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1. Introduction. Let Cm be the Wiener space, i.e., the collection of real

valued functions x(i) defined and continuous on 7:0^i^l and satisfying

x(0)=0.
Let a finite sequence of real valued continuous functions Flit, u),

F2it, u, Vi), ■ ■ ■ , Fnit, u, Vi, ■ ■ ■ , vn-i) be defined and continuous for tEl

and other variables unrestricted. The Volterra functionals $kix\t), A*(x|¿)

depending on the function x(-) and the real variable t are defined inductively

by

(1) A°(x| t) = x(/), on Cu, ® 7,

(2) $*(x| t) = Fkit, A0, • • • , A*-1), 0 = 1, 2, • • • , m) on Cw ® I,

(3) A*(*| t) =  j    <S>kir)dT ik =.1, 2, • • • , n) on Cw <g> 7.
J o

For any ïGC», the function y defined by the Volterra functional equation

(4) yit) = xit) + A«(x | /)

or with /= F"

(5) yit) = x«) 4-  f /[*, A»(x | s), • • • , A-*(* | i)]«fc
•z o

belongs to Cw. In [3] we showed that under certain conditions on Fk there

exists uniquely xECw satisfying (5) for every given yECw. In the present

article we prove an almost everywhere existence theorem for solutions of (5)

where the phrase almost everywhere refers to the Wiener measure defined on

Cw. Our result is the following:

Theorem. Let Flit, u), F2(i, u, vi), • • • , Fn_1(/, u, Vi, • • • , i>„_2),

fit, u, vi, ■ ■ ■ , fl„_i) be continuous and have continuous first derivatives with

respect to u, v%, ■ ■ ■ , vn-i on I®Rk {k= 1, 2, • • • , n) where Rk is the k-dimen-

sional Euclidean space and let ft be continuous on I®Rn. Let Fl, F2, ■ ■ ■ , T5""-1,
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/ satisfy the order of growth conditions^)

jt-i

(6) | Fk(t, u,vi,- ■ ■ , vk-i) |   g C ¿2 | Vj |   on I ® Rk (k = 1, 2, •••,»- 1),
y-o

(7) /(¿, re, vi, ■ ■ ■ , vn-i) sgn u ^ - ^i{T3m| 2 ore 7 eg) P„,

(8) /„ + 4g( + 4 ¿ gyF' g 2 ¿ a¡v) + A 2 on I ® Rn,
y-i y-o

1
(9) g(\, u,vi, • • • , vn-i) ^-a(cot ß)u2 - Ai on R„,

where

/< u f(t, u', vi, • • • , Vn-i)du' on I ® R„
o

(     2 "_1 <_]    1    -¡\    1/2

(11) • « =  |ao + E [C(l + C)J_ ] ay|

ared ^4i, At, B, C, a,- (j = 0, 1, • ■ • , re —1), ß are positive constants satisfying

a<ß<ir and 73 < 1. Then corresponding to almost every yECw, (5) has a solution

xECw which is unique in Cw.

2. Lemma. Let each of Fl(t, u), F2^, u, Vi), ■ ■ ■ be continuous and satisfy

(6) on I®Rk, (k=l, 2, • • • ). Then for any xECw the Volterra functional

A*(x|¿), (¿ = 0, 1, 2, • • • ) defined by (1), (2), (3) satisfies

(12) A*(x| /) = C(l + C)*-1 j f  [x(i)]2d5J
1/2

for tei,(k= 1,2, ■ ■ ■).
Proof. The proof is based on Schwarz's inequality and a complete induc-

tion on k. For k=l, by (6) and Schwarz's inequality

I A'(x|/)|   g   f   I F1[s,x(s)]\ds
J 0

r'i    1^ C I     I x(s) I dj
■J 0

= Cl  f  [x(s)]2ds\ lor IE I.

Now suppose that  (12)  holds for  1^-k^N.  Then again by  (6)  and

Schwarz's inequality

(2) »0=«.
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| Aw+1(*| t) | ^   f   | FN+1[s, xis), A'ix\ s), ■ ■ ■ , ANix\s)] \ ds
J o

/• t N       /» f
| x(j) \ds + C^2 \    | A'(x | s) | ds

o i=i «7 o

^c{JW)]3
1/2

N       n t (    T " I   1'2

4-CEl   C(1 + C)H [*(r)W    ds
3=i«7 o («7 o >

g c|l4- C E(l + O'"1} { J '[*(i)]2<4

= C(1 4-C)*jJ" [*(*)]%}

and (12) holds for & = TV-rT as well. This completes the proof of (12) by induc-

tion.

3. Proof of the theorem. Let y = B~l — 1 > 0 and

(13) <¡>it,u) = it + y)-1'2exp{it + y)-1u2} on 7 ® 7?i.

Since <4"7>0 on 7, (pit, u) has continuous derivatives of all orders with re-

spect to / and u on 7(g)7?i. Define a function Git, u,vi, ■ ■ ■ , vn-i, A) depending

on a non-negative parameter A by

(14) Git, u, vi, • ■ • , v„-i | X) = git, «,»i,---, vn-i) + \<j>it, u)

on 7 ® Rn, A ^ 0.
Then

(15) Gt = gl ~ 1 Ht + y)~1<Pit' U) ~ X(/ + 7)_2mV(/' u)'

on 7 ® Rn, X è 0,

(16) G„=/4-2X(/4-y)-,M«í>(/, «), on7®7?„, X^O,

(17) Gy = g3-, ij = 1, 2, • • . , n - 1) on 7 ® 7?„, X ̂  0,

and these derivatives are all continuous. Furthermore Gu has continuous first

derivatives with respect to t, u, Vi, • • • , ü„_i on 7®7?„ for A^O and in par-

ticular Guu is given by

(18) Guu =/,+ 2A(/ 4- y)~l4>it, «) + 4A(/ 4- iY**4th «)

so that by (15)

(19) Guu + 4G( =/,4 4g, onl ® Rn for X 2: 0.

Now F\ F2, ■ ■ ■ , F*~l, Gu satisfy the conditions on F1, F2, ■ ■ ■ , F»-\ f

of Theorem 1 of [2 ] so that the transformation
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(20) y(t) = x(t) + f Gu[s, A°(x\ s), ■ ■ ■ , A»-K*| s) \ X]ds, X = 0,
J o

transforms Cw in a 1-1 manner into a measurable subset Y with a measure

given by(3)

(21) mw(T) =  i    exp{7(x, X)}dœx, X^O

where

7(x, X) =  I    P[), A°(x| /),•■•, A"-1^! t) | X]d/

(22) °
+ 2G(0,0, • • - , 01 X) - 2G[1, A»(* | 1),- • • , A»-'(x| 1) | X]

for xECw, X = 0 with

1 2 K_1

K(l, u, •,,-..   »B_i | X) = — Guu + 2Gt - Gu + 2 £ GjF*
2 y=i

(23)
1 2 "_1

- V^" + 2g< ~ Gu + 2 £ f/*",        for X ̂  0
2 y-i

according to (19), (17).

We show next that for each positive value of X the transformation (20)

transforms Cw 1-1 onto itself. We only have to show that when X>0, Gu

satisfies the condition (4.1) of Theorem II of [3]. From (16)

(24) Gu sgn u = / sgn u + 2X(t + y)"1 \ u \ <¡>(t, u) on 7 ® Rn for X ^ 0

and from (13) and 0<t+y^l+y, (t+y)~l^B for ¿£7,

2X(/ + 7)_11 u | <p(t, u) = 2X(t + y)~s'21 u I   expi (/ + y)-^2}

(25) i.i,
^ 2X733'21 u |  exp{ 73m2} ,       on 7 <g> Pi for X ̂  0.

Now when X>0 and \u\ W^xB~^2Ai, (25) implies

(26) 2X(t +y)-1\u\<p(t,u)^2Aiexp{Bu2} on 7 ® Pi

so that according to (24), (7), (26)

(27) G„sgnre= ^iexp{73re2} ^ Ai

forX>0, \u\ èX^P-a'Mi, (t, vi,vi, ■ ■ ■ , vn-i)EI®Rn-i. On the other hand

when X>0 but Iwl ̂ A^ß-^Ai,

(3) See the first equation on p. 152 of [2].
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/sgn re ^ - ^iexp{73X_2P_3^î} = - A(X)

according to (7) where by definition

^(X) = ^iexp{X_2p"2^i} > 0

and hence by (24), (25)

(28) Gu sgn re ^ - ^(X)

forX>0, \u\ gX-'P-ä'Mi, (t,vi,v2, ■ ■ ■ ,Vn-i)El®Rn-i.

Summarizing (27), (28) we obtain

(29) Gu sgn u = - A(X) on 7 ® P„ with ^(X) > 0 for X > 0.

Thus for each X>0, Gu satisfies (4.1) of [3] and according to Theorem II of

[3] the transformation (20) transforms Cw 1-1 onto itself. From (21) we have

(30) 1=1     exp{7(x, X)jd„x for X > 0.
J r<

Now since Gu(t, u, Vi, ■ ■ • , v„-i\0) =f(t, u, vi, ■ ■ ■ , vn-i) according to

(16), we only have to show that (30) holds even when X = 0 in order to com-

plete the proof of the theorem. We show

(31) lim   I     exp{j(x,X)}dwx=  I     exp{7(x, 0)}dwx.
*lo Jca Jc„

This is done in what follows by interchanging the order of integration and

limiting process.

According to (22), (14), for each xECw

\\mJ(x, X) = lim \ j    K[t, A°(x| t), ■ ■ ■ , h.»~l(x\ t) | X]d/i
Mo xio   Wo ;

- 2g(0,0, • • ■ , 0) - 2g[l, A°(x| 1), • • • , A-i(x| 1)].

To pass to the limit under the integral sign in (32) we show that for each

fixed xECw, K is bounded on 7 for 0<X = 1. From (23), (16), (13)

K[t, A°(x| /),••• , A"-H*| 0 I X]

= -fu[t, A»(x| /),••■, A»-'(*| t)\ + 2gt[t, A°(x\l), ■ ■■, A"-»(*| 0]

- {/[/, A°(x I 0, • • • . A»-^* I 0] + 2X(t + y)-3'2A°(x | t)

■exp{(t + y)-i[A°(x\t)]2}}2
n-l

+ 2 E gib, A°(*| /),•••, A->(*| t)]F'[t, A»(x| t),- ■ ■ , A«-Kx| /)]

3=1 for t E I, X = 0.
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From the continuity of F1, F2, ■ ■ ■ , Fn~l,f,fu, gt, g¡ (j=\, 2, ■ • • , w—1) it

is evident that K is bounded on 7 for 0 <A^ 1 for each xECw. Also from (23),

(16)

J n-l

lim Kit, «,»i,---, »„_i | A) = — /„ 4- 2gt - f2 + 2 ¿2 gjF*
MO 2 y=i

= Kit, u, vi, ■ ■ ■ , d„_i | 0)

and from (32), (22), (14)

lim /(*, A) =  f  K[l, A°(x | t), ■ ■ ■ , A-K* I 0 I 0]d/ - 2*(0, 0, • • • , 0)
(34) x]o Jo

- 2g[l, A\x\ 1), • • • , A«-Kx| 1)] = Jix, 0).

We next justify

(35) lim   I     exp{/(^, A)}d„x =  I     lim exp{/(x, A)}^
Mo ^c„ «7cœ Mo

by dominating exp{ 7(x, A)} on Cw for all A>0 by a function which is inde-

pendent of A and integrable on Cw. From (22), (23), (14), (13)

/(*,X) á f   {—/.[<, A», • • • , A-1] 4- 2fl[/, A», • • • , A-1]

n—1 \

+ 2 Z «y[i, A«, ■ ■ • , A»-»]F'[/, A», • • • , A^Hif
y-i 7

- i   {Gu[t, A0, ■ ■ ■ , A«-1! \]}2dt
J o

+ 2{*(0>0>. • • ,0) +A7-1'2}

- 2{g[l,A°(l), • • •,A-1(l)]4-A731'2exp{73[A»(l)]2}}.

The second integral in the right-hand side is non-negative. Also g(0, 0, ■ ■ • , 0)

= 0 by (10), and A731'2 exp{73[A°(l)]2} >0. Therefore when 1>A>0

/<*, A) =g f   i-fu[t, A», ■ • • , A--i] 4- 2gt[t, A«, ■ • ■ , A»"1]

n— 1 \

+ 2 E gy[/, A°, • • • , A»-']7»[/, A°, ■ ■ ■ , A*-»] ^ d<

(36)

- 2g[l, A°(l), • • • , A-»(l)] + 27-1/2 for all x G C„.

The right-hand side of (36) is independent of A. By (8), (9), Lemma, (11)
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J(x,X) ¿  I     \ ¿2 ai[A3(x\t)}2 + —\ dt +a cot ß[A0(x\l)]2+2 A3+2y-1'2
J o    1 y=o 2 )

= al f \x(t)Ut +  f '  £ «y[C(l + C)y-1]2| f W)]2d5ld/
•J o J 0     j-l Wo /

+ — + a cot |8[x(l)]2 + 2^3 + 27-1'2

and

(37)

<*2|  f   [*(0]W + — + a cot/S[x(l)]2 + 2^3 + 27-1'2

exp{7(x,X)} = expia2 f   [x(t)]2dt + a cot/?[x(l)]2j

•exp|—î+2^3+27-1/2|.

According to §2 of [l], the right-hand side of (37) is integrable on Cw. Thus

(35) is valid, (31) is valid by (34) and (30) holds for X = 0, which means that

for almost every yECw, (5) has a solution xECw. Its uniqueness follows from

Remark 1, §2 of [3].

4. An example. We give an example with re = 2 to which the present al-

most everywhere existence theorem is applicable but not the everywhere

existence theorem, Theorem II of [3]. Let

Fl(t, u) = sin u,

1
/(/, u,v)= — (re2 sin 2« + 2« sin2 u) sin2 v.

10

Then

1
fu(t, u, v) = — (2re2 cos 2re + 4re sin 2u+ 2 sin2 u) sin2 v,

1
e(t, u, v) = — u2 sin2 u sin2 v,

10

1
gt = 0j gvP1 — — u2 sin3 u sin 2v,

so that
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\F\t,u)\   £\u\,

\fit,u,v)\  <^iu2+2\u\) áexp|-M2|,

fu + Ht + 4&F1

1 i    , 4 1 4
< — (2m2 4-4«    +2) + —u2< — (6m2 4- 6) + — m2 = m2 4- 1,"10 '    ' 10      ~ 10 10

1(1, «, v) ^ 0,

and the conditions in the theorem are satisfied with Ai = A2=\, yl3>0,

73=1/2, C^l, a0=l, «i = 0, «o=l<T3<7r. On the other hand (4.1) of [3] is
violated.
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