IDEALS AND INVARIANT SUBSPACES
OF ANALYTIC FUNCTIONS()

BY
MICHAEL VOICHICK(2)

1. Introduction. Let K be the open unit disk and A, the unit circle. It is well
known that if f is a bounded analytic function on K then it has nontangential
boundary values f*(¢”%) a.e. (almost everywhere) on A. We say f is an inner
function if |f*| =1 a.e. on A. Inner functions have been used to advantage in
answering questions about certain spaces of analytic functions on K. In this
paper corresponding results are obtained for more general regions using a gen-
eralization of inner function.

First let us state one result for the disk. Let A(K) be the class of functions
continuous on K and analytic on K. Under pointwise addition and multiplication
A(K) is a Banach algebra where for f € A(K) the norm of f is defined by

111 = max(|.

The following theorem describing the closed ideals of A(K) was proved inde-
pendently by A. Beurling (unpublished) and W. Rudin [8].

(1.1) TueoreM. If I is a closed ideal of A(K) then there is a closed set E on A
and an inner function ¢ suchthatI ={fe A(K)|f =0o0nE; f/¢isbounded on K}.

A direct translation of this theorem for other regions is not true in general.
For let R be an annulus {z | r, <|z | < r,} and T the boundary of R. A bounded
analytic function F on R will have nontangential boundary values
F*(r je“’), j=1,2,a.e.onT. Let A(R) be the Banach algebra of functions continuous
on Rand analytic on R. For { fixedin R, I={F € A(R) | F({) =0} is aclosed ideal
of A(R). Suppose (1.1) is true for A(R). Then there is a closed set EonI"and a
bounded single-valued analytic function ® on R with |(I>* | =1 a.e. on I such
that I = {Fe A(R)|F =0 on E; F/® is bounded on R}. Since z — { is in I it
follows that E is the empty set. It also follows that ® must be bounded away from
zero near I'. This in turn means that ® can be extended to be analytic in a neigh-
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borhood of R. Then | @ | = 1 continuously on I'. Also ® has a simple zero at { and
vanishes nowhere else on R. Thus log |(I)(z) | = — G(z,{) where G(z,{) is the
Green’s function of R with singularity at {. Then ®(z) = exp[ —(G(z,{)+ iH(2))]
where H(z) is the harmonic conjugate of G(z,{) on R — {{}. But the period of
H(z) along r,€ is not a multiple of 2n and thus @ is not single-valued, con-
tradicting our assumption. However, this example does suggest how we should
generalize the notion of inner function: we must permit an inner function to be
multiple-valued.

In this paper we will be considering a region R on a Riemann surface which
satisfies the following conditions:

(a) R, the closure of R, is compact.

(b) T, the boundary of R, is union of a finite number of disjoint simple closed
analytic curves I'y, I'p,---,Ty.

(¢) R lies on one side of T'.

A(R) will denote the Banach algebra of functions continuous on R and analytic
on R. One of our main results is the determination of the closed ideals of A(R).

For j = 1,2,---,N let ®; be a 1-1 analytic map from an annulus
Ry = {z|ry <|z|<r,}, where r; <1< r,, onto a neighborhood of I'; such that
®(A)=T; and ®(R, N K) = R. Let v be the measure induced on I' by the
measure df on A = {¢”|0 < 6 <2r} and the homeomorphisms ®; restricted to
A, j=1,2,.--,N.

A multiplicative function F on R is a multiple-valued analytic function on R
such that | F | is single-valued. In §2 we show that if F is a bounded multiplicative
function on R, then | F | possesses nontangential boundary values a.e.-v (almost
everywhere with respect to v) on I'. A bounded multiplicative function ® is an
inner function if | ® | = 1 a.e.-v on I". For ® an inner function and E a closed set
on I' we define I(®) = {FeA(R)||F|/|®| is bounded on R} and
I(E) = {F e A(R)| F =0 on E}. It is easy to see that I(E) is a closed ideal of A(R).
In §4 we show that I(®) is also a closed ideal of A(R). In §7 we prove the following
generalization of (1.1).

THEOREM 1. If 1 is a closed ideal of A(R), there is an inner function ® and a
closed set E on T such that I = I(®) NI(E).

Before stating our second main result we need some more definitions. H,(R) is
the Banach algebra of bounded analytic functions on R with the norm
| F || = supg| F|. H(R) for 1< p< oo is the class of analytic functions F on R
such that | F |” has a harmonic majorant on R. In §7 we show that H,(R) is a
Banach space where || F ||, = (Hg(t,))'/” for t, a fixed point on R and Hj the
least harmonic majorant of | F |? on R. It turns out that H,(R) is a Hilbert space
with this norm. A closed subspace C of H,(R) is said to be invariant if FG € C for
all FeAR) and all GeC. For ® an inner function we define
(C®) = {Fe H,(R)| | F|*/| @ |* has a harmonic majorant on R}. In §8 we show
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C(®) is a closed invariant subspace of H,(R). The following theorem is proved in
§9.

THEOREM 2. If C is a closed invariant subspace of H,(R) then there is an
inner function ® such that C = C(®).

This theorem reduces to the known result for the case R =K due to A.
Beurling [1]. Beurling’s theorem has been generalized in many ways. (See [3,
Chapter 7].)

2. H,(K) and boundary values onI". We will first review some of the properties
of functions in H(K). Where other references are not given we refer the reader to
[3]-

It is almost immediate from definition that the classes H,(K) are invariant
under conformal transformations of K. For suppose s maps K conformally onto K.
Let fe H,(K) where 1 < p < oo and let h be a harmonic majorant of | f |P. Then
h - s is a harmonic majorant of | fs |". Thus f - s e H(K).

H,(K) is usually defined as the class of analytic functions f on K such that

3*| f(re®) |” d6 is bounded for 0 < r < 1. The previous definition is of course
equivalent to this one. (See [7].)

If fe H(K), 1 < p < o, then f has nontangential boundary values f*(e®)a.e.
on A, f*eL,(A,df), and if f#0 then log |f* |e L,(A,d6). H,(K) is a Banach
space with the norm | f ||, = ((1/2x) [37| f*(¢*) |Pd6)'/? for 1<p < oo and | f |,
= | f* |z, = supx|f]| for p = 0.

If k is a non-negative function in L,([0,27],df), 1< p < co, such that
log k(@) € L,([0,27],d6), then

2n

@.1) h(z)=exp (1/27) |  (log k(8)—"2
0

-2z

el'O
eio

do

isin H,(K) and | h*(¢"®) | = k(6) a.e. A function which can be represented as in
(2.1) is called an outer function.
The next result follows almost from detinition.

(2.2) LemMA. If f and g are outer functions and f*/g* e L,(A,df) then f/g
is an outer function in H,(K).

Ifin formula (2.1) we let k = | f* | for f € H,(K) and f #0, the resulting function
is denoted by f, and is called the outer factor of f. Note that |f}]|=|f*| a.c.
on A. If fe H(K) then f, =f/f,; is an inner function and is called the inner
factor of f. (This terminology is due to A. Beurling.) We have then for f e H (K)
that f =f,f;. The representation of f as the product of an inner function and an
outer function is unique. For if f = gh where g is an inner function and h is an
outer function then |ff|=|f*|=]|g*||h*|=]|h*| a.e.. Thus f,=h and
fo=h.
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For f,ge H,(K) we say f divides g (written f |g) if g/feH_(K). Inner
functions on K display an important property with respect to this relation:

(2.3) LeMMA. If & is a collection of inner functions on K then there is an
inner function ¢ such that

(1) ¢|f for all fe F.
(2) If « is an inner function such that o[f for all fe F then a|¢.

For ¢ and & as above ¢ is called a greatest common divisor (written g.c.d.)
of #.1f Y is also a g.c.d. of # then y = A¢ for some constant A with | 1| = 1.
We will need the following lemma later.

(2.4) LeMMA. Let & be a collection of inner functions on K and ¢ a g.c.d.
of . If h and o are inner functions on K such that o | hf for allfe &F, then o |he.

Proof. Let 6 be a g.c.d. of the collection of inner functions ¢ = {hf | feZ}.
Then h¢ |5 since h¢ | hf for all fe #. Then B = 5/(h¢) is an inner function and
8 = Bhe. Thus Ph¢ | hf for all fe F and hence B¢ |f for all fe F. Thus f| .
This implies f is constant. Hence hé is a g.c.d. of &. Therefore o|h¢ since a|g
for all ge %.

The existence of boundary values on I for functions in H,(R) is deduced
quickly from the existence of boundary values of functions in H,(K). Let F € H (R)
and « be a simple arc on I'". Let f§ be a simple arc with its interior in R connecting
the end points of a such that fUa bounds a simply connected region A4". Let P be
a 1-1 analyticmap of K onto .#". Then P can be extended to be a homeomorphism
of R onto & = A" UaU B and to be 1-1 analytic in the neighborhood of the
inverse image of the interior of a. Then F-P e H,(K). This is clear for p= oo.
For 1<p<oo let H be a harmonic majorant | F|” on R. Then H-P is a
harmonic majorant of |F 'P|? on K and thus F-PeH,(K). Thus F- P has
nontangential boundary values a.e.-df on A which implies F has nontangential
boundary values a.e.-v on a. Since the boundary function of F - P is in L,(A,d0)
it follows that the boundary function of F is in L,(a’,v) for any proper subarc
o’ of a. These comments yield the following theorem.

(2.5) TeeoREM. If FeH,(R), 1<p<=oo, then F(f) approaches a limit
F*(7) as t approaches t €I nontangentially for a.a.-v (almost all with respect
to v) teI'; and F*eL,(T,v).

The obvious adjustments in the above remarks give us:

(2.6) THEOREM. If F is a bounded multiplicative function on R, then | F(f)|
approaches a limit |F*(1:)l as t approaches t €I nontangentially for a.a.-v
1eT; and | F* | € L(T,v).

3. Modulus invariant analytic functions on K and multiplicative functions on R.
In this section we investigate a correspondence between certain analytic functions
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on K and the multiplicative functions on R which arises by viewing K as the
universal covering surface of R.

(3.1) DerINITION. T is a map from K onto R which has the following properties:

(a) T is analytic and locally 1-1.

(b) Given a path(3) « on R and a point ze K with T(z) = «(0) there is a
unique path & on K such that « = T- & and &0) = z.

That such a map T exists is well known. (See [9, Chapter4].) It is easy to see
that T'is 1-1if and only if R is conformally equivalent to K.

(3.2) DEFINITION. S is the set of all fractional transformations s(z)
= Mz — a)/(az — 1), where A and a are constants with |1|=1and |a| < 1,
mapping K conformally onto itself such that T-s=T.

S is then a Fuchsian group without fixed points. That is, S is a group under
function composition; if s € S and s is not the identity then s(z) #z for all ze K;;
and given any ze K the set {s(z)|se S} has no accumulation point in K. (See
[9, Chapter 9].) Also S is transitive in the sense that if T(z,) = T(z,) for z,z, € K,
then there is a unique s e S such that s(z,) = z,. (See [9, Chapter 4].) Of course
when T is 1-1 S contains just the identity.

An analytic function f on K is said to be invariant if f-s=f for all se S. A
measurable function m on A is said to be invariant if m-s=ma.e. on A for all
s€S. Since

2n 1/p
175 =11o= (/2m ["lr-s -+ a8
for 1 < p < o and

[fos=flo=17*"s=1* 1

we have:

(3.3) Lemma. If fe H(K),1 =< p < oo, thenf is invariant if and only if f* is
invariant.

An analytic function f on K is said to be modulus invariant (written m.i.) if
|f-s|=]|f|forall se S. Note that f is m.i. if and onlyif for each s € S there is a
constant A, | 4,| =1, such that f-s=Af.

We deal next with the correspondence induced by T between the modulus
invariant analytic functions on K and the multiplicative functions on R.

(3.4) DeFiNiTION. By T, for z € K we mean the map T restricted to a neighbor-
hood of z where Tis 1-1. For f an m.i. analytic function on K we define f- T !
as the set of function elements f - (T,)"! centered at T(z) for all z e K.

(3.5) LeMMA. If f is an m.i. analytic function on K then f-T 'isa
multiplicative function on R.

(3) By a path we mean a continuous map from the closed interval [0, 1].



498 MICHAEL VOICHICK [June

Proof. We will show first that f+ T~ ' is a (multiple-valued) analytic function
on R. Consider function elements f-(T,)"" and f-(T,,)”" in f- T~ Let
t;=T(z;),j=1,2. Let & be a path in K from z, to z, and let « = T'- & Then for
Fo=f (Ty) ', 0Sx=1, we see that F,=f-(T,,)"' is the analytic
continuation of Fo =f-(T,,)”" along «. On the other hand let ¢ be any point
on R and § a path from ¢, to t. Then there is a path f§ in K such that = T-
and B(0) = z,. Then f - (Tyy,)” ' is the analytic continuation of f - (T;,) ~'along B.
We have then shown that F - T~! is a multiple-valued analytic function
on R.

It remains to show that F - T~ 'is multiplicative. Letf - (T,) "' and f- (T})~!
be function elements of f - T~ ! at a point t = T(z) = T(z'). By the transitivity of
S there is an se S such that s(z) = z’. Since f is m.i. we have
17| = 6@ | = /@] Thus [f-(T) @] = || = [5G
= |f-(T)"'(®| Hence f- T™' is multiplicative. This completes the
proof.

As is easy to see f - T~ is single-valued if and only if f is invariant. Also, if F
is a single-valued analytic function on R, then f = F - T is an invariant analytic
function on K and F=f- T %,

(3.6) LeMMA. If F is a multiplicative function on R then there is an m.i.
analytic function f on K such that F=f-T™*.

Proof. Let F, be a function element of F at t, = T(z,). Consider the function
element F, - T, atz,. Let d be a path starting at zy and let a = T &. Let F,;, be
the analytic continuation of F, along a. Then F,,- Ty, is the analytic con-
tinuation of F, - T,, along & We have then that F, - T, generates an analytic
function f on K.

We show next thatf is m.i. Let s € S and z, = s(z,). Let B bea path in K from
zo to z;. Then f - (T,,)” " at t, is the analytic continuation of F,, along =T B.
Thus | F,,| = |f-(T.,)”" | in the neighborhood of t,. Now since T= T s we have
that(T,)"" - T,, = s in the neighborhood of z,. Hence |f(2)| = |f*(T,,) " !(T.(2))
=|fs(z) | in the neighborhood of z,. Thus |f|=|f"s| on all of K. Thus f
is m.i.

Now F, (=f(T,)"") is a function element of both F and f- T~'. Thus
F=f-T™ "

(3.7) LemMA. Iff and g are m.i. analytic functions, thenf - T ' =g- T™!
if and only if there exists s€ S such thatf =g - s.

Proof. Assume f-T~'=g- T ' LetF, be a function element of F=f- T ™!
at a point t, on R. Then there exist z,, z, € K such that T(z,) = T(z,) = t, and
f(T,) ' =F,=g-(T,) ", and there exists s € S such that s~ !(z,) = z,. Now
T=T-s'; thus (T,) '=s-(T,)""' in the neighborhood of t,. Then
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g (T,) '=f-(T,) '=fs(T,) " there. Therefore g = f - s in the neighborhood
of z,, and g =f - s on K. This proves half of the lemma.

Assume now that there exists se S such that f=g-s. For z, fixed in K let
zy=5"Y(zo). Thenf - (T,) ™' =f s -(T,) "' = g (T,,) "% Since f (T, )" and
g (T,)" " are function elements in f- T~' and g- T~ " respectively, it follows
thatf - T '=g-T7'.

A proof of the following lemma is in [7] for the case when R is a plane region
which will carry over for more general R.

(3.8) LeMMA. If F is a (single-valued) analytic function on R andf=F - T,
then Fe H,(R),1 < p < o, if and only if fe H (K).

4. Modulus invariant inner functions on X and inner functions on R. We will
show here that under the correspondence f—f- T~ ' between m. i. analytic
functions on K and multiplicative functions on R, m.i. inner functions on K
correspond to inner functions on R. This will enable us to prove that I(®) is a
closed ideal of A(R) for ® an inner function on R.

We say two points z, and z, in K are equivalent if there exists s in S such that
s(z,) = z,. Two subsets K, and K, of K are said to be equivalent if there exists s
in S such that s(K,) = K,.

(4.1) DEFINITION. A is a simply connected subset of K which has the following
properties:

(a) For A, the interior of A, 0e Ay and no two points of A, are equivalent.

(b) Any point in K has an equivalent point in A N K.

(c) The boundary of A is a simple closed piecewise analytic curve.

(d) The closure of that part of the boundary of A which is in K consists of
a finite number of analytic arcs which are pairwise equivalent and such that any
two meet at no more than one point. These are called the inner sides of A.

(e) That part of the boundary of A which is on A is nonempty and consists
of a finite number of disjoint subarcs of A. These are called the free sides of A.
We further stipulate that no two points which lie on disjoint free sides are
equivalent.

For the existence of A see [4, Chapter 7] and [10, pp. 512-514, 525].

Since A has a finite number of sides we have:

(4.2) LeMMA. There is a finite subset S’ of S such that UseS' s(A) is a
neighborhood of A in K.

By the reflection principle T can be extended to be analytic and locally 1-1 in
the neighborhood of the free sides of A; and disjoint free sides will map onto
disjoint boundary curves of R. Thus there are N free sides of A, y,,:-,yy Where
T(y;) =T;. We let y=Jy; and Q =| J,es5(y). Then Q is an open subset of A
and T'can be extended to be analytic and locally 1-1 in the neighborhood of KU Q.

A proof of the following lemma can be found in [10, p. 525].
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(4.3) LeMMA.  [d6 = 27.

By virtue of this lemma we have that for T* the restriction of Tto Q, T* is
defined a.e. on A. It follows thatif Fe H,(R)andf = F - T, thenf* = F* - T* a.e.
on A. Also we have:

(4.4) LemMA. If F is a multiplicative function on R and f is an m.i. analytic
function on K such that F=f- T~ then F is an inner function if and only if f
is an inner function.

We can now prove:

(4.5) THEOREM. If @ is an inner function on R then I(®) is a closed ideal of
A(R).

Proof. It is immediate that I(®) is an ideal. We must show that I(®) is closed.
By. (3.6) and (4.4) there is an m.i. analytic inner function ¢ on K such that
©=¢-T '. Now |¢|=|®| T Hence if FEH,(R) and f=F-T, then
| F|/| @] is bounded on R if and only if ¢ |f. Suppose G,— G in A(R) where
G,€ I(®). Let g = G : T. We will show that ¢ [ g which implies G € I(®). This in
turn shows that I(®) is closed. Let g,= G, T. Then g,— g in Hy(K). Also
¢|g.. That is, h,=g,/¢eH(K). Now |[h, —hy|o=|h¥— hy]|L,

= [ &% |eo | B = hh e = | &*hY —d*hn |ie = [ &7 —gh |1, > O as
n,m— co. Hence there exists he H,(K) such that | h,—h[,— 0 as n—> co.
Thus [ g, —¢h o= ha—¢h|s = [ ¢*hi—d*h* |, = | by —h* ],

=|h,—h|,—0 as n—> oo. Therefore g = ¢h on K. That is, ¢ | g which is
what we wanted to show.
We conclude this section with two central facts about m.i. inner functions.

(4.6) LemMmA. If fe H,(K) and fo.f, are its inner and outer factors respect-
ively, then f, and f are m.i. if f is m.i.

Proof. Let seS. Then since f is m.i. there is a constant a € A such that
(fo " $)(f1 *s) =f s =af. Note that f, - s is an inner function and f; - se H,(K).
Let hy and h, be the inner and outer factors of f; s respectively. Then
fi=C(hg s (hy-s™Y). Since hy-s~! is an inner function and f, is an outer
function it follows that h, - s~* = b for some constant b € A. Thereforef, -s=b-h,
and thus afyf, = b(f, - s)h;. Then f, = h, and af, = b(f, - 5). Then f, - s = bf,
and f, * s = (a/ b)f,. Since s was picked arbitrarily from S the lemma is proved.

(4.7) LEMMA. Let & be a collection of inner functions on K which are m.i.
Ifpisag.cd.of F,then ¢ is m.i.

Proof. Let # = {f,|ieI} for some index set I. For each i€l let h,=f;/ .
Then h; is an inner function and f; = ¢h;. Fix seS. Since each f; is m.i.
there are constants b, € A such that f; = b(f; - s) = (¢ - 5)(bi(h; - s)) and
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fi=b(f; s =(¢ s )(by(h; s~ 1)). Note that ¢ -5, h;*s, ¢ s~ " and h;-s™*
are inner functions. Thus ¢ - s | f,and ¢ - s | f; for all f,€ #. Since ¢ is a g.c.d.
of # it follows that ¢ - s | ¢ and ¢ - s~ | . The latter relation implies ¢ | ¢ - s.
Thus ¢ and ¢ - s divide each other. This implies ¢ - s = b¢ for some constant
b e A. Since s was picked arbitrarily from S the lemma is proved.

5. A generalization of the F. and M. Riesz Theorem on measures. We denote
the space of continuous complex-valued functions on I' by C(I') and the class of
continuous first order differentials on I" by D(I'). To «, a continuous first order
differential in the neighborhood of I', we associate a* € D(T") as follows. In terms
of the uniformizer re’® = ®; (1) in the neighborhood of T, a has the form
a,(reé®)dr + b(re'®)dd where a, and b, are continuous. We define a* as b,(¢”*)d0
onT,.

A proof of the following lemma is in [5, p. 8].

(5.1) LemMA. If P and Z are disjoint finite collections of points on R, then
there exists a function F meromorphic on R with zeros at points of Z and poles
at points of P of prescribed orders and no other zeros or poles on R.

Suppose d is a divisor on R. Then by (5.1) there is a function F meromorphic
on R which has d as its divisor on R. Also there is a meromorphic differential on
R with d as its divisor. For let a; be a meromorphic differential on R and let d,
be its divisor on R. Let F be a meromorphic function on R with divisor d/d,.
Then « = F,«a, has d as its divisor on R.

In particular we have that there exists a nonvanishing analytic differential on R.
We fix one and denote it by w. Then for a e D(I'), a/w* € C(T') and we define
|| = maxr|a/w*|. Then D(T) is a Banach space isomorphically isometric to
C(I') by the mapa— o/w*.

Propositions 1, 4 and 7 and Theorem 2 in [6] yield the following theorem.

(5.2) THEOREM. If L is a continuous linear functional on D(I'), then there
exists a function F € H,(R) suchthat L(«) = [y F*a forallae D(T')if and only if
L(B*) =0 for all analytic differentials B on R.

(5.3) CorOLLARY. If u is a Borel measure on I" such that [ Wdu =0 for all
W € A(R) then there exists F € H{(R) such that F*w* = du as a measure on T.

Proof. We define L, a continuous linear functional on D), by
L(0) = [r(¢/w*)dp. If B is an analytic differential on R then f/w is an analytic
function on R and thus L(B*)=0. By (5.2) there exists Fe H,(R) such that
L(@) = [rF*a= [p(¢/w*)F*w* for all ae D(T). This says [;GF*w* = [;Gdu
for all G e C(I). It follows F*w* = dp.

Corollary (5.3) is a generalization of the well-known result of F. and M. Riesz
for measures on A. (See [3, pp. 47, 51] and [6, §3].)
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In terms of the boundary uniformizer ®;'(f) = re”, w* = b,(¢")dd on I,
where b, is continuous and nonvanishing on I',, k=1,2,---,N. Hence as a
measure o* = Vdv where V is continuous and nonvanishing on I'. Now for p
a Borel measure on I' there exists a unique function P e L,(I',dv) and a unique
measure ¢ which is singular with respect to v such that du = Pdv + de. For
M = P/V we get du=Mw* +do. We call Mw* the absolutely continuous part
of duand do the singular part of du. This decomposition is, of course, unique.

6. Some lemmas. We will need the following lemma in the proof of Theorem 1.
(6.1) LeMMA. If Me L,(T,v) then m = M - T*e L,(A,d6).
To prove this we will need:
(6.2) LEMMA .
> max |ds(e®)/db]| < co.

seS e'ey

Proof. When S contains just the identity the result is trivial. If S contains more
than one element it contains denumerably infinite elements s,,s,,---. (See
[2, p. 70].)

Let s,(z) = A{(z — a;)/(d;z— 1), where ;and a; are constants, | ;| = 1,|a;| <1.
Direct calculation shows |ds(e”)/df| = (1 — |a;|*)/|d;e® — 1|2  Now
a;eA;=s; ' (A) since si(a;)=0€ A. By (4.2) there is J > 0 such that | Jj_, A; is
a neighborhood of A in K. Since all the a ;are in K, we have then, that for some
positive constant, b, [e”— a;| > b uniformly for j=1,2,--- and e ey. Thus
we have

|ds(e)/d0] = (1 = |a;|2)/| de’®— 1]*
1—|a,|%/b?

(@ +|a; /6" (1 = | as)
< (2/b) (1~ |ay)

IIA

for j=1,2,--- and e’ e y.

Hence it remains to show 21 — |a j| < o0, To this end consider a function F
analytic and not identically zero on R with a zero at t, = T(0). Such a function
exists by virtue of (5.1). Then f = F - T is a bounded analytic function on K, not
identically zero and f(a;) = F(T s} 1(0)) = F(T(0)) = F(t,) = 0. This implies

21— |a;| < . (See [3, p. 63].) This proves (6.2).

Proof of (6.1). First note that M € L,(T’,v) means that M - ®, e L,(A,d6) for
k=1,2,.--,N.

If S contains just the identity, then N =1, T is 1-1 analytic on K and thus
M- -T*=M: ®, - ®;' T*eL,(A,db) which proves the lemma for this case.
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Assume S has infinitely many elements s,,s,,---. We let Ty be the restriction of
T* to y,. Note that T} is 1-1 on the interior of y,. Since T is analytic and locally
1-1 on K UQ there is a P>0 such that |d(T§)™" - ®,(e%)/d¢| < P for all

eeA, k=1,2,--,N. If we let Q =max, P [,| M- 0% |dp and
=, ! T,’:‘(e'“) we have for k = 1,2,--, N

f | m(e)|da. = ng-ok-Q,:l-T:(efa)lda
Tk Yk

= [0l (rrraen)

. ( d(T;!‘)‘d‘qS N Cad) )d¢

A

P f | M - ®(e'?)|dg
A

0.
Thus for j=1,2,.--and k=1,2,.--,N

[ o - f e ( <z ) ("Sj}:‘")) ’
< Q max |dsge')/da|.

el*eyy

IIA

Using (6.2) we get

j | m(é)|do = j | m(e™)|do
A Q

g E: J | m(e*)| 40

s1(7k)

NQ E max |ds(e'*)/da|
Jj=1 el*gy

< oo,
In the proof of Theorem 1 we will also use

(6.3) LEMMA. Let Cy and C, be closed subspaces of A(R). Then C, > C, if
for any Borel measure p on T such that [Fdp=0 for all FeC, it follows
JrFdpu=0 for all FeC,.

Proof. For Fe A(R) we let F* be the restriction of F to I'. Then
A* = {F*|F € A(R)} is a closed subspace of C(I') and the map F— F* is an
isométric isomorphism of 4 onto A*. Then for C}= {F* [FeC,} i=12,Ct
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and C; are closed subspaces of C(I'). Assume C, 3 C,. Then there is a function
G* € C5 — C}. Hence there exists a continuous linear functional L on C(I') such
that L(F*)=0 for all F* e C}and L(G*) # 0. There exists a Borel measure pon I’
such that [ Wdu = L(W) for all We C('). Thus [(Fdp= [rF*du=L(F*)=0
forall FeCy,and [;Gdp= [rG*du= L(G*) # 0 for some G e C,. This proves
the lemma.

7. Proof of Theorem 1. Assume /is a closed ideal of A(R). We will find an
inner function ® and a closed set E on I" such that I = I(®) N I(E).

Let J={feH(K)|f=F - T for some Fel} and & be the class of inner
factors of functions in J. Let ¢ be a g.c.d. of &#. Then ¢ is m.i. since each function
in & is m.i. (see (4.6) and (4.7)). Let ® = ¢ - T~ Then ® is an inner function
by (4.4). We put E= {tel’ | F(1)=0 for all Fel}. Clearly E is a closed set
onT.

We show first that I < I(®) N I(E). Consider Fel. Then certainly F € I(E).
We must show F € I(®). Letf = F - T and f,, be the inner factor of f. Then ¢|f,
since fo€ #. Thus ¢|f, and hence |F|/|®| is bounded on R. Thus FeI(®).
Hence Fel(®)NI(E) and I < I(®)N I(E). To complete the proof we must
show that I o I(®) NI(E). To this end let u be any Borel measure on I' such that
JrFdu =0 for all Fel. By (6.3) we need only show that [rGdu=0 for all
GeI(®) N I(E).

If Fel then WFel for all W € A(R) and thus [ WFdu =0 for all W € A(R).
By (5.3) there exists By € H;(R) such that Fdu = Bfw* onT. Let Mw* and do be
the absolutely continuous and singular parts of du respectively. Then
Bjw* = Fdu = FMw* + Fdo on T. It follows that Bfw* = FMw* and that Fdo
is the zero measure. The first identity implies Bf = FM a.e.-v on I'. Since Fdo is
the zero measure and F was picked in I arbitrarily, it follows that E includes the
carrier of o.

Welet f=F-T, by = Bp-Tand m =M -T*. Then fe H(K) and by e H{(K),
and both are invariant. By (6.1) m € L,(A,d0). Clearly m is invariant. Let f, and f;
be the inner and outer factors of f respectively, and by, and by, the inner and
outer factors of by respectively. Now since By= FM a.e.-v on I' it follows

7.1) faffm =f*m = b} =bl,by, a.e.-dfon A

Since |f&| = |byo| =1 a.e.-df, (7.1) gives us |bF,|/|f¥| = [m| a.e.-d6 on A
and thus b}, /f¥ e L,(A,d6). By (2.2) wg = bg, /f, is an outer function in H,(K).
By (6.1) we have

(7.2) fom = byo(bp/fT) = biowsr  a.e-dfon A.
We now fix P e I. Rewriting (7.2) with F = P we have

(1.3 pam = bpowp  a.e.-dfon A.
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Multiplying (7.2) by p& and (7.3) by fg we get
(7.9 YoPawr=fopem =fobpows  a.e.-df on A.

Thus we have bgopoWr =fobpowp O K. Since wy and wp are outer functions and
broPo and bpof, are inner functions, it follows bgopo = bpofo. Thus po|bpofs
for all foe #. By (2.4) po|dpbpo. Then o= ¢bpy/po is an inner function.
Multiplying (7.3) by ¢*/pg we get

(7.5) o*m = (@*bpo/Po)Wp = o*wp  a.e.-dfon A.

LetGeI(®) NI(E)andletg = G - T. Since G e I(®), |G |/|®| is bounded on R
and thus ¢ | g. Thatis, h = g/¢ € H (K). Note h*¢* = g* a.e.-df on A. Multiply-
ing (7.5) by h* we have

(7.6) g*m = h*¢*m = h*a*wp  a.e.-dfonA.

Since g is invariant, g* is invariant; and thus g*m s invariant. Now for d = ahwy,
(7.6) shows d* = g*m a.e.-dfl on A ; thus d* is invariant. This implies d is invariant.
Note de Hy(K). Then D=d - T™! is single-valued and in H,(R) by (3.8). Now
GM = D* ae.-v on I since g*¥m = d* a.e.-dd on A. By (5.2) we have
JrGMw* = [rD*w* =0.

We showed earlier that E includes the support of ¢. Since Ge I(E), G=0on E
and thus [r Gdo =0. Hence we have [y Gdu= [rGMw* + [;Gdo =0. Since
G was picked arbitrarily from I(®) NI(E) we have I > I(®) NI(E). This proves
the theorem.

8. H,(R). For G(t,7) the Green’s function of R with singularity at ¢, and f
a continuous function on I, it is well known that

®.1) F() = — (1/2m) fr f@)*d,G(t,7)

is harmonic on R, with continuous boundary values f(#)(4).

Let H(t,t) be the harmonic conjugate of G(t,7) on R —t and
W(t, 1) = G(t,7) + iH(t,7). W is an additive analytic function on R —t; and
d W is an analytic differential on R — ¢ which at ¢ is of the form

— (1/(z(7) — z(?)))dz + (regular terms).

Since G(t,7) =0 for teI it follows *d G(t,7) = — id,W(t,7) along I'. We can
rewrite (8.1) as

(8.2 F() = — (1/2=i) J; f(@)d.W(t,1).
Note that — (1/2zi)d, W(t,©) = — (1/27)»d.G(t,7) is a positive measure on T.

(4) The symbol « d:G(t, T) denotes the conjugate differential of d.G(¢, t).
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(8.3) THEOREM. If FeH,(R), 1Sp< o, then F(f)=—(1/2xi) [(F*(x)d W(t,7).

Proof. We can assume that R, as defined in §1 was chosen such that
®;(Ro) N ®,(Ry) is empty for j # k. For r; <p <1, let

N
Q, = |J{®,(pe”)|0= 0 <2n}
i1

and let D, be the region interior to D,. Then, by the residue theorem, forte D,

F(f) = — (1/2mi) f F()d.W(t,7)
Q.
= —(1/2ni) i y F(®(z ))d_WMd
j=1 z|l=1

Now F - (Dj € Hp(RO) c HI(RO)' Thus

2n
lim |F - @(pe’®) — F* - @, - ()| d6=0.
p—1J0
(See [6, p. 20].) Also dW(t,®(z))/dz is continuous on {z|p <|z|=1} for
te D,. Thus

F(f)

— (1/2mi) Y lim F(@(2)) ﬂ(—:i’f’(—z))dz

i=1 p=1 Jzi=p

dW(t, ,(z)) dz

~ (12 X FH@(2)
j=1

fz]=1

—(1/2=i) J; F*(z)d . W(t,7)

which is what we wanted to prove.
Since C(T) is dense in L (T, v) it follows from (8.2) that for f e L (T, v)

(8.4) Ft) = — (1/2m) f SO (1,7)
is harmonic on R.

(8.5) THEOREM. If FE H,(R), 1 < p < o0, then
H) = = /2 [ | PP a0

is the least harmonic majorant of |F|® on R.
Proof. Forr; < p <1letQ,and D, be as in the proof of (8.3). Let G, be the
Green'’s function of D, and

H® = —(1/21!),‘;: | F(z) |? #d.G,(1,7).
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If U is a harmonic majorant of |F(t)|” on D,, then H,< U on Q, and thus
H,< U on D, since H, is harmonic on D,. In particular H, < H, on D, for
p < p'. Since Fe H,(R), there is a harmonic majorant U, of |F|? on R. Thus
H,Z U, on D, for r; <p <1. By Harnack’s principle there is a harmonic
function H, such that on compact subsets of R, H, converges uniformly to H,
as p— 1. Clearly H, is the least harmonic majorant of | F | on R.

Now in terms of the boundary uniformizer ®@;

3G,(t, ®,(pe'?)) ”
on

along {®,(pe'’)|0 < 0 < 2n}, where 9/dn denotes the outward normal derivative.
Since G(1,7) — G,(t,7) - 0 as p — 1 uniformly for 7e R

3G,(1.0,(pe”))  8G(t,D,(e*)
on - on

uniformly for 0 < 6 < 2n as p—» 1. Now

| F(@y(pe'®)) [P - | F*(@y(e™)|” as p — 1 for a. a.-d0 6 [0,2n].

+d G, (t,1)=p

Thus it follows by Fatou’s theorem that

Hy () = —(1/2n) f ] | F*(2) P »d.G(t,7)

lIA

lim — (1/2n)f |F(1:) |?*d.G,(t,7)
p—1 QR

= lim H,(1)

p—1
= H,(?).

Using Theorem (8.3) and Holder’s inequality we also have

|FOF

|- (1/20) f F*+d,G(1,0)|?
r

lIA

—(1/27) fr | F*|? +dG(t,7)

= H1).

That is, H is a harmonic majorant of | F|*. Hence H; < Hyon R. Thus H, = Hy,
which is what we wanted to show.

Observe that by (8.5) (Hf(t,))"/? defines a norm on H,(R) for t, fixed cn R.
Moreover,we have aninner product on H,(R):

(Fy.Fy) = — (1/27) fr F% 5 d,Glto,7).
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For convenience we will let t, = T(0) although our results do not depend on this

choice.
(8.6) DEFINITION. For 1 < p < cowe set I, = {fe H,(K)|f isinvariant}.

(8.7) LeMMA. I, is a closed subspace of H (K).

Proof. It is clear that I, is a subspace of H,(K). Suppose f,—f in H,(K).
Then f,(z) = f(z) for all z e K and thus f,(z) = f,(s(z)) = f(s(z)) for all se S and
ze K. Hence f(z) = f(s(z)) and f e I,,. Hence I, is closed.

(8.8) LeMMA. The map F— F - T is an isometric isomorphism from H (R)
onto I,.

Proof. Clearly the map F— F T is an isomorphism from H,(R) onto I,.
(See Lemma (3.8).) For p = oo it is clear that this map is isometric. Therefore we
consider 1 < p < . Suppose F e H,(R). Let f=F - T. Then

i 2 1) 1- r2
hy(re) = (1/2n>ﬁ O T res@ =gy w72 %

is the least harmonic majorant of |f |” on K, and (k (0)) */?= |||, as defined in §2.
Now hy - s is the least harmonic majorant of |f - s|? = |f|?; thus k- s=h,.
Thus k- T ™' is a well-defined harmonic functionon Rand |F| < h, - T™'onR.
Hence Hy < h; - T "'on Rand thus Hy - T < hyon K. But Hg * T is a harmonic
majorant of |f|?; so Hg* T = hy. Therefore |F-T|, = |f|, = (h0)'"
= (Hg(to))'? = | F||,- Hence the map F — F - T is an isometry.

By the preceding two lemmas we have that H,(R) is complete. That is,

(8.9) THEOREM. H(R) is a Banach space.
(8.10) CorOLLARY. H,(R) is a Hilbert space.

(8.11) THEOREM. If @ is an inner function on Rt hen C(®) is a closed invariant
subspace of H,(R).

Proof Suppose Fy, F, € C(®). Let H; be a harmonic majorant of | F;|%/|®|* on
R, j=1,2. Since |Fy+ F,|%/|®|* S 4(|F, |/ |®|*+ | F,|/| ®|? it follows that
4(H, + H,) is a harmonic majorant of | Fy + F,|%/|®|*. Thus C(®) is a subspace
of H,(R). Itis clear that C(®)is invariant. It remains to show C(®) is closed.

Let ¢ be an m.i. inner function on K such that ® =¢ : T ~!(see Lemmas
(3.6) and (4.4)). Let F € C(®) and H be a harmonic majorant of | F|?%/|®|. Then
H-T is a harmonic majorant of |F - T|%|®|* and thus F - T/¢ e H,(K).
Conversely given fel, such that f/¢eH,(K), F=f T 'eC(®). We let
C(¢) ={fe Hy(K)|f/¢ € Hy(K)}. It is known that C(@) is a closed subspace of
H,(K). (See [1].) Then C(¢) N I, is a closed subspace of H,(K). It follows by our
previous comments and (8.8) that C(®) is isomorphically isometric to C(¢) NI,.
Thus C(®) is a closed subspace of H,(R).
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9. Proof of Theorem 2. Assume C is a closed invariant subspace of H,(R). We
consider two cases.

Case 1. Not all functions in C vanish at ¢t,.

We let C'={f|f=F - T,FeC}. Then C’' = Hy(K). We let # be the class
of inner factors of functionsin C’ and let ¢ be a g.c.d. of #. Then ¢ is an m.i. inner
function on K. (See Lemmas (4.6) and (4.7).) Welet ® = ¢ - T ~*. Suppose F e C.
Let fo,f; be the inner and outer factors of f = F - T respectively. Then ¢ |f, and
thus fo/¢ € H o(K). Now f; € H,(K) and thus fof,/¢ € H,(K). That is, |f|*/|¢|?
has a harmonic majorant. Note that f/¢ is m.i. This implies that the least harmonic
majorant h of |f/¢|? is invariant with respect to S. Thus k + T ~'is a well-defined
harmonic function and is a majorant of |F|%/|®|?. That is, F € C(®). Thus we
have C(®) > C.

We prove next that C(®) = C and thus C(®) = C. It is sufficient to show that if
Be H,(R) and (F, B) = O for all F € C, then (M, B) = 0 for all M € C(®).

Assume Be H,(R) and (F,B)=0 for all FeC. If FeC then PFeC for all
P e A(R), since C is invariant. Thus

9.1) 0=(PF,B)= - (l/2ni)f PF*B*d W (t,,1)
r
for all P € A(R).
Hence by (5.3) there exists A € H,(R) such that
9.2 F*B*(d ,W(ty,7))* = Afow* on T.

Now d,W(ty,) is a meromorphic differential on R with a simple pole at ¢, and
with no other poles on R. Hence d,W(ty,7) = Dw on R where D is an analytic
function on R — t, with a simple pole at ¢,. By (9.2) we have

F*B*Dw* = F*B*(d,W(t,,1))* = Ajw*
on I'. Thus

9.3) F*B*D = A} ae.-v onT.

Let V be an analytic function on R with a simple zero at ¢, and with no other
zeros on R. Then E = DV is analytic on R and W= AgVe H,(R). Multiplying
(9.3) by V we get

9.9 F*B*E = F*B*DV = A}V =Wy ae-vonT.

Weletf=F - T,b=B-T,e=E-T and wg=W;* T. Then f and b are in
H,(K), e€ H(K) and wy € H,(K). By (9.4) we have

9.5) f*b*e*=wp a.e.-dfon A.

Letf, and wg, be the inner factors of f and wg respectively, and f; and wg, the
outer factors of f and wy respectively. Then (9.5) yields | wgy /f} | = | wf *|= | e*b*]
a.e.-d0 on A. Thus |w},/f*|=|e*b*| € Ly(A,d6). Thus by (2.2) vy = wy/f, is an
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outer function in H,(K). Note vF = wp,/fT a.e.-d0 on A. Multiplying (9.5) by
1/f{f we get
(9.6)  frbre* =(f*breN)fF =wifF=whv* ae-dd on A.
We now fix Q e C with Q(t,) # 0. With g = Q - T we get from (9.6)
9.7 geb*e* = wlovgy  a.e.-df on A.
Multiplying (9.6) by g and (9.7) by f we get
9.8) qewrovr = qofob*e* =fiwgovy  a.e.-db on A.

This implies qowrovr = fowgovg on K. Since vy and v, are outer functions and
doWro and fowy, are inner functions, it follows that gowge = fowgo on K. Hence
4o |fowgo for all fo € . By (2.4) qo | ¢wgo. Thus a = ¢pwy,/q, is an inner function.
Multiplying (9.7) by ¢*/q,* we get

(9.9) P*b*e* = (¢*wgo/as)vs = a*vy  a.e.-df on A.

We now observe that a(0) = 0 by the following argument. First,
Wo(to)=Ag(to)V(to)=0 since V(t))=0. Thus wgyo(0)wgy,(0)=we(0)=Wy(t,)=0.
Hence wgo(0) =0 since wg(0) # 0. On the other hand g(0) # 0 since
q(0) = Q(t,) # 0. Hence a(0) = ¢(0)wgo(0)/q0(0) = 0. We should also note that
avgy € Hy(K).

We now consider M € C(®). Recall that we want to show (M,B)=0. Let
m=M -+ T. Then h=m/¢ € H,(K), $h = m on K and ¢*h* = m* a.e.-df on A.
Multiplying (9.9) by h* we get
9.10) m*b*e* = h*¢p*b*e* = a*h*vy  a.e.-df on A.

Now since avy and h are in H,(K) it follows u = ahvy € H{(K). Note that
u(0) = 0 since a(0) = 0. Now since m, b, and e are invariant on K it follows that
m*b*e* is invariant on A. Then u is invariant on K since by (9.10) m*b*e* is its
boundary function.

Set U=u- T~ '. Then U e H,(R). Since u* = m*b*e* a.e.-d on A we have
U* = M*B*E = M*B*DV a.e.-von I'. Now U(t,) = u(0) = 0; hence U/V € H,(R)
since V is analytic on R with a simple zero at t, and no other zeros on R. We have
then M*B*D = U*/V = (U/V)* a.e.-v on I'. Using Theorem (5.2) we conclude

(M,B) = —(1/2ni) LM*B*d,W(:O,:)

— (1/2mi) f M*B*Do*
r

= —(1/2ni) fr (U/V)*o*
= 0.
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Since M was chosen arbitrarily from C(®) Case I is proved.

Case 11. All functions in C vanish at ¢t,.

Let n be the minimum of the orders of the zero at ¢, of the functionsin C. Let V
be an analytic function on R with a zero of order n at t, and vanishing nowhere
else on R. Let C, = {F/V|F € C}. Clearly C, is an invariant subspace of H,(R).
Also C, is closed. For suppose |(F,/V)—(F;/V)|,—0 as k,j— 0. Let a be
a positive constant such that | V|> <a on T. Then

| Fo— Fj|3 = — (1/2xi) fr | Fi¥ — F}| %d.W(to,7)

< — a(1/2ni) f (F2/V) = (FY/V) [2d,W(to, )

= a|(FyV)=(Fy/V)|3
-0 as j, k— oo.

Hence there exists F € H,(R) such that F,— F. Since F,eC, FeC. Thus
F/V € C, and F,/V — F/V. Thus C, is closed. Now by our choice of n and V not
all functions in C, vanish at t,. Thus by Case I, C,=C(®,) for some inner
function @, .

Now ®,(t) =exp(—nW(t,,t)) is an inner function on R which has a zero at ¢,
of order n. Note that ®,(t) is analytic on R and vanishes nowhere on R — t,.
It follows that both |®,|2/|V |2 and |V |?/|®,|? are bounded on R. Let ¢, and
¢, be m.i. inner functions on K such that ®;=¢; - T, j=1,2;and let
¢=¢,¢,. Then ¢ is an m.i. inner functionon K. For® = ¢ - T~ *, |®| = |®,] |®,]
on R. We will show C = C(®). Suppose FeC. Then F/VeC,=C(®,) and
thus |F|2/|V|2|®,|? has a harmonic majorant on R. Since |V|/|®,|2 is
bounded it follows that

|F[7/| @2 = |F|/|®]2| @, |2 = (| V]| @[ (| F|/ |V |2] @12

has a harmonic majorant on R. Thus F € C(®) and C = C(®). On the other hand
suppose F e C(®). Then | F|2/|®, |2|®,|2 = | F|?/| ®|2 has a harmonic majorant
on R. Since | ®, |2/| V|2 is bounded it follows that

|F[2/[V]2[ @]z = (| @ |7V F[/[®]2)

has a harmonic majorant on R. Thus F/V € C(®,) and F € C. Hence C(®) <= C.
Thus C(®) = C which proves Case II.
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