WEAKLY WANDERING SETS AND INVARIANT
MEASURES

BY
ARSHAG B. HAJIAN AND SHIZUO KAKUTANI

1. Introduction. Let X = {x} be an abstract set, and let #Z = {B} be a o-field
of subsets of X. The system (X, %) is called a measurable space. A subset B of X
is said to be measurable if it belongs to 4. A one-to-one mapping T of X onto
itself is said to be measurability preserving if T(B) and T ~!(B) are measurable
for any measurable set B.

Let (X, %) be a measurable space, and let m be a countably additive set function
defined on #. The values of m are cither non-negative real numbers or + co.
m is called a measure, and the system (X, %, m) is called a measure space. If
m(X) < + oo, then we say that m is a finite measure and that (X,%,m) is a
finite measure space. We also consider the case when m(X)= + oo, but we
always assume that there exists a sequence {B,,] n=1,2,---} of measurable sets
such that X =( Ji2, B, and 0 <m(B,) < + o, n=1,2,---. In this case, we say
that m is a o-finite measure and that (X, %, m) is a o-finite measure space.

Let (X, %, m) be a finite or o-finite measure space, and let T be a measurability
preserving transformation of X onto itself. T is said to be nonsingular if
m(T(B)) = m(T ™ '(B)) = 0 for any measurable set B with m(B) = 0. T is said to be
measure preserving if m(T(B)) = m(T ~'(B)) = m(B) for any measurable set B.
We also say that m is invariant under T in this case.

Let (X, %) be a measurable space, and let m and m’ be two finite or o-finite
measures defined on 4. m is said to be equivalent with m’ (notation: m ~ m’) if
m’(B) = 0 for any measurable set B with m(B) =0 and conversely m(B) =0
for any measurable set B with m'(B) = 0.

We can now state our problem: Let (X, %, m) be a finiet or a g-finite measure
space, and let T be a nonsingular measurability preserving transformation of X
onto itself. Under what conditions on T does there exist a finite measure on &
which is equivalent with m and is invariant under T? This problem has been
discussed by many authors, and many necessary and sufficient conditions have
been obtained. The main purpose of this paper is to obtain some more necessary
and sufficient conditions, and to show, by using a systematic method, that all of
these conditions are mutually equivalent.

We introduce the following notion: A measurable subset W of X is called a
weakly wandering set for a measurability preserving transformation T if there
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exists an infinite sequence {p;|i =0,1,2,--} of positive or negative integers or 0
such that the image sets T*(W), i =0,1,2,--- are all mutually disjoint. It is ob-
vious that there is no weakly wandering set of positive measure if there exists a
finite measure which is equivalent with m and is invariant under T. It will be
shown that the nonexistence of a weakly wandering set of positive measure is also
a sufficient condition for the existence of a finite equivalent invariant measure.

The first interesting result concerning the existence of a finite, equivalent,
invariant measure was obtained in 1932 by E. Hopf [4] who introduced the notion
of incompressibility and proved that there exists a finite, equivalent, invariant
measure if and only if the whole space is incompressible.

In 1955, Y. N. Dowker [2] proved, by using the mean ergodic theorem, that
(I), is a necessary and sufficient condition for the problem. (As for the condition
(D, and other similar conditions, see §3 where these conditions are defined.)
In the same year, A. P. Calderén [1] showed, by using a different method, that
the conditions (I), and (II), are necessary and sufficient. Later, in 1956, Y. N.
Dowker [3] showed that the condition (III), is equivalent with the condition
(ID), and hence (III), is still another necessary and sufficient condition. It is
obvious from the definitions that (I), implies (IT), and (III),, but it does not
seem to be so easy to show that conversely (II), or (IIT), implies (I), directly
(i.e., without using the fact that (IT), or (III), implies the existence of a finite,
equivalent, invariant measure).

Let us now consider the conditions (I)_, (IT)_, (III)_ concerning the inverse
transformation T~! which correspond to the conditions (I),, (I[)4, (I11),, and
also the conditions (1%, (ID) ¥, (1IN ¥, (D)* , (A *, (II) *, where the condition with
* may be considered as a qualitative analogue of the corresponding condition
without *. It is interesting to observe that each condition with * immediately
implies the corresponding condition without *, while the converse is not so ob-
vious in general. [It should be noted that the converse implication can be proved
by using Lemma 1 in two places, namely, (III), — (II)* and (III)_ — (IID*.
We also observe that there is no obvious relation between two corresponding
conditions with + and —, i.e., between two correponding conditions on T and
T 1]

We will show in §4 that all of these conditions are equivalent. For this purpose,
we introduce the condition (V) which is based on the notion of weakly wandering
sets, and its quantitative analogue (V)*. We also introduce the condition (0)*
which is based on the notion of equi-uniform absolute continuity of measures.
This condition (0)* is quantitative in nature, and there is no qualitative analogue
to (0)*. We will prove, by direct and elementary arguments, that the conditions
0%, (D4, (), (D, (D, (D), (N, (D%, AHE, (DL, (D, (D, (D%,
V), (V)* are all mutually equivalent. (First half of Theorem 1.)

The way our proof is carried out is best described by the diagram inserted at the
end of §1. We note that the implications (V) - (I), and (V) - (I) - can be proved
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in one step, while the proof of the implications (V)* —(I)¥ and (V)* - (I)*
requires three steps (V)* - (I)% — (0)* » (D% and (V)* - (ID* - (0)* > (I)*
We also note that the conditions (V), (V)* and (0)* are symmetric in T and T~*!
and serve as a link between the conditions with + and those with —.

It is then an easy matter to observe, by using the technique of Banach limit,
that the condition (0)* is equivalent with the existence of a finite, equivalent,
invariant measure (second half of Theorem 1).

The conditions (IV),, (IV)_, (IV)¥, (IV)* which appear in the diagram are
obviously necessary conditions for our problem. We note that the impli-
cations (JV)¥ — (IV), and (IV)* = (IV)_ are obvious, while the converse impli-
cations (IV) . — (IV)* and (IV)_ — (1V) *are again the consequences of Lemma 1.
It turns out that these conditions are not sufficient for our problem. In fact,
it is possible to show that there exists an ergodic measurability preserving trans-
formation T defined on a finite measure space which satisfies the conditions
(IV),, AV)_, AV)* and (IV)* and which admits a o-finite, equivalent, invariant
measure (and hence, since T is ergodic, T does not admit any finite, equivalent,
invariant measure).

The study of such examples leads us to the problem of classifying ergodic
measure preserving transformations defined on a o-finite measure space. We will
show in §5 that every ergodic measure preserving transformation defined on a
o-finite measure space admits a weakly wandering set of positive measure (Theo-
rem 2). This result makes it possible toinvestigate the properties of ergedic measure
preserving transformations defined on a o-finite measure space in further detail.

M (i)f
(), = (1%
B |
(1, = > (D%
\(W)f:.(lvy:/
Y
(V) = (V)* (0)*

|
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The discussion of the above cited examples and other related problems will be
left to a subsequent paper.

2. Two lemmas on set functions. In this section we prove two lemmas on set
functions which we need in §4.

Let (X, %) be a measurable space, and let A be a real-valued non-negative set
function defined on #. [This means that A takes only finite real non-negative
values. This assumption of finiteness of 4 is essential in Lemma 2, while Lemma 1
holds even when A takes the value + 00.] 4 is said to be monotonic if A(4) £ A(B)
for any two measurable sets A, B with AcB. A issaid to be subadditive if
AMA U B) £ A(A) + AB) for any two measurable sets 4, B, and superadditive if
AMA VU B) = A(4) + A(B) for any two disjoint measurable sets 4, B. [We observe
that if A is non-negative and superadditive then A is monotonic.]

Let 4, u be two real-valued non-negative monotonic set functions defined on 4.
p is said to be absolutely continuous with respect to A if u(B) = 0 for any meas-
urable set B with A(B) = 0. u is said to be uniformly absolutely continuous with
respect to A if, for any ¢ > 0, there exists a 6 > 0 such that u(B) < & for any meas-
urable set B with A(B) < 4. It is obvious that the uniform absolute continuity
implies the absolute continuity, while the converse is not always true. It is known,
however, that the converse is true if both A and p are finite measures defined on #.
The following lemma may be considered as a generalization of this fact:

LemMMA 1. Let (X, %, m) be a finite measure space. Let A be a finite measure
on &, or more generally, a real-valued, non-negative, monotonic and sub-
additive set function defined on B. If m is absolutely continuous with respect
to A, then m is uniformly absolutely continuous with respect to 1.

Proof. Assume that Lemma 1 is not true. Then there would exist an ¢ > 0and a
sequence {B,| n=1,2,-~-} of measurable sets such that A(B,)<1/2", and
m(B,)Ze, n=1,2,---. For n=1,2,---, let p, be a positive integer such that
p,2nand

€
2.1 m(4,) < ol
where
0 Pn
(2.2) An = U Bk - Bk'
k=n k=n

This is possible since m(X) < oo by assumption. Let us put

(2.3) B** = ﬁ CJ By (=lim sup B,),
n=1 k=n n-» oo
(2.4) B* = ﬁ DBk.

k=n

3
L}
=
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Then
B* = (UBk—A,):a N UB-U A
n=1 k=n n=1 k=n =1
2.5)
= B**— | JA,,
n=1
and hence
m(B*) 2 m(B**) — X m(A,)
n=1
(2.6) L f‘, ;e
o1 2nt+1 2 *
On the other hand
p. Pn
e s (U B ) s E s
(2.7) ‘k=n k=n

< i‘: 1 < L -0
k=n 2% 2n-1
as n — 00, and hence A(B*) = 0. This is a contradiction.
The following simple lemma is also useful:

LEMMA 2. Let (X,%) be a measurable space. Let A be a real-valued, non-
negative, superadditive (and hence monotonic) set function defined on %. If
{B,,I n=1,2,---} is a decreasing sequence of measurable sets, then, for any
& > 0, there exists a positive integer no such that A(B,,— B,) < e for any n > n,.

Proof. From the monotonicity of A follows that lim,. , A(B,) = f = 0 exists
and that A(B,) = B for n=1,2,---. For any ¢ > 0, let n, be a positive number
such that A(B,,) < +&. Then A(B,,— B,) + A(B,) < A(B,,) < B + ¢ for n>n,
and hence A(B,, — B,) < A(B,,) — A(B,) <e.

3. Statement of the main theorem. Let (X,#,m) be a finite measure space,
and let T be a nonsingular, measurability preserving transformation of X onto
itself. We put

3.1 p.(B) = m(T"B), n=0,+1,42,--,

n—1

n—1
- E pk(B) = l Z m(TkB)’ n= 132""9
n k=0 N k=0

(32)+ a(B)

-1 n-1
(3.2)- o_B) = > p-i(B) = 1y m(T™*B), n=12,--.
n k=0 L

It is clear that p, (n=0,+1,+2,.--) and ¢, (n= +1, +2,.-:) are finite
measures defined on #. From the nonsingularity of T follows that each of them
is equivalent with m, and hence any two of them are equivalent to each other.
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From Lemma 1 follows that any one of them is uniformly absolutely continuous
with respect to any other of them.

Next we put
(3.3)+ Px+(B) = .}E?o inf p,(B),
(3.3)- px-(B) = lir: inf p_,(B),
(34, pi(B) = hf:o sup p,(B),
(34)- p2(B) = 1im_’iupp-,.(3),
3.5+ Oyp+(B) = lim_.inf 6,(B),
(3.5)- oy-(B) = lim_’inf o_(B),
(3.6)+ d%(B) = lim_.iupa,,(B),
(3.6)_ ¢*(B) = lim_..:upa_,,(B).

It is clear that the set functions py ., pu—s P13, PX, Oy s, Oy, 0%, 0¥ are all real-
valued, non-negative and monotonic. We observe that p, ., py—, 044, 0,_ are
superadditive and that p%, p*, ¥, 6 * are subadditive, and further that all of
them are invariant under T.

It is also clear that

BT+ 0 = pys(B) £ 044(B) < 0%(B) = pi(B) = m(X) < + oo,
(B7- 0= py(B) = 0,-(B) = 0%(B) £ p%(B) £ m(X) < + oo.

The following result concerning the asymptotic behavior of ¢,(B) as n — oo is
needed in §4:

LeMMA 3. For any measurable set B and for any finite set {pil i=0,1,---,r—1}
of integers, we have

r—1

(3.8) lim sup X ¢ (T"B)= ro*(B),
n=*o i=0
r-1

(3.9 lim inf X 6 (T"B) = ro,.(B).
n—w i=0

In particular, if the sets T"B, i=0, 1,---,r — 1, are mutually disjoint, then
we have
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r—1
(3.10) ot (iL—JonB) = ra¥(B),
r—-1
(3.11) o (‘UOT”‘B) = ra,+(B).
Proof. We first observe that
1 p+tn—1 1 n—1
|O'"(TpB) - an(B)I = _n“ E m(T"B) - 7 E m(TkB)
k=p k=0
(3.12)
< 2Pl

for any integer p=0, + 1, + 2,-.- and n = 1,2, ---. From this follows that

'S oiT*B) = roB)| S E [0TB)~o,(B)
(3.13) o l—o

lIA

r—1
i=o I
as n— oo. The relations (3.8) and (3.9) follow from (3.13); and (3.10) and (3.11)
are consequences of (3.8) and (3.9), respectively.

Let us consider the following conditions:

M. m(B) > 0 implies p,.(B) > 0,
(ID) m(B) > 0 impliesc,.(B) > 0,
am., m(B) > 0 implies ¢%(B) > 0,
av), m(B) > 0 implies p%(B) > 0,
M- m(B) > 0 implies p,_(B) > 0,
(I0)_ m(B) > 0 implieso,_(B) > 0,
(1) - m(B) > 0 implies ¢*(B) > 0,
av).- m(B) > 0 implies p*(B) > 0.

All of these conditions may be interpreted as saying that m is absolutely con-
tinuous with respect to p,., 044, €tc.

We observe that the conditions (I), — (IV); and (I)- — (IV)_ give a quali-
tative description of the different limits involved. The corresponding quantitative
conditions may be stated as follows:
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(D¥ for any ¢ > 0, thcre existsa & > 0 such that m(B) = & implies
P*+(B) g 5,

(IDX¥ for any ¢ > O, there existsa 6 > 0 such that m(B) = ¢ implies
0'*+(B) .% 59

(1) ¥ for any & > O, there existsa & > O such that m(B) = ¢ implies
o (B) 2 4,

(IV) [ for any ¢ > 0, there existsa 6 > 0 such that m(B) = ¢ implies
Pt (B) Z 4,

(D* for any ¢ > 0, there existsa 6 > 0 such that m(B) = ¢ implies
p*—(B) g 6’

(ID*  for any ¢ > 0, there existsa 6 > 0 such that m(B) = & implies
O'*_(B) g 57

(II)* for any ¢ > O, there existsa & > O such that m(B) = ¢ implies
ot (B) = 4,

(IV)X for any ¢ > 0, there existsa & > 0 such that m(B) = ¢ implies
p* (B) 2 6.

All of these conditions may be interpreted as saying that m is uniformly abso-
lutely continuous with respect to py ., 6,4+, etc.

A measurable subset W of X is called a weakly wandering set if there exists a
sequence {pil i=0,1,2,---} of integers (positive, negative or zero) such that the
image sets T*'W, i =0,1,2,---, are all mutually disjoint. By using this notion of
weakly wandering set, we can introduce the following condition:

(V) Thereis no weakly wandering set of positive measure.

It is easy to see that the condition (V) is symmetric in T and T ~*. In fact, if the
image sets T%'B, i=0,1,2,---, are mutually disjoint, then the sets T ~PB,
i=0,1,2,.., are also mutually disjoint.

The qualitative analogue to the condition (V) may be stated as follows:

(V)* for any & > 0, there exists a positive integer k such that, if B is a meas-
urable set with m(B) Z ¢, then at most k images of B by powers of T are mutually
disjoint.

Again this condition is symmetric in T and T*.

Let {m,| n=1,2,---} be a sequence of finite measures defined on the same
o-field . {m,| n=1,2,---} is said to be equi-uniformly absolutely continuous
with respect to a finite measure m defined on & if, for any ¢ > 0, there exists a
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d > 0 such that m,(B) <¢, n=1,2,.-- for any measurable set B with m(B) < d.
The last condition of this section can now be stated as follows:

0)* {p,,l n=0,+1, +£2,---} is equi-uniformly, absolutely continuous with
respect to m, i.e., for any & > O there exists a 6 > 0 such that m(B) < 6 implies
p(B)y<e forn=0,+1,+2,--.

We now state our main result in the following form:

THEOREM 1. Let (X,#,m) be a finite measure space, and let T be a non-
singular, measurability preserving transformation of X onto itself. The following
conditions (0)*, (I),, (ID,, (I, (D_, AD_, AID_, (D%, (D%, A%, (D*,
(ID*, (1D, (V), (V)* are mutually equivalent, and each of them is a necessary
and sufficient condition for the existence of a finite measure defined on % which
is equivalent to m and is invariant under T.

The proof of this theorem will be given in §4.

4. Proof of the main theorem. We prove Theorem 1 by following the way
described in §1 and indicated by arrows in the diagram at the end of §1. We first
list obvious implications:

ProOPOSITION 1. The following implications hold:

(4.1), M+ - ADy - A, - AV),,
4.1)- M- - - - dAH. - v,
(4.2, M -» @O - Dy - AV
4.2)- M* - ID* - ID* - OIV)*
(4.3)+ M - O
(4.3)- Mm* - O,
(44, ¥ - 1D,
4.4)_ am* - .,
(4.5)+ amd - (.,
4.5)_ {n* - 1.,
(4.6) )i - V).,
(4.6)- mwzx - @av.,
4.7 m* - .

Proof. Follows immediately from definitions.

PROPOSITION 2. The following implications hold
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(4.8) 4 (1, - dImi,
(4.8)_ ). - (1D*,
(4.9)+ avy, - @
(4.9)_ V). - AV)*.

Proof. It follows from Lemma 1 and the fact that the set functions 6%, o*, p%
and p* are subadditive functions.

PROPOSITION 3. The following implications hold:

(4.10)4 A, - (V)
(4.10)_ am.- - (V).

Proof. We prove only (4.10), since (4.10)_ can be proved in exactly the same
way. Assume that the condition (III), holds but the condition (V) does not hold.
Then there would exist a measurable set W of positive measure and a sequence
{p:] i=0,1,2,---} of integers such that the sets T"W, i =0,1,2, -, are mutually
disjoint. From (3.10) of Lemma 3 of §3 follows that

r-1
4.11) ra’.';(W)=aI( U T"'W) Ssm(X)<oo for r=1,2,--.
=0

This implies that o ¥(W) = 0, which is a contradiction to (III),.
PRrOPOSITION 4. The following implications hold:

(4.12), amy - W

(4.12) Im* - ()~

Proof. We prove only (4.12), since (4.12)_ can be proved exactly in the same
way. Assume that the condition (II1)% holds but the condition (V)* does not hold.
Then there would exist a positive number ¢ > 0 such that, for any positive integer
r, there exists a measurable set B with m(B) > ¢ and a set { p,.l i=0,1,.,r—1}
of r integers such that the sets T*B, i=0,1,---,r —1, are mutually disjoint.
From (3.11) of Lemma 3 of §3 follows the relation (4.11). This is a contradiction
since ¢ > 0 is fixed and r is an arbitrary positive integer.

PROPOSITION 5. The following implications hold:
(4.13)4 VM - D+
(4.13) VN - (..

Proof. We prove only (4.13), since (4.13)_ can be proved exactly in the same
way. In order to prove (4.13), it is sufficient to prove the following:

LEMMA 4. Let A be a measurable set with m(A4) = a > 0 and assume that
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(4.14) Py +(4) = lim inf m(T"A4) = 0.
Then, for any & with 0 <& < a, there exists a measurable subset A’ of A such
that m(A')<e¢ and W = A — A’ is a weakly wandering set.

Proof. Let p, =0, and put g, =¢/i 2, i=1,2,---. Choose a positive integer
p, such that m(T?'A4) < ¢, . This is possible because of (4.14). Assume now that
the integers 0 = p, < p; < -+ < p;_, are already chosen. We choose a positive
integer p; such that p; > p,_, and

(4.15) m(TP " P 4) < g

for j=0,1,---,i — 1. This is possible because of (4.14) and because the measures
P=pys J=0,1,,i— 1, are uniformly absolutely continuous with respect to m.
In fact, we first choose a positive number §; > 0 such that m(B) < ; implies
p-,(B)=p(T"?'B)<s, j=0, 1,--,i—1. Then choose a positive integer
p; such that p;> p;,_; and m(T"A) < é;. This implies that m(T? " 4) <¢;,
j=0,1,i—1.

In this way we can choose an increasing sequence of integers {p;| i=0,1,2,---}
with p, =0 such that (4.15) is satisfied for j=0,1,---,i—1 and i=1,2,---.
We put

i-1

(4.16) A= Ur*rana
i=1 j=0
Then A’ is a measurable subset of 4 with
w i-1
md) £ X X m(T" 7 A)
4.17) =L =0
0
< Z isi = 83
i=1
and it is easy to see that W = A — A’ is a weakly wandering set. In fact, T?'W,
i=0,1,2,-.- are mutually disjoint since
(4.18) TP PWNAWeTH PAN(A-A) =90
forj=0,1,.--,i—1 and i=1,2,.--.
PROPOSITION 6. The following implications hold:
(4.19)+ M* - (D,
(4.19).. WN* - ID*.

Proof. We prove only (4.19), since (4.19)_ can be proved exactly in the same
way. Assume that the condition (V)* holds but the condition (II)¥ does not hold.
Then there would exist a positive number ¢ > 0 such that for any positive number
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& >0 there exists a measurable set A with m(4) 2 ¢ and o, ,(4) < 4. In order to
complete the proof it is sufficient to prove the following:

LEMMA 5. Let A be a measurable set with m(A) =a >0 and assume that

n—1
(4.20) 644+(4) = lim inf L Y m(T*4) < 6.
n—o LT
Let k be a positive integer such that (k(k + 1)/2)6 <. Then there exists a
measurable subset A’ of A with m(A’) < (k(k +1)/2)d such that W = A — A’
has k+ 1 disjoint images by powers of T, i.e., there exist k+ 1 integers
PosP1s s Pis Such that T**W, i =0,1,---, k are mutually disjoint.

Proof. Let p, = 0. Choose a positive integer p; such that m(T ?'4) < §. This is
possible since (4.20) is satisfied by 4. Let 1 <i < k and assume that the integers
0=po<p; <--<p;— are already chosen. We choose a positive integer p
such that p; > p;_, and

i-1
4.21) m ( U T"""’A) < ié.

i=o

This is possible since

i-1 i—1
Ot ( U T"”A) = liminfo, (UOT"“A)
e

(4.22) 1=0 e
i-1
< liminf X 0(T " 4) = io, . (4) < i6
n*w0 j=0
by (3.9) of Lemma 3.

In this way we get k + 1 integers 0 = py < p; < -+ < p, such that (4.21) holds
fori=1,---,k. Let us put

k i-1
(4.23) A4 = Urmra.

i=1 j=0
Then

k i-1

m(A’) é Z m (U TPK‘PJA)

4.249) i=1 j=0

3

i=1

and if we put B= A — A’ then it is easy to see that the sets T?'B, i = 0,1, .-, k are
mutually disjoint. In fact

(4.25) TP PBNBc TP PAN(A-A)=¢
for0<j<isgk.
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PROPOSITION 6. The following implications hold:

(4.26), (I} implies (0)*,

(4.26) (ID* implies (0)*.

Proof. We prove only (4.26), since (4.26)_ can be proved exactly in the same
way. Assume that the condition (IT)} holds but (0)* does not hold. Then there
exists a positive number ¢ > 0, a sequence of measurable sets {4,| i = 1,2,---} and
a sequence of integers {p;| i =1,2,--} such that m(4;) < 1/2 ‘and m(T?4,) = 2¢
for i=1,2,--. Let B,=|J%4;, k=1,2,--. Then {B,| k=1,2,---} is a
decreasing sequence of measurable sets with lim,_, ,,m(B,) = 0 such that

(4.27) m(T?B,)  2¢

for k =1,2,--. On the other hand, from condition (II) { follows that there exists
a positive number & > G such that o,.(B) = ¢ for any measurable set B with
m(B) = a. We apply Lemma 2 of §2 to A =0, . Then there exists a positive
integer k, such that

(4.28) o* (B, — B,) < &

for any integer k > k,. If we put k = k, in (4.27), we have m(T?*B, ) = 2¢. Choose
a positive integer k; so large that k; >k, and m(T?B, )<e, and put
B* = T?o(B,, — By;,). Then m(B*) = m(T" B, ) — m(T™°B,)>2¢—¢=¢ and
0y +(B¥) = 04 +(B,, — By,) < 6 by (4.28). This is a contradiction to (ID¥ .

ProrosITION 7. The following implications hold:
(4.29)+ ©o* - O,
(4.29)- o* - (D*.

Proof. We prove only (4.29) ;. since (4.29)_ can be proved exactly in the same
way. Assume that the condition (0)* holds, but (I)} does not hold. From (0)*
follows that for any & > O there exists a positive number é > 0 such that m(B) <
implies p_,(B)=m(T-"B)<e for n=0,+ 1,+2,---. If condition (I)} does
hold then there would exist a positive number ¢ > 0 such that for any positive
number & > 0 there exists a measurable set 4 with m(4) = ¢ and p, ,(4) < 4.

From this follows that there exists a positive integer n such that p,(4)=m(T" 4) <$.
This is a contradiction since m(T"4) < would imply m(4) = p_,(T"4) <e.

PROPOSITION 8. In order that there exist a finite measure defined on # which
is equivalent with m and is invariant under T, it is necessary and sufficient that
the condition (0)* is satisfied.

Proof. Assume that there exists a finite measure u defined on # which is equiv-
alent with m and is invariant under T. From Lemma 1 of §2 follows that m is
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uniformly absolutely continuous with respect to u. Since p is invariant under T,
this implies that {p,,l n=0,+1, +2,---} is equi-uniformly absolutely continuous
with respect to u. On the other hand, again from Lemma 1 follows that u is
uniformly absolutely continuous with respect to m. From these statements we
conclude that {p,| n=0,+1,+2,--} is equi-uniformly absolutely continuous
with respect to m. Thus the condition (0)* is satisfied.

Conversely, assume that the condition (0)* is satisfied. Let us put

(4.30) #(B) = Lim p,(B),

where Lim denotes a Banach limit. It is obvious that u(B) is invariant
and finitely additive on #. From the equi-uniform absolute continuity of
{pu]| n=0,+1,+2,.-} follows that u is countably additive and equivalent
with m. In fact, for any ¢ > 0, choose a positive number § > 0 such that m(B) < 6
implies p,(B)<¢ for all n=0,+1,+2,---. From this follows that m(B) < §
implies u(B) = Lim p,(B) < &. This shows that p is countably additive and uni-
formly absolutely continuous with respect to m. On the other hand, u(B) < 6 im-
plies that m(T"B) = p,(B) < 4 for at least one n, and hence m(B) = p_,(T"B) < &.
This shows that m is uniformly absoutely continuous with respect to pu.

Propositions 1-8 together give all the implications denoted by arrows in the
diagram at the end of §1. This completes the proof of Theorem 1.

5. Application to o-finite measure space. Let (X,%,m) be a finite or o-
finite measure space, and let T be a nonsingular, measurability preserving trans-
formation of X onto itself. A measurable subset 4 of X is said to be invariant
under T if TA = A, and T is said to be ergodic if m(4) =0 or m(X — A) =0 for
any invariant measurable subset 4 of X.

LEMMA 6. Let T be an ergodic, nonsingular, measurability preserving
transformation defined on a finite or o-finite measure space (X, %, m). Let 1 and
i be two finite or o-finite nonzero measures defined on % which are equivalent
with m and are invariant under T. Then there exists a positive constant ¢ > 0
such that A=cp,i.e., A and p are either both finite or both o-finite, and
A(B) = cu(B) for any measurable subset B of X.

Proof . Since A and p are equivalent, there exists (by Radon-Nikodym’s
theorem) a positive measurable function f(x) defined on X such that

.1) A(B) = J.Bf(x)u(dx)

for any measurable subset B of X. Since both A and p are invariant under T, it
follows that f(Tx) = f(x) almost everywhere on X. Since T is ergodic, it follows
that f(x) is equal to a constant ¢ almost everywhere on X. It is easy to see that
¢ > 0 and that (5.1) holds for any measurable subset B of X.
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THEOREM 2. Let T be an ergodic measure preserving transformation defined
on a o-finite measure space (X,%,1). Then T admits a weakly wandering set
of positive measure, i.e., there exist a measurable subset W of X with y(W) >0
and a sequence {pi] i=1,2,---} of positive integers such that the sets T"'W,
i=1,2,---, are mutually disjoint.

Proof. Let {B,| n=1,2,-} be a sequence of mutually disjoint measurable
subsets of X such that X =| Ji, B, and 0 < u(B,) < o0, n=1,2,---. If we put

, _§ MBNB)

6.2 mB) = X o)

for any measurable subset B of X, then m is a finite measure defined on & and is
equivalent to u. T may be considered as an ergodic, nonsingular, measurability
preserving transformation defined on the finite measure space (X, %, m). From
Lemma 6 above follows that there is no finite measure defined on & which is
equivalent to m and is invariant under T. Thus none of the conditions of Theorem
1 is satisfied. In particular, condition (V) does not hold.Thus there exists a weakly
wandering set Wwith m(W) > 0, and hence u(W) > 0. This completes the proof
of Theorem 2.

Let again T be an ergodic measure prescrving transformation defined on a
o-finite measure space (X,%, y). From the individual ergodic theorem follows
easily that

n—1
(53) lim —'11- X W(T*ANA)=0
n -0 k=0

for any measurable subset 4 of X with u(4) < co. This, however, does not imply
that

(5.4) lim W(T"4 N 4) = 0.

It is not difficult to show that either (5.4) holds for any measurable subset 4 of X
with p(A) < oo, or
(5.5) lim sup f(T"AN A)>0
n— o0

for any measurable subset 4 of X with u(4) > 0. In the first case T is said to be
of zero type and in the second case T is said to be of positive type. It is possible
to show that ergodic measure preserving transformations of both types exist on a
suitable o-finite measure space (for example, the Lebesgue measure space on the
real line X = (— o0, 0)). Ergodic measure preserving transformations of positive
type are interesting in connection with the conditions (IV),, AV)¥, IV)_, AIV)*
introduced in §3.

Let m be a finite measure defined on & which is equivalent to p. As was ob-
served earlier in this section, T may be considered as an ergodic, nonsingular,



1964] WANDERING SETS AND INVARIANT MEASURES 151

measurability preserving transformation defined on a finite measure space
(X,%,m), and there is no finite measure defined on & which is equivalent with
m and invariant under T. It is easy to see that T is of positive type on (X, %, u) if
and only if T satisfies the condition (IV), of §3. Thus we see that the condition
(IV),, which is obviously a necessary condition for the existence of a finite,
equivalent, invariant measure, is not a sufficient condition.

The existence of ergodic measure preserving transformations of zero and
positive types on a o-finite Lebesgue measure space will be shown in a subsequent
paper where more detailed classification of ergodic measure preserving transfor-
mations on a o-finite measure space is discussed.
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