NORMALIZERS OF SYSTEM NORMALIZERS

BY
J. L. ALPERIN(Y)

1. The normalizers of the system normalizers are subgroups of some im-
portance in the th=ory of solvable groups initiated by P. Hall [1-5]. For example,
P. Hall observed [4] that a system normalizer was contained in the hypercenter
of its normalizer. R. Carter analyzed extensively the class of solvable groups
which have s:If-normalizing system normalizers [6]. Furthermore, Carter, in a
recent paper [7], has pointed out the importance of the question of the homo-
morphic invariance of the normalizers of the system normalizers. That is, if H
is the normalizer of a system normalizer D of a solvable group G and N is a
normal subgroup of G, is HN/N the normalizer of the system normalizer DN/N
of G/N? This is equivalent with the following question(?): If DN/N is the nor-
malizer of the system T of G/N, is there a system S of G with normalizer D such
that S is carried onto T by the natural homomorphism of G onto G/N?

For thzse reasons we have undertaken an investigation of the subgroups in
the title of this paper. Our first result gives some more information about the
embedding of a system normalizer in its normalizer.

THEOREM 1. Let G be a solvable group of p-length one for all primes p.
If D is a system normalizer of G then

N(D) = DC(D).

In particular this means that the normalizer of D induces only inner auto-
morphisms on D. Furthermore, this theorem is false if the restrictions on p-length
are rzlaxed. For example, if G is the general linear group of two dimensions
over the fizld of three elements, then G is a nonsplit central extension of a cyclic
group of order two by S, the symmetric group on four letters. The system normal-
izers of G are elementary abelian of order four while their normalizers are di-
hedral groups of order eight.

The first theorem will be derived from the

THEOREM 2. Let A be a group of automorphisms of the group G. Suppose
that A and G have relatively prime orders and that at least one of the groups
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A or G is solvable(3). If F is the subgroup of G consisting of all elements left
fixed by all automorphisms in A, then

Ng(F) = FC4(F).

This will be shown to be a corollary of the conjugacy statement of the Schur-
Zassenhaus theorem [8, p. 162].

We shall now digress and state a recent result of J. Thompson which we will
show follows from the above theorem.

COROLLARY. Let PxQ be a group of automorphisms of the p-group G with
P a p-group and Q a p’-group. If every element of G left fixed by P is left fixed
by Q then Q =1.

Finally, we shall answer in the negative the question raised by Carter, which
we mentioned above.

THEOREM 3. There exists a solvable group G of nilpotent length three
which has a system normalizer D, normal subgroup N and maximal subgroup
M containing D such that

(1) Ngn(DN/N)# Ne(D)N/N,

(2) D normalizes no system of M.

The second part of the statement of the theorem also answers a question raised
by Carter [7]. Furthermore, the existence of this example seems to indicate
many difficulties ahead. It stands directly in the path of attempts to prove certain
conjectures by induction. In particular, Carter’s ‘‘convergence’’ theorem [7,
p. 549] may well be true in general, but an entirely new method of proof would
be needed to show this.

The organization of the remainder of this paper is as follows. The rest of this
szction is devoted to a description of notation and relevant definitions, §2 con-
tains a proof of Theorem 2, while §3 contains a proof of the corollary. §4 is

evoted to Theorem 1 and the last section gives a description of the example
of Theorem 3.

Let G be a group with elements x and y and subgroups G and K. We denote
the commutator (x,y) = x "'y "'xy and set x’ = y~'xy. The subgroup generated
by all commutators (h,k) for he H, ke K will be written as (H,K). The con-
jugate of H by x is H* The largest subgroup of H which normalizes K is
Ny(K) and the greatest subgroup of H which centralizes K is Cy(K). If H should
contain K then (H: K) is the index of K in H.

Now assume that this group G is solvable. The Fitting subgrcup F of G is
the greatest normal nilpotent subgroup of G. If G is nilpotent we say that G

(3) This is superfluous in view of the work of Feit and Thompson showing all groups of
odd order are solvable.
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has nilpotent length one. Otherwise, we define the nilpotent length recursively,
letting G have nilpotent length one more than the nilpotent length of G/F. If
pis a prime and S, is a Sylow p-subgroup of G we say that G has p-length one
provided there is a normal p’-subgroup N of G such that NS, is a normal sub-
group of G. Here, a p’-subgroupis a subgroup of order prime to p.

The definitions of systems and system normalizers are contained in Hall’s
papers [3;4]. The system normalizers form a conjugate class of nilpotent sub-
groups of any solvable group. Some of the most important properties of these
subgroups are their ‘‘covering’’ and ‘‘avoidance” properties. This is described
as follows: If H/K is a chief factor of the solvable group G and D is a system
normalizer of G then each coset of K in H contains elements of D (D covers
H/K) if H/K is central in G/K and no coset of K in H, other than K itself,
contains any element of D (D avoids H/K)if H/Kis not centralin G/K. Further-
more, if N is a normal subgroup of G then the system normalizers of G/N are
precisely the subgroups DN/N.

If G is a p-group then we need to recall that every proper subgroup of G is a
proper subgroup of its normalizer. Also, if A is a group of automorphisms of
G and A leaves invariant a series of normal subgroups of G and induces only
the identity automorphisms on the successive factors, then A is also a p-group.
Such a series of subgroups is called a stability series for A.

2. The fixed-point theorem. We now turn to a proof of Theorem 2 and we
let A, F and G be as described in the statement of that theorem. Since A leaves
fixed each element of F, it certainly leaves F fixed as a subgroup. Therefore,
each element of 4 maps Ng(F) onto itself. Thus, in order to prove the theorem,
itisnow clear that we may assume that F is normalin G and show that G = FC4(F).

We first note that if N is a normal A-invariant subgroup of G then FN/N
is the subgroup of G/N of elements left fixed by the automorphisms induced on
G/N by the elements of 4. In order to see this, we construct the splitting ex-
tension GA of G by A. An element of G is in F if and only if it lies in Ng(A).
Similarly, we form the splitting extension (G/N)A, so if x € G then xN € G/N
is left fixed by the automorphisms induced by A if and only if xN € Ng;n(A4).
However, this is true if and only if x € Ng(NA). In this case 4 and 4™ are both
complements of N in NA. By the Schur-Zassenhaus theorem [8, p. 162], 4 and
A™ are conjugate subgroups of AN. That is, there is ye N so that A™= 4.
Hence, xy e Ng(A) or xye F so xe FN and the assertion at the beginning of
the paragraph is proved.

In view of this, a proof of the theorem requires only a demonstration that A
induces only the identity automorphisms on G/Cg(F). For then G/C4(F)
= FC4(F)/C4(F). However, suppose x€ G, ae A and fe F. Then

fF= = =~
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s0 x " 1x"e C4(F) or xC4(F) = x°C4(F) for all ae A and x € G. Therefore, the
proof of Theorem 2 is complete.

In the case that A is cyclic there is another proof of Theorem 2 available.
Because this second proof is so different from the above one and in no way
relies on the fundamental Schur-Zassenhaus theorem, we include this alternative
method, in the hope that it may be of use elsewhere.

As above, we may assume that F is a normal subgroup of G. Let x be a gen-
erator of A and suppose that x has order n. Two paragraphs above we have
shown that if F is normal in G, a€ 4, geG then (g, a) e Cyx(F). Thus, we need
only show that each coset of F in G contains elements of the form (g, a).

However, if g and h are in the same coset of F in G then (x, g) = (x, k), since
x fixes each element of F. Therefore, to conclude this part of the proof, we need
only show that if g,h € G and F(x, g) = F(x, h) then g and h lie in the same coset
of Fin G.If (x,g) € F(x,h) then (g~ *)*g F(h™)*h = (h™)*Fhor (hg~')* e Fhg™'.
Therefore, (hg™')* =f(hg™') for some fe F. Hence, we next obtain (hg™')**
= f*(hg” " =f*hg™" so finally

hg™' =f"hg™!

and f" = 1. Since G has order relatively prime to n we deduce that f=1 so
(hg™")*=hg™!. Thus hg™'eF and heFg.

3. The corollary. Let P, Q and G be as in the statement of the corollary.
We first form the splitting extension GP of G by P. Since G and P are p-groups
so will GP also be a p-group. Since P and Q generate their direct product we
may consider Q as a group of automorphisms of GP. The subgroup of elements of
GP left fixed by Q will then be a product FP of P and the subgroup F of G of
elements left fixed by Q. The theorem now gives us that

NGP(FP) = FPCGP(FP)

However, Cgp(FP) is a subgroup of Cgp(P) and the hypothesis of the corollary
is no more than the assertion that C4(P) is a subgroup of F. Thus, Csp(P) is a
subgroup of FP so the above application of the theorem gives

NGP(FP) = FP .
But GP is a p-group so this implies that FP = GP or F = G and finally 0 = 1.

4. The central product theorem. Let G be a solvable group of p-length one,
with system normalizer D, Sylow p-subgroup D, of D and Sylow p-subgroup
S, of G containing D,. As a first step toward proving Theorem 1 we shall show
that a similar statement holds for the embedding of D, in S,, namely,

NS,,(Dp) = DpCS,,(Dp) .
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Furthermore, in proving this, we shall proceed by induction on the order
of G.

Let N be the largest normal subgroup of G of order prime to p and suppose
N # 1. Let xe N5 (D,) so xN normalizes D,N/N in G/N. Since N # 1, we may
apply the induction hypothesis to G/N, so that we have x = yz where ye D,N
and ze S,N with zN centralizing D,N/N in S,N/N. Thus we may let y =um,
z =vn where ue D, veS,, m, ne N and v centralizing D, modulo N. Therefore,
x = umvn = uvm’n so x =uv and m"n = 1. To conclude the proof in the case
when N # 1we need only see thatv e Cs (D,). Butifde D, then(d,n)e NN D,=1
and we are done in this case.

However, if N =1 then S, is a normal subgroup of G because G has p-length
one. We now let 4 be a complement of S, in G. The subgroup Ainduces a group
of automorphisms on S, and a direct application of the theorem now disposes
of this case.

As a second step toward the proof of Theorem 1 we shall show that, with
the notation above,

NG(Dp) = DpCG(Dp)‘

Let G=Gy> G, > >G,=1 be a chief series for G. Let K;=D,N G; for
i=0,1,---,n. If xe Ng(D,) then x normalizes each subgroup K; since x cer-
tainly normalizes the subgroups G;. By the avoidance property of system normal-
izers, we will have K; = K, if G,/G;, is a noncentral chief factor of G. There-
fore, if K;# K;.{, x will centralize G;/G;,, and so will centralize K;/K;,;.
Hence, the group of automorphisms Ng(D,)/Cs(D,) of D, stabilizes the series
of subgroups D, =K, =K, = -+ 2 K, = 1. Therefore, since D, is a p-group,
Ng(D,)/C4(D,) is a p-group. The desired conclusion now follows from the as-
sertion proved at the beginning of this section. Indeed, Ng(D,) = N5 (D,)H
where H is a p’-subgroup of Ng(D,), so H centralizes D,and Ng (D,) = D,Cs (D,)
and we have Ng(D,) = D,C¢(D,).

We now proceed with the proof of Theorem 1. Let py, p,,---, p, be the distinct
primes dividing the order of G and assume that G has p;-length one for all
pii=1,2,--,n. Let D=D, x D,, x --- x D, where D, is the Sylow p;-sub-
group of D. Let xe Ng(D). Thus xe Ng(D,,) because D, is a characteristic
subgroup of D. Therefore, we may write x = y,x, where y, € D, and x; € C4(D,,).
Thus x, = y7 ' x € Ng(D) since y, € D. Similarly, we may express x; = y,x, where
y2€D,, and x,e Cq(D,,). However, x,=y}" x;€Cq(D,,) since y,eD,, and
x;€Ce(D,). Thus x, € Cg(D,, X D,,). Continuing in this way we finally obtain
the expression

X = Y1Y2*** YnXn

where y;eD,, i=1,2,---,n and x,eCgq(D,, X -+ X D, ) = Ce(D). This com-
pletes the proof. .
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5. The example. We shall now construct and analyze the group described
in Theorem 3. As a first step, we let p be a prime other than two or three. Let P
be the largest group on three generators which is of exponent p and nilpotent
of class two. Then P has generators u;, u, and u, subject to the defining
relations

p_ P _ P _ —
ul—uZ_u3_(uiauj9uk) =1.

If we denote u;, = (u;,u;) for 1 < i <j < 3 then u;; has order p and every element
of P has a unique representation in the form

u S U s ugy
where the a; and aj, are integers with 0 < a,,a; < p. The center and derived
group of P coincide and consist of the elements which have a; =a,=a;=0
when expressed in this way.

The symmetric group S; on three letters permutes the elements u,, u, and u,
and these three permutations induce a group of automorphisms of P isomorphic
with S;. Let x be the automorphism which interchanges u; and u, and leaves
u; fixed and let y be the automorphism which maps u, to u,, u, to uz and u,
to u;. We now let G be the splitting extension of P by S; with S acting as a group
of automorphisms as just described.

Hence, the subgroups X, Y and P, where X and Y are the cyclic subgroups
generated by x and y respectively, are a Sylow 2-subgroup, Sylow 3-subgroup
and a Sylow p-subgroup of G. Furthermore, these three subgroups and their
products form a Sylow system of G. If we let D be the normalizer of this system,
then the Sylow 2-subgroup D, of D is the largest subgroup of X normalizing
YP and so is X itself. Similarly, the Sylow 3-subgroup D, of G is the largest
subgroup of Y normalizing XP. However, (x,y) = (y~1)*y = y?> ¢ XP,so D; = 1.
The Sylow p-subgroup D, of D consists of those elements of P left fixed by the
automorphisms induced by XY. However, if u is an element of P, written in
the canonical form given above, then u is sent by x into the element

uuPu Uy Pugsu Ty = uuguurs T M uiFuly
so if u is centralized by x then a,a, + a,, = 0,a,3 = a,; (congruences modulo p).
Similarly, u is sent by y into

ay, a2, 063,812, —a13,,—a23 __ a3, a;, a2, ,—a1a3=ay3 —axz-—azas,, —aj;
U Uz U Uz Uy U 3™ = UyUy Uz Uy LT Uzs

so if u is centralized by y then

a; =a,=4as, A3 = —dj3, a13+ala3zaz3+a2a350.
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Therefore, it is easy to see that D, is cyclic and of order p and generated by
d= “1“2“3“1—21./2“1-31/2"2-31/2~ |
Consequently, D is the subgroup of order 2p generated by x and d.

The normalizer N(D) of D is easy to calculate. Indeed, any element of ge G
which normalizes D must normalize D, = X and so commute with x. Further-
more g must normalize the subgroup D,. In fact N(D) is the subgroup of order
2p? generated by x,d and u,3u,;. '

However, if we let N be the derived group of P, then N is a normal subgroup
of G. Furthermore, the element u,u,N of G/N normalizes DM/N but no element
of G in the coset u,u,N lies in N(D). Therefore, N has the properties required
by the theorem. '

Furthermore, if we let M be the subgroup of G generated by XY together
with u,u,u, and N, then it is easy to see that M is a maximal subgroup of G
of index p? in G. Indeed, any coset of M in G contains an element of the form
ufu’ and M and any such element generate G. Let v = u,u,u;,’? so v centralizes
X and let D, = D". Thus, D, is a system normalizer of G and is contained in
M. We shall show that D, normalizes no system of M by proving that D, nor-
malizes no Sylow 3-subgroup of M.

To accomplish this we shall first determine the Sylow 3-subgroups of G nor-
malized by D. We note that any two systems of G normalized by D are conjugate
by an element of N(D). For, if S and T are two systems normalized by D they
are certainly conjugate in G, say by an element g. Thus D= N(S) so
D?®= N(S%) = N(T). But N(T)=D so D =D* and ge N(D). Now, if Wis a
Sylow 3-subgroup of G normalized by D then X normalizes Wso that S, Wand P
and their products form a Sylow system of G normalized by D. Thus, in order
to find the Sylow 3-subgroups of G normalized by D we need only determine
the Sylow 3-subgroups of the systems normalized by D. But, as we have just
seen above, these are the conjugates of Y by the elements of N(D). Thus, the
conjugates of Y normalized by D are precisely the subgroups Y** when
W=u,3u,; and a=0,1,---,p—1.

To conclude, we recall that D, = D” so therefore the Sylow 3-subgroups of
G normalized by D, are the subgroups Y*“". However, it is easy to check that
none of these Sylow groups is contained in M so D, is contained in M and nor-
malizes no system of M. Hence, D is contained in M” ' = M, and normalizes
no system of M,. This completes the proof of Theorem 3.

CoNCLUDING REMARKS. The above results suggest two directions for possible
further investigations. The first would be a search for an analog of Theorem 1
for groups of arbitrary p-length. The second direction, and this is vague, would
be an attempt to try and get around all the difficulties presented by Theorem 3.
Progress in either direction would certainly bring us deeper knowledge of the

structure of solvable groups.
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