MINIMIZING VARIATIONAL CURVES
RESTRICTED TO A PREASSIGNED SET

BY
J. WARGA

1. Introduction. The purpose of the present paper is to derive “constructive’’
necessary conditions for minimum in problems of the calculus of variations in
which the “‘controls’’ are chosen from a compact Hausdorff space (in particular,
a compact euclidean set) and the admissible curves are restricted to lie in a given
closed set with a smooth boundary and must satisfy given boundary conditions.

Let R be a compact Hausdorff space, E, the euclidean n-space, T the closed
interval [t,¢,] of the real axis, ¥ an open set in E, and B, and B, closed sets
in V. We also assume given a function g(x,t,p)=(g!(x,t,p),-,g"(x,t,p))
from V x T x R to E, and a scalar (real-valued) function a(x) defined over V.

Let G(x,t) = {g(x,t, p)| peR}, xeV,teT, and let F(x,t) be the convex closure
of G(x,t).

We define an original admissible curve with respect to a(x) as any absolutely
continuous function x() from Tto Vsuch that, for some function p(t) from Tto R,

(1.1) d’;(t‘) = (1) = g(x(), 1, p(f)) ae.in T
or, equivalently,

(1.1 Orig) (1) eG(x(t),1) ae. in T

and

(1.2) x(ty) € By, x(t})€ By,
(1.3) a(x(1) <0, teT.

A relaxed admissible curve with respect to a(x) is similarly defined except
that the relation (1.1) resp. (1.1 Orig) is replaced by

(1.1 Relaxed) (e F(x(1),t) a.e.in T.

An original (resp. relaxed) minimizing curve with respect to a(x) is one

Received by the editors April 11, 1963.
432



MINIMIZING VARIATIONAL CURVES 433

which minimizes, among all original (resp. relaxed) admissible curves with respect
to a(x), the value x!(t,).

These definitions coincide with those of [1, p. 112] and [2, p. 129] in the special
case when the set A of these references is defined by the inequality a(x) <0 and
the set B of the references is replaced by B, x B,;. However, we now dispense
with the assumption on which the arguments of [2] are based, namely, that
there exists a relaxed minimizing curve in the interior of A.

It has been shown by Young [3, p. 233], McShane [4, p. 527 and p. 532],
Filippov [5, p. 76] and Warga(!) [1, p. 119 and p. 123] that for certain classes
of variational problems a relaxed minimizing curve with respect to a(x) exists;
furthermore [1, p. 113], a relaxed minimizing curve with respect to a(x) can
be uniformly approximated by solutions of the differential equations (1.1). On
the other hand, Gamkrelidze [6; 7, p. 257] has derived necessary conditions
which must be satisfied by original minimizing curves with respect to a(x) in a
certain class of problems, subject to the prior assumption that these curves are
“‘regular,”” have piecewise smooth ‘‘controls’’ and a finite number of ‘‘junction
points”’ [7, pp. 258, 265-266 and p. 311].

It is our purpose in this paper to investigate necessary conditions satisfied
by relaxed minimizing curves with respect to a(x) without making any a priori
assumptions about these minimizing curves. We define, in §II, a rather wide
class of variational problems and prove, in Theorem 3.1, that there exists, in
these problems, a relaxed minimizing curve with respect to a(x), that this curve
can be uniformly approximated by solutions of the ditferential equations (1.1),
and that this curve satisfies necessary conditions which generalize the classical
Weierstrass E-condition and transversality conditions (and the analogous con-
ditions of Young [8], McShane [9], Pontryagin et al. [10], Warga [2] and
Gamkrelidze [6; 7, p. 257)).

Added in proof. A more general problem, in which the admissible curves are
restricted to satisfy the simultaneous inequalities a*(x()) £0, te T, k=1,---,m,
instead of relation (1.3), has been considered and a corresponding generalization
of Theorem 3.1 has been obtained. This more general problem will be discussed
elsewhere.

II. Assumptions and definitions. We define the class of variational problems
which are being considered as those which satisfy the following assumption:

AsSuMPTION 2.1. There exist a (Lebesgue) measurable subset T’ of T of
measure | T'| = | T|, positive constants ¢, and &, an open set V' V and a
compact set D < V' such that

2.1.1. The functions g'(x,t,p) and dg'(x,t,p)/0x’, i, j=1,---,n, exist over
V' x T' x R and, over that set, are continuous functions of (x, f) uniformly in p,

(1) The proof of Theorem 3.1 of [1, p. 119] is very similar to the proof of Filippov’s Theorem 1

of [5, p. 76]. The author is indebted to L. W. Neustadt for drawing his attention to Filippov’s
paper which antedates [1] by approximately three years.
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are continuous functions(?) of t uniformly in (x, p), and are continuous functions
of p for each (x,1).

2.1.2. |g(x,t,p)| S¢; and |g(x,t,p)| Sc; over V' x T'x R (where g,
represents the matrix (3g'/0x’), i,j=1,-,n, |g| is the euclidean length of g
and | g| = X7,;-,|0g"/0x’)).

2.1.3. The scalar function a(x) is continuous, has continuous first and second
order partial derivatives over V' and |a(x)| | g(x,2,p)| S ¢; over V' x T’ x R,
where a, is the gradient of a(x).

2.1.4. There exists at least one relaxed admissible curve with respect to a(x).

2.1.5. All relaxed admissible curves with respect to a(x) — ¢, are contained
in D.

REMARK. Assumption 2.1 can be easily verified in the following two cases:

(a) There exist positive &, and ¢, such that the set D ={xe V|a(x) <&}
is compact; Assumptions 2.1.1, 2.1.2 and 2.1.3 are satisfied for some open sub-
set V' of V containing D;and there exists at least one relaxed admissible curve
with respect to a(x).

(b) V =E,; one of the sets B, or B, is bounded; there exist positive &, and
¢, and a positive, continuously differentiable function V(x) over E, such that
| V(%) g(x,t,p)| S ¢, V(x) forall(t,p) € T x R and for all x such that a(x) < &;
the set D= {xcE,|V(x) Ste"'“ ™" V(b) for some be B’} is compact, where
B’ is either B, or B,, whichever set is bounded; there exists at least one relaxed
admissible curve with respect to a(x); and Assumptions 2.1.1, 2.1.2 and 2.1.3
are satisfied for some open set V'’ containing D.

The proof that Assumption 2.1 is satisfied in the case (b) follows the reasoning
of [5, p. 77]. In particular, following Filippov, we may consider V(x) =|x|*>+ 1.

Having specified the class of problems which we propose to investigate, we
shall now consider a convenient form for describing them. In particular, we wish
to write relation (1.1 Relaxed) in the form of a system of differential equations
analogous to (1.1); and we wish to replace relation (1.2) by one involving convex
sets only. We do so by introducing ‘‘proper representations’’ of F(x,t), of B,
and of B,.

DEFINITION 2.2. A function f(x,t,6) from V' x Tx S to E, is a proper rep-
resentation of F(x,t) if

22.1. F(x,0)={f(x,t,0)|0eS}, xeV’, teT.

2.2.2. For every absolutely continuous curve x(f) satisfying (1.1 Relaxed)
there exists a function o(f) from T to S such that

x(t) =f(x(¥),t,0(1)) a.e. in T

(2) Ttcan be easily shown that this assumption implies the existence of a finite or denumerable
collection of disjoint Lebesgue measurable subsets T, of 77, r = 1,2, -+, and of a bounded ()
converging to 0 with & such that ||JT.|=| T|and | gi(x, t, p) — gi(x, 1, p) | Se(t—1) for
(x,p)eV’' X R, teT,, 1€T,, i=1,---,n, r=1,2,---. This last condition will be required
whenever we shall refer to {1, Theorem 2.2, p. 113].
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and f(x,t,6(7)) is, for all xeV’, te T', a (Lebesgue) measurable function of
over T.

2.2.3. fi(x,t,0) and df¥(x,t,0)/0x’, i, j=1,---,n, exist and are continuous
functions of (x,t) over V' x T’ for every ¢ in S.

224. |f(x,t,0)| ¢, and |fx,t,0)| ¢, over V' x T’ x S.

2.2.5. The set H(x,t,a)={(y,7)€E, x E,|y =f(x,t,0), §=fI(x,t,0) for
some g € S} is compact and convex for every (x,t,a)e V' x T’ x E,. (Here fI is
the transpose of the matrix f..)

RemMArk. Here V', T’ and ¢, are as defined in Assumption 2.1. Definition
2.2 differs from the one introduced in [1] and [2] by the addition of Condition
2.2.5.

DEFINITION 2.3. Let B < E,. We shall say that (C,c(&)) is a proper represen-
tation of B at x if

2.3.1. Cis a compact and convex set in some euclidean space E,.

2.3.2. ¢(¢) is a function from C to B which is continuous and continuously
differentiable over C.

2.33. x=c(&) for some £eC.

In particular, if B is convex, we may choose as C any compact and convex
subset of B containing x and we may define c¢(£) as the identity mapping from
C to C.

There is little difficulty in verifying whether a given (Cy, ¢o(&o)) resp. (Cy,¢,(¢y))
is a proper representation of B, resp. B at some point. It appears much more
difficult to determine, in view of condition 2.2.2, whether a given function f(x,t,6)
is a proper representation of F(x,f). We indicate, therefore, two methods of
constructing such proper representations.

2.4. The Filippov representation. Let S be a compact set in some euclidean
space and let f(x,t,6) be continuous over ¥’ x T' x S and satisfy conditions
2.2.1, 2.2.3, 2.2.4 and 2.2.5.Condition 2.2.2 follows from a lemma of Filippov
[5, p. 78]. (This lemma and its proof remain valid with our assumptions even
though Filippov states slightly stronger assumptions.)

2.5. The Young representation. Let measurable sets over the Hausdorff space
R bedefined as elements of the smallest Borel field of sets containing open sets
of R. We then define S as the class of probability measures over R (thus 6 € S
if 6(R,) is defined for every measurable R, in R, ¢ is completely additive,
d(R;) = 0 for every measurable R, in R and o(R) =1). We now let

f(x,t,0) = fk g(x,t,p)a(dp).

Conditions 2.2.1, 2.2.2, 2.2.3 and 2.2.4 follow from [1, Theorem 4.1, p. 124].
Condition 2.2.5 can be easily verified since R is compact and f(x,t,0) is linear
in o
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ITI. Necessary conditions for minimum. A minimax problem. Our principal
results can be summarized in

THEOREM 3.1. Let Assumption 2.1 be satisfied. Then there exists a curve
x(t) which is a relaxed minimizing curve with respect to a(x) and this curve
can be uniformly approximated by solutions of the differential equations (1.1).

Let f(x,t,0) be a proper representation of F(x,t), let (Cqy,co(&o)) resp.(Cy,c,(€4))
be a proper representation of B, at x(t,) resp. of B, at x(t;) and let
Z={teT|a(x(f) =0}. Let 5,=(5;,-,8}), i =1,2,-,n, be such that §;=1
and 8;=0,i#j. Then either

3.1.1. There exists a point £} in C, such that c,(¢7) = x(t,) and

Cli,g(f‘r) & = Min 61‘,;(6’{‘)' &

§1eCy

(where c},g is the gradient of ci(,), the first component of c,(¢,)), or

3.1.2. There exist a function o(t) from T to S, a scalar function u(t) over T,
a function z(t) from T to E,, a closed subset M of Z, points &4 and £ in resp.
Co and C, and a non-negative number y! such that

3121, p() 20 and |z(t)| + u(t) >0, teT.

3.1.2.2. z(t) is absolutely continuous on every closed subinterval of T — M.

3.1.2.3. u(t) is nonincreasing on every subinterval of T —M, u(t) is constant
on every subinterval of T —Z and u(t,) =0ift,e T —Z.

3.1.24.

x(®) = f(x(t),t,0(t)) a.e. in T,
) = —fI(x(1),t,0(t) z(t) — p(t) b(x(t),t,0(t)) a.e.in T— M
(where b(x,t,6) = a (x) - f(x,t,6) and fT is the transpose of the matrix f,),
z(t)=0, ut)=1 forteM

and lim,,_yz(t) = z(t—0)=o0 if te M and t is the right endpoint of some open
interval of T — M, where o is the null-vector of E,.
3.1.2.5. (The generalized Weierstrass E-condition.)

(20 + () a (x(1) - f(x(8), 1, 0(1)) = Msin 2O+ u(Da(x(®)) " f(x(1),t,0) a.e.in T.

3.1.2.6. (Support (transversality) conditions.)
(8D = x(ty),  ¢o(€5) = x(to),
(y1é; — z(t) - ng(ét)ﬁ‘ Min (y l51 —z(ty)) Cl,{(ﬁ)éx ,

§1€Cy

(2(to) + nlte) a(x(t0)))  co AEB)ES = Min (2(to) + u(to) a(x(1))) * €o,£(40)0-

£0eCo

3.1.2.7. Either
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3.1.2.7.1. t;€Z and there exists a non-negative y* such that
(8, + ax(x(1)) - ¢1 EDET =§Micn (%8, + a(x(21))) ¢1 LEDEs,

or
3.1.2.7.2. There exists a point tg in T,t3 < t,, such that

|aGe(®)] + | a.(x(8))| # 0 and | z(t) + u(Da(x(1))| # 0 for 5 <t=<t,

and, if t>t,, then t¥e Z and either z(t§) = —ya,(x(t8)) for somey 2 u(t3) or
|a.(x(t)))| = | a(x(8))| = 0.

3.1.2.8. If there exists a negative number B such that x € D (where D is as
defined in 2.1) and a(x) =0 imply Min, sa,(x) - f(x,t,6) S B <0 for all teT,
then the set M is empty or consists of the single point t.

We shall carry out the proof of this theorem in §§IV through VIII. We shall
first, however, illustrate the use of the theorem by a very simple example.

3.2. Consider curves x(f) which satisfy conditions (1.1 Relaxed) and (1.2)
and, among all such curves, the curve which minimizes Max,.; k(x(t)),
where k(x) is continuous and has continuous first and second order partial
derivatives in V. This minimax problem can be reduced to finding a relaxed
minimizing curve with respect to a(x) in the following manner: let
x =(x0,x1, ., x") = (xoa x), g(x,t,p) = (0,8'(x,t,p), -, 8"(x,1, p)) = (0,8(x,1, p))
and a(x) = k(x) — x°.

Let x(t) = (x°(£),x(t)) be a curve which satisfies the conditions

x(1) = g(x(f),t,p(1) a.e. in T,
x(t,) € By, x(t)€By,
a(x(1)) L0, teT,

and, among all such curves, minimizes x°(t,). Then, clearly, x(¢) minimizes
x0 = Max,.; k(x(t)) among all curves which satisfy (1.1 Relaxed) and (1.2).
" We shall now consider, as an illustration, a very simple minimax problem
of this kind. Assume that a train is scheduled to cover a unit distance in a unit
time and that its acceleration can be varied at will between —o and o, where
a > 4. How should the acceleration be varied so that the maximum velocity
of the train be minimized?
Let the acceleration of the train at time ¢ be represented by o(f), the velocity
by x2(f), the distance covered by x3(f) and let x! = Maxo<,<,¥*(?). Then we
wish to minimize x1(1) subject to the restrictions:

(3.2.1) %1 =0, ¥* =0, #*=x? a.e. in [0,1],
(3.2.2) ¥2(0) = x3(0) = 0, x2(1) = 0, x3(1) =1,
(3.2.3) a(x() = x3(f) — x1(1) £ 0 in [0,1].
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It is clear that the right-hand sides of the differential equations are a proper
representation of the convex set G(x,t) = F(x,t). The set B, in E; is the line
x2(0) = x3(0) = 0 and the set B, is the line x%(1) =0, x3(1) = 1. A proper rep-
resentation of B;, i =0,1, at the point x(i) can be obtained by choosing as C;
a compact subinterval of B; in whose relative interior x(i)is contained and choos-
ing as ¢;,(§;) the identity mapping.

We easily verify that Assumption 2.1 holds and Theorem 3.1 is, therefore,
applicable. Because x(1) is in the relative interior of B, the alternative 3.1.1
does not hold. We have Min_,,<,a, f(x,t,6) =Minoc = —a <0 for all
te[0,1], hence, by 3.1.2.8, the set M is empty or consists of the single point 0.

We have, by 3.1.2.4 and 3.1.2.5,

3.2.4) #1=0, 2= -2% =0 ae. in [0,1]
and
—a if v(t) = z%(t) + u(t) >0,
(325 o) = {
aif v(t) = %)+ u(H) <0 a.e. in [0,1].

Furthermore, by 3.1.2.1, u(t)20 and u(f) +|z!| +|z%(®)| +|2z*| #0 in
[0,1]. By 3.1.2.6, z! — pu(0) =0.

We easily deduce that v(t) = z%(0) — z3t + p(t) and p(0) + | 22(0)| + | z*(0)| # 0.
Thus the assumption that u(0) = 0 implies, by (3.1.2.3), that u(f) =0 on [0,1]
and, by (3.2.5), that

e a.e. in [0,0],
a(t) = where e=+1and 0501,
—ex a.e. in [6,1],
This can be easily seen to contradict (3.2.1) and (3.2.2), remembering that o >4.
Thus p(0) > 0.

Now, x*(1) — x3(0) = 1 = [3x*(t)dt, hence Max, <, < x(t) = 1 and, by (3.2.3),
x1 = 1. Thus a(x(#)) < 0 for all ¢ sufficiently close to 0 and to 1. Since u(0) # 0,
it follows from 3.1.2.3 that a(x()) = 0 for some t € [0,1], hence Z is nonempty.
Let 8, = Min,_; t and 0, = Max,_, t. We have 0< 0, <60,<1.

If z* 2 0 then, by 3.1.2.3, v(¢) is nonincreasing on [0,1] and constant on [0,6,)
and on (6,,1] and v(6, —0) > v(6, +0). If v(0,+0)=0 then, by (3.2.5),
o(t)= —a a.e. in [0,0,], hence x*(0,) = — af,, contradicting x(f) = x! > 1
for teZ. Similarly, v(0,+0) <0 implies o(tf)=a a.e. in [6,,1], hence
x2(0,) = — (1 — 8,), contradicting 0, € Z. Thus z> <0.

Continuing in the same manner, we find that 6, <#6,, that v(f)=0 and
a(x(t)) = x*(t) — x! = 0 on [0,,0,], which implies ¢ = 0 a.e. in [6,,0,]; further-
more, v(t) < 0 on [0,6,) and v(t) > 0 on (0,,1]. It follows then easily from (3.2.1),
(32.2) and (3.2.5) that 6, =1/2— /(1/4—1/0), 0,=1/2+ /(1/4—1/a),
o(t)=a a.. in [0,0,], a(t)=0 a.e. in [0,,0,] and o(f) = —a a.e. in [0,,1].
The corresponding value x! of maximum velocity is then «f,.
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IV. Q-minimizing curves.

4.1. It follows from Assumption 2.1 and from [1, Theorem 3.3, p. 123] that
there exists a curve y(f) which is a relaxed minimizing curve with respect to a(x).

Let now f(x,t,0) be a proper representation of F(x,t) and let (Cy,co(&0))
resp. (Cy,c,(£)) be a proper representation of B, at y(t,) resp. of B; at
y(ty).

Consider a finite set Q = {t,,1,,+,7,}, where t, <1, <7, <+ <7, <t; and
the intervals [to,7,], [t Tiv1], i=1,2,---,g—1 and [7,,t,] are all of length not
exceeding ¢,/c; (where ¢, and ¢, are as defined in 2.1). Let uy(¢), i=1,---,q,
be the characteristic function of the interval [#,,7;] in T, that is, let u,(f) =1 for
to<t<t and u() =0 for 1;<t <ty i=1,2,-,q. Let {,e T, let (Cy,E0(&,))
be a proper representation of some subset B of V at some point j € B and let
J(f,) be the set of indices i such that 1 <i<gq and 1;€ Q N(#,t,). We shall
designate an absolutely continuous curve x(t), te[#,,t,], as a ‘‘Q-admissible
curve (Zy, Co,8(&,))” if there exist points &, o€ C, and &, e Cy, a function
o(t) from [#,,¢,] to S and absolutely continuous scalar functions n,(t), i € #(#,),
over [7y,t;] such that

x(1) =f(x(1),t,06(2)) a.e. in [{y,1,].

1) = a (x() -f (x(1), t, a())u(t) = b(x(t),t, 0(t))uy(t) a.e.in [, t,], i € H(Fo),
4.1.1)
x(fo)=5o(go,e)’ ni(f) = a(EO(EO,Q))’ ief(i,),

x(t)=ci(&y,0) ni(t) £0, ie I (i)

(where b(x,t,0) = a(x) f(x,t,06) and a, is the gradient of a(x)). We observe
that n,(t,) = a(x(z,)), i € #(i,); hence a(x(t)) <0 for te Q N({y,t,).

A ““Q-minimizing curve (7, Co,é,(&,))"" is a Q-admissible curve (7, Cy,&o(&,))
which minimizes, among all such curves, the value x1(,).

We can easily verify (see 2.1.3, 2.2.1, 2.2.4, 2.3.2 and 2.3.3) that any Q-admis-
sible curve (¢4, Co,co(&o)) is a relaxed admissible curve with respect to a(x) — ¢,
and is, therefore, contained in the compact set D (see 2.1.5). Furthermore, there
exists at least one Q-admissible curve (¢4, Cy,co(&o)), namely y(t), the previously
referred to relaxed minimizing curve with respect to a(x). It follows then, by
[1, Theorem 3.3, p. 123], that there exists a Q-minimizing curve (¢4, Cy,co(&o))-

We may now consider a sequence of successively finer sets Q,Q,,--- which
become everywhere dense on T. Specifically, let Q = {to + k27°7°!(t; — 1,)|
k=1,2,--,2°"*— 1}, s=1,2,---, where s; is sufficiently large so that
275Y(t, — to) S &4/cy. As was just shown, for each s, s =1,2,..-, there exists a
curve x((t), te T, which is a Q,minimizing curve (ty,Cy,co(&,)) and each of
these curves is contained in the compact set D. Then, by [1, Theorems 3.1and
3.2, p. 119 and p. 122], 2.1, 2.2 and 2.3, there exists an infinite sequence P of in-
tegers, an absolutely continuous curve x*(t), te T, and a function o(t) from T
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to S such that the curves x,(t), s in P, converge uniformly to x*(f) over T and
furthermore,

X*(t) = f(x*(t),t,0(t)) a.e. in T,
(4.1.2) x*(t)eD, teT,
x*(to) = co(&o), x*(t,) = c,(&,) for some &, € C, and some &, € C,.
We have

LEMMA 4.2. The curves x(t), s in P, satisfy a uniform Lipschitz condition
over T and the curve x*(t) is a relaxed minimizing curve with respect to a(x).

Proof. The first part of the lemma follows directly from (4.1.1) and 2.2.4.
Since the sets Q, become everywhere dense on T, it easily follows that a(x*(t))< 0
over T. Thus, by (4.1.2), x*(¢) is a relaxed admissible curve with respect to a(x).
Furthermore, as previously observed, the curve y(t) (which is a relaxed minimiz-
ing curve with respect to a(x)) is also a Q.-admissible curve (¢, Cy,co(&,)) for
every s, hence x(t,) < y'(t,) implying x*1(t,) £ y*(t,). This proves that x*(z)
is a relaxed minimizing curve with respect to a(x).

We now investigate certain properties of Q-minimizing curves.

LEMMA 4.3. Let x(t) be a Q,-minimizing curve (to,Cg,co(&)) for any fixed
s and let Z, = {terla(xs(t)) = 0}. Then either there exists a point &, s in C,
such that

¢1(€1,9) = x(t;) and ci (&1 )€ o= Min ¢} (& )¢

§1eCy

(where ¢y s =(ci g ,C} ) and ¢}« is the gradient of (&), i=1,--,n) or
there exist a non-negative number y}, points &, ;in Co and &, ;in Cy, a function
o(t)from Tto S, a set L, = Z, and functions z(t), wy(t) and p(t) from T to resp.
E,, E; and E, such that

4.3.1. x((to) = co(&o,s) and x,(ty) = ¢,(&; ).

432. p(H 20 and |z(1)| + p() >0 for teT.

4.3.3. z(t) is absolutely continuous on any closed subinterval of T— L
and z(t) is continuous from the left over T.

4.3.4. ut,)) =0and u(t) is, on every subinterval of T — L, a nonincreasing
step function, continuous from the left, with no discontinuities except possibly
at points of Z,.

4.3.5. wyt)=1 for te L, where w(t) = u(1)/(|z{))| + n(0), teT.

43.6. %) = f(x.t,0(0) ae in T; 2(1) = — fux(D),t,0,0)z0)
—u (Db, (x1),t,6(1)) a.e. in T, where fI is the transpose of the matrix f,
and b(x,t,0) = a(x) f(x,t,0).

4.3.7. v,(8) f(x(1),t,0,(1)) = Min,sv,(t) " f(x(1), t,0) ae. in T, where
0t) = 2,(8) + m(D a(x (D), teT.
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4.3.8. vy(ty):coe(&o 980, = Ming c,v(to) * €o,(Ep )Eo-

43.9. (7301 = 2(t1)) " €1,8(81,98 1, = Ming,ec, (75 81 — 2,(t1)) " €3 ((E1,)& 1, Where
61 =(6i’.-.’ ';), (Si =1 and (S{ =0, ].—_ 2,"‘,".

Proof. Let us write x(t), o(t), z(t), u(t), v(t), w(t) instead of x(t),:--, wy(t).
We have shown, in 4.1, that x(t),a Q-minimizing curve (t,, Co,co(&,)) exists and
is contained in the compact set D. It follows then easily from relations (4.1.1)
that n,(f), i =1,2,---,q,teT,q =2"**— 1, also exist and #,(f) = a(x(t)) over
[to,7:] and n,(t) = a(x(z;)) over [7;,t,]. Thus the curve (x(£),n,(t), -, n,(t)) is a
relaxed minimizing curve in thesense of [ 2, Theorem 6.1, p. 142] (where V=V'x V,,
A=DxD,, V,=I,x I,x - x1,(qtimes), D,=R,xR,x - x R, (q times), R, is
the range of a(x) for x e D and I, is a bounded open interval containing R,) for
the problem defined by relations (4.1.1). It follows then, after some manipulation,
from [2, Theorem 6.1, p. 142](*) that either there exists a point &, ; in C, such
that

4.3.10. ¢;(&; ) =x(1)) and ¢ (&) &y o= Ming,ec,c1 4(&1,) €, or there
exist a non-negative number y}, points &, , in C, and &, , in C, and absolutely
continuous functions z(t), v,(t),--,v,(t) from T to resp. E,,E,--+,E, such that

43.11. |z()]| + Xl |vi(@®| #0, teT;

#(f) =f(x(t), t,0(1)) a.e. in T,
4312, 4= —FN,L0(0) 2() — 5 v ) b(e(t),,0(0) ae. in T,
i=1

w1 =0,i=1,2,---,q ae. in T;

4.3.13. v(t)-f(x(D),t,0(t)) = Min, s v(t) f(x(1),t,0) a.e. in T, whereuv(t) = z(f)
+ X vi(Ou(t)- a(x(1)

4.3.14. co(&,5) = x(to) and v(to) " ¢ (£o,9)80,s = Mingc,t(to)* €o,e(&0,5) o+

4.3.15. c¢y(¢,,9) = x(ty), (48, — z(ty)) ¢y,((&1,9) &1 s = Ming ¢, ()’ls‘sl - z(ty)
01,681,981, vi(t) =0, i=1, 2,---, g and v(t;,) =0 if n(t)) = a(x(zy)) <0,
i=1,-,q.

Assume that 4.3.10 does not hold.

Let p(t) = Xi,v(Ou ) and let 1o=15,7,4+, =1,. We observe that, by
4.3.12 and 4.3.15, v/(t) = v; is constant and v, 20, i =1,2,..-,q, and thus u(f)
is a non-negative nonincreasing step function, continuous from the left, with
its discontinuities, if any, restricted to points of Z,. Furthermore, pu(t,) =0.

We shall now show that there exists an integer j, 1 <j<q+ 1, such that
|2(6)] + u(f) > 0 over [to,7;]. Indeed, if u(r;)>0 for some j, 1<j<q+1,
then p(t) = p(t;) > 0 for all tin [to,7;]. If u(t;) =0 for all j,1 £j < q + 1, then
v;=0, 1 £j <q, hence, by 4.3.11, |z(1)| #0, te T, and |z(t)| + pu(t) > 0 over

[to, tl]'

(3) The last (third) line of (6.1.3) in [2, p. 143] should read “for some {! = 0” instead of
“for some ! = 0,”
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Let now 0, be the largest of the numbers 7;, j=1,---,q + 1, such that
| z(2)| + u(t) > 0 over [to,7;]. If 6, =1t,, we define L, to be the empty set and
the lemma follows easily from relations 4.3.11 through 4.3.15. If 0, = 1; <t
then |z(t;4,)| =0 and u(r;.,) =0 implying that u(?) =0 over [t;, ;] It
follows then from 4.3.12 that | z(r)| = 0 over [6,,¢,] and

w(0,) = (01 /(| 2(8)] + m(6) = 1.

Furthermore, v; # 0; hence, by 4.3.15, a(x(6,)) =0 and 6, € Z,.

We observe that, trivially, x(f) is a Q’-minimizing curve (6,,{x(6,)}, identity)
where Q' = Q,N(0,,1,),{x(0,)} is the set with the single element x(6,) and the
mapping is the identity mapping of {x(6,)} into itself. It follows now, by our
previous argument, that there exists a point 6] in Z,N(0,,t,]U{t,}, functions z'(t),
1'(¢) and w'(z) over [0,,0{] and a non-negative number 7. such that p'(r) is a
non-negative nonincreasing step function over [6,,6;], continuous from the left,
and with its only possible discontinuities on (8,,81] N Z, z'(t) is absolutely contin-
uous on[0y,01],z'(0)] + #'() > 0on(8,,671,w'(67) = w'(61)/(| 2’ (0] + ' (61)) = 1
if 0) <t, and relations (4.3.6), (4.3.7) and (4.3.9) are satisfied with [6,,0 ]
replacing T.

Continuing in this manner if 0] <1t,, after at most g + 1 steps we shall de-
termine a point 6,’---'=t,, since 8,"---'€Q; and 8,"---'<6,"---". We
now redefine the functions z(¢) and u(t) to equal resp. z’---"(t) and p’---"(f)
over (8,'---',0,"---"], we let y} be the number 7, obtained in the last step and
we define L, to be the set of the points 0,,0},--- which are less than t,. The
lemma now follows directly.

V. Certain properties of z,(¢) and w(¢).
5.1. We shall continue to use the notation introduced in the previous section.

If, for infinitely many values of s in P, there exists a point £, ¢ in C; such that
c(&,9) = x(t)) and cf (&, )&, = glﬁlcr: c1 (&1,)¢
then, C, being compact, we may extract an infinite subsequence P’ of P such that
&, s converges to some £} over P’ and we have
cy(€1) = x*(t)) and cf ((ENEF = Min ¢ ((E1)E;.

§1eCy
The alternative 3.1.1 of Theorem 3.1 is then satisfied.
We shall henceforth assume, therefore (unless otherwise specified), that the
second alternative of Lemma 4.3 holds for all sufficiently large values of s in P
which constitute a sequence P, of integers.

LEMMA 5.2. Lets bein P, and let t and t' belong to a subinterval of T — L.
Then there exists a positive constant c, depending only on a(x), t; — t, and ¢,
and D (of Assumption 2.1) and such that
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521 z(0) = z(t) + (| z(t) | + u(Min (1, 1) a,(t,t"), where |oft, t')]
Sct|t—1t'| and
5.2.2. |z0| S ;| 21| + €5 | [ 1 ur)dx].

Proof. As was observed in 4.1, the curve x,(t) is contained in the compact set D
(of Assumption 2.1). Since a(x) has continuous first and second order partial
derivatives over V', and since, by 2.2.4, |f(x,1,0)| S ¢; and |f(x,1,0)| S ¢,
over V' x T' x S, it follows that there exists a constant c, such that
| b(xi(1),t,0(0)| < ¢5 and | b(x(),1,01))| < c; a.e.in T.

It can be easily verified that the second equation of 4.3.6 yields

z2(0) = U (1,1 2,(t) + f"UsT (t,7) by (x,(1), 7, 6(7)) s ()d7,

t

where the matrix U(t,7) is the solution of the system
d
3;. Us(t’ 7:) =fs(xs(‘t), T, G'S(T)) Us(ta T)

which reduces to the unit matrix I for 7 = t. It follows easily that there exists a
constant ¢, = ¢,(cy,¢3) such that |Ut,t')| Sc,,| US(, )b (x4(1),7,0,(0)| Sca,
|(t = D™ UT(t,7) = D] < ¢ and |f(x,(1),7,0,0) | S ¢,

Relations 5.2.1 and 5.2.2 now follow from the fact that u(t) =0 and py(7) is
nonincreasing between ¢ and ¢’

LEMMA 5.3. Let s be in P,. Then w(t) — c,t is a nonincreasing function
over T.

Proof. Let t <t' and [t,t')= T — L. Then u(f) 2 pu(t') 20 and, by 5.2.1
and 4.3.4,

|z + 10 £ (| 2] + 1) (1 + @), where 0 S « < ¢,(t' — ).

Now
u (20
|z 0| + 1) = A+ ) (| 2t)] + n0)

> us(t’)
= (L+ (| z,(t)] + ult)

Letnow t < ¢’ and let t and t’ be arbitrary points of T. We have just proven the
lemma for the case when [t,t') = T — L. If t € L, then by 4.3.5, w(t) = 1 and the
lemma is trivially satisfied. In all other cases, let 6 be the point in [t,¢']N L,
nearest ¢t. Then, by 4.3.5, w(0) = 1 and, by (5.3.1),

wi(t) =

(5.3.1)
2 wy(t") (L — ) Z wy(t') — cp(t' — 1)

W) 21 =30 = 1) 2 wt) — cy(t’ — 1)
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VI. Passing to the limit.

6.1. Let us consider, for all s in the infinite sequence P,, the points &, ; and
¢,,s and the functions wy(t). Since &, ;e Co and ¢, ;e C; and since C, and C,
are compact, there exists an infinite subsequence P} of P, and points {3 € C, and
&t € Csuchthat &, ;convergesto £y and &,  converges to £ over the sequence Pj.
Furthermore, 0 < wy(f) < 1 for sin P} and te T, and, by Lemma 5.3, w(t) are of
uniformly bounded variation over T for all s in Pj. It follows thus, by Helly’s
selection theorem, that there exists an infinite subsequence P, of P] such that
w,(t) converges to a function w*(t) over T as s — oo over P,. In view of Lemma 5.3,
the function w*(t) — c,t is nonincreasing over T.

Let now Z = {te T|a(x*(t)) =0} and let L= {te T|limsup, w*(x)=1 or
w*(t) = 1}. Clearly Z and L are closed sets and T — L N Z is open (relative to T).
We shall say that ‘‘J is a maximal subinterval of T — LN Z”’ or, briefly, that
“J is maximal’ if J <« T — L NZ, J is convex and open relative to T, and the
relation J €« K =« T — L N Z implies J = K for every interval (convex set) K.

We let 14(J), 7,(J) and t*(J) represent respectively the left and the right end-
points and the midpoint of J. Thus, if J is maximal, 1o(J) € J if and only if
10(J)=t, and t,eT—LNZ; and 7,(J)eJ if and only if 7,(J)=t, and
t, € T — LN Z. Furthermore, for every maximal J and for every sin P,, we set

%* — Zs(t)
=0 = T ey <l
%* — ”s(t)
R P YO R
o 0)

v¥ () = z2XO + p O a(x0)) = | teld.

z(t* )| + m(7*()
These definitions are permissible since, by 4.3.2, the denominator is positive.
We also observe that, by 4.3.6,

(6.1.2) 2X(t) = —f1(x,(1):1,0.(0) 23 (1) — B b(x(D, 1,0 a.e.in T— LN Z.

LeMMA 6.2. Let J be maximal. Given any closed subinterval [6,,0,] of J,
the sets L, N[0,0,] are empty and the functions z¥(t) are absolutely continuous
on that subinterval for sufficiently large s in P,.

Proof. Assume that L, N\[0,,0,] are nonempty for infinitely many values of
s in P,. Then [6,,0,] contains points I in L for all s belonging to an infinite
subsequence P, of P,. By 4.3.5, w,(l,) =1 for all s in P,. Let 0 be the limit of
some convergent subsequence of such I and let n =0 if 6 = 0, and let other-
wise #>0 and 0 —ne[0y,0,]. Then, by Lemma 5.3, wy(0—n)— c,(0 —1n)
= wy(l) — ¢l =1—c,l, for all s in P; such that § —y <I,. It follows that
w*(@ — 1) 2 1 — c,n, implying that f€ L.
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Now, l,e L= Z, and a(x,(l,) =0, s in P}, implying, by Lemma 4.2, that
a(x*(0)) = 0and @ e Z. Thus 0 € LN Z contradicting 0 € [0,,0,] =cJ =« T— LN Z.

It follows now from 4.3.3 that z,(f), hence also z*(¢), are absolutely continuous
on [6,,0,] for sufficiently large s.

LEMMA 6.3. For every fixed t in T— LNZ, the functions uX(t) and zX(1)
are bounded over P,. Furthermore,

|z5(®)] S ez + es(ty — 1) (uF(®) + 1), s in P,, te T—LNZ.

Proof. Assume, by way of contradiction, that there exists a pointtin T— LN Z
such that pX(t) is unbounded over P,. Let J be the maximal subinterval of
T—LNZ to which t belongs and let t* =1*(J). By Lemma 6.2, the closed
interval joining ¢ and t* contains no points of L, for sufficiently large s in P,,
say for s in P}. Thus, by 4.3.4, u(t) and pX(¢) are non-negative and nonincreasing
on that closed interval for all s in Pj. Since p¥(*¥) < 1 for all s in P,, it follows
that t < 1*.

Let now U be the set of all such points ¢ belonging to J and let 8 be the least
upper bound of U. Clearly 0 < 1* and 0eJ. We have

(6.3.1) 0eZ.

Otherwise, for some positive 3, d< 7,(J) — 0, and for all sufficiently large s
in P,, we have a(x(f)) #0 over JN[0-0, 6 + 5], implying, by 4.3.4, that
u () and p¥X(f) are constant over J N[0 — 6, 0 + ). Since [0 — 6, 6 + ] con-
tains points of U and [0,0 + 6] < J, this contradicts the definition of 6 as an
upper bound of U.

By the definition of U and of 0, y(f) = limsupp,u¥(?) exists for every t > 0, te J
and, by 4.3.4 and Lemma 6.2, it is nonincreasing on (6,7*]. Let now
0<np<t,(J)—0, 6"=Min(z*,0 + 1) and let 8’ be a point in U such that
0 — 0’ < 7. Then, by Lemma 6.2, u¥(¢) is nonincreasing on [0’,7*] for sufficiently
large sin P, and liminfp (u¥(0")) ™ [57uf (1)de <liminfp,(uF(0") " e (D)dr + [fd.

Since u¥(0’) is unbounded (because 0’ € U), it follows that

T*

iminf (41(0) " f W@ < 0 — 0" < 21;
.,

hence, by Lemmas 5.2 and 6.2 (setting ¢ = 0’ and ¢’ = 7* in 5.2.2),
liminf |z5(0")]/u$(0") £ 2¢yn.
P>

This last inequality implies that

* ’

CR) 1
. =1i 2 21-2
w(0') = llmws(O) m |*(0)| RO = Traen = ~ 7"
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Since n may be chosen arbitrarily small, it follows that 6 € L, contradicting, in
view of (6.3.1), our previous conclusion that f8eJ.

Thus p*(f), s in P,, are bounded for every fixed ¢ in J. By Lemmas 5.1 and
6.2 and since p¥*(f) is nonincreasing on J,

|z¥®)] £ e2] 28 )| + cop¥Min(t,7*) |t — t*|, teJ,

for sufficiently large s in P,. Since | zJ(¢*)| £ 1, it follows that z§(f) are bounded
over P, for every fixed ¢t in J.

Now 0 < p¥*(z*) £ 1, hence pf(Min(t,7%)) < 1 + p¥(¢) and thus
|Z:(‘)| Sey+ ety — L) (Us(D) + 1).

LEMMA 6.4. There exists an infinite subsequence Py of P, and functions
u*(t), z*(t) and v*(t) such that p¥(t), zX(t) and v}(t) converge, for every t in
T—LN2Z, to resp. p*(t), z*(t) and v*(t) = z*(t) + p*(t) a,(x*(t)) over P;. The
function u*(t) is non-negative and nonincreasing and the function z*(t) is Lip-
schitz-continuous on every closed subinterval of T— LNZ.

Proof. Let 0 <5 <1, let P’ be an infinite subsequence of P, and let J be
maximal. Consider the closed interval [0,,0,], where 0, = 1o(J) + n(74(J) — 70(J))
and 0, = 1,(J) — n(t,(J) — 74(J)). By Lemma 6.2 and by 4.3.4, u¥(t) are non-
negative and nonincreasing over [ 6y, 0, ] for sufficiently large s and, by Lemma 6.3,
Y(t) = limsupp, u¥ (1) exists over [60,,0,]. Thus y(f) exists and is non-negative
and nonincreasing on [0,,0,], hence p¥(¢), s in P,, are nonincreasing and
uniformly bounded over [60,,6,]. By Lemma 5.2,

|zX¥®)| S ez + ca|t —7* |u¥(Min(t,7*)), te[0,,0,];

hence z¥(t) are uniformly bounded over [6,,6,]. Furthermore, by Lemma 6.2,
z¥(t) are absolutely continuous on [6,,6, ] for sufficiently large s. It was observed
in 4.1 that the curves x(t), t € T, are contained in the compact set D for all s;
hence, by 2.2.4, |f(x.(0),t,0(5)| and |b(x(1),t,6,()|, teT, s=1,2, are
uniformly bounded. It follows, by (6.1.2), that zX(f) satisfy a uniform Lipchitz
condition over [6,,0,] for all sufficiently large s.

Thus p¥(f) and z¥(f) are uniformly bounded and of uniformly bounded
variation over [0,,0,] for all s in P’; hence, by Helly’s selection theorem, there
exists an infinite subsequence P” = P"(P’,J,n) of P’ such that u¥(f) resp. z¥()
converge over [0,,60,] to limit functions u*(t) resp. z*(t) as s — oo over P”. The
function p*(t) is non-negative and nonincreasing and z*(f) is Lipschitz-ccntinuous
over [0,,0,].

We now consider a sequence n;, j = 1,2, -+, converging to 0. Theset T— LN Z,
being open relative to T, is a denumerable union of maximal subintervals
J,, i=1,2,--. We now let P!=P, and, recursively, P},, = P"(P}, J;, 1)),
i, j=1,2,---, where Pi*! is the diagonal subsequence of P/,P5,-, etc. Finally,
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letting the first element of P, be the first one of P}, the second element of P,
be the second one of PZ,---,etc., we conclude that u¥(f) resp. z¥(f) converge
over T— LNZ, as s — o over P;, to limit functions u*(¢) and z*(f) which satisfy
the statement of the lemma.

Now v¥(t) = zX(t) + p¥(t) a(x(t)) for all s, limpx,(t) = x*(t), P; is a sub-
sequence of P, x,(t) € D for te T and all s in P and a,(x) is uniformly continuous
over compact D. It follows that limp v} (f) = v*(f) = z*(f) + p*(t) a,(x*(?)) over
T-LNZ.

LEMMA 6.5. |z*(t)| + p*(1) # 0 for te T-LNZ.

Proof. Assume the contrary and let f(t*) = | z*(t*)| + u*(t* ) = 0 for some t*
in T—LAZ. Let J be the maximal subinterval of T — L NZ to which ¢*
belongs. It follows directly from Lemma 6.4 that u*(f) is non-negative and non-
increasing over J. The set U = {teJ | p*(t) = 0} is nonempty and 6 = infU < ¢*.

It follows from Lemmas 5.2 and 6.2 that

v
(6.5.1) |Z*(D)] S ez | 2*(t)| + czl J‘ u*(-c)dtl, teJ,t'el.
t

Now, if 8 = 14(J) then u*(t) =0for t > 0, t e J, and, by (6.5.1),
|2*(z*(0) | = B(*(N)) =1 L ¢y | 2*(t7),

contradicting the assumption that f(*) = 0. Thus 0 > 74(J).
Let0;,j =1,2,---, be an increasing sequence in J converging to . Then, again
by (6.5.1),

*

|2*(6)| S c2| 2*(t")| + ¢, f p*()de
0,

0
=e, [uede 5 0 0)06).
J
Since u*(0;) # 0, we have

”*(oj)
@+ gy = A0

w(0,) =

implying 0 e L.

We must also have 0 € Z. Otherwise, for some positive  and for sufficiently large
s in P3, a(x(t)) # 0 over [0 — 8,0 + 8] NJ and, by 4.3.4 and Lemmas 6.2 and
6.4, u*(t) is constant over [0 — 6,0 + 0] N J. Since [0 — 5,6 + 6] N J contains
points of U and points to the left of 0, this contradicts the definition of 6 as inf U.

Thus e L N Z, contradicting the previous result that 14(J) < 6 <t*, hence
6eJcT-LNZ

This completes the proof of the lemma.



448 J. WARGA [September

VII. The generalized Weierstrass E-condition.
7.1. We have defined, in Lemma 6.4, functions p*(t), z*(f) and v*(t) over
T — LN Z. We now complete their definition by setting

(7.1.1)  z*(t) = o (the null vector), u*(t) = 1, v*(¢) = a (x*(¥)) forte LN Z.
LEMMA 7.2. There exists a function *(t) from T to S such that
X*(t) = f(x*(1), t,0*(t)) a.e. in T,
#() = —fIx*1),t,0%(0) 2*(t) — p*(O) b (x*(1),t,6*()) a.e. in T — LN Z.
Furthermore, for every maximal J, z*(7,(J) —0)=o if t;(J)e LN Z.

Proof. Let E be a euclidean space, T a closed interval of the real axis,
T'cT,|T'|=|T|, Van open set in E, 4 a compact subset of ¥ and F(x,1),
xeV, teT, a compact and convex set in E. Assume that F(x,t) is uniformly
bounded for (x,t) € 4 x T’ and that F(x,t) is ‘‘quasi-continuous’’ [1, p. 119] (or,
in the language of Filippov [5, p. 76], ‘‘upper semi-continuous with respect to
inclusion’’) at (x,t) for all (x,f)e 4 x T, i.e., given any positive J, there exists
a positive n(8,x,) such that F(x’,t’) is contained in a d-neighborhood of F(x,?)
in Vprovided

[t—t|+]|x—x'| n(d,x,t) and (x,)e 4 x T".

Letx,(f),te T,j =1,2,--, be a sequence of curves, all contained in 4, and such
that

(7.2.1) x(t) e F(x[f),t)ae.in T, j=1,2,-.

Let, finally, x(f) be a uniform limit, as j — o, of the curves x;(t), te T.
It was shown in [1, Theorem 3.1, p. 119] and, effectively, in [S, Theorem 1, p. 2]
that, in that case,

(7.2.2) x(t) € F(x(t),t) a.e. in T.

Let now Fj(x,t), (x,t)ed x T, j=1,2,--, be convex and compact sets which
converge uniformly, as j —» o, to F(x,t) over 4 x T’ in the sense that, given any
positive J, there exists j(d) such that each of the two sets F(x,f) and F(x,)isin a
-neighborhood of the other provided j = j(8). Let, furthermore, the assumption
(7.2.1) be replaced by

(7.2.3) (e Fx(N.NaeinT, j=1,2,-

Then we can easily show that the conclusion (7.2.2) still holds. Let, indeed,
¢ be positive and let F,(x,t) be the e-neighborhood of F(x,?). Then there exists
an integer j(¢) such that F(x,t) c F(x,t) for (x,t)e A x T and j 2 j(¢). Thus
x(t)e F(xf),n)a.e.in Tforj2 j(e), whence it follows, by the quoted arguments,
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that x(f) € F,(x(),t) a.e. in T. Since & can be chosen arbitrarily small, relation
(7.2.2) now follows.

We now apply this result as follows. Let the infinite sequence P; of Lemma 6.4
be s4,5,,++,let E=E, x E,,let T be an arbitrary nondegenerate closed subinterval
of T — LN Z over which the functions ,us";(t), j=1,2, .- converge uniformly
to p*(t), let T'=TNT, V=V'xE,, D,=Closure of ({zeE,|z=2zXt) or
z = z*(t) for some s in P; and some teT}), A =D x D,, x = (x, 2),
F(x,t) = {(&,n) | E=f(x,t,0), n = —fI(x,t,0)z—p*(f) b,(x,t,0) for some ¢ in S},
(x,2,)€Dx D, x T, Fx,0)={(&m|E=1(x,1,0), n==F(x,1,0)z— p(Db,(x, 1, 0)
for some ¢ in S}.

Let, furthermore, x (1) = (xsj(t),z;"j(t)),t €T, j=1,2,---.Then it easily follows
from 2.1,2.2,4.1,(6.1.2), 6.4 and our previous argument that

x(t) e F(x,t) a.e.in T
or, equivalently, there exists a function ¢*(¢t) from TN T’ to S such that
X*(t) = f(x*(t),t,0%()) a.e.in T,
z¥(t) = —fI(x*(f),t,6*(D)z* (t) — u*(t) b (x*(1),t,0*(f)) a.e. in T.

Since, as an easy consequence of Egoroff’s theorem, T — L N Z can be covered
(except possibly for a set of measure 0), by a finite or denumerable collection of
intervals like T, it follows that these differential equations hold a.e.in T — L N Z.
We now complete the definition of o*(f) by setting 6*(f) = o(t), t € L N\ Z, where
a(t) is as defined in (4.1.2).

Finally, it was shown in 6.1 that w*(f) — c,t is nonincreasing over T,
hence it follows from the definition of L that, for every maximal J such
that 7,(J)e L, we have w*(r,(J) —0)=1. Since, by Lemmas 6.4 and 6.5,
w*(f) = p*(0/(| z*(1)| + u*(9)) over J and p*(1) is nonincreasing over J, it follows
that | z*(z,(J) — 0)| = 0if 7,(J) e L.

This completes the proof of the lemma.

LEMMA 7.3 (THE GENERALIZED WEIERSTRASS E-CONDITION).

v*() - f(x*(1),t,6%(t)) = Min v*(?) - f(x*(1),t,6) a.e. in T

oeS

(where v¥(t) = z*(t) + p*(®) a, (x*(1))).

Proof. We shall first prove that the relation holds a.e. in T— L NZ. By
Lemma 6.4, z*(t) is absolutely continuous and p*(¢) is nonincreasing over every
closed subinterval of T — L NZ and, by 4.1, x*(¢) is absolutely continuous over
T. It follows that v*(f) is continuous a.e. in T — L N Z. By Lemma 6.2 and 4.3.4,
pX(f) is nonincreasing over every closed subinterval of T — L N Z for sufficiently
large s in P,; hence, by the inequality of Lemma 6.3, z¥(f), and consequently
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v (t), are uniformly bounded over every closed subinterval of T — L NZ for
sin P;.
By 4.3.6 and 4.3.7,

(1.3.0)  o}(0)-F(x(0,1,0,0) = v3 (1) 3(t) = Min v(8) -f (x,(1).1,0) a.e. in T
oeS

for all s in P,.

Let T; be the subset of T’ — L N Z over which the above relation is satisfied,
over which v*(¢) is continuous and over which %*(¢) exists and satisfies the first
equation of Lemma 7.2. Clearly |T;|=|T — LNZ|. Let e Ty, 0<t, and let
h be positive and sufficiently small so that [0,0 + h]<« T — LNZ.

We have

6+h
x*(0 + h) — x*(0) = lim(x(0 + h) — x,(0)) = limJ x4(t)dr;
P.‘l Pg 0
hence,

%v*(@) - (x*(0 + h) — x*(0))
(1.3.2)

0+ h
= lim% [v% (©)%,(2) + (0*(2) — 0(2)) %, (2) + (v*(6) — v*(x))%(¥) ]d.
P3 0
Now lif,(t)l < ¢, a.e.in T and v¥(7) are, as shown above, uniformly bounded
over [0,0 + k] for s in P;. By Lemma 6.4, limp,v¥(t) = v*(¢) over [0,0 + h]. It
follows thus from (7.3.1) and (7.3.2) that, for every ¢ in S,

0+h

0O O+ B~ (O S - f V%) - f(x*(2),7,0)dx

]

c 0+h
+ L j |v*(0) - v*(t)| dr.
h Jo

By 2.2.3 and the definition of T, v*(¢) and f(x*(¢),t,6) are continuous at 6
and x*(¢) is differentiable at 6. We conclude, letting h — 0, that

v*(6) - £(x(6),0,0%(6)) = v*(8) - 2*(6) < v*(6) - f(x*(6),6,0)

for every g in S and every 0 in T,.

We must now consider the set L N Z. Since, by 6.1, w*(f) — c,t is nonincreasing,
it follows easily that w*(f) = 1 a.e. in L N Z. Let now v}(t) = v,(1)/(| ()| + u(®)
for te L NZ and for s in P,. Then limp, v}(f) = a,(x*(1)) = v*(t) a.e.in L N Z and
|0(8)| are, for s in P, uniformly bounded (by 1 + Max,y, | a,(x)|) over L NZ.
Let T, be the subset of L N Z over which x*(¢) exists and satisfies the first equation
of Lemma 7.2, over which relation (7.3.1) is satisfied and such that



1964] MINIMIZING VARIATIONAL CURVES 451

lim —1—
h—-0 h

|ILAZA[0,6+h]|=1

for 6 e T,. It is well known that the last equality holds a.e. in L NZ; hence,
| 2| =|L nZ|.

Letnow 0eT,,h>0,0+he T andlet T;=[0,0+ h]NT,and T,=[0,0 +h]—T.
We have

—l—-v*(e) + (x*(0 + h) — x*(0)) = lim 1 + lim L v*(@)- | x,(z)dr,

h Py h T3 Py h Ta
the integrand of the integral over T; being the same as on the right-hand side of
(7.3.2). We then derive, in the same manner as before, the relation

FIO 0+ 1) =x0) £ - [ 00 S0, o)

+ 4 f |0%(6) = v*(x)| d + lim —0%(6) f (D).
h T3 P, h T,

Since lim,_,o(1/h)|T3| =1 and lim,_o(1/h)|T,| =0, we may complete the
proof in the same manner as before.

VIII. Support (transversality) conditions. Completing the proof of Theorem 3.1.

LemMMA 8.1. Either alternative 3.1.1 of Theorem 3.1 is satisfied or there
exists a non-negative number y! such that

(8.1.1) (yté, — Z*(tl))'cl,g(é‘i‘)éi" =¢MCin (y 151 —z¥(ty)) cl,{(ét)él
and

(8.12) V¥ (to) €, fEDE = Min v¥(to) co i(E8)Eo -
§oeCo
Proof. We have shown, in 5.1, that either the alternative 3.1.1 of Theorem
3.1 is satisfied or there exists an infinite sequence P, of integers s for which the
second alternative of Lemma 4.3 holds. Consider, in the latter case, the statement
4.3.9 of Lemma 4.3. If, over some infinite subsequence P of P;, y!# 0 and
limp; | z(t))|/7: =0, then it follows from 4.3.9 that

c1{EDET = Mincy (EDEy,

§1eCy

where

Ef=1lim &, = lim¢&; ; (see 6.1).
P> Py

In this case, therefore, the alternative 3.1.1 of Theorem 3.1 is also satisfied.
In view of the above argument it remains to consider the case when the second
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alternative of Lemma 4.3 holds over an infinite sequence P; and, over some
infinite subsequence Pj of Pj, |z/(t,)| # 0 and y/|z(t,)| are bounded.

If t, eLN Z then z*(¢,)=0 and relation (8.1.1) is trivially satisfied by setting
y'=0.1Ift,e T — LNZ, let J be the maximal interval to which ¢, belongs and
let o =|z(t*())| + u(z*(J)), s in Pj. Since, by 432, a,#0, since
z(t,)/ o = z(t;) > z*(t,) over Pj and since y;/|z(t,)| are bounded, we may
find aninfinitesubsequence Py of P;and a non-negative y! such thatlimpy,/o, = y!
and relation (8.1.1) now easily follows from 4.3.9.

If t, e T— LN Z then relation (8.1.2) is derived from (4.3.8) by dividing both
sides by IZS(T*(J))l + p(t*(J)) (where J is the maximal interval containing #,)
and passing to the limit over P,.

If ty e LN Z then, by the definition of L, either w*(#,) =1 or limsup, 4 oW*(7)
= 1. Since, by 6.1, w*(t) — c,t is nonincreasing over T, it follows that w*(t,) =1,
i.e., limp, 1(t6)/(|2,(to)| + 1(to)) = 1. This implies that limp,0,(t0)/(| (o) | + 1t0))
= a,(x*(t,)) = v*(t,). Relation (8.1.2) is now derived from (4.3.8) by dividing
both sides by | z(to)| + 1,(to) and passing to the limit over P,.

8.2. Completing the proof of Theorem 3.1. Let x(t) = x*(f),t e T. We have
shown, in 4.1 and in Lemma 4.2, that x(t) exists and is a relaxed minimizing curve
with respect to a(x). By Assumption 2.1 and by [1, Theorem 2.2, p. 113], x(¢)
can be uniformly approximated by solutions of the differential equations (1.1).

We shall now show that, if alternative 3.1.1 of Theorem 3.1 does not hold, then
alternative 3.1.2 is satisfied by setting M = LNZ, o(t) = a*(t), u(t) = u*(t),
z(t) = z*(t), t e T. Statements 3.1.2.1 and 3.1.2.2 follow directly from Lemmas
6.4 and 6.5 and from the definition of p*(f) and z*(f) on LN Z. By statement
4.3.4 of Lemma 4.3, u(t) are, for all s in P, constant over every subinterval of
T—2Z, and uyt,) =0. Now, we easily verify that every closed subinterval of
T—Z is contained in T— Z, =« T— L, for all sufficiently large s in P, and in
P;. Thus, p*(t) is constant on every closed subinterval of T— Z. Statement
3.1.2.3 now follows from Lemma 6.4,

Statements 3.1.2.4, 3.1.2.5 and 3.1.2.6 follow from Lemmas 7.2, 7.3 and 8.1,
respectively.

8.2.1. Proof of statement 3.1.2.7. We have just shown that either alternative
3.1.1 of Theorem 3.1 holds or alternative 3.1.2 is satisfied through 3.1.2.6. Assume
now that alternative 3.1.1 does not hold nor is 3.1.2.7.1 satisfied.

Let &7 be the set of points 0 in T with the property that

|a(x(6))| + | a,(x(6))| # 0,
2(0) # — Fa (x(0)) for all 7 = u(0) if O e Z,
| 2(0) + u(0) a,(x(6))| # 0 if 6 T— Z.

We shall show that &/ contains ¢, that for every 0,0 e/ NZ, 0>t,, there
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exists a positive &(0) such that [0 — &(0),0] = & and that every subinterval K
of T— Z either belongs to &7 or has no points in common with 2. Then, letting
te=toif & = Tand t§ =sup(T— &) if & # T, we can easily verify that state-
ment 3.1.2.7.2 follows.

We now proceed to prove the assertion about &/ which we have just stated.

8.2.1.1. t,ed.

We have |a(x(t,))| + | a(x(t,))| # O since, otherwise, 3.1.2.7.1 would be triv-
ially satisfied with y*=0. If t,eT—Z, then, by 3.1.2.1 and 3.1.2.3,
|2(ty) + u(ty) a (x(t))| = | z(t,)| # 0. If t, € Z, assume, by way of contradiction,
that z(t,) = —Ja,(t;) for some j = u(t,) = 0. We cannot have 7 = 0 since, by
3.1.2.1, | z(t,)| + p(t;) > 0. We cannot have § > 0 either, since then, by 3.1.2.6,
the statement 3.1.2.7.1 is satisfied (with y°=y!/7), contrary to assumption.
Thus t, e .

8.2.1.2. Let K be a subinterval of T— Z. Then K = & or K N &/ is empty.

By 3.1.2.3, u(?) is constant on K. Let v(f) = z(¢t) + pu(H)a.(x(1)), te K, and
assume first that K is closed. Then, by 3.1.2.2, v(?) is absolutely continuous on
K. 1t follows now easily from 3.1.2.4 that

o(H) = —f T(x(1), t,6(t)) v(t) a.e.in K,

hence v(?) either vanishes at every point of K or |v(¢)| # O for every ¢ in K. Thus
K = &/ or K N« is empty.

Since the last statement is true for any closed subinterval K of T — Z, it remains
true for any subinterval (convex subset) of T— Z.

8.2.1.3. Let 0e(Z—-L)N&, 0>t,. Then [0—¢(0),0] c«/ for some
e(6)>0.

Let J be the maximal subinterval of T— L NZ to which 6 belongs. Since
|a,(x(1)] is continuous and |a(x(6))| # O, there exists &' = ¢'(9) > 0 such that
[a (x(©)]| #0 on [0 —¢',0] = J. If, for some &, 0 <&" <&', [0 —¢",0)c T—Z
then, by 3.1.2.2, |v(0 - 0)[ =0 implies z(0) = — u(0 — 0)a(x(6)). Since, by
3.1.2.3, u(t) is nonincreasing on J, this contradicts 8eZ N&/. Thus
[6—-¢".,0]c«.

It follows that if 6}, j=1,2,---, is an increasing sequence in J such that
0;eT—Z—-,j=1,2,---, and 0;— 0 then there exists an increasing sequence
0;,j=1,2,---, such that 0;€ Z — o/, j = 1,2,---, and 6;— 0. Assume, therefore,
by way of contradiction, that such a sequence 6; exists in [0 — &', 0], hence that
there exist 7; = u(0,), j = 1,2, -+, such that z(0;) = — 7;a,(x(6)), j =1,2,---.

By 3.1.2.2 and the continuity of a,(x(1)), z(6;) - z(0) and a(x(0,)) - a,(x(0)).
The non-negative 7; must be bounded, since, otherwise, |ax(x(9))|
= lim;,,|a(x(8,)| =0, contradicting 6 € &/ NZ. Thus y* =1lim¥; exists and
we have z(0) = — y*a (x(0)). Since ¥; = u(0;) and u(t) is nonincreasing on J.
have y* = u(6), thus contradicting e/ NZ.
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It follows that there exists &(f) > 0 such that [0 — &(0),0] = <.

8.2.14. Let0eLNZ NsZ, 0>ty Then [0 — £(0),0] = & for some &(6) > 0.

Sincefe o/ N Z,thereexistsa positives’ = ¢'(f)suchthat|a, (x(1))| >3|a(x(6))| > 0
for 6 —e' £t <0. Let ¢ = ¢(0) = Min(¢’, | a,(x(@))l /4c,), where ¢, is as defined
in Lemma 5.2. Let0—e<1t" <0.

Ift*e LN Zthen z(1*) =0 # — Fa (x(t*)) forall § = p(t*) = 1.

If t* € T— LNZ,let J be the maximal subinterval of T— LN Z to which t*

belongs. It follows easily from 3.1.2.4 (or from Lemmas 5.2 and 6.2;see (6.5.1))
that

|21 S cal206) | + €5 [ ud S o] 20)] + et = 1))

forted, t'el, t<t'.

We have, by 3.1.2.4, z(t,(J) — 0) = 0. Since e L NZ, we have t,(J) £0. It
follows thus that

|2(6)] S ex(ts(D) = ) u(t) S 5 e(t”) < % |a(x(t™ D] | w(t)]-
By 3.1.2.1, u(t*) > 0, hence

2(t") # — Ja(x(t™)) for all § 2 u(t").

This completes the proof of 3.1.2.7.
8.2.2. Proof of statement 3.1.2.8. Assume, by way of contradiction, that
the assumption of 3.1.2.8 is satisfied and that there exists a point fe M, 0 > t,,.

Since M = LN Z < Z, it follows from our assumption that there exists a number
8,0 <e< 0 —t, such that

G22p) 8GO 25]a60)]>0 and Mina0) S0.m0)5 8
forallteTand 0 —e<t<0.

If [0-¢0] <« M, then, by 3124, 3125 and (8.2.2.1),
(d/dt)a(x(1)) = a,(x(1))f (x(1),1,0(1)) = Min,.s a (x(1)) f(x(£),1,0) 3B a.e. in
[6 — ¢,60], contradicting [0 — ¢,0] = M < Z. It follows that there exists a point
6’ in [0 —¢,0] N(T— M).

Let J be the maximal interval to which 6’ belongs. Then 7,(J) £ 6 and t,(J) e M.
Since, by 6.1, w*(t) — c,t is nonincreasing over T, we have w*(t,(J) —0) = 1.
By 3.1.2.1,|z(t)| + u(2) > 0 for all t € T; hence w*(t) = limp uf(1)/(| ¥ (1) | + p¥(2))
= u()/(| z(t)| + u(r)) for teJ. We conclude that {(f)=z()/(|z(D)| + u(t)
+ w*(f) a,(x(2)) converges to a(x(z,(J))) as t »1,(J), ted.

We have, by 3.1.2.4 and 3.1.2.5, {() - f(x(?),6(8)) = Min, s {(1) f(x(1),t,0) a.e.
in [0—¢,0]. Since {(t,(J)—0)= a,(x(r,(J))), it follows that there exists a number
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¢’ >0 such that [t,(J) — ¢&’,7,(J)] = [0—¢,60] and |{(H)—a,(x(0)| < (1/8)|B|/c,
on [t,(J)—¢', t,(J)]; hence, by 2.2.4, 3.1.24, 3.1.2.5 and (8.2.2.1),
(d/d)a(x(0) = a x(t) - f(x(®), t, a(®) = (1) - f(x(), t, o(1)) — (1/8)B
= Min,s {(1) - f(x(t),t,0) — 1(/8)y S Min,s a.(x(¥)) - f(x(0),t,0) — (1/4)B
< (1/4)B < 0 a.e. on [1,(J) — ¢',7,(J)]. This contradicts a(x(f)) < 0 over
[z:()) —&',74())] and a(x(z,(J))) =0.

This completes the proof of statement 3.1.2.8 and of Theorem 3.1.
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