THE FOUNDATIONS FOR AN EXTENSION
OF DIFFERENTIAL ALGEBRA(')

BY
H. F. KREIMER

1. Introduction. A differential ring may be regarded as a ring with a self-rep-
resentation(?), the derivation being derived from the representation. A difference
ring and a ring with a higher derivation may also be so regarded. In §2, a class
of algebras is defined and an M-system of mappings of a ring R into a ring S is
derived from a representation of R into one of these algebras over S. Extensions
of M-systems of mappings are considered in §3. M-rings are defined and studied
in §4. Among the examples of M-rings are mixed differential-difference rings
with operators which need not commute. In §5, the question of compatibility
of extensions of M-rings is treated.

2. A generalization of the notion of a derivation. In the sequel, ring will
mean commutative ring with identity element, subring will mean subring con-
taining the identity element, module will mean unital module, and homomorphism
of one ring into another will mean homomorphism mapping the identity element
of the one ring onto the identity element of the other. Let C be an associative,
commutative coalgebra with identity over a ring W, which is freely generated as a
W-module. If M is a basis for C over W, the set of elements of C ®,, C of the
form m ® n, m and n in M, is a basis for C ®yC over W. If u is the coproduct
mapping of C into C ® y C and me M, then mp= X, , pZmnp 1 ® p, Where
Zounp € Wy Zmnp = 0 except for a finite number of elements n and p in M, and
Znnp 1 Uniquely determined by the triple (m, n, p) of elements of M. The require-
ments that C be an associative, commutative coalgebra with identity over W are
equivalent to the requirements that X, .y Zmnp Zngr = ZneM Zman Znrps Zmnp = Zmpns
and there is an element e of C* = Homy,(C, W) such that

1, m=p,
n§M Zmnpe(n) - 6mp - {0’ m # p.

The mapping C*®y C* % Homp(C®, C, W)*™> Homy(C, W) = C*, where
p* is the transpose of u and v is the canonical homomorphism of C*®,C* into
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Homy(C® »C, W), determines a multiplication in C*, with respect to which C*
is an associative, commutative algebra over W and e is an identity element in C*.

Let a homomorphism w— 1w of Winto aring S be given. S is a W-module with
respect to the operation w + s = ws; the S-module cs= S®yu C obtained from
the W-module C by inverse transfer of the basic ring to S is an associative, com-
mutative coalgebra with identity over S, with respect to the coproduct mapping
=1 p of C5=5®,C into SR, COKC = (SOWC)Rs(S®yC)=C®sC*;
and M is a basis for C5 over S with each element m of M identified with the
element 1 ® m of C5 = S ®,,C. If p is a homomorphism of a ring R into (C5)*,
then for each me M there is a mapping a — a’(m) of R into S, which
will also be denoted by m, and the set of these mappings will be called
an M-system of mappings of R into S. If a, beR and me M, then
(a + b)m = (a + b)’(m) = (a® + b°) (m) = am + bm, and (ab)m = (ab)’(m)
= (apbp)(m) = (ap ® bp) (Zn,peM mn ® P) = En,psMZ;;— (an)(bp) The
mappings are determined by the representation p of R in (C%)*; the type of the
M-system of mappings is determined by the “‘coefficients’’ z,,, or, equivalently,
by the coalgebra C and its basis M.

(2.1) ExamMPLE. Let W = Z, the ring of integers; let N be a positive integer;
let M = {Dil ieZand 0 £ i< N}; and let Zp,p,p. = 0i,j+k- Then an M-system
of mappings of R into S consists of a homomorphism D, and a higher D,-deri-
vation of rank N from R into S. Moreover, every higher Dy-derivation of rank N
from R into S can be obtained as such an M-system of mappings. If N = 0,
M consists only of the homomorphism D,; and if N =1, M consists of the
homomorphism D, and a D,-derivation D, of R into S. A higher derivation of
rank N, in the usual sense, is obtained if R is a subring of S and D, is the identity
mapping of R into S.

(2.2) ExaMPLE. Let W = Z, let M = {D;|ieZ and i = 0}, and let
Zp,p,p, = Oi,j+x- Then an M-system of mappings of R into S consists of a homo-
morphism D, and an infinite higher D,-derivation of R into S. Moreover, every
infinite higher Dy-derivation of R into S can be obtained as such an M-system
of mappings. An infinite higher derivation, in the usual sense, is obtained if R is
a subring of S and D, is the identity mapping of R into S. An infinite higher
derivation of R into R is called iterative if (aD,)D; = (*;) (aD;, ) for any aeR
and positive i, j€ Z.

(2.3) ExaMPLE. Let W = Z,let M = {F,, F,}, and let

If Q is the field of rational numbers and R = Q( \3/ 2) = S, an M-system of map-
pings of R into S is given by
(a+byY2+cYdF =a-c34

and
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(@+b Y2 +c YHF,=b Y2 —c ¥4

Since there are no nontrivial automorphisms, derivations, or higher derivations
on Q( \3/2), this M-system of mappings of R into S is not only of different type
from the previous examples, but these mappings on Q( \3/2) cannot be algebraic
combinations over Q( \3/ 2) of automorphisms, derivations, and higher derivations.

3. Extensions of M-systems of mappings. Let an M-system of mappings
of a ring R into a ring S be determined by a representation p of R into (C%)*.
Given a homomorphism of S into a ring T, let CT = (C%) be the coalgebra over
T obtamed from C® by inverse transfer of the basic ring to T. The mapping
R—)(Cs)* S (CT*, where  is the canonical homomorphism of (C5)* into
(CT)*, is a homomorphism of R into (CT)* and determines an M-system of
mappings of R into T, which will be said to be deduced from the M-system of
mappings of R into S by inverse transfer of the ring Sto T.

Now suppose 7 is a homomorphism of the ring R onto a ring Q with kernel I.
If I is contained in the kernel of the representation p, then there is an induced
homomorphism 5 of Q into (C%)*. Consequently, an M-system of mappings
of Qinto S is induced by the M-system of mappings of R into S. Finally, suppose
Q is a ring which is an extension of R. If the representation p of R into (C5)*
can be extended to a homomorphism of Q into (C5)*, then the M-system of
mappings of R into S is extended to an M-system of mappings of Q into S.

Let {x,|xc A} be a set of elements algebraically independent over R, let
Q = R[x,] be the ring of polynomials over R in the x,, x€ 4, and let {s,, |ac A
and m € M} be a set of elements of S. A homomorphism p of R into (C%)* can be
extended to a homomorphism j of Q into (C5)*, such that x’(m) = Sam> XEA
and m e M; thus, an M-system of mappings of R into S can be extended to an
M-system of mappings of Q = R[x,] into S, such that x,m = s, ,, a€ A and
me M.

Let N be a set of elements of R which are not zero divisors in R, and let Q be
the ring of quotients of R relative to N. A homomorphism p of R into (C5)*
can be extended to a homomorphism of Q into (C%)* and, consequently, an M-
system of mappings of R into S can be extended to an M-system of mappings of
Q into S if, and only if, a” is a unit in (C5)* for every a € N. Furthermore, when
such an extension exists, it is unique. An equivalent condition can be obtained.
Iff, g (CY)*,

(fm=(®8 X Zun®p = X Z,,f(n) g(p) = ( L Zonpf (n) p)-

n,peM n,peM n,peM

Therefore, under the regular representation of the algebra (C%)*, an element
£ of (C5)* is represented by the transpose of the endomorphism of the S-module
CS which is described with respect to the basis M by the row finite M x M
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matrix (X, cp Zonpf (W)mpem- It is readily verified that the mapping
0: f = (Xuert Zumpf (M) pen is an isomorphism of (C%)* into the ring Sy of row
finite M x M matrices over S. If fis a unit in (C%)*, then f° is a unit in S,,, and,
conversely, if f° is a unit in S,,, then f is a unit in (C5)* and its inverse is the
image of the identity element e of (C%)* under the transpose of the endomorphism
of CS described with respect to M by the matrix (f°)”". Therefore,an M-system
of mappings of R into S can be extended to an M-system of mappings of Q into
Sif, and onlyif, a*° = ( X,cy Zymp (A1) pen i @ unit in S, for every a e N.

Still letting N, Q, R, and S be as in the preceding paragraph, reconsider Exam-
ples (2.1) and (2.2). In Example (2.1), the M x M matrix ( X, Zyanp (AN pem
is a triangular (N + 1) x (N + 1) matrix with entries on the main diagonal
equal to aD,, which is a unit in the ring of (N + 1) x (N + 1) matrices over S if,
and only if, aD, is a unit in S. Therefore, this M-system of mappings of R into S
can be extended to an M-system of mappings of Q into S if, and only if, aD, is
a unit in S for every a € N. Moreover any such extension is unique. As a special
consequence, if Q is a subring of S, then for any higher derivation of rank N from
R into S there is a unique extension to a higher derivation of rank N from Q
into S.

For Example (2.2) it will be useful to investigate the algebra (C%)* and the
representation p of R into (C5)*. Let x be the element of (C5)* such that
x(D;) = &;,;. Then it can be shown that x/(D;) = & ;.i- Thus x is transcendental
over S, (C%)* is isomorphic to the ring of formal power series over S in x, and
a’= 22, (aDj)xf, aeR. 2}”:0 ijj is a unit in (C5)* if, and only if, s, is a unit
in S. Therefore this M-system of mappings of R into S can be extended to an
M-system of mappings of Q into S if, and only if, aD, is a unit in S for every
a € N. Moreover, any such extension is unique. If Q is a subring of S, then for
any infinite higher derivation of R into S there is a unique extension to an in-
finite higher derivation of Q into S. Let an iterative infinite higher derivation
of R into R be given; extend the infinite higher derivation of R into Q, deduced
from the higher derivation of R into R by inverse transfer of the ring R to Q,
to an infinite higher derivation of Q into Q; and let p be the corresponding rep-
resentation of Q into (C2)*. Both of the rules (¢°)D; = (¢D,)’ = Z}’Zo((qD,.)Dj)xj
and (¢”)D; = Zj":o (iJ',.j)(qDHj)xf, i=1,2,3,.--, determine infinite higher
derivations of Q” into (C2)* which coincide on R”. Since Q” is the ring of quotients
of R’ with respect to the set N*, both rules must define the same higher derivation
of Q°into (C?)*. Therefore, (¢D;)D;=(*{ /) (¢D,, ) forany geQand i,j=1,2,3,---,
and the extension of an iterative infinite higher derivation of R into R to an
infinite higher derivation of Q into Q is again iterative.

4. M-rings. An M-ring is a system consisting of a ring R and an M-system
of mappings of R into R. An M-domain is an M-ring R in which R is an integral
domain, and an M-field is an M-ring R in which R is a field.
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A partial differential ring R is an M-ring in which the M-system of mappings
consists of the identity automorphism and derivations which commute with each
other in their action on R. The ordinary differential ring is the special case in
which there is just one derivation. The ring of all complex valued functions
holomorphic throughout a given region of the complex plane, with ordinary
differentiation as the derivation, is a differential ring. Rings with higher deriva-
tions of rank greater than one may also be considered, and an M-ring in which
the M-system of mappings consists of the identity automorphism and higher
derivations will be called a ring of differential type.

A partial difference ring R is an M-ring in which the M-system of mappings
consists of homomorphisms of R into R which commute with each other in their
action on R. The ordinary difference ring is the special case in which there is just
one homomorphism. The ring of all real valued functions defined on the real
line, with the transformation f(x) —» f(x + 1) as the homomorphism, is a dif-
ference ring. An M-ring in which the M-system of mappings consists of hcmo-
morphisms will be called a ring of difference type. More generally, rings of mixed
difference-differential type may be considered; nor do these exhaust the class
of M-rings, as Example (2.3) illustrates.

An M-subring (ideal) of an M-ring R is a subring (ideal) of R which is invariant
under operations on R by elements of M. Let S be an M-subring of an M-ring
Rand let {r,| x e A} be a set of elements of R. The intersection of all M-sub-
rings of R which contain S and the elements r,, a € A, is the unique smallest
M-subring of R which contains S and the elements r,, x€ A, and it will be
denoted by S{r,}. Analogously, if L is an M-subfield of an M-field K and
{k, |« € A} is a set of elements of K ; the intersection of all M-subfields of K which
contain L and the elements k,, a € A, is the unique smallest M-subfield of K which
contains L and the elements k,, « € 4, and it will be denoted by L{k,>.

A homomorphism 7 of an M-ring R into an M-ring Q is an M-homomorphism
if the M-system of mappings of R into Q deduced from the M-system of mappings
of R into R by inverse transfer of the ring R to Q induces an M-system of map-
pings on R"into Q for which the M-system of mappings of Q into Q is an ex-
tension. An M-isomorphism of R into Q is an M-homomorphism of R into Q
which is one-to-one, and R and Q are M-isomorphic if there is an M-isomor-
phism of R onto Q. Finally, an M-extension of an M-ring R is a system (Q, i)
consisting of an M-ring Q and an M-isomorphism i of R into Q. The isomorphic
image R’ of R will usually be identified with R.

Let I be an M-ideal of an M-ring R and consider the canonical homomorphism
of R onto the residue class ring R/I. Since I is an M-ideal of R, the M-system of
mappings of R into R/I deduced from the M-system of mappings of R into R
by inverse transfer of the ring R to R/I induces an M-system of mappings on R/I
into R/I. Thus R/I becomes an M-ring and the canonical homomorphism of R
onto R/I is an M-homomorphism. Now suppose # is an M-homomorphism of
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an M-ring R into an M-ring Q. The kernel of n is an M-ideal I of R, R" is an
M-subring of Q, the induced isomorphism # of R/I onto R" is an M-isomorphism
of the M-ring R/I into Q, and (Q, ) is an M-extension of R/I = R".

Let R be an M-ring, let {x,|aec A} be a set of elements algebraically inde-
pendent over R, let R[x,] be the ring of polynomials over R in the x,, a€ 4,
and let i be the canonical isomorphism of R into R[x,]. If {y, »| x€ A and m e M}
is a set of elements of R[x,], then the M-system of mappings of R into R[x,]
deduced from the M-system of mappings of R into R by inverse transfer of the
ring R to R[x,] can be extended to an M-system of mappings of R[x,] into
R[x,], such that x,m = y, ,, x€ A and me M. Thus R[x,] becomes an M-ring
and (R[x,], i) is an M-extension of R.

Let R be an M-ring and let S'(M) be the free semigroup with identity element
generated by the set M. Operations on R by elements of S’'(M) are defined as
follows: the identity element of S’(M) operates on R as the identity automor-
phism of R, and any other element of S’(M) operates on R as the resultant of
the operations on R by its factors. Thus, if m, n, pe M, then :a(mnp) = ((am)n)p
for any aeR. Let B be any set, let A be the product set B x S'(M), let
{xs 5| (B,s)€iB x S'(M)} be a set of elements algebraically independent over R,
let R[x;,] be the ring of polynomials over R in the x;, (B,s)€B x S'(M);
and let i be the canonical isomorphism of R into R[x, ]. Setting y o m = Xp sm
and repeating the construction of the preceding paragraph, R[x; ] becomes
an M-ring, such that x; ;m = x; ;,, (B,5) € B x S'(M) and me M; and (R[x, ,],i)
is an M-extension of R. If 1 is the identity element of S’(M) and x; , is denoted
simply by x;, f € B; then R[x, ] = R{x;}. R{x,} will be called the M-extension
of R by a set {xz | f € B} of M-indeterminates.

Finally, let N be a set of elements of an M-ring R which are not zero divisors
in R, let Q be the ring of quotients of R relative to the set N, and let i be the
canonical isomorphism of R into Q. The M-system of mappings of R into Q
deduced from the M-system of mappings of R into R by inverse transfer of the
ring R to Q can be extended to an M-system of mappings of Q into Q and, con-
sequently, Q becomes an M-ring such that (Q, i) is an M-extension of R, if, and
only if, the M x M matrix ( X, cp Zmmp (1))m pey is @ unit in Q) for every a € N.
Furthermore, when such a structure of an M-ring on Q exists, it is unique.

(4.1) ProPOSITION. Let ¢ be an M-isomorphism of an M-domain R intoan
M-field K, and let Q be the field of fractions of R. There is a unique structure
of an M-field on Q such that Q is an M-extension of R, and there is a unique
extension of ¢ to an M-isomorphism of Q into K.

Proof. Q is the ring of quotients of R relative to the set N of nonzero elements
of R, and there is a unique extension of the isomorphism ¢ of R into the field K
to an isomorphism ¢ of @ into K. Identifying Q with its isomorphic image Qa,
R is identified with its M-isomorphic image R®. The M-system of mappings of K
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into K restricts to an M-system of mappings of Q into K which extends the M-
system of mappings of Rinto R < K. Such an extension is unique and the M x M
matrix ( X,cp Zmmp (M) pem i @ unit in K, for every ae N. But then
( XM Zmnp (@N))y peyr must already be a unit in Q,, for every a€N, and the
M-system of mappings of R into R < Q < K can be extended to an M-system
of mappings of Q into Q@ < K. Therefore, the M-system of mappings of K into K
must restrict to an M-system of mappings of Q into Q; and, thus, Q becomes
an M-field which is an M-extension of R. Such a structure of an M-field on Q
must be unique, and the canonical embedding of @ in K is the unique extension
of ¢ to an M-isomorphism of Q into K.

(4.2) CorOLLARY. If K is an M-field which is an M-extension of an M-ring R,
then the field of fractions of R in K is the unique smallest M-subfield of K which
contains R.

5. Compatibility of M-extensions and admissible AM-isomorphisms. Let (S, i)
and (T, j) be M-extensions of an M-ring R. A common M-extension of S and T
over R is a system (U, g, h) consisting of an M-ring U, and M-isomorphism
g of Sinto U, and an M-isomorphism & of T into U, such that ig = jh. (S, i)
and (T, j) are compatible M-extensions of an M-ring R if there exists a common
M-extension (U, g, h) of S and T over R, such that U is an M-domain.

If (S, i) and (T, j) are M-extensions of an M-ring R, then, as extensions of
the ring R, S and T are algebras over R, and the algebra S ®; T over R is again
aring. The mapping g : s —» s ® 1 is a homomorphism of S into S ®3 T, and the
mapping h :t —» 1 ® ¢t is a homomorphism of T into S ® T. Consider the M-
system of mappings of S into S @ xT deduced from the M-system of mappings of
S into S by inverse transfer of thering S to S ® ; T,and let p be the corresponding
representation of S into (CS®RTy*_Similarly, consider the M-system of mappings
of T into S ® x T deduced from the M-system of mappings of T into T by inverse
transfer of the ring T to S ®; T, and let ¢ be the corresponding representation
of T into (C5®RT)*_ There is a homomorphism 7 of S®, T into (C*®RT)* such
that (s ® t)* = s°t°,se Sand t € T,and, thus an M-system of mappingsof S ® T
into S®g T is determined and S®y T becomes an M-ring. Furthermore, the
restriction of 7 to S yields an M-system of mappings of Sinto S ® T induced
by the M-system of mappings of S into S @y T, and the restriction of 7 to T"
yields an M-system of T" into S ® g T induced by the M-system of mappings of T
into S @y T. Therefore, g is an M-homomorphism of S into S ® T and h is an
M-homomorphism of T into S ® iT.

If S and T are M-domains, then g is an isomorphism of S into S®3 T, his an
isomorphism of T into S®x T, and (S ® T, g, h) is a common M-extension of
S and T over R. Furthermore, if R is a field and S is a regular extension of R,
then S®y T is again an integral domain and (S, i) and (7, j) are compatible
M-extensions of R.
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An admissible M-isomorphism of an M-ring R is an M-isomorphism of R into
an M-domain which is an M-extension of R.

(5.1) THEOREM. If S is an M-domain which is an M-extension of an M-field R,
suchthat S is a regular extension of R, then S is compatible with any M-domain
which is an M-extension of R,an M-isomorphism of R into S is extendable to an
admissible M-isomorphism of S, and there exists an admissible M-isomorphism
of S over R which moves any element of S which is not also an element of R.

Proof. Let i be the canonical M-isomorphism of R into the M-extension S.
If T is an M-domain and j is an M-isomorphism of R into T, then the construc-
tion of the preceding paragraphs yields a common M-extension (S®g T, g, h)
of (S, i) and (T, j) over R and S ®z T is an M-domain.

Suppose f is an M-isomorphism of R into S. Letting T =S and j = f,
(S®x T, h)is an M-extension of T = S and g is an admissible M-isomorphism
of S which extends the M-isomorphism j = f. Furthermore, if f = i, then g is an
admissible M-isomorphism of S over R which moves any element of S which
is not also an element of R.

Contrasting relaxations of the hypothesis of this theorem can be obtained in
special cases. First let K and L be integral domains of characteristic p # 0, and
let f be a homomorphism of K into L. If K~ “and Lr~ ®are the perfect closures
of K and L, respectively, then there is a unique extension of f to a homomorphism
S of Kr~®into Lr™®. Indeed, if a e Kp~*®, then for some positive integer n,
a”"e K, and a fis the unique p"th root of (a*")f. Furthermore if f is an isomor-
phism, so is f.

(5.2) THEOREM. If S is an M-domain of difference type which is an M-exten-
sion of an M-field R, such that every element of S algebraic over R is purely
inseparable over R; then S is compatible with any M-domain which is an M-
extension of R, an M-isomorphism of R into S is extendable to an admissible
M-isomorphism of S and there exists an admissible M-isomorphism of S over R
which moves any element of S not purely inseparable over R.

Proof. If R is a field of characteristic zero, then S is a regular extension and
Theorem (5.1) applies. Suppose R is a field of characteristic p # 0. If i is the
canonical M-isomorphism of R into S, there is a unique extension of i to an
isomorphism 7 of R?”™ “into Se~ %, Identifying R?™® with its isomorphic image
(R?P™®), R is identified with its M-isomorphic image R’. The M-system of map-
pings of Sinto S consists of homomorphisms of S into S and there exist unique
extensions of these homomorphisms to homomorphisms of S?~® into Sr™%,
In turn, these homomorphisms of S»~ % into S~ restrict to homomorphisms
of Re™ ® into S»~ %, which must be the unique extensions of the homomorphisms
in the M-system of mappings of R into R to homomorphisms of R? ~® into
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Rr™® < Sp™®, Thus SP™° and R?~® become M-domains which are M-exten-
sions of S and R, respectively, and the canonical embedding i of R? ~® into
S?~%®is an M-isomorphism.

Similarly, if T is an M-domain and j is an M-isomorphism of R into T, then
there is a unique structure of an M-domain on T»~® and there is a unique ex-
tension of j to an M-isomorphism j of R?~®into T»~*. SP~ % is a regular ex-
tension of Rr™®; therefore (SP~ %, i) and (T~ ®, j) are compatible M-extensions
of RP™%, and (8, i) and (T, j) must be compatible M-extensions of R. If T = S,
then TP~ ® = S~ %, jcan be extended to an admissible M-isomorphism of S~ %,
and the restriction of this admissible M-isomorphism to S is an admissible M-
isomorphism of S which extends j. Finally, there is an admissible M-isomor-
phism of S»~% over Rr~® which moves any element of S?~* which is not also
an element of R?~®, and the restriction of this admissible M-isomorphism to S
is an admissible M-isomorphism of S over R which moves any element of S not
purely inseparable over R.

It is worthwhile to observe that if any two homomorphisms in the M-system
of mappings on S and T commute on S and on T, then they commute on S ®3 T,
SP™®, TP~ ® and SP™* @4 o T2 ®, Thus any such commutativity is preserved
in the preceding constructions. The importance of the assumption that every
element of S algebraic over R be purely inseparable over R can be illustrated
as follows: Let R be the difference field consisting of the field of real numbers
and the identity automorphism, let S be the difference field consisting of the
field of complex numbers and the identity automorphism, and let T be the
difference field consisting of the field of complex numbers and the automorphism
which maps each complex number onto its conjugate. S and T are M-extensions
of R, but they are not compatible, since in any commutative integral domain
which is an extension of the field of real numbers there can be at most one sub-
ring isomorphic over the field of real numbers to the field of complex numbers.

(5.3) LeMMA. Let L be a ring which is an extension of a field K, and let { be
an element of L which is separably algebraic over K. For any higher derivation
of K into L there is a unique extension to a higher derivation of K({) into L.

Proof. Let x be an element transcendental over K and let
p(x) = ag + a;x + ax* + -+ + a,x"

be an irreducible polynomial over K for which { is a root. A higher derivation
of K into L together with the identity isomorphism of K into L is an M-system
of mappings of K into L [Examples (2.1) and (2.2)]; let p be the corresponding
representation of K into (C%)*. Any extension of p to a homomorphism of K({)
into (C*)* is induced by a homomorphism of K[x] into (C%)* which also extends
p and vanishes on p(x). p can be extended to a homomorphism of K[x] into
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(C*)* which vanishes on p(x) if, and only if, the M-system of mappings of K
into L can be extended to an M-system of mappings of K[x] into L such that
(p(x))D; = 0 for every non-negative integer i which does not exceed the rank
of the higher derivation of K into L. The induced homomorphism of K({)
into (CY)* determines a higher derivation of K({) into L which extends the higher
derivation of K into L if, and only if, xDy, = {. Set xD, = { and assume that
xD; has already been defined for all positive integers j less than a given positive
integer i, which does not exceed the rank of the higher derivation of K into L.
Let p'(x) = a; + 2a,x + - + na,x" 'and let

n
Qi(x) = z Z (aijo) (xDjl) T (XDik)’
k=1 Jotjait+-+jk=i
Jteees i<t

xD; must be defined so that 0 = (p(x))D; = (p'({)) (xD;) + q,x). Since { is sep-
arably algebraic over K, p’({) # 0; therefore set xD; = — (g,(x)) (p'({))~*.
Proceeding inductively, the M-system of mappings of K into L is uniquely ex-
tended to the desired M-system of mappings of K[x] into L and the theorem is
proved.

With suitable modification, the technique used in the last paragraph of §3
may be re-employed to show that the extension of an iterative infinite higher
derivation of K into K to an infinite higher derivation of K({) into K({) is again
iterative.

(5.4) THEOREM. If S is an M-domain of differential type which is an M-
extension of an M-field R, such that S is a separable extension of R, then S is
compatible with any M-domain of differential type which is an M-extension
of R. An M-isomorphism of R into S is extendable to an admissible M-isomor-
phism of S, and given any element s, of S which is not also an element of R
there exists an admissible M-isomorphism of S over R which moves s,.

Proof. Let R and S denote the separable algebraic closures of R and S, re-
spectively. If i is the canonical M-isomorphism of R into S, let i be an extension
of i to an isomorphism of R into S. Identifying R with its isomorphic image
R, R is identified with its M-isomorphic image R’. The M-system of mappings
of S into S consists of the identity automorphism of S and higher derivations of
Sinto S. As a consequence of Lemma (5.3), there exist unique extensions of these
higher derivations to higher derivations of § into §, which restrict to higher
derivations of R into S. These higher derivations of R into § must be the unique
extensions of the higher derivations in the M-system of mappings of R into R
to higher derivations of R into R = S. Thus R and S become M-domains of
differential type which are M-extensions of S and R, respectively, and the canon-
ical embedding 7 of R into S is an M-isomorphism.

Similarly, if T is an M-domain of differential type and j is an M-isomorphism
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of Rinto T, then there is a unique structure of an M-domain of differential type
on the separable algebraic closure T of T and any extension of j to an isomor-
phism jof Rinto T is an M-isomorphism. § is a regular extension of R; therefore
(S, i) and (T, j) are compatible M-extensions of R, and (S, i) and (T,j) must
be compatible M-extensions of R. If T = S,then T = S, j can be extended to an
admissible M-isomorphism of S, and the restriction of this admissible M-iso-
morphism to S is an admissible M-isomorphism of S which extends j. Further-
more, there is an admissible M-isomorphism of S over R which moves any element
of § which is not also an element of R. The restriction of this admissible M-
isomorphism to S is an admissible M-isomorphism of S over R which moves
any element of S which is not separably algebraic over R. Suppose s, is an element
of S which is separably algebraic over R, but so¢R. Let T = S, let j = i, and
let j be any extension of j to an isomorphism of R into T' = S such that s,j # soi.
There is an admissible M-isomorphism of § which extends j, and the restriction
of this admissible M-isomorphism to S isan admissible M-isomorphism of S over
R which moves s,.

Observe that S® T is an M-domain of differential type, so the differential
type of the M-rings can be preserved throughout the preceding constructions.
If any two higher derivations in the M-system of mappings on S and T commute
on S and on T, then they commute on S, T, and § ® zT; thus any such commu-
tativity is preserved in the preceding constructions. Finally, if there is an infinite
higher derivation in the M-system of mappings on S and T which is iterative on
S and on T; then it is iterative on S, T, and S® T and the iterative character is
preserved in the preceding constructions. The importance of the assumption
that S is a separable extension of R can be illustrated as follows: Let F be a field
of characteristic p # 0, let {x, x,, x3,x,} be a set of elements algebraically
independent over F, and let F(x,, x,, X3, x,) be the field of rational expressions
over F in x4, X,, X3, and x4. Let R be the differential field consisting of F(x?f, x)
and the derivation which maps every element onto zero, let S be the differential
field consisting of F(x{, x5, x3, x4, X;x3 + Xx,x,) and the derivation which maps
every element onto zero, and let T be the differential field consisting of F(x,, x5)
and the derivation which maps x; and every element of F onto zero but maps x,
onto 1. S and T are M-extensions of R; but theyare not compatible even though R
is algebraically closed in S, since in any M-domain which were a common M-
extension of S and T over R, the equation 0 = (x;x; + x,%,)D; = (x,D,)x, = x4
would be obtained.
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