GENERALIZED EIGENVECTORS AND SEPARATION
OF VARIABLES()

BY
MAURICE MACHOVER

1. Introduction. When we apply the method of separation of variables to
solve an equation like the reduced wave equation, or Helmholtz equation,
(V2+ k)u(x,y) = f(x,y), we assume the solution expanded in a series of
eigenfunctions of one of the variables. The coeflicients depend upon the other
variable. We substitute the expansion into the equation, thereby obtaining
ordinary differential equations for the coefficients. The method relies upon
the completeness of the eigenfunctions corresponding to one of the variables.
For selfadjoint problems this assumption is justified by the usual expansion
and completeness theorems of Sturm-Liouville theory [1]. For non-selfadjoint
problems it is sometimes not true. An example of the latter type is the
problem (for a rectangle)

Viu+ ku = é—];oxcoskox,

(1.1) u(0,y) = u(x,0) = u(x,1) =0,

u(l,y) =cu(l,y),

where k, # 0 is a solution of ky = sin k,cos kyand ¢ = cos?k, Here the method
breaks down because of the incompleteness of the eigenfunctions of the x
problem [6]. An attempt is made in this paper to extend the applicability
of the method of separation of variables by including generalized eigenfunc-
tions for the purpose of completion. This is modelled after the finite-
dimensional case. Here a basis of eigenvectors and generalized eigenvectors
can be found for non-selfadjoint operators, leading to the Jordan canonical
form. Some work has been done on developing expansion theorems in terms
of generalized eigenfunctions. It has not been applied, however, to separation
of variables. George Birkhoff proved [2] that a large class of functions could
be expanded in a series of functions associated with a contour integral. They
arise as residues of an integral in the complex plane of the Green’s function
for a linear homogeneous ordinary differential equation with ‘“regular”
boundary conditions. He did not investigate the properties of these residues
in the non-selfadjoint case. J. Tamarkin [3]| went further and showed that
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these residues were principal functions (generalized eigenfunctions) of the
associated differential operator. He did not investigate their properties, nor
those of the coefficient functions in the expansion, any further. Naimark [4],
showed that for a special class of second-order equations these principal func-
tions were generalized eigenfunctions and satisfied certain orthogonality rela-
tions with the coefficient functions. Friedman [6] pointed out that spectral
representations of both ordinary and partial differential operators are modi-
fied by the presence of multiple poles in the Green’s functions. He compared
the generalized eigenvectors of an operator with those of its adjoint. J.
Schwartz has treated more general operators and has shown that a function
may be expanded in a series of eigenvectors, with possibly a finite number of
generalized eigenvectors, of a spectral operator. H. P. Kramer [11] specifically
studied even order differential operators and showed that they were spectral
if their coefficients were bounded operators.

2. Properties of generalized eigenvectors. Let L be a linear operator with
domain a linear manifold D in a Hilbert space H. We call x a generalized
eigenvector of rank r for the operator L and eigenvalue A when x, (L — M)z,
-++,(L = N 'x all belong to D, and (L — \)’x = 0 but (L — A)""'x # 0. Thus
let L be the ordinary differential operator

(21)  Lx=po®x” + p,()x" Y 4 ... + p.(Ox,  Po(t) %0 on [a,b],

and D the linear manifold of those functions x(¢f) with continuous derivatives
up to order n on [a, b] such that

(2.2) Ux =0.

Here pj(t) are complex-valued functions in ¢*“[a,b], and the boundary form
Ux is the vector

Ux = Z (aijxu_l)(a) + bijxuul)(b)); i=1,.--,n

i=1

(here (a;) and (b;) are complex matrices). Then a generalized eigenfunction
of rank r for L and X is any solution of

(L—-Nx=0, (L—MN""x30,
Ux =0, UL—-Nx=0,---,UL—-N""x=0.

The notation is taken from Coddington and Levinson [5]. We .see that for
x to lie in the domain of L it must satisfy n linear homogeneous boundary
conditions at both end points on its first n — 1 derivatives.

Some easily shown properties of generalized eigenvectors (not necessarily
of ordinary differential operators) follow. If x is of rank r for L and A then
%, (L — Nx, ---,(L — \)""'x form a chain of linearly independent generalized
eigenvectors of decreasing rank. Of course (L — A\)""!x is an ordinary eigen-
vector (rank 1). Since two chains may merge at some lower ranked com-
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ponent, we call a collection of chains ‘“independent” when their rank one
components form a linearly independent set of vectors. All the generalized
eigenvectors in an independent set of chains constitute a linearly inde-
pendent set of vectors. Adding a lower rank to a generalized eigenvector
does not change rank, nor will the chains generated by such vectors be inde-
pendent. Suppose a generalized eigenvector of rank k is linearly independent
from all the generalized eigenvectors of rank k or less in an independent
set of chains for L and A. Then it is linearly independent from all the vectors
in the set. If for each eigenvalue of a finite set for L we have an independent
set of chains, then the totality of all the vectors is a linearly independent set.
Most of these properties are known [6]. They are generalizations of proper-
ties of ordinary eigenvectors, and are proven by applying powers of L — A
to combinations of generalized eigenvectors, and equating coefficients. Also,
since the set of generalized eigenvectors of rank m or less for L and A is an
invariant subspace of H (for Lx = (L — A\)x + \x), then the usual theorem
on the Jordan canonical form may be phrased as follows: If the space of
generalized eigenvectors of rank m or less for L and A is finite-dimensional,
then there exists a basis for this space consisting of independent chains.
Furthermore, the number and lengths of these chains are unique.

Since we are going to consider expansion theorems in terms of generalized
eigenfunctions of ordinary differential operators such as (2.1), the concept of
the adjoint operator, introduced in general situations by Birkhoff [2], is
essential. This is true also in the case of ordinary eigenvectors. The salient
points are [5] few. First, the operator M, with domain the set of functions
¥(t) € C"{a, b]satisfying Vy = 0, is said to be adjoint to L if (Lx,y) = (x, My)
for all x, y € C"a, b] such that Ux = 0, Vy = 0. Here V is a boundary form,
and the scalar product is the standard formula (x,y) = /;°x(t)y(¢) dt. L and
U determine M, along with its domain, uniquely. The formal adjoint M is
called L*, and is the differential operator

Lty = (=D)"@) "™+ (=1)"'@N " "+ - + p.y,

Po(t) =0 on[a,b].
Vis called U™, so that the domain of L™ is the set of functions y(t) € C"{a,b]
satisfying
(2.4) Uty =0.
The problem L*y = 0, U*y = 0 is said to be adjoint to the problem Lx = 0,
Ux = 0. The basic (alternative) theorem about adjoints is that both of these
problems have the same number of linearly independent solutions; Lx = f,
Ux = 0 has a solution if and only if f is orthogonal to the null space of L* [5].

The generalized eigenfunctions of rank m or less for L and X are the solutions
of

25) (L-MN"x=0, Ux=0, UL-Nx=0,---,UL-N"""x=0,

(2.3)
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whereas for L* and \ they are the solutions of

(L*—N"y=0, Uty=0,
Ut(L*—=Ny=0,...,U"(L* - )"y =0.
Note that the solution spaces of (2.5) and (2.6) are finite-dimensional. A
problem is said to be selfadjoint if L = L* and both operators have the same
domain. For such problems all generalized eigenfunctions are of rank one.
The fact that they form a complete set is given by Sturm-Liouville theory.

One of the othogonality properties from this theory is now generalized to
higher ranks for the non-selfadjoint case.

(2.6)

THEOREM 2.1. If x is a generalized eigenfunction for L and \, and y is one for
L* and g, u # \, then (x,y) = 0.

THEOREM 2.2. The basis of independent chains for the space of generalized
eigenfunctions of rank m or less for L* and \ matches that for L and \ in number
and lengths of chains.

Theorem 2.1 is established by induction on the ranks of x and y. Theorem
2.2 is established by showing that the vectors of rank j or less, j=1,---,m
in each basis are the solutions of adjoint problems and thus agree in number.
For details see [10]. These theorems would also follow from J. Schwartz’s
results [9] if it were established that L is a regular differential operator.

3. The use of generalized eigenfunctions in expansion theorems. Generalized
eigenfunctions are brought into expansion theorems by use of Birkhoff’s
result on the contour integral of the Green’s function. It will be recalled [5]
that if the problem

3.1) (L—MNx=0, Ux=0 (where L is given by (2.1))

has only the trivial solution for at least one complex value of A, then the
Green’s function G(¢,t’,)\) for this problem exists. G satisfies

(L-MNG=st-1), UG=0 (8(t — t’) is the Dirac delta function)

for A not an eigenvalue, and is a meromorphic function of A with poles only at
eigenvalues. S G(t,t’,\)f(t') dt’ is the unique solution of

(L—MNx={, Ux =0,

for continuous f, and A not an eigenvalue. Furthermore, the only possible
limit point of the eigenvalues is «. For selfadjoint problems the eigenvalues
are real and the poles of G are simple. Birkhoff’s result [2] is that if U satisfies
certain mild conditions which make the problem “regular,” then for func-
tions f made up of a finite number of pieces in [a, ], each real, continuous,
and with a continuous derivative,

1 b
(3.2) 3 fE+0+ft—-0]= lim[— %r?ﬁ f G(t, U, Nf(t) dt’dx] on (a,b).

n— o
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Att=aand t = b the sequence converges to linear combinations of f(a + 0)
and f(b — 0). Here C, is a circle about the orgin of radius n in the A-plane.
For selfadjoint problems the residue of G at the eigenvalue A = ), [5] is

— 3 5 0u),

j=mp
where the x; and y; are the eigenfunctions for L and L*, respectively. Thus
(3.2) for this type of problem takes the form

= [f(t +0) +ft— 0] = X 50 ¥y).

Jj=1

This is the usual expansion theorem.
Thus we expect for the non-selfadjoint case that the residue of G changes
only by the addition of generalized eigenfunctions.

THEOREM 3.1. Let G(t,t’,\) be the Green’s function for the problem (3.1).
Then

b
LI+ 0+t 0] W;[ o $, [ cer @] o @),

3.3) = —-——lim § f G(t, t',\f(t') dt’dx

2ln—~m

©

Z (O, ¥) on (a,b).

Here the x(t) and y;(¢) are generalized eigenfunctions for L and L*, respec-
tively. Also

(3.4) (X, ¥i) = B
More specifically, if [ is a pole of order m of G, then the residue at [ is
Res; = — [xu(®¥1 (') + -+ + 21 O¥0(t) ]
(3.5) — [ @) + -+ + X2, DY) ] — -+
— [ OV, &) + -+ + 2, D)), m=n2 ... 20,

The x;i() constitute a chain basis for the space of generalized eigenfunc-
tions of rank m or less. The first subscript denotes chain number and the
second denotes rank. The y;i(#) constitute a corresponding chain basis to the
adjoint problem (2.6) (with A replaced by [), the subscripts having the same
meaning. The orthogonality relation

(3~6) (xmm ¢m’n’> = 5mm'6n,n,,,+l—n'
holds.
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We may prove this by writing out the Laurent expansion of G, applying
powers of L — A, and matching coefficients. See [10] for details. Alternatively
this would follow from Theorem 3, Corollary 2 of J. Schwartz’s article if it
were established that L satisfies the hypotheses therein.

4. Application to separation of variables for a rectangle. We attempt now to
solve the Helmholtz equation for a rectangle by separation of variables. We
will find that in some cases we must use the preceding theorems to obtain the
necessary expansions. The problem is to solve

(Vi+Bu(x,y) =f(x,y), t<x<x;% <Y<Yy
4.1) U(x,y) = ziu(x,y),  ulx,y) = 22u(xy,y),
uy(x,y) = Lu(x,y,), uy(x,y) = Lu(x,y,).

The impedance constants, as well as k£, may be complex. By the separation
procedure we will obtain systems of ordinary differential equations. We will
have to investigate their solvability and the uniqueness of solutions.

The separated problems arising from (4.1) are

X' 4+a’X=0, X (x) =2X(x), X' (x =2,X(x0),
Y'+8Y=0, Y()=LYy), Y()=LYG®,

where o + 32 = k% The nonzero eigenvalues, o2, are the squares of the
solutions of

(4.3) wlan) = (2 — iay) (22 + i) e 2~ — (2, + ia,) (25 — o) r2™ = (.

Zero is an eigenvalue if and only if z,(z;x, — 1) = 2;(2;x, — 1), and then
the corresponding eigenfunction is

Xo=2zi(x — x;) + 1.

An application of Rouché’s theorem [7] shows that the «, asymptotically tend
tonx/(x, — x,) as n approaches infinity. The adjoint problems of (3.2) are

XtV 42Xt =0, X"(x)=7X"(x), X*(x) =%X"(x),
YV 4B8YT=0, Y'@) =LY, Y () =LY ().

We denote by X, that generalized eigenfunction corresponding to a; which
is of rank m. Thus for each n we have a chain basis

an, Xn27 M) Xnm,,
of (4.2), where m, is the order of a, as a pole of G(x, x’, ), and correspondingly

X;l'inE, ] Xn.tnn

4.2)

(4.4)

of (4.4). These bases satisfy
(4-5) <Xmm X;q) = 6np6m,m,,+1—q-
Letg2 = k* — o
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Having determined the bases of the x problem and its adjoint by the methods
of §3, we proceed according to standard technique. Thus let u(x,y) be a solu-
tion of (4.1). Then, expanding u and f in series of the x functions (we note that
the x problem has impedance boundary conditions, and is thus regular in the
sense of Birkhoff) we get

u(5,) = & 30m5) Xonls),

n=1

(4.6)
) =3 3 canly) Xun(x).

n=1 m=1

By (3.5)

cnm(y) (f Xnm,,+l m)

THEOREM 3.1. Suppose (4.1) has a solution. Substitution of (4.6) into (4.1)
leads to systems of ordinary differential equations for the a,,(y). If k* is not an
eigenvalue of (4.1) these systems are uniquely solvable. If k*is an eigenvalue of (4.1)
these systems are solvable if and only if f is orthogonal to all the eigenfunctions of
the adjoint of (4.1). The arbitrariness in the solutions of these systems induces an
arbitrariness in the solution of (4.1) to within at most an eigenfunction. In either
case, once the a,,,(y) are found, the solution to (4.1) is given by (4.6).

Proof. Substitution of (4.6) into (4.1) and use of (4.5) leads to the following
systems of ordinary differential equations for the a,,’s.

2
a;ll\m,,'l' ﬁnan.m,, = cnm,,'

2
ar,:,m,,—l + ﬂnan,mn—l = Cn,mp—1 + Ay
(4.7) .

ap+ B =Cn+as n=12...,
a1+ Baln = Cm + Qns,

Gn(y) = Lawm(y),

an(y?) = Lawm(y)),

We observe that the expression (4.6) for u already satisfies two of the
boundary conditions in (4.1). Each equation in (4.7) is of the form

o’ +Ba=g aW)=laly), a' @)= DLa(y),

where g differs from equation to equation. Thus the system (3.7) are unique-
ly solvable if and only if

(4.8) a”+Ba=0, a’(y)=Tla(y), a'(y) = La(y)

has only the trivial solution. In solving (4.7) we consider separately the cases
where k? is and is not an eigenvalue of (4.1).

m = 1’2’...,m"; n= 1’2,..
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Case A. We assume k* is not an eigenvalue of (4.1). Then (4.8) has only
the trivial solution for each n. For if ay(y) were a nontrivial solution corre-
sponding to n,, then uy(x,y) = X, (x)as(y) would be an eigenfunction of
(4.1), contradicting our assumption. We may then solve (4.7) by using the
Green’s function G(y,y’,8,), which is the unique solution of

G”+B?LG= 5()'—3’/), Gy(ylay/aﬂn) = IIG(yl,y/’ﬂn),
Gy(yZ,y/sﬁn) = I2G(y2’y/’Bn)-
By the properties of G the solution of (4.7) is

= 1,2’ ...’m"’
49 010) =[ 60,5 B)em) + Gumni) Y,
p4 — dy &y
Here a, ., 11 = 0. The Green’s function is
G,y < U2>t A= Iy lly + A - Ty)] o o

I, — Iy) — 1,1 — Iy
_ !
- 28,A
X [(I, + iB)e*no<= — (I, — ig)e "<~ 1] forB, # 0.
Here y., = max(y,y’), y< = min(y,y’), and
A= (Ii+ i) (I — iB)e? 2~V — (I, — iB) (I, + iB)e 02—

From (4.6), (4.9), (4.10) and the form of the X, the a,,(y) turn out to be
linear combinations of functions of the form

. y 2 .
etibny f f pj(x) f(x, y/)ettlan(x—xniam dxdy’.
n Jn

Also from (4.6) and (4.9) the solution for u is

(4.10) [(I, + i8> 2— (I, — ig,)e #n0> -]

o My
w@) =% 3 | 60,5 18)lem) + nnny) |dy Xon(),
concluding Case A.

Case B. Now let k* be an eigenvalue. We show here that (4.7) is solvable
if and only if f is orthogonal to all the solutions of the homogeneous adjoint
problem of (4.1). Furthermore any arbitrariness in the solution of (4.7) intro-
duces an arbitrariness in u to within at most an eigenfunction of (4.1). Before
establishing this we must investigate the nature of the eigenfunetions of (4.1)
and its adjoint problem. This adjoint problem is

(Vi4+R)v =0
(4.11) Ux1,y) = Zi0(x,y),  Uudx2,Y) = Z0(%5,y),
v(x,y) = Lox,y),  vx,y) = L(x,y,).
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We show this by using Green’s theorem. Let u and v be any functions satis-
fying the boundary conditions (though not necessarily the differential equa-
tions) of (4.1) and (4.11), respectively. Then

w2 u_
(Vu,v) =f f vV 2udxdy
psl x1

_ ¥2 x o f(_a_u— ﬂ _
L Luv vdxdy + b U ds = (u, V).

The boundary integral vanishes by virtue of the boundary conditions.

We now investigate what the eigenfunctions of (4.1) and (4.11) are in
terms of the solutions of the separated problems. The answer is given by the
following.

LEMMA 4.1. If k% is an eigenvalue of (4.1) then k*= o® + ° for some pair of
a and B (there may be more than one pair, that is, k> may be degenerate), where
o and 8* are eigenvalues of (4.2). We denote the chains corresponding to them by

(4012) Xl’,X21 ° ’1Xm ’ Yl, Y2’ M} Ym

where m, n are the indices of «* and 8% respectively. Then the eigenfunctions of
(4.1) are the linear combinations of

(4.13) XY, XiY,— XoYy, -, XY — XY o+ -+ (1Y XY,
' XY= XY, 4 -+ (=1)*'X,Y,,  j= min(m,n).

We refer to these as chain products. (In the case of degeneracy we have such chain
products for each pair of eigenvalues o, 8% such that k*> = a2 + 82.)

Proof. First let
(4.14) W(x,y) = XlYk-l — XgYh_2+ e + (_l)ka-—lYl’ 2 é k é]‘l" 1.

We will now show that w is an eigenfunction of (4.1). We define the operators
L and M by Lw(x,y) = — w.(x,y), Mw(x,y) = — w,(x,y). Thus (call-
ing Xo= Y,=0) to preserve notation)
k-1
(Vi E)w(x,y) = —(L — o+ M — ) 3 (— 1) X,(x) Yi_,(¥)

p=1

k—1
= = 2 (=D [X,_i(0) Yis(9) + X,(0) Yiei,(9) ]

p=1

s k—2
= Z=:2 (=1D)PX, ()Y, () + D (— 1)°X,(x) Yi_1_,(3)

p=1
k=1 k-1

= 22 (=X, 1(0) Yip(y) — 22 (= 1)" X, 1(2) Vi p(3)
p= p'=2

=0.
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Also w satisfies the boundary conditions by virtue of the conditions on the
X, and Y, and is thus an eigenfunction. Next we assume that w is an eigen-
function of (4.1). We will find its form. From previous arguments

w(x,y) = Z Z Ann(Y) Xom(2)
where the a,, are to be found. Substitution into (4.1) with f= 0 leads to
(4.7), withc, = cpy= -+ = Cpm, = 0.

For those n for which g} is not an eigenvalue, a, = a,, = = Qpm, = 0.
For some n = n,, 82 is an eigenvalue. Otherwme a,.,,, =0 for all n,m and u
would not be an eigenfunction. Let §°= g2 o = o}, Dropping the chain
subscript from the a,, and from the generalized eigenfunctions, the ngth
system of (4.7) becomes

an+ Ban =
an 1+ f%n_1=0n
(4.15) - ay(y) = Lay(y), a;(y2) = La,(y),
04+ B%a; = a,, p=12-.-.m

a?+ B'a; = a,,

We solve this separately for the cases m < n and m > n.

Case a. m < n. The general solution of the first equation is a, = cY;. The
second equation is then

an_1+ Ban_,=cY,

whose general solutionisa,_; = —cY;+ dY), since —cY,is a particular solu-
tion. Similarly the general solution of the third equation is @, _,=cY; — dY;
+ eY,. Continuing this way we arrive at the last equation, whose general
solution is

a;=(=1D)""Yu+ (—1D"dY, 1+ --- + (- 1Y, + (- DYY,
Thus (assuming B3 is the only 8; that is an eigenvalue) we find

u(x,y) = 2 aMXjx) = (=D "e(X,Yp = XoYp 1+ - + (=)' X,Y)
j=1

+ (=D dX Yoy — XoYmo+ - + (=D X 1Y) + -
+ (=1)X,Y,

which is of the asserted form.

Case b. m > n. Again the solution of the first equation is a, = ¢,Y;. The
second has solution a,_; = —c¢,;Y,;+ ¢;Y,, and so on, until we come to the
(n 4+ 1)st equation. This equation is

a;r’l—n + 62am—n =QAn-nt+1 = (_ l)n—lclyn + (_ l)n_zCZYn—l + e + (_ l)ocnyl-
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Because this equation has a solution, the alternative theorem implies
0= (@n-nt1, YI) = (="', Y, YT) = (=1)" ey
Thus its general solution is
Ann=(=1"" Y, + (=1)" Y, + -+ + (= D'c, Yo + (= 1), Yo
If m — n =1 we are finished. If not, the next equation is
@nn1+ Bnn 1= Ap_p

Again, since this has a solution we get ¢, = 0. We continue in this manner,
using the alternative theorem. When we get to the mth equation we have
€i=C= --+ =Cp_p_1 = 0. The mth equation is

af + a1 =a;=(=1)""ep Yo+ (=1)" %en_piYoi+ -+ + (= 1D%n_, Y1
Thus ¢,,_, = 0. Its solution is
a1=(—1)""en 1Yot (=" oY1+ -+ + (=)%Y
Thus since @, =a,,, = --- = a, =0 we finally get
w(x,y) = (=) %en(X,Y) + (=1 'cni(X,Y, — XpY) + -
+ (=) enpa(Xa Yo+ -+ + (= 1)"'X,Y).

Thisis of the asserted form, proving the Lemma.
Applying Lemma 4.1 to obtain the eigenfunction of (4.11) we see that they

are linear combinations of
4.16) XIY!r XtYs — XFYH, -, XY — XY+ -+ (=1 Xf, YT,
‘ XiYF XY+ -4+ (=1)/PX;YS,  j=min(m,n).

The X and Y, are generalized eigenfunctions of (4.4). The orthogonality
relations among these functions are

(4.17) (X, X)) = b0 ms1-)s (Y, Yj") = bintije

We are now ready to establish our initial assertion on the necessary and
sufficient conditions for the solvability of (4.7) when k* is an eigenvalue.
Dropping the chain subscript the nith system of (4.7) becomes

an + Ban = Cp,
an 1+ BUn_ 1= Cn_1+ Gn,
(4.18) o ay(y) = La,(y), ay(y) = La,(yo),
a7 + Ba, = c; + a, p=1,2-..,m.
ai+ f%a;=c;+a,,

First assume that (4.7) has a solution for the a,,. Define
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B = 3 Gm) Xom(2).

n=1 m=1

Then
(V*+ B)i(x,y) = f(x,y).

Let u™(x,y) be any solution of (4.11). Then
% (= _ o
[ @@ dsdy = (= (924 1980
x1

=(T,(Vi+F)u*) =0,
establishing the necessity. Now assume that f is orthogonal to all solutions
of (4.11). Those systems of (4.7) for which g2 is not an eigenvalue are
" uniquely solvable, as before, by the method of Green’s function. For the
remaining systems, a typical one being (4.18), we have to show that in each

equation the inhomogeneous term satisfies the orthogonality criterion of the
alternative theorem. By our assumption

fyz f nf(x,y))?ff (0 Y{(y) dxdy =0,
»n x]
f ” f * ) X () T () dady — f * f * e, ) X @) V() dxdy = 0,
Y1 x] ps X1
(4.19) S

Y2 2 _ - Y2 —_ —
L f "1 K@ T 40) dady - fn f’ F(x,9) X (2) Tt20) dady + - -
4 = _ _
+(—1) f ” f " 1 X 0 T 0) dudy =0,
X — —_ y2 x2 - —
fy ” f 10,9 X () V7 0) ddy — fyl f 16,9 X () T710) ddy + -

+ (=1 f § f 1) X () T ) dady = 0.
We want to show
(4.20) (Cm Y{) =(Cmn1+an YI) = - =(c1+a, Y{)=0.
Starting with the first equation,
y2 x2 — —
e Yt = [ [ 103 Xr 0 P o) ddy — 0.

Thus this equation is solvable, its general solution being
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(4.21) = Qm, + d, Y,

where a,, is a particular solution and d, is arbitrary. Then

s tan¥D = [ [ 100 Xi T10) dedy+ (o Y1)
b1 *1
y2 » —_ —
- [ [0 Xi P10) dedy + (o Y1)

_ f " eny) T () dy + (am Y7)
1

y

y2 —
= [ 1680 + B0 70 dy + (am Y1)
1
= [ar,nY;- - amY;,}ﬁ_ <am, Yr) + (am: Yr) =0
by (4.18). The general solution of the second equation is then

(4.22) An-1= Qm-1p — d,Y,+d)Y,,

where a(_1, is any particular solution of a” + B%a = Cp_1 + Gmp. Note
that this equation is solvable, just set d;=0 in (4.20). We continue
proving (4.20) in the same manner. We replace each c, by /3? /2 f(x,)
-)?,Ll_,,(x)dxdy. Then we use (4.19) to replace these expressions by ones
involving lower ranked x adjoint functions. We now replace these latter
integrals by higher indexed c,;’s; use (4.18) to replace these by derivatives
of the higher a;’s. Then we integrate by parts, to get (L* — 8% operating
on the adjoint y functions. Finally we use the boundary conditions to
show that the resulting expression is zero. After establishing

(4-23) <clm Yi'-) = (cm—l +an, YT) = = <cm—(j—1) + A (j-2) » YT) =0

we have for the general solution of the system of the first j equations of
(4.18),

an = amp + dl Yla
Q1= Qm-np — &1 Y+ dy Yy,

(4.24)
Um__9 = Gm—g-gpt+ (—1)7d Y, + (— 1) 7%d,Y o+ -+
+(-1)'d_,Y,+d; Y,
On-g-y = Ap-g-vlp+ (=1 Y+ (=1) 7Y, + -
+ (=14, Y, +d;Y,.

Here the d’s are arbitrary and am—g, ¢=0,1,---, J — 1, is any particular
solution of

(4.25) a” + g% = Cnqt+ Am—g-1lp,



518 MAURICE MACHOVER [March

where a1, = 0. By (4.23) this equation is solvable. (Just set the d’s = 0).
If j = m we have covered all the equations of (4.18) and have established our
assertion. The general solution is (4.24). Thus the contribution of this
system to u is

3 4,0 X)(®) = du(X, Y1) + (—1)dy (X, Y5 — X,Y))
p=1

(4.26) + (=14 o(X,Y; — X, Yo+ X3Y) + ---
+(=1D)"d(X Y — XoYpi+ oo + (= )" X, Yo + (= 1)™X,Y)
+ Xlalp + Xzazp'l— cee 4 Xmamp-

This is arbitrary to within an eigenfunction of (4.1). If instead j=n<m
we have to go further and show that

(cm—n + Am—(n-1)s Yii-) = (cm—(n+l) + ann Yr) = e
=(ca+as Y{) = (c;+a, Y{)=0.

To do this we will have to fix some of the d’s, thus restricting the generality
of our solution.

Case a. j=n<m=n- r=<2n, therefore r <n.

In this case the general solution of (4.18) is

a, = a,,b + le Yly
n-1= Gm-1), + (-1 ldlo Y.+ d20Y1,
An—2 = G(m-2), + (- 1)2d10 Y;+ (=1) ldzo Y+ dso Y,

4.27)

Un-) = Qm—-p+ (=1)"7'dy Y, + (=1)"dy Y, 1 + - -
+ (—D'de Yo+ dp Yy,
@nr=Gm-n,+ (—1)dy Y, + (- 1)y Y, + ---
+(-1'd,Y;+d.,,Y, (deleteifr =n),

Un--1) = Qn-@-pp+ (=1)" 7y Y, + (—=1)" "y Yoy + -
+ (=D)"dp Y, oy + (=) Yo+ -+ (= 1)y Yo+ da Y,
Unn=0m-mp,+ (=1)""dy Yo+ - + (= 1)y Yo (-9
+ (=D, Y, ¢+ -+ (=14, Y+ dn Y,

a;= a2p + (—l)n—ldran‘l"‘ (_ 1)"_2dr+1Yn—l + .-
+(=1)'dn_2 Yo+ dn_ Yy,
a=a,+ (-1)""d, Yo+ --- + (=1)'dp_ Yo+ d, Y.
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Here d,,,, d,,,, - --,d, are arbitrary, and a,, ---,0m, dy, - -+,d,, are defined
as follows: Qg forg=0,1,...,n — 1 is any particular solution of

(4.29) a” 4+ Ba = Cng+ Un-g-1}»
where we set a1, = 0. This is solvable by (4.23). We define in order dy,
Q(m—n)ps dzo, Am—(n+Dps ** ',dro, a, by

dy=—(=1)""[fem — (n+ 9= 1), Y{) + (@n-twre-2lp, Y}

(4.30) ¢=12,..r,
@ln-0p+ B°An-gp = CngF An-g-vp+ (= 1" 'dig11-ny Yo

g=nn+1,--..m—2,m—1.

Note that the choice of dy, - - -, d,, makes this latter equation solvable. One
can now check that (4.27) holds and that (4.28) is indeed the general solution.
Case b.

j=n<m=n+r>2n, therefore r > n.

Again we define a,, ---,a,, dy, ---,d, by (4.29) and (4.30). The general
solution of (4.18) is then

ap = amp + d10Y1,
Ap_1 = a(,,._l)p + (— 1) 1d]o}lg + d20 Yly

Gn-@-1) = Cm-(-1pt+ (=1)"dy, Y.+ (— 1)"_2d20Yn—1 + .-
+ (—1D)'dp-p Yo+ duy Yy,
Unn=0mn,+ (— D"y Yot oo+ (= 1)'dng Yo+ diaino Yis
(4.31)
Gn_—) = Qm—¢-np+ (— D" deoninYat oo+ (= 1)1d(r—1)0 Y,+d,Y,
o =8nrp+ (=1 g Yat oo+ (=1) 'd Yy +dr1 Yy,

8=y + (=" dy Yo+ (=1)" 1 Yoi + -
+ (—1)ldp_ Yo+ dn Yy,

a;=a,+ (-1 Yot (- D"y Yoat -
+(-1)d, Y+ dnY

Thus in either case (4.27) holds and one can check that the contribution of
(4.18) to u is arbitrary to within an eigenfunction of (4.1). Thus (4.7) is
solvable for the case k* an eigenvalue to within the asserted degree of
arbitrariness. Thus, we have proved Theorem 4.1.

It is worth noting that the actual solution of (4.1) may be carried out in
two steps. The first uses the unmodified procedure of separation of variables,
dealing only with ordinary eigenvectors. It involves solving
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(V4 Bu(y) = f(53) = 5 3 can®) Xon(2),
n=1 m=2

U(x,Y) = zuy(x,y), Uy (x5,Y) = 2u1(x5,y),
uy(x,y) = Lui(x,y),  w(x,y) = Luy(x,y,)
by substituting in

U(£,9) = 3 am3) Xn(®),
n=1

f5,9) = 5 2 can) Xun(®) = 3. ) Xun(a).

n=1 m=2
This leads to the single equation
an + Bian = Cu, an(y) = Lan(y), an(yd = Lau(y).

Any consideration of higher ranks in this part would only give us systems of
ordinary differential equations whose solutions are

a,,=0 form> 1.
The second step involves solving
(V24 E)ugx,y) = 2 2. Can(y) Xun(2),
n=1 m=2
Uz (X1, ) = 21Us(%1,Y),  U,(X5Y) = 25Us(X5,),
Uy (x,y) = Lug(x,y),  uy(x,¥) = Luy(x,y2).
Here we substitute in the complete expansion
U, ) = 20 2 Gun(¥) Xml(x),
n=1 m=1

but we need only solve those systems corresponding to chains along which f
has high rank components. For we must have

G =0Au=++=0pp=0

for the other systems. Thus there are relatively few systems to solve. Of
course, the solution to the original problem is then

U=1u;+ u,

5. Extensions. This extended procedure of separation of variables, using
generalized eigenfunctions, may be applied to other coordinate systems as
well as to a larger class of partial differential equations. Let

(5.1) £=t(x,y), 7 =1n(x,y)
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be any conformal transformation. The Helmholtz equation then transforms
to

(5.2) U;+u,+ k2h2(£’ 7) = 0.
The metrical coefficient A is given by
h*(g,n) = x}+ xi.

A necessary and sufficient condition for separability of (5.2) with impedance
boundary conditions in this system is

h*(&, ) = f(¢) +&(n)

for some f and g [8]. Thus all separable coordinates obtained by conformal
maps of the z = x + iy plane are obtained by solving

X+ 1= () +&).
Then y(¢, n) is obtained as the harmonic conjugate of x(¢,1). In order that
the impedance conditions

d
(5.3) a_z = 2(¢, n)u

also separate for the finite domain bounded by the coordinate curves

(5-4) E = El) E = EZ’ n=m, N=1n

2(¢,m) must be restricted to certain forms along the boundaries. By express-
ing du/dn in terms of u, and u, we see that z must satisfy

=G G
2(¢,m) = m, 2(¢m) = ma

_ —D1 _ D2
2(&m) = m, 2(g,n) = —h(E,nz) )

where C,, C,, D,, D, are complex constants. If we substitute
u(g,n) = F(¢)G(n)
into (5.2) and (5.3) they separate into
F' + (kf —o)F =0, F(t)=CF@¢), F(&)=CF(@),

G’ + (kg +a)G=0, G'(n)=D\Gn), G (nd = DyG(no),

where o is the separation constant.
Thus, for example, for elliptic coordinates [8]

f(¥) = d’cosh’,  g(n) = —d“cos™,
where d is a real constant. Then (5.2), (5.3), and (5.5) become

(5.5)
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Uy + U,, + kd*(cosh’t — cos’n)u = 0,
udbn) = Culg,n),  udéy,n) = Caulte,n),
(5.6) u,(&,m) = Dw(g,n),  u,(&nd = Doulg,ng,
F” + (k*d’cosh® — o) F = 0, F'(¢) = C\F(¢), F'(8) = CF(8),
G” + (—kd%cos’y +a)G =0, G'(n) = D,G(n), G'(n) = D:G(ny).

These are Mathieu equations. We have made the assumption that the region
(5.4) contains no singularities such as the origin or the focal axis.

To apply separation of variables we first determine chain basis for the ¢
problem. If the eigenvalues are o, n = 1,2, .., and the chains are F,,(¢),
F1.(¢) we again have

(an, F;:) = 5np5q,mn+1—m

Here m, is the index of a2. Substitution of

u(t,n) = i i'i QM Fom(®),  r(g,n) = i i’f Crum(n) Frm(£)

n=1 n=1 m=1
into
U + U, + B*R*(E,m) = r(£,7)
leads to the systems
Amy + (k% + 02 @um, = Com,y
a1+ (RE + ) nmy1 = Comp1 — Gum s Grn(m) = Di@un(ny),

(5.7) (12 = Donn(no),

arlzll + (kzg + aﬁ)anl = Cn — Qpy
m=1,2,---,m,, n=12---.

If k* is not an eigenvalue then neither is a7, so that we may solve (5.7) by the
Green’s function method. If k? is an eigenvalue then we require r(¢,7) to be
orthogonal to all the eigenfunctions of the adjoint of (5.2), and proceed ex-
actly as in the x, y case.

The extension to more complicated operators also involves no great
changes. Thus consider the problem

(5.8 (Li+ Ly + Bu(x, y) = f(x,5)
for a rectangle, where
an

p " q
L= n};’oa"(x) PP L,= nZ=o b.(y) W
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We assume the boundary conditions on u are such that substitution of u(x,y)
= m(x)n(y) leads to the component problems
(Li+Mm(x) =0, Am =0,
(Ly+ (k* = N)n(y) =0, Bn=0.
Here A and B are the usual boundary forms defined by

(5.9)

P
A,-m = z [aijmu—“(xl) + bijmu_l)(xz) ]a i= 1’ 2: gy
j=1

9 . )
Bin = Z [Cijnu_l)(yl) + dijnu—”(.')'Z) ], L= L2,---,q.

Jj=1
Assuming the x problem is regular we first find its chain bases X, n =1,
2, sty m=1,2,...,C, 1=1,2,.-.. X, is the nth ranked generalized
eigenfunction for the mth chain of the eigenvalue A. C,; is the number of

chains for A, (C; = 1for L, + L, = V?, and r,, is the length of the mth chain
for .. We correspondingly determine the X;\,.. The orthogonality relation is

(5'10) (lem Xp—m’n’) = ‘Su"smm"sn,r,,d+1—n'~
Substituting

@ G
u(x,y) = :Z ZI) Z"d: mn(Y) Ximn(%)
=1 m=1n=1

8

C
) =3 3 3 i) Xina(®)

=1 m=1 n=1

into (5.8), and using (5.9) and (5.10), leads to the systems
(L2 + W) Qimry = Bimryys
(L2 + udemr, -1 = Bimpm—1 — Ctmryys
(5.11) . . . , Bay,, =0,
(L2 + w)timg = Bimz — ims,
(L2 + u) aimy = Bim1 — tima,
n=12....rypm=12....C,l=1,2,....

Here u; = k* — N, Bima(¥) = (f, Xibyy+1-n)- If k* is not an eigenvalue then
neither is u; so that (5.11) may be solved. If k* is an eigenvalue then we have
the usual orthogonality conditions on f(x,y).
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