5.3.6). The sheaf of coefficients 3¢*(GXG’) over YX Y’ is simple
whenever 3¢*(G) over Y and 3¢*(G') over Y' are both simple.

The proof of the lemma is not difficult and will be left to the reader. Then
the usual universal coefficient theorem implies that ¥s(fXf’): Eo(f) @ Eo(f')
—E,(fX{’) is an isomorphism of graded vector spaces. Hence ¥,(fXf’) is also
an isomorphism for all » =2, To prove that they are isomorphisms of algebras
it is enough to examine the diagram (D,) following

£ @ B @ B 0 B2 2¥T b 15y 0 B x 1)
Ve @Yl Toy, vl
E(f Xf) ® E.(f' X[ — E(fXf'XfXf)
i el . XNl

E.(f) ® E(f) > E(f X))



1962 COHOMOLOGY OF EXACT SEQUENCES OF COMPACT GROUPS 19

where T is the usual “twisting” and d(f) is the map induced by the diagonal
map f—fXf.

In (D;) the upper diagram is commutative because of the commutavity
and associativity of the cartesian product. The lower diagram, on the other
hand, is commutative because of the naturality of the cartesian product.
Since (D,) is the derived diagram of (D,.1), the result follows immediately.
Q.E.D.

(5.4) Let f: E—B be a principal fibre space for the compact connected
group. Assume further that either B is compact or H*(B; Z,) is finitely gener-
ated in every homogeneous dimension. We also assume that 3¢*(G) is simple
over B. Thus E3**(f) =H*(B; Z,)  H*(G; Z,). Since G acts freely on E, we
get the commutative diagram

EXG — E

Xl If
B X{b}—)B,

where f' is the constant map. This induces a homomorphism of algebras,
¢.: E.(f)—E(f) H*(G) by (5.3.5). Observe that ¢, restricted to the fibre
H*(G) is merely the diagonal map in the Hopf-algebra H*(G).
DerFINITION (5.4.1). Let u#E€EH4(G;R)=Hom(H*(G;R);R). Put ¥,
=(1Q®u) 0 ¢r: E.(f)—E,(f). J,is called the Leray operator corresponding to «.
The following two propositions sum up the main properties of these oper-
ators.

PROPOSITION (5.4.2). For all r=2 and uEHy(G):

(1) &y is a homomorphism of vector spaces;

(ii) Oy: E»9—E ¢! where uEH;(G);

(iii) ¢, 0d,=d, 09,

(iv) #y 0 K41 =K74; 0Py, where x’ 71 15 the map taking the cocycles of E, in
Er+11

(v) let bQgEEF*(f)=H*(B)@H*(G); then if uE Hy(G), it follows that

The proofs are very simple.
Next we shall prove the following fundamental proposition.

ProPoOSITION (5.4.3). Consider the spectral sequence {E,(j), rgz} of the
principal fibration f: E—B. Assume that Eo(f)= - - - =E,(f). Then if
dy: E&*~'—E is trivial, it follows that the differential operator d, is trivial and,
hence, E,(f) = E.a(f).

Proof. Since E,(f) =E.(f)=H*(G)® H*(G) and d, is a derivation, it is
enough to prove that d, restricted to H*(G) is trivial. So take 2& H*(G). Then

* di(2) = E b; ® gy
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with b,&EH*(B) and g;€H"**+'(G); we can assume that the g;'s are linearly
independent over Z,. Complete the set {g;} to a basis S of H*(G). Choose
some #;E H, ,,1(G) such that u.(g;) =1 and »;(x) =0 for all x>g;ES. Then
by (5.4.2) we get

() = T b ® 9u ().

But d.,(g)) =0 if g;#g:. To see this, let ¢,(z;) =g;®1+1®g+ 2« g,®g)/,
where deg g;,, deg gj, <deg g;. Henced, (g;) =1if j=4, and =0 if j#4. Thus

d,(34,)(2)) = du;(di2) = b..

But ¢,,(2) EH*}(G); therefore d,(.,(2)) =bi=0. We can repeat this pro-
cedure for every element b; appearing in the sum (*). Thus d,(z) =0. Q.E.D.

6. Proof of Theorem (2.2.1). We shall assume here that the domain of
coefficients for cohomology is Z,, the prime field of characteristic p. Let G
be a compact connected group and I' a subgroup isomorphic to Z,, where n
is some integer greater than, or equal to, 1. Consider the natural map f: G—»U
=G/T and the space E X r G which it defines (see (5.1)). There are two natu-
rally defined locally trivial fibrations: a: EXr G—U and B: EXrG—B.
Proposition (5.1.1) implies that &a*: H*(U)—H*(EXr G) is an isomorphism
of the Cech cohomology algebras. Moreover, by Proposition (5.1.2), we know
that in the spectral sequence { E,(B), r=2},

E.(B) = H*(B) ® H*(G).

It is understood, of course, that an arbitrary imbedding 7: G=EXr G of G
as a fibre has been chosen and that the sheaf 3¢*(G) is identified with H*(G)
by means of this imbedding. As is well known, f*=1* 0 a* and a*~! o f*=x*,
where x is that mapping of U in B inducing the fibration f: G—U. Thus, the
proof of Theorem (2.2.1) is reduced to the analysis of the sequence
{E,(B),r=2}. We shall do that for the case p>2, the other case being similar.
The proof is a consequence of the following lemmas.

LeMMA (6.1). ch(f) = E(x, 1) @ P(y, 2)/(¥*), where k is some positive integer.

Proof. Put £=x*(x) and $=x*(y) and observe first of all that the element
3 of H*(G/T) is nilpotent because G/T' is compact. Thus there exists a Lie
group G’ and an epimorphism ¢: G—G’ such that (i) ¢ restricted to I is an
isomorphism and (ii) ¢* maps the characteristic ring of the fibrations
G'—G'/¢(I") isomorphically onto the characteristic ring of the fibration
G—G/T. Thus, we need prove Lemma (6.1) only for the case when G is a Lie
group. So we assume that G is a Lie group and choose a circle subgroup S of G
containing I'. Consider a universal bundle \: E3—Bg for G. Since I' is a sub-
group of G, we obtain in a well-known manner the following commutative
diagram:
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i
EG——"y Br—— G/T
Ao
Be
where Br=Eg/T, p and » are fibrations, and ¢ is the inclusion map of the

fibre G/T. Observe that 7 can be taken as the classifying map for the fibration

f:G—G/T. Hence im i*=ch(f). Similarly, the inclusion SCG induces the
commutative diagram

5 .
Eo—’Bs‘]_‘ G/S

A lp
Bg

Again j can be taken as the classifying map for #: G—G/S, and thus im j* is
equal to the characteristic algebra of k; that is, im j*=ch(k). Now since T

is a subgroup of S, u factors through Bg, and we get the commutative dia-
gram:

1
G/T —— Br

G'/g ‘1!'\K‘Ba
NN %

G/Ss —1 . Bg

Consider the fibration 7: Br—Bg, whose fibre is S/T'. Observe that S/T is
totally nonhomologous to zero mod p in Br. By naturality, S/T is also totally
nonhomologous to zero mod p in G/I'. Hence the spectral sequence
{E.(g), r=2}, of the fibration g is trivial; i.e.,

H*(G/S) ® H*(S/T) = Es(g) = Eu(g).

To finish the proof, observe that ch(k)=P(y’, 2)/(¥'¥), where y'=j3*(y).
Thus, in H*(G/T), =0 but $#15#0. Also £5*~'#0 in H*(G/T), since it is
so in Ej(g), and Ex(g) = E.(g) = E«(H*(G/T)). Q.E.D.

LeMMA (6.2). Suppose T is invariant in G. Then ch(f) is a sub-Hopf-
algebra of H*(U), primitively generated by x*(x) and x*(y). Moreover, x*(y)
has height p* for some integer s20, and ker x* is the ideal of H*(B) generated
by y*'.
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Proof. Since T is abelian, the mapping ¢: I'XI'—T" defining the multipli-
cation on I' is a homomorphism. Hence ¢ induces H-structures on E and B
with respect to which v is a homomorphism of H-spaces. Observe that T' is
central in G, since it is invariant and discrete. Hence the H-structure on E,
together with the multiplication on G, induces an H-structure on EXr G,
and the mappings @ and B are homomorphisms of H-spaces. Thus H*(EXr G)
and H*(B) are Hopf-algebras, and a* and f* are homomorphisms of Hopf-
algebras. Recall that x and y are primitive elements of H*(B). Hence x*(x)
and x*(y) are primitive elements of H*(U), since a* and g* are homomor-
phisms of Hopf-algebras. The rest follows from standard facts on Hopf-
algebras. Q.E.D.

(6.1) and (6.2) imply the first part of the theorem.

LeEMMA (6.3). Suppose k is the integer defined in Lemma (6.1). Then da
1s the first nontrivial differential operator of {E,(E), rz.Z} and is an epimor-
phism of H*=1(G) = E32*~" onto H*(B) = E%°. Hence there exists an element b
in H*=Y(G) such that da(b) = y*.

Proof. If k=1, then x*(y) =0, and the lemma is true. So assume £>1. By
(6.1), do: E¥'—0E E2°. Proposition (5.4.3) implies d2=0. A simple induction
argument completes the proof of the first part. The second part is clear.
Q.E.D.

LEMMA (6.4). H*(G)=L® {b}, where {b} is the module generated by b, and
L 1s the part of the kernel of d that lies tn H*(G).

Proof. Take an element x € H*(G). Then da(x) =y*®x', where x' € H*(G).
Now, since 0=dz(x) =y*dx(x’), and since multiplication by y* is a mono-
morphism of Ey, it follows that da(x’) =0. Therefore x —bx’ &L, and, hence,
H*(G) is generated by L and b. To prove H¥*(G) =L ® {b} , take xE€L. Then
da(xb) =y*®x, and, therefore, xb=0 if and only if x=0. Q.E.D.

Notice that b has odd degree when p>2. Hence 5?2=0. If p =2, degree b
need neither be odd nor 52=0. We can say only that b*€L, for du(b?)
=2bda%(b) =0.

LeMMA (6.5). Ex1(B) =(E(x, 1) ®P(y, 2)/(¥*)) ® L, where L is as in (6.4).

Proof. By (6.4), the group of coboundaries of Ey is the ideal generated
by b. Therefore it is enough to show that the cocycles are the elements of
(E(x, 1) ® P(y, 2)) ® L*. The elements of the latter group are clearly cocycles.
To prove that they are all the cocycles there are, take 2& Eq. Then 2=3'®2/,
or xy'®z', where s’ € H*(G). Assume zis a cocycle. If z=xy'®2’, then 0=dx(z)
=xdu(yi®3’); but du(y'®2) EELT** and multiplication by x is a mono-
morphism of EXt%**in ER*#*%* Hence du(y'®3’) =0; thus we may just as
well assume that z=9*®3z’. In this case a similar argument shows that zis a
cocycle if and only if 2’ & L. Hence dx(z) =0 implies that zE E(x, 1) @ P(y, 2)
®L. Q.E.D.
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Let us observe that im 7* CL. We shall show
LEMMA (6.6). im 1*=L,
Proof. It is enough to prove that
™ forallz € L, d.(x) = 0, forr = 2.

Since the first nontrivial differential operator is dy, (*) holds when 2<r
=<2k—1. By definition, dy% =0 on L. Finally, Lemma (6.5) shows that no non-
trivial elements exist when the base degree is greater than or equal to 2k.
Thus (*) holds also when »=2k+1. Q.E.D.

Hence E.(B)=(E(x,1)®P(»,2)/(»¥))*®im ¢* This implies that
H*(U) /ch(f) =im f*. Finally, by (6.4), H*(G) /im f*=E(b, 2k—1), where
E(b, 2k—1) is the exterior algebra on the element b whose degree is 2k —1.
Notice that 52=0. This finishes the proof of Theorem (2.2.1).

7. Proof of Theorem (2.3.1). Let the notation be as in (2.3), and suppose

(7.1) Case1.T =2,

Since T' is invariant in G, ch(f) is a sub-Hopf-algebra of H*(U), as follows
from (6.2). By Theorem (2.2.1) we get the following exact sequence of Hopf-
algebras:

f*
(S): 1 - ch(f) » H¥(U) > H*(G) — E(}, 2k — 1) > 1.
Now im f* is a sub-Hopf-algebra of H*(G); hence (S;) is equivalent to the
following two exact sequences of Hopf-algebras and homomorphisms:

(S{): 1—ch(f) = H*(U) -f:imf* -1,
(S{"): 1 imf*— H*G) — E(, 2k — 1) — 1.

Let us write V; and L; for the spaces of primitive elements and indecom-
posable elements, respectively, of im f*. Similarly, let V, and L, stand for
the corresponding spaces of ch(f). Now we shall proceed to examine (Sf) and
(Si").

LemMA (7.1.1). ch(f) =P(y, 1)/ (y?), when p=2, and =E(x, 1), when p > 2.
Proof. (S{) induces the following sequence of primitive elements [8]:
0—->Vy—>V.—oV,

By assumption, V, contains no nontrivial elements of even degree; therefore,
the same is true of V,. This is enough to imply the lemma; for, if p=2, V.
is generated by the 2-powers of y, ¥, ¥, - - -, which are all, except for y, of
even degree and, hence, y2=0. Similarly for p>2. Q.E.D.

By assumption, H*(U) is generated by elements of odd degree and height
2. Hence the same is true of im f* So the Samelson-Leray Theorem [8,
Theorem (4.10) ] implies that
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LeEmMA (7.1.2). The natural mapping of Vy—L; is an isomorphism.

Thus, by (7.1.2), (S{’) states that H*(G) is an extension of an exterior
algebra by an exterior algebra. This is a situation we examined in (3.7.1).
Therefore we conclude the first part of (2.3.1):

(7.1.3) The natural mapping V,—H*(G) extends to an isomorphism
aq: E(V,)—H*(G) of Hopf-algebras. Moreover, the sequence of primitive
spaces,

0—-V,— V,—»{b} — 0,

is exact.
Similarly, by (7.1.1) and (7.1.2), we conclude that
(7.1.4) The sequence of primitive spaces,

0-—){x}——>V,,—'i>V,—>O,

induced by (S{), is exact.

Now, to finish the proof of (2.3.1) in the case when I'=Z,, notice that
(7.1.4) implies that ker f C V%, the subspace consisting of elements of degree 1,
while (7.1.3) implies that coker f= V,/V; consists of elements of degree 1.
Both imply that rank Vy=rank V,.

(7.2) Case 2. 7T is a finite abelian group.

In this case the epimorphism f: G—U can be factored into “cyclic” epi-
morphisms; i.e., there is a finite chain of compact connected groups,

G=Goé’Gl'f;l>Gz—" . '&Gn= U,

such that I';=ker f;, for all 7, is cyclic of prime order,and f=f, 0 - - - 0 f1 0 fo.
If the order of I'; is a prime, g7p, then f¥ is an isomorphism. If it is p, apply
Case 1.

(7.3) Case 3. T is totally disconnected.

The argument is similar to that of Case 2: factor f into an inverse system
of “finite” epimorphisms. Q.E.D.

8. Proof of Theorem (2.4.1). Let

@:IaKiGLUal

be an exact sequence of compact connected groups and homomorphisms. By
the results of §4, f is a principal fibre map. By Proposition (5.2.1), the sheaf
3¢*(K) is simple and

Ey(f) = E*(U) ® H*(K).

(i) Suppose that :*: H*(G)—H*(K) is an epimorphism. Then the differ-
ential operators ds, ds, + - - of {E,(f), r%Z} are all trivial. Hence,
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E, = E, = H¥(U) ® H*(K).
Thus f* is a monomorphism, and H*(K) = H*(G) /f*H*(U).
(ii) Conversely, assume f*: H*(U)—H*(G) is a monomorphism. Then

2,0

&y’ H'(K) = Ey' — H'(U) = E
is the zero homomorphism. Thus, by Proposition (5.4.3), d2=0 on all of E,,
and E2=E3.
Now, by an obvious induction, E,=E,=H*(U) @ H*(K). Hence, ¢* is an
epimorphism, and H*(K) = H*(G) /f*H*(U). Q.E.D.
9. Proof of Theorem (2.4.2). Let
il f/
1K' ->5G>U -1
C: l bk l« () l bu
i f
1-K-G->U—1

be a commutative diagram of compact connected groups and homomor-
phisms; the rows are exact, while the vertical maps are epimorphisms with
totally disconnected kernels. Let us consider the cohomology diagram C*
induced by C:
f'* il*
1— H¥(U’) —> H*(G') —/ H*K')—> 1
C*: T o K2 T o

1—— H*(U) —f*—> H*(G) ié H¥(K) —> 1.

In order to prove (2.4.2) we shall assume the lower (upper) row of C* is
exact and then investigate when the upper (lower) row is also exact. First we
prove

PROPOSITION (9.1). Suppose that ker $,NK' = {1} ; if f* is a monomorphism,
then f'* is also a monomorphism.

The proof is a simple application of Theorem (2.4.1).
Assume now that

i': ker ¢ ~ ker ¢, = Z,.

Thus ker ¢, =1, or, equivalently, ¢, =identity. It is easy to see that the left
part of diagram C leads to the following commutative diagram:
1:*
H*(G) — H*(K)
X' T TXk*
H*(B):—H*(B)
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where B is the base space of the classifying bundle of Z, (see (4.1.1)) and
x# and x* are the characteristic maps of ¢ and ¢,, respectively. Thus * maps
ch(¢,) onto ch(¢:). For notational convenience, let x,=x.5(x), ¥,=x*(»), and
let x; and ¥, have similar meanings. Then, by Theorem (2.2.1),

ch(¢o) = P(ys, 1)/(y%), ifp =2, and
= E(%, 1) @ P(y,, 2)/(9%), ifp> 2,

while

ch(gr) = Py, 1)/(y™), if p =2, and
= E(x, 1) ® Py, 2)/(y™), it p> 2.

Moreover, I, and I, are p-powers. For notational convenience, put s=1I; if
p=2,and s=2 if p>2:and putt=I,if p=2,and t=2/,if p>2. Observe that
s=t, since ¢* maps ch(¢,) onto ch(¢x). The result we seek is

PROPOSITION (9.2). Let the notation be as in the previous paragraph. Sup-
pose that i* is an epimorphism and ker ¢ =ker ¢py=2,:

(i) ker f"*=(2) CH*(U')=H*(U), where (2) is the ideal generated by the
element z which satisfies the relation f*(z) =y*C H*(G);

(ii) ker ¢'* s the ideal generated by an element & H=(G') and the elements
of positive degree in im f'*;

(iii) im #'*=im ¢.*.

COROLLARY (9.2.1). Consider the diagram C, and suppose i* is an epimor-
phism or, equivalently, f* is a monomorphism. Then if H*(U) is generated by
elements of odd degree and height 2 and i: ker ¢r—ker ¢, is an isomorphism, it
follows that f'* is also a monomorphism. In particular, H*(G') /f *H*(U")
=H*(K') as an algebra.

Proof. (Case 1) ker ¢ =ker ¢p,=2Z,.

Since I is a power of p, the fact that y, is a primitive element in H*(G)
implies that y% is also primitive. As f* is a monomorphism, (9.2) implies that
f*lyr=2EH*(U) is also primitive. Observe that deg z is even. But the
Samelson-Leray Theorem implies that H*(U) has no nonzero primitive ele-
ments of even degree. Hence 2=0, and thus ker f'* = (z) =0, i.e., f’* is a mono-
morphism. The rest follows by Theorem (2.4.1).

(Cases 2 and 3) These are when ker ¢.=ker ¢,=a finite group and a
totally disconnected group, respectively; they can be reduced to Case 1 (see
§7). Q.E.D.

Let us assume Proposition (9.2) for the moment and use it for the

Proof of Theorem (2.4.2). Let

1 f
1 K->G>U—-1

be an exact sequence of compact connected groups and homomorphisms. Con-
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sider the following diagram of compact connected groups and homomor-
phisms:

L1 .

1—>K—>G£>G/K—~>1

(A): ld’k Lo Lo
1——>K—z->G——>U——>1,

where K and G are the canonical groups associated with K and G, respec-
tively, while ¢, and ¢, are the homomorphisms that go with them (see (3.4));
#., on the other hand, is induced by ¢,. Recall that G= []; G;XG*, where
each G, is a simply connected and compact Lie group and G* is the connected
component of the identity of the center of G. Put D;=the projection of
ker ¢, on G; and D¢ = the projection of ker ¢, on G. Finally, form []; D;X D¢,
and denote it by D. Consider now a new diagram, (A*) say, induced by (A):

15K56Hv—1

(A%): Iee Lee 1o
15 K- G-G/K—1,
where G=G/D, p, is the map induced by the natural projection G—G/D,

K=im(p, 0 3), and p, is the map induced by p,. (A*), in its turn, induces
ks

15K 61 v—1
lee ] 3
(A*): 15 K >G/A— U —1
l " l l Pu
1-K— G—G/Kk-1,
where Ay=ker p. The third row induces the following exact sequence of
Hopf-algebras and homomorphisms:
(Ss): 1 H*K) — H*(G) « H*(G/K) « 1.
Proposition (9.1) implies that the sequence
(S): 1 H*(K) < H*(G/Ay) «— H*(U) « 1
is exact; and, finally, Corollary (9.2.1) implies that the desired sequence

1 — H*(K) <—i*H*(G) L H*(U) 1

is exact. Q.E.D.
(9.3) We shall give now the proof of Proposition (9.2) in the form of
lemmas,
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LeMMA (9.3.1). There is an element z in H*(U) such that f*(z) =y

Proof. Since * maps ch(¢,) onto ch(¢:) taking x, to x;x and y, to yu, it
follows that 1*(y*) =0 in H*(K). But I, is a power of p, and y, is primitive.
Thus, by the exactness of the sequence of primitive elements [8, Theorem
3.6)],

>k

1
00— Vuf;’* Vg_) Vk,

we get a primitive element z in H*(U) such that f*(z) =yt Q.E.D.

The first part of the following lemma follows from [8, Theorem (2.5)];
the second part, from Theorem (2.2.1) and the observation that f* takes
ker f'* into ker ¢.*.

LeMMA (9.3.2). Let z&H*(U)=H*(U’) be as in (9.3.1). Then z generates a
sub-Hopf-algebra (2) of H*(U'), and H*(U')=(z) @ H*(U’) /(2), as modules
over (2). Moreover, the Hopf-algebras H*(U'’) /(2) and im f'* are isomorphic.

Let us consider now the spectral sequence of the fibre map f': G'—>U’. By
Proposition (5.2.1), the sheaf of coefficients 3¢*(K) over U’ is simple, and
E,(f)=H*(U')®H*(K'), as algebras. We claim

LemMA (9.3.3). Eo(f')= - - - =E,(f)=H*(U")®@H*(K'), where s=1, if
p=2, and 2L, if p>2.

Proof. Observe first of all that the commutativity of the right portion of
C* yields the fact that

* im 2'* D im ¢,

Now, by part (ii) of Theorem (2.2.1), H*(K') =im ¢*® {b}, where deg b
=s5—1. Hence every element of H*(K') whose degree is less than (s—1) lies
in im ¢4*. By (*) above, every such element of H*(K’) lies in im ¢'*. But the
elements of im ¢'* are precisely those elements of H*(K’) which are killed
by all the differential operators d, for 2 2. In particular, d2: H'(K') = E'(f")
—E2°(f") is zero. By Proposition (5.4.3), d;=0. Hence E3(f') =E:(f’). The
rest of the proof follows by an easy induction. Q.E.D.

LeEMMA (9.3.4). Consider E,(f')=H*(U') @ H*(K'). Then there is an element
bEHYK')=EY\(f") such that d,(b) =zCH*(U’")=E(f'), z being the ele-
ment defined 1n (9.3.1).

To prove it, just observe that ¢;* o f*(z) =f"*(2) =0 because f*(z)=y%
&ch(¢,) Cker ¢;5, by Theorem (2.2.1).

LeMMA (9.3.5). E.a(f') =im f*QE(b, t—1) ®im ¢*, as an algebra. Here
E(b, t—1) is an exterior algebra generated by an element bE Ey7 ' (f).
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Proof. By Lemma (9.3.2), we know that H*(U')=2QH*(U’) /(2)
= () ®im f'*, as modules over (2). Again by (9.3.4), b is not in im ¢'* (because
d,(b) =570), and, hence, b is not in im ¢*. Thus, by Theorem (2.2.1), H*(K’)
=im ¢*® {b} , as modules over im ¢*. Therefore,

E(f) = ((5) ® imf™*) ® (im ¢2* @ (3)),
and, hence
E.+l(f,) = (lmf,*) ® (im¢¥) ® E(B»t -1),

where b is represented by ¥’ =z¢/9-1Qbc E*—*+~1(f’). A simple computation
shows that 62=0. Q.E.D.

Observe that d,,, kills im f/* ®im ¢;* since it kills each factor individually.
Moreover, d,.1(b) CE{Y™"=0. Hence d,;1=0 and, similarly, d,=0, for all
r=s+1. Therefore,

LEMMA (9.3.6). E(f') =E.1(f").
Proposition (9.2) is a consequence of these lemmas.
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