ASYMPTOTIC BEHAVIOR OF THE EIGENVALUES
OF CERTAIN INTEGRAL EQUATIONS()

BY
HAROLD WIDOM(2)

1. We shall be concerned with the behavior of the eigenvalues of the integral
equation

) f V) 2k(x — y) V ()2 (y)dy = AF(x),

where k is a function integrable over E, (Euclidean space of dimension d) having
ultimately positive Fourier transform, and where V is a bounded non-negative
function with bounded support. Roughly, the main result is as follows. Let

K(E) = J k(x)e™ &> dx.

Then the number of eigenvalues of (1) which exceed ¢ is asymptotic, as e -0,
to (2n) "¢ times the measure in E, x E, of

{x.9):V(x) - K(8) > ¢}.

Actually we consider an equation more general than (1) which we shall now
describe. Let K(&) be a bounded non-negative function tending to zero as |§ | — co.
The operator T, on L,(E,) we define by

(Tof)” (&) = K(8) f(8),

where the circumflex denotes Fourier transformation. If
K(&) = f k(x)e ®* dx  keL,(E,)

then T is just convolution by k. However we shall not insist that this be the case.
Let V(x) be a bounded non-negative function with bounded support and denote
by M, " the operator on L,(E;) which is multiplication by V(x)*/% We shall
denote by 1; =4, = --- the positive eigenvalues of the positive semi-definite
operator M, ToM,". In case K is the Fourier transform of an L, function
k then thisis just the integral operator in equation (1).The result (Theorem II) is as
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follows. Let ¢o(a) (0 < @ < o0) be a nonincreasing function equimeasurable with
the function V(x) - K(&) on E, x E;. Then with further conditions imposed
(growth and regularity conditions imposed on K and ¢, V assumed properly
Riemann integrable) we have

Iy~ $o(@n)'m) o co.

The theorem as stated is not too useful. In the case of equation (1) it requires
that k be a positive definite function (or at least, if Q is the support of ¥, that k be
the restriction to Q —Q of a positive definite functicn on E,). However there is a
somewhat stronger result (Theorem II') for which this is not required, With
K, V, ¢, as before, let K’ be any bounded function asymptotic to K as |§| - o0
and let A; = 15 = --- be the positive eigenvalues of M, "TyM, ", where T, is the
operator arising from K’ just as T;, arose from K. Then we still have

A~ ¢o((2m)'n)  n— co.

The special case of greatest interest (and, as far as we know, essentially
the only case which has been considered before) is equation (1) with
k(x) = |x|* (¢> —d,a#0,2,4,---). If Qis the support of ¥ then k is equal on
Q — Q to a function whose Fourier transform is asymptotically

1,(d + oc)
2d+and/2_ 2 _ |§|—d—a
o
r(-3)

It follows that the eigenvalues of (1) in this case satisfy

2 r d+a d+a)/d
1 —ay2 2 (d+a)/d 2 JV( )a/(a+¢)d —~(d+a)/d
T d (=% () X x " :
2 2 l
If « =2 — d the kernel k is that which is associated with Laplace’s equation.
Thus (2) in this case, with V a characteristic function, is essentially due to
Weyl [4]. In case V is the characteristic function of an interval in one dimension
and a > — %, (2) was obtained by Rosenblatt [3]. In case —1<a<O and

d =1, (2) was obtained by Kac [1] using probabilistic methods which extend
to higher dimensions.

2. We shall concern ourselves first with the periodic analogue of the situation
described in §1. Let ¢, (n = (ny, -+, ny) with n; integral) be real and tend to zero
as |n| - oo. If 1, denotes the cube
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{x:|x;| g7, i=1,---,d}
we associate with {c,} the operator T on L,(I,) given by
Tf(x) = X cafue™ ™,

where

f®) =X fue™>.

We shall be interested in the eigenvalues of the operator My%TM,% on
L,(I,), where V is a Riemann integrable function defined on I,.

There is one trivial case. If V(x) =1 then M TMy% = T has eigenvalues c,,.
What follows is the derivation of the behavior of the eigenvalues for general V
from this special case.

We make the following assumptions concerning {c,}:

(D) c,20;

(ii) with all n, fixed but n, , c,, as a function of n;, is nondecreasing between
— o0 and some 7i = fi(iy) and nonincreasing between 7 and o ;

(iii) if |n|,|m|—> oo and |n| = O(|m|) then c, = O(c,);

(iv) if |n|, |m|—> o0 and |n| = o(|m|) then cy, = o(c,).

The crucial lemma, which will allow us to pass from the case V(x) =1 to the
general case, is the following.

MAIN LEMMA. Let Q, and Q, be nonoverlapping intervals (rectangular
parallelepipeds with edges parallel to the coordinate axes) contained in I,.
Denote by P; (i = 1,2) multiplication by the characteristic function of Q;. Let
N*(e) and N~ (¢) be the number of eigenvalues of P,TP,+ P,TP, which
are respectively > ¢ and < — ¢. Denote by ¥(¢) the number of lattice points n
for which ¢, > &. Then if {c,} satisfies (1)—(iv) we have

Ni(e)=o(¥() &-0.

The proof of this will be preceded by five subsidiary lemmas. The first is an easy
estimate of an integral involving an exponential sum.

LeMMA 1. Assume {c,} satisfies (i) and (ii) and that the lattice points n for
which c, # 0 are contained in a sphere of radius r (r > 2). Then

f [x| |Zec,e™ *2dx < A,r* " logr maxc],
Ia

where A, is a constant depending only on d.

Proof. Consider first the case d = 1. It is no loss of generality to assume that
¢, is nondecreasing from — oo to 0 and nonincreasing from 0 to co. Thus
maxc, = ¢,. Let
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n .
- ikx _ ingj2 SIN3(n + Dx
5:(x) Zo: € € sin}x
We have on the one hand (since there are at most 2r + 1 nonvanishing c,)

' 2 ce™| S @2r+ e
1)

and on the other

©
| Z Cx einx
(V]

= I ? Ac,S,41(x) — Col

IIA

1 3 1
csc—=x X Ac, + ¢o = | csc =x + 1)cq.
7% & 2

Therefore with appropriate constants 4, A’ (recall r > 2)

0
j B | Y c, ™
1xlsrt 3

0
f |x] ’2 ™
rrlis x| s= 0

2
dx £ Ad}

and

2
dx £ A’ logred

It follows that
2
dx < A" logred,

n [
f | %| I X c,e™
- 0

and a similar inequality holds for the analogous integral involving X-1.
Next consider an arbitrary d. Since

|x| = dl/z(]xll + o+ | x4))

it suffices to prove the inequality with x replaced by x,. Now

flxll Iz%e"'x
Ia

2
dx

x 2
= (27':)‘_1 Z le| | z Cny,...ona eirux' dxl .
na

n2,...,8d -

The integral on the right vanishes except for at most A”¥*~! choices of n,,---,n,
and (by the inequality for d = 1) the integral is in any case at most A'°logrmaxc?.
The desired inequality follows.

In the next three lemmas we deduce from (i)—(iv) certain properties of the
function ¥. We shall assume in these lemmas that (i)—(iv) hold.
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LEMMA 2. There is a constant A, such that the lattice points n for which
¢, > € are contained in a sphere of volume A, ¥ (¢/2).

Proof. It follows from (iii) that there is a constant a >0 such that ] Cn— c,,| Scm
whenever |m — n| < a|n| and |n| is sufficiently large. Thus if ¢, > ¢ for a certain
n, we have ¢,,>¢/2 for all m in a sphere of radius a|n|, i.e., for at least a’|n|’
lattice points m. Thus W(¢/2) = a’|n|%, which implies that n lies in a sphere of
volume 4,¥(¢/2) about the origin. Although this is proved for ¢ sufficiently small,
the constant A4, can be adjusted so that the statement holds for all e.

LemMma 3. If 6 = 0 and & = 0(d) then ¥(3) = o(¥(¢)).

Proof. We first note the following elementary fact. Given a set S of s distinct
lattice points, there are at least $s lattice points m whose distance from S is at
most %(l m] + 1). This is easy if d = 1 and may be proved by induction for d > 1
by taking sections of S. We omit the details. Now let

S={n:c,>}.

There are at least $'¥(6) lattice points m, each within (| m| + 1) of a point n, of
S.If | m| = 2 this implies

from which we deduce, by (iii), that ¢, = c,, /4 > /A for some constant A.
Thus if M is the number of lattice points satisfying | m| <2 we have

3

Wo/A) 2 W) - M 2 %\P(S)

for sufficiently small §. For any positive power p therefore,

¥(o) < (%)p P(5/4").

If ¢ = 0(6) we have W(6/A47) < ¥(e) for sufficiently small § and so

W(5) < (%)p W().

Since p can be made arbitrarily large we have the result.

LemMMA 4. For any constant A we have ¥(g) = O(¥(Ae)) as e —» 0.

Proof. Suppose the contrary. Then for some sequence of &’s approaching 0
we have W(Ac) = o(P(e)). Since there are W(¢) lattice points m satisfying c,, > &,
one of these, call it m,, must satisfy | m,| = a'¥(e) /°. (Here a is a positive constant.)
Since the lattice points n’ satisfying c,. > 2Ae¢ lie inside a sphere of volume
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A,'¥(A¢) there is some point n, such that ¢, < 2A¢ and |n,| < A'¥(Ae) '/ Our
assumption ¥(Ae) = o(*¥(¢)) gives |n,| = o| m, ). But ¢, < 2Ac,, 50 ¢y, # 0(c,,)
and this contradicts (iv).

The final subsidiary lemma is well known. Given a self-adjoint completely
continuous operator 4 we denote by N*(e, 4) the number of eigenvalues of A
which are respectively > ¢ and < —&.

LEMMA 5. Let A; (i=1,---,iy) be self-adjoint and completely continuous.
Then if ¢ = X &, we have

N*(, X 4) < X N*(e, 4).

Proof. If J,; denotes the nth largest positive eigenvalue of 4; and A} that of 4,
we have for any n,, -, n;,

+ +
)'Zm—io+1 é Zln;,b

This follows from the minimax characterization of the eigenvalues. See for
example [2, §95]. If we set n; = N*(g;, A;) we obtain

N*(e, z S )X N+(g;,4,)
and the other inequality is obtained similarly.

3. We can now prove the main lemma. Let 0 < ¢ < 4. (Later 6 will be chosen
as a specific function of ¢.) We write ¢, = ¢, ; + ¢, 5 + ¢,,3 as follows:

e = {cn if ¢, Z ¢,
n.1 & otherwise,
e =[G~ o if ¢, >0,
n2 0 otherwise,
[Cp— & ife<e, =96,
Chy = 10—¢ if ¢, > 6,
0 if ¢ =<e.

Each of the sequences {c, ;} (i =1,2,3) gives rise to an operator T; just as {c,}
gave rise to T. Denote by N;(e) the number of eigenvalues of P,T,P, + P,T;P,
greater than e. It follows from Lemma 5 that '

N*(3e) £ NT(Q2e) + N3 (0) + N7 (o).

Since T, is an operator of norm at most ¢, P, T, P, + P, T, P, has norm at most
2¢. Thus N{ (2¢) = 0.

Since T, is an operator of rank ¥(d), P,T,P, + P,T,P, has rank at most
2¥(5). Thus N;(0) < 2¥(9).

It remains to estimate N (¢). The square of the Hilbert-Schmidt norm of
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P,TsP, + P,T;P, is at least e2Nj(¢). Thus, since T; is convolution by
2n) 4 X ¢y 5€™ T,

£Ni@E) < 221 f f I cuse™ e dxdy
Q 02

= 2(211)'2“f dyf |2 cn,3e"'"‘lzdx
[+ 1 Qa-y

2(2m)~ 2 f 190 @; =% |Z case l2 dx,

Q:-Q

where || denotes measure. If we recall that Q, and Q, are nonoverlapping
intervals contained in I; we see that

mgn 2n —x;)
[QN (@, —x)| < n)*? min (27 + x,)
2 |x].
Therefore for some constant 4
]an(ﬂz—x)|§AZ|sin2lx,! xel,—1I,
and so

2
e’N;(e) £ A’ X Isin %x,l | X cp 3™ | dx

- Ia-1I1a

2
2"A'J- > | sin ix,l | X caze™ ¥ dx.
1a 2 ’
since the integrand is of period 2z in each x;. Consequently

a’N}(e)gA'f [x| | X coze™*|?dx.
Ia

It follows from Lemmas 1 and 2 that we have, for sufficiently small ¢,
82N (s) £ A"¥(e/2)“ V¢ log W(e/2)0>.
Combining the three estimates obtained and replacing ¢ by &/3,
N*(e) £ 2¥(8) + 94"¥(e/6)“~ V' og W(e/6) 5%/¢>
< 2%(5) + W(e/6)' 112 5%/¢?
if ¢ is sufficiently small and 6 > ¢/3. From Lemma 4 it follows that

W(e/6) 1 ™12 = o(¥(e)).
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Now we set
B ¥(e) 1/4
o= () -
Then

W(e/6)' ™ H6%e? = (MR (E/6) ™22 = o(¥(@).
Also lim /e = oo so by Lemma 3 we have ¥(5) = o (¥(¢)). Thus N * (&) = o(¥(¢)),
and a similar argument gives N~ (&) = o(¥(¢)).

4. Now that the main lemma is proved we can proceed in a straightforward way
to the asymptotic distribution of the eigenvalues. For a subset Q of I,;, Py will
denote the projection operator on L,(I;) which is multiplication by the charac-
teristic function of Q. {c,} and T are as above and we assume (i)~(iv) hold.

LEMMA 6. Let Q be an interval. Then for each 6 in0< <1,
. N+(8,PQTPQ)
limsup ——7— "
o T (1= 5)e)
. . o N*(e,PaTPp)
1 f 2
o W +2)0)

Proof. Let 2nr; (i = 1,---,d) denote the lengths of the edges of Q. We assume
first that 1/r; = q; are integers. Then we can find Q,,---, Q,, ,., nonoverlapping
translates of Q whose union is I,. We have

T =X PaTPg,
Jk

sen’|Ql,

z2m?|Q|.

and it follows from Lemma 5 that

N*((1 -0)eT) =N* (e, Z P,,,TPQ,.) - N* (58, —j§ PQJTP,,,‘)
J

A3 = N+(s, pX P,,,TPQ,) - N‘(a‘e, z P,,,TP,,k).
j Jj#k

Each of the operators P TPy, has the same spectrum as PoTP, and the sum
Y Po,TPq, is direct. Therefore

N* (&? Pn,TPn,) =4, "'an+(8,PnTPn)-

Since the eigenvalues of T are the quantities {c,},

N*((1 = 8)e, T) = P((1 — d)e).

Thus (3) gives
gy qaN* (e, PqTP) S ¥((1 —8)e)+ N~ (66, > PanPm),
J*k
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By Lemma 5 we have

(683 E PQ TPﬂu) < 2 N (68/( qd) PQJT'.PQk + PﬂkTPﬂj)

J#Ek

and this is o(W((1 — d)e)) by the Main Lemma and Lemma 4. Hence

N* (¢, P,TP,)

THA—ow = ~q)" =n)77 Q)

lim sup
which is the first inequality in our special case. The second is proved similarly.
Next we assume r; = p;/q; with p;,q; integers. Let Q, be an interval with edges
2n/q; (and for which, therefore, the lemma has been proved), and let Q,,---,Q,, .,
be nonoverlapping translates of Q, whose union is Q. Then
N*(e,P,TP) < N* ((1 — d)e, Z PQITPQ,) +N* (58, > PQJ,TPQ,‘)

J¥k

= p1-PaN (1 = &), P, TPay) + o(¥((1 — 8)%))

IIA

P Pa g1 - 5)%) + o(¥(L - 6)%)),

ql cee qd

and so

N‘*‘(s, PQTPQ) D1 : iy
WA= o) = g g~ M0l

which is the first of the desired inequalities except that 1 — § is replaced by (1 — )2,
a matter of no importance. The second inequality is proved similarly.
To remove the restriction that each r; be rational, observe that Q, = Q, implies

N *(e,Po,TPy,) < N *(¢, Po, TPy,).

lim sup

This follows from the minimax characterization of the eigenvalues. We can find
Q, and Q, with edges which are rational multiples of = in such a way that
Q, = Q < Q, and that the ratio |Q,|/| Q| is as close to 1 as desired. The ine-
qualities for Q now clearly follow.

The above lemma essentially determines the behavior of the eigenvalues when
V is the characteristic function of an interval. We now pass to the more general
situation. The characteristic function of Q will be denoted by y q.

LemMMA 7. Let Q; be finitely many nonoverlapping intervals, V; = 0
and V(x)= X Vixa,(x). Then for each 6 in0<d <1,

lim su N7 (e, MysTMy)
™ S X0, B = 8)e/V)
Nt (e, M, TM"2)

< @en7,

> (2n)*

liminf

o X\ ¥ +8)e/V) =
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Proof. We have

N*(e,My*%TMy"%» < N* ((1 —d)e, zj:VijTPm)
+ N+(5e, z V}/ZV,‘”ZPQJTPQ,‘).
J*k
It follows from the main lemma and Lemma 4 that the last term is o(W(¢)) and
so also

o Z|Q;| (1 — 8)%/ V).
Since the sum X,;V;Pq TPy, is direct

Nt ((1 —&)e, X VJ-PQJTPQJ) = XN *((1 — 8)2/V;, Po,TPy)

and by Lemma 6 this is at most
Qn)~* X|Q;| (1 - 8)%/V)( + o(1)).

This proves the first inequality, with 1 — § replaced by (1 — 6)?, and the second
follows similarly.

Denote by A, the set of lattice points in E,;. The cartesian product I, x A, has a
natural measure: the product measure obtained from Lebesgue measure on I, and
from the measure which assigns to each point of A, the measure 1. Given our
sequence {c,} and a function V(x) on I; we shall write

(e) = | {(x,m) : V(X)" ¢y > &}|.
Note that in case V = X Vxqo, as in Lemma 7 we have ®(e) = X|Q;|¥(e/V).

Lemma 8. Assume V(x) is Riemann integrable on I,. Then for any & in
0<éd<l,

. N*(e, My"2TM,"%) —d
msep —g@-on = @9
o s N+(8, Myl/zTMyl/z) —d
11:1: ;nf D) = (2n)°.

Proof. Let n > 0 and find a partition of I, into nonoverlaping intervals Q; such
that, with
m;=infV(x) M;=supV(x)
n; ﬂj

we have

€)) X(M; - m)|Q;] <.
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Let
V=X mjXa, V,=X Mxq,-

It follows from the minimax characterization of the eigenvalues that
N*(e,MysTMy%) S N (e, My*TM,%) S N*(e, My TM ).

By the first inequality of Lemma 7 we have for sufficiently small ¢
N*(e,My% TMy%) S(1+n)(@2n) X |Q;| V(1 - 8)e/M).

We now write X = XM + Y@ 4 ¥®: to which sum a given index j belongs is
determined as follows:

IO M, <,
X® : M;znand m;<(1-98)M;,
X3 : M;znand m;=(1-8M,.
We have
(1 +mn) ™ XD Q| ¥((1 - 8)e/M) < (1 + n)¥((1 — 0)¢/n).
From (4) we deduce X®|Q;| < 5. Therefore
(1 +n)(2m) “*ZP| Q| (1 ~ 6)e/M) < (1 + n)n(2m) “"¥((1 - 6)&/sup V).

Now it follows from Lemma 4 that (except in the trivial case ¥V = 0) the ratio
Y(e)/®@(e) is bounded above and below. Hence for an appropriate constant 4 we
have

(1 +mm) Q[ (1 — 0)e/M)) < A(L + mn®((1 — 5)).
Finally
(1 +m)@r) " 2| Q| '¥((1 - 8)¢/M) < (1 + 1) (2n) " @((1 — 6)%).
Therefore, putting the three inequalities together,
N*(e, My TMy%) < (1 +1)'¥((1 - 8)e/n)
+ ()7 + AN (L + N @((1 - 6)%),
and so

N* (e, My¥: TMy %) Y(A —d)e/n)

limsup < (1 +n)limsup

e=0 (1 - 8)%) emo O((1—0)%)

+ (2n) * + Ap) (A + 7).
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Now 7 > 0 is arbitrarily small. The first inequality of the lemma will therefore
be proved if we can show

N W(e/n)
lim limsu =0
n—0 e—0 P ‘P(E)
(recall the boundedness of ¥ (¢)/® (¢)). This, however, is equivalent to the statement
of Lemma 3.
The second inequality is proved similarly.

5. We now state and prove the theorems which give the asymptotic behavior
of the eigenvalues in the periodic case.

THEOREM 1. Assume {c,} satisfies (i)—(iv) and V is Riemann integrable. Let
¢(a) (0 <a < o0) be a nonincreasing function equimeasurable with the func-
tion V(X) * ¢, on I; x A, Assume further that

®) o~ f— oo implies ¢(a) ~ d(B).
Then if 4, = A, = -+ are the positive eigenvalues of M,% TM,% we have
A~ $((21)'n)  m—> 0.

Proof. We show first that with @ as above we have ¢(®(¢)) ~ ¢ as ¢ - 0. Of
course were @ to be continuous and strictly decreasing we would have ¢(®(e)) = ¢
but this is generally not the case. It is true though that o < ®(¢) implies ¢(a) = &,
so in particular ¢((1 — &)@ (¢)) = &. Since (1 — &) @ (¢) ~ ®(¢) the assumption (5)
gives

lim inf ‘?13@ >1
and a similar argument gives

lim sup

9OE)
) <

Next, by the first inequality of Lemma 8 we have (0 <d < 1)
(&)(2n) N *(e, My TMy %)< ®((1 — d)e),
where p(e) - 1 as ¢ 0. Set ¢ = (1 — n~*) A,. Then since ¢ < 4,,

p((1 = n"H2)(2m) ~*n S ®((1 — 8)(1 — n™*)A,)
and so

$(p((1 = n~HA)(27) "'n) 2 H(@((1 — 8)(1 — n™)4,).
Using (5) and the facts that p(¢) = 1 and ¢(®(g)) ~ ¢, we conclude

o((2n

lim inf ———)—i)g 1—6.

p)




290 HAROLD WIDOM ' [November

Since § > 0 was arbitrarily small the lim inf is at least 1. Similarly the lim sup is at
most 1 and the theorem is proved.

The next theorem shows that the conclusion of Theorem I holds if {c,} is
replaced by any asymptotic sequence {c,}. The sequence {c,}, the corresponding
operator T, and the function ¢ are as before.

THEOREM 1'. Assume the hypotheses of Theorem 1 hold. Let {c;} satisfy
¢a~ ¢y (|n| > ) and let T’ be the operator on Ly(I,) corresponding to {c;}.
Then if A} = A; = --- are the positive eigenvalues of M,"T'M,"%: we have

2~ d@Rn)'n)  n— o

Proof. Let 6 > 0. There is a sequence {c;} vanishing on all but finitely many
(say N) lattice points so that

Q=(1+0dcy+cy
for all n. Then if T” is the operator corresponding to {cy},
T'"=S1+0)T+ T,
and so, if 17 = A5 = -+ are the positive eigenvalues of M, "2T"M,",
RS+ Aoyt e =+ Oy
since M V%T”M ,,’/’ is of rank N. By Theorem I,

Aoy ~ $(21)(n — N)) ~ ¢((27)"n)
by (5). Therefore

AI
limsup —=2— <146,
P 5@mm)
Since & was arbitrarily small the lim sup is at most 1; and similarly the lim inf is
at least 1.

6. We now consider the situation as described in §1. K(&) = K(&,,:--,&,) is a
bounded function on E, which tends to zero as || — co. Conditions replacing
(1)—(iv) above are: '

(i) K(§)=z0;

(ii") with all &; fixed but &, , K(&), as a function of ¢, is nondecreasing
between — oo and some & = &(i,,) and nonincreasing between & and oo;

(iii") if | €], [n| > 0 and &~ (i.e. | E — | = o(| n|)) then K(&) ~ K(n);

(iv") if ||, |m| = oo and |§| = o(| n|) then K(n) = o(K(E)).

T, is the operator on L,(E,) associated with K as described in §1.
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THEOREM I1. Assume K satisfies (i")(iv’) and V is properly Riemann inte-
grable. Let ¢o() (0 <a < o0) be a nonincreasing function equimeasurable
with the function V(x) - K(§) on E,; X E,. Assume further that

(6 a~ f— oo implies ¢o(a) ~ Po(B)-
Then if A, = A, = -+ are the positive eigenvalues of M,"2ToM,"> we have
In~ do(@n)'n)  n— 0.

Proof. For any a > 0 the eigenvalues of M": ToM,": are unchanged if V(x)
is replaced by V(ax) and K(&) by K(&/a). The function ¢, is also unchanged.
Because of this, and because ¥ has bounded support, we may assume that V
vanishes outside the cube {x:|x;|<n/4}. Then M,"%T,M,% may be iden-
tified in a natural way with an operator on L, of the cube I;: {x:|x;| < n}. (Of
course it may also be identified with an operator on L, of the smaller cube which
supports V, but we prefer to ignore this.) We shall see that it is in fact an operator
of the type considered in the previous section and to which Theorem I’ can be
applied.

Let u(x) be an infinitely differentiable function on E, which satisfies

u(x) =1 if all | x;| < 7/2,
u(x)=0  ifany|x]|>n,
and set
Ug) = f u(x)e % *dx.
Let us assume first that

K(&) = fk(x)e"'“""dx, keL,.

Then M,2TyM,"2 is the integral operator on L,(I,) with kernel
V()2 k(x = V()" = V(&) k(x = y)u(x — y) V(y) '/
sinceu(x —y)=1 wheqever V(x) - V(y) # 0. This is also equal to _
V() ki (x = Y V(N2

where k,(x) is the function of period 2z in each x; which is equal to k(x) u(x) in
|x,~| < . Now k,(x — y) is the kernel of the operator T on L,(I,) associated with
the sequence {c,}, where

c,,=f kl(x)e"""‘dx——-f u(x) k(x)e™™ *dx
Ia Ea
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since u(x) = 0 outside I,. Thus
)] My 2TyMyY: = M2 TM,"2,

where T is the operator on L,(I,) associated with the sequence

¢ = 21)4 f U(E) K@ — &)dE.

Now this last statement holds even if K is not the Fourier transform of an L,
function. For we can find a sequence K ¥)(j — o) satisfying

(a) each K% is the Fourier transform of an L, function,

(b) KY¥ - K boundedly and pointwise.

Then we have

®) M, TIM, Y. = My%»TYOM, Y2,

where T¢{”is the operator on L ,(E,) corresponding to K’ and T is the opera-
tor on L,(I,) corresponding to

¢ = 2m)~4 f U®)KD (n — £)dE.

1t follows from (b) that T{? — Ty and TY) - T strongly as j— oo. Thus (8)
gives (7) in the general case.

Let ¢(a) (0 < a < o0) be nonincreasing and equimeasurable with the function
V(x) - K(n) on I, x A;. We shall show that ¢, ~ K(n); since K(n) satisfies (i)—(iv),
Theorem I’ will give 4, ~ ¢((2n)°n). Now

o
]

.= Qo f U(E)K(n — £)dE

K(@) + (20)~ f U(E)[K(n — &) — K@)]d&
since (2x) ~¢ fU(é) d&=u(0)=1. Forany 6§ >0
lea— K| < (2n)'*'f |U®)| |K@- & - K@)]|dt
1] <d|n|
+ Qo) f |U®)| |K@m—8) — K@)|d&
€12 8[n]

< sup |K(@m—§&)—K@)|+0(|n|™?),
1§156(n|

p > 0 being arbitrary. The bound O(|n|?) for the last integral arises from the
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fact that u is infinitely differentiable and has bounded support. Since, as follows
from (iii"), |n|~? = o(K(n)) for some sufficiently large p, we obtain

|ea — K@)| = Sup IIK(ll — & — K@) | + o(K(m)).

It also follows from (iii") that, &€ > 0 being given, J can be chosen so small that

sup |K(n—&)— K(n)| < eK(n).
1&1+4]n]
Thus

lim sup | %‘l‘l)—ll_gs

and since ¢ > 0 was arbitrary c, ~ K(n).

We have established so far that 4, ~ ¢((27)°n); we shall be through if we can
prove ¢(a) ~ () as « — co. Given & > 0 the following is true for |n| sufficiently
large: If V(x) - K(n)>¢ then V(x) - K(§)>(1—6)e for all § in the cube
| & — n;| £ 4. This follows from (iii). Thus there is an N such that

[{(x,8) : V(x) - K(§) > (1 — d)e}| > [{(x,m) : V(x) - K(m) >&}| — N
for all ¢. Given a, let (1 — 8)e > ¢o(a). Then
{(x.8):V(x) - K(§) > (1 - d)e}| S
and so
a+ N >|{(x,n):V(x) - K(n) > &}],
which implies ¢(a + N) £ &. This holds for all e > (1 — §) " *¢o(«) and so

Po(e)
dar e
or alternatively
$o(e — N)
#(a)

Since « — N ~ a as a — 00 (6) gives

=1-6.

Po(®)
$(x)

lim inf =1-6.

Since 6 > 0 was arbitrarily small the lim inf is at least 1; similarly the lim sup is
at most 1. This completes the proof of Theorem II.

Finally we state and prove the analogue of Theorem I'. The functions K and
¢, and the operator T, are as before.
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THEOREM II. Assume the hypotheses of Theorem 11 hold. Let K'(E)
satisfy K’(§)~K(§)(|é|—> ) and let Ty be the operator on L,(E;) corre-
sponding to K’'. Then if A{ =2, = --- arethe positive eigenvalues of M,"2TyM,"
we have

du~ $o(@2m)n)  n— 0.

Proof. This is only slightly less simple than the proof of Theorem I'. Given
5>0 and p>0 we can find a function K" of the form A/(1+ |&|?) (with 4
depending on 6 and p) so that

K'(§) = (1 + 9)K(8) + K"(§)
for all §. Therefore with the obvious notation
IS +0) Aoy + ANsg-

Now Ay, is at most 4 sup V times the (N + 1) st eigenvalue of PT P, where P is
multiplication by the characteristic function of the support of V and T is the
operator on L,(E,) corresponding to the function 1/(1 + ] &|?).Applying Theorem
I to this case we obtain Ay, ~ A’ N "% as N - co. Now (6) implies ¢o(a) = a2
for some A > 0 and « sufficiently large. Thus if we set p = 3Ad and N = [n':] we
shall have Ay, ; = o(¢o((27)°n)). Since

Ry = Aty ~ bo((2m) “(n = [0 D) ~ o((27)'n)
by Theorem I and (6), we have
A S (14 268)do((2m)'n)

for n sufficiently large. Since § > 0 was arbitrary this gives limsup A./¢o((2n)’n) < 1.
Similarly liminf > 1.

7. Now that all the unpleasant details are behind us, we state what we think
is the correct theorem in the subject.

Let G be a locally compact abelian group, G its character group. Adjust the
Haar measures dx and d€ in G and G, respectively, so that Fourier transformation
F’

Ff(E) = f £ (x) dx,

is a unitary operator from L,(G) to L,(G). Let V, K be bounded non-negative
functions on G and G, respectively, both tending to zero at infinity;let 4, = 1, =+
be the positive eigenvalues of the operator

My 2F*MgFMy"

on L,(G). Then if y(x) (0< a < o0), a nonincreasing function equimeasurable
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with the function V(x) - K(§) on G x G, is sufficiently regular and does not
approach zero too rapidly as « — oo, we ought to have A, ~ y(n).

What we have considered were the two cases in which G was I, (i.e., the d-fold
product of the circle group with itself) and E,. The assumptions (5) and (6) are of
the type we have in mind for . In addition to saying something about regularity
they imply y(x) = a~* for some positive A. That it is necessary to have some
restriction on the rapidity with which ¥ may approach zero (although y(a) = ™2
for some A > 0 is probably much too restrictive) can be seen by taking (in the
case G = G = E,) both K and V to be characteristic functions of intervals. This
corresponds to an integral equation like

f DG =D oy = ape) |x| s L

1 X—Y)

Then (a) is ultimately zero but the operator is certainly not of finite rank so
A, ~ Y(n) is false.

It is probably not necessary to have a restriction on the slowness with which ¥
may approach zero. The condition (iv) implies that ¥(a) = O(a~%) for some
6 > 0 but if the ¢’s have somewhat more regularity than we have assumed (in
dimension one, if {c,} is even and convex for n = 0) one can make a better estimate
than that given by Lemma 1 and then dispense with (iv) altogether.

The following is the reason our assumptions on K and V seem unnecessary.
The two operators

My %F*MFMy"%, — MgFM,F*M "

have exactly the same spectrum since one is of the form A*4 and the other A4*
with an appropriate operator A. Thus (in case G = G = E,) the roles of K and V
are interchangeable. Since in our proofs there was no assumption made on both
K and V (the assumptions on K and V were of entirely different sorts) no assum-
tions of any kind ought to be necessary.
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