AN EXTENSION OF ASCOLI'S THEOREM AND ITS
APPLICATIONS TO THE THEORY OF OPTIMAL CONTROL

BY
S.S. L. CHANG

I. Introduction. Ascoli’s theorem deals with continuous functions and states
that the space of bounded, equicontinuous functions is compact. The present
paper extends it to the measurable functions. The space of bounded ‘‘equi-
measurable functions,” is compact, and it contains the bounded equicontinu-
ous functions as a subset.

The above theorem is applied to two problems in the theory of optimal
control:

1. To give an existence proof of optimal control among allowed control
functions which are measurable and enter the system equations in a non-
linear manner.

2. To derive a necessary condition for optimal control in bounded phase
space (Theorem 8). The condition is different and simpler than the one
derived previously by Gamkrelidze [1]. It is proved to be also sufficient for
linear systems, and its applications to engineering problems are given in
previous papers [2].

In their classic paper [3], Boltjanskii, Gamkrelidze, and Pontryagin
derived the “maximum principle” by assuming the existence of optimal
control. Gamkrelidze [4] gave an existence proof for the linear case with
discontinuous control. Markus and Lee [5] sketched an existence proof for
the linear case with discontinuous control and also stated an eéxistence
theorem for the nonlinear case with continuous control satisfying a Lipschitz
condition. None of these existence proofs are sufficiently general to form a
basis for proving Pontryagin’s maximum principle and the above-mentioned
condition for optimal control in bounded phase space.

The method used in deriving the latter is also different from that used by
earlier investigators. In place of the rigid bound, a cost function with a multi-
plier K is introduced for regions beyond the boundaries in phase space. It is
shown that in the limit of the multiplier K approaching infinity, both the
added cost and the maximum excursion of the optimal path beyond the
boundaries approach zero, and the condition for optimal control is thus
derived.

The generalized Ascoli theorem is useful in both the existence proof of
optimal control, and in proving the existence of a limit as K approaches
infinity.
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I1. Equimeasurable functions.
DEFINITION. A function f(¢) is said to be measurable if there exists a
sequence of step functions g,(¢) such that

lim |g«(®) — f(§)] -0

except on a set of zero measure.

An infinite set of functions F is said to be equimeasurable on a closed inter-
val T if there exists a sequence of step functions g;(t) for each fi(t) € F such
that the following conditions are satisfied:

2.1. g4(t) has no more than k discontinuities.

2.2. For every ¢, > 0 and 4, > 0, there is a finite number K(e;, ;) and for
every gu(t) with & > K(e;, 6,

) |8 — fi(1) ]| < ey i=1,2, -, »,
except on a set of total measure less than é,.

THEOREM 1. The following sets of functions are equimeasurable:

(a) functions with uniformly bounded variations on T (same bounds for all
the functions belonging to the set),

(b) piecewise equicontinuous functions,

(c) functions obtained by a finite number of addition, subtraction, and multi-
plication operations on equimeasurable functions.

Proof. (a) Given a function f(f) with bounded variation M in an interval
T = [t,, ¢}, and K(ey, d,) is selected to be

M, - t)
2(151 )
The interval T is divided into k& subintervals r; of equal length. Let
a; = supf(?), b, = inff(t).

ter ter

K(fl, &) =

The step function g,(f) is defined by
1
&) = E(ai + b)), te .
Since the maximum variation is M, the number of intervals with a; — b;
2 2¢ is not greater than M/2¢,. Therefore, for any k > K(e,, 6,)
[f@) — gut)| < e
with the exception of at most M/2¢, intervals, the total length of which is

M-t
261 k

(b) For piecewise equicontinuous functions, as T is bounded and closed,

<o



1965) ASCOLI’S THEOREM 447

a modulus of continuity 8(A) can be defined [6] which holds for all functions
fiandbE T:

|fi(b + 4) — fub)| < 6(8).

0(a) = 6(]A|) —0 as |A|—0 except at a finite number (< N) of discontin-
uities which can be different for different f;. Given any ¢, 6,, a A, is defined
as the smaller of the two, A;; and Aj,:

0

0(An) = e, Ap = N’

Then
to— ¢t
—

For each value of &, the interval T is divided into k equal intervals and g, (t)
is assigned the mean value of f,() in each interval. Then (1) is satisfied. Q.E.D.

In the following, the functions f(f) are assumed to be bounded from above
and below on an interval T. Consequently the step functions g;(f) are also
bounded from above and below. Let S; denote the sequence of step functions
gxt), k=1,2,..., ». Let G, denote the sequence of step functions g.(t),
i=1,2,..., o Let L denote the length of the interval T. In what follows,
the length and measure of a subset 7" of T' are synonymous, and is denoted
by u{T"}.

LEMMA 1. Given any k, a sequence of functions g.u(t) can be selected from
G, such that it converges in measure to some function V,(t):

K(‘l) 51) =

1 L
2) #{t||grm—Vk|§,—l} <

Furthermore, each g,(t) is selected from the subset of G, with i = n.

Proof. Let ¢;,t5, - - -, i denote all the points of discontinuity of g,(f) and
tiw+ - - - ti be any other points in T. These k& points partition the interval
T into k + 1 subintervals. Let a;;,ay, - - -,8;441) be the values of gi(t) in the
subintervals. The set ¢t ---,tu, @i, @iz ---,a;441) defines a point P; in a
bounded (2% + 1)-dimensional space. It follows from the Weierstrass-Bolzano
theorem that the set of points { P;} representing G, has at least one point of
accumulation t,,¢,, ---,t, ai,a, ---,a,,;. Therefore, a sequence of points
{ P | can be so selected that

L
It(n)l_tl|§ﬁe, l=1,2,...,k,
1
l@w —al] = =, l=1,2,---,k+ 1.

n
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The step function specified by t,,t,, - - -, ¢, @1,09, ---,8,4; is Vi(t), and Py, is
the representative point of g,(t) in (2).

The condition i = n can be met as follows: After selecting each P, which
is the representative point of g;,(t), the next point Py, ., is selected from the
subset { P} with i” > i’. Q.E.D.

Selection of two-dimensional array {{g.(t) }}. Let the sequence {gu(t)} be
denoted H,. Then the sequence H,,, is selected from G, as follows.

Each term g,.(¢) in H, is identical with a g;(¢) in G,. Correspondingly there
is a gix+1(t) in Giyy, and all the g1 (¢) so selected constitute a subset G,
of G,,. The sequence g, (t) is selected from G;,, in exactly the same way
as g.(t) is selected from G,. In identical manner g, is selected from the
subset G}, of Gy, etc.

Using the above procedure, and starting from k£ = 1, one obtains the two-
dimensional array of functions {{gu(?) }}, k=1,2,..-,candn=1,2, ..., .
Each member of the array satisfies (2) and the following condition:

For any gu.(tf), and k' <k, there is a g,,(t) which belongs to the same
sequence S;. That is,

gu(t) = gu(t)
and
gr(t) = gu(t) i=n’2n.

LemMA 2. The diagonal sequence {g,.(?) | of the array {{g.(t) }} is a Cauchy
sequence in measure.

Proof. Given ¢ and 5, there is a K(¢/4, 6/4) as defined by (1). Let I(e, )
denote the least integer which is larger than all three: K(e/4, 6/4), 4/¢ and
4L/s. Consider any two functions in the sequence g..(t) and g..(f) with
n > m > I(e, 5). Because of the rule of selection, there is a g,,(t) with s=n
which belongs to the same S; with g,.(¢).

Inequality (1) gives

&) |8 — Zen® | = |€ual®) — FiD) | + |Zom(®) — FiD)| gg

except on a set of total measure less than /2. Inequality (2) gives

(4) |gsm(t) - gmm(t)l é |gsm(t) - Vm(t) | + |gnm(t) - Vn(t)l
< l + _1_< i

s m 2

Combining (3) and (4) gives

6)) 1 t] |8n — Emml| Z €} <.
Q.E.D.
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A by-product of the above proof is that no two members of the sequence
{gw} belong to the same S;. For each g,.(f) there corresponds an S;and
fo(t). Let f(t) be redenoted f,(¢). Then all members of the sequence{ f,(?) },
n=1,2,..., o, are distinct. It follows from equations (1) and (5) that
{£.(t) } is a Cauchy sequence in measure.

THEOREM 2. Let |fi(t)} be an equimeasurable set of functions which are
bounded from above and below. An infinite subsequence {f(t)} can be selected
from {f,(t) } such that f,(t) converges almost uniformly to a measurable function

v(t).

Proof. By Lemma 2, a Cauchy sequence in measure {f,(¢) | is selected from
{fit) }. A subsequence of {f,(?) } is a Cauchy sequence [almost uniform] |7].
Let it be denoted by {|fw()}. By Cauchy’s theorem [8], {fw(t)} con-
verges to a measurable function almost uniformly on 7. Q.E.D.

DEFINITIONS. The norm of a vector a is defined as

(6) I (apaz, - am) | = sup |eil.
i=1,2,---,N

A vector function has a finite number of components. A set of vector func-
tions {w;(t) | is said to be equimeasurable if conditions 2.1 and 2.2 are valid
with (1) replaced by

(7 pit| g — will 2 e} <o

The norm of vector functions takes the place of the absolute values of
scalar functions.

COROLLARY 1. An infinite subsequence {w,(t) } can be selected from an equi-
measurable set {wi(t) | such that w,(t) converges almost uniformly to a measur-
able function V(t).

Proof. Let wi(t) denote the jth component of w(f). From each vector func-
tion w;(t), a scalar function f;(¢) can be defined:

f,(t‘l‘(]—l)L):u}{(t), j=1’2a"”N'

Then {fi(¢) } is an equimeasurable set defined on an interval of length NL.
By Theorem 2, a subsequence {f,(?) | can be selected from {fi(#) | such that
it converges almost uniformly to U(¢). By decomposing f,(t) and U(#), w,(¢)
and V(t) are obtained. Q.E.D.

COROLLARY 2. Let B denote an enumerably infinite set of vector functions
{w(t) §. Each w(t) has m components w'(t), w*(t), - - -, w"(t) which are uniformly
bounded on a closed interval T. The components w*(t), 1 < u < m,, are equicon-
tinuous; the components w'(t), m, + 1 < v < m, are equimeasurable.

Then from B a subset of vector functions {w()}, n=1,2,---, =, can be
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selected which converges to a limit V(t) in the sense that the components W¢,(t)
converge uniformly to V*(t) and the components W,(t) converge almost uni-
formly to V'(¢).

Proof. As equicontinuous functions are equimeasurable, by Corollary 1,
a subsequence { W, () } can be selected which converges uniformly to V(¢)
except on a set T” of zero measure. Then V*(¢) for t&€ T, p=1,2,.--,m,
can be defined as the limit of V*(¢t), t & T — T”, from either side. The uniform
convergence of { Wi, (t) } to V*(t) on T” follows from Moore’s theorem [9].
Q.E.D.

I11. The control problem. The controlled system is described by a set of first
order differential equations

(8) xi=f'(x’u’t)a i=0’1’2"“’n1’

where x and u stand for the two vectors (x!, x% ---,x™), and (u',u? ---,u™),
respectively, and x will be used to note the vector (x% x', - - -, x™). The func-
tions f' together with partial derivatives of'/dx/, i,j=0,1,2,.--,n, are
single valued, bounded, and continuous in all the variables x, u, and ¢ on a
product region X, U; T, where X, U, are open regions in the n;-dimensional
x-space and n,-dimensional u-space, and T, is an open interval of ¢, (see
Note 1). It is understood that all the properties and relationships stated in
the subsequent sections are on the X, U, T).

Note 1. The existence of bounded and continuous derivatives in x is
required for proving Pontryagin’s maximum principle, but not required for
proving the existence theorems. For the latter, it is sufficient to assume that
f(x,u,t) satisfies Lipschitz’s condition in x.

It follows from the Carathéodory existence theorem that if the initial x(¢,)
and u(t) for a subsequent interval are given, x(t) is uniquely determined on
the same interval. Thus an allowed control can be defined as a function u(t)
satisfying the following conditions:

3.1.

9 u@® e U, h=stst

where U is a closed bounded region in U,. The closed interval [t,¢,] is
denoted by T, T € T,

3.2. There is a finite K(¢,6) for each ¢ > 0 and 6 > 0, and K(e¢,d) is the
same for all u(f). A sequence of step functions g.(t) can be found for u(t)
such that for each &k = K(e,9):

(10) w{ T 180) —u@® | 2 ¢} <.
3.3. The x(t) resulting from u(t) satisfies
(11) () e X, LSttt
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where X is a closed region in X;. Note that in the special case of X being
the entire accessible region (accessible under the constraint that (9) and 3.2
are satisfied by u(¢), the problem is reduced to one without bound in x-space.
The function x(f) resulting from an allowed control u(t) is called an allowed
path.

In the following sections the following distinction will be made: x, u imply
x(t), u(t) for the entire path, t; <t < ty; x(t;), u(ts), etc., denote the values
at a particular instant ¢s.

The set of all allowed controls is denoted by C. The set of all allowed paths
is denoted by P. The set of all allowed control-and-path pairs u, x is denoted
by A.

A return function or functional R is defined in terms of the x'(¢,) resulting
from u

(12) Rlu] = x°(t) — x'(t,).

There are two basic types of terminating conditions: (a) t, is fixed, and (b)
x(ty) is fixed, and ¢, <t, < T, but ¢, is otherwise unknown. The interval
[t,, T2) C T. The condition (a) is referred to as “free end point.” The condi-
tion (b) is referred to as “fixed end point.”

An allowed control u, € C is said to be optimal if

(13) R[u,] = sup R(u).
uecC

In any given problem, there may be more than one optimal control. The set
of optimal controls under free end point conditions is denoted as S;, and the
set of optimal controls under fixed end point conditions is denoted as Sy(T).

THEOREM 3. A is compact.

Proof. Let u, x be an allowed control and path pair. An (n,+ n,+ 1)-
dimensional vector function w(t) is formulated from the components of x(t)
and u(®): w'() = x(¢), i=0,1,---,n; wW™Et) =uw'{t), j=1,2,---,n, Let
R be a set of w(t) with infinite members.

The components x are bounded and equicontinuous because f(x,u,?) is
bounded and ¢, — ¢, is finite. The components u are bounded and equi-
measurable by definition. Corollary 2 of Theorem 2 states that a sequence
w,(t) can be selected from B which converges to a limit function V(t), V(t)
=(V, V), ..., Vtm) Because X is closed, and the vector (wjy,w?,:--,
wiy) €X for k=1,2,---, 0, (V}, V..., V™) € X. Similarly, (Vm*}...,
Vmtm) € U almost everywhere except on a subset 77 of zero measure. Let
@(t) be defined as

aie) = Vi), teT-Ti
and &(t) be any vector € U, on the subset T7. Then &(t) € U on T.
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Let %(¢) denote the vector (V'(t), VX(¢), - - -, V™(¢)). It remains to be shown
that (8) is satisfied by (x(¢),a(t)). If

(14) ®(t5) — J:la f(z, a,t)dt — xt)il|l>a>0

for any ¢; € T, then a contradiction can be shown as follows:
Since f(x, u, ?) is continuous in x and u on a closed set, it is uniformly con-
tinuous [10]. For any ¢, > 0, it is possible to find a 8,(ez) > 0 such that

“ f(xr u, t) - f(x: a» t) II < €2

for all x and u satisfying

I — 2| <8z
and
lu — & <obxe).
Let
a

T3 —t)

. fa
€3 = lnf{§,52(€2)} ,

ﬂf = su II f(x’ u, t) " ’
zutce X,U,T

6. — a
&5,

For sufficiently large &, the components x4)(t) and u(f) of wg(t) satisfy the
following inequalities:

(15) Hmﬂﬂ—iwﬂ<q<§

i3 l"‘ t3
”j: f(x(k), Uwy, t) dt - ﬁ f(f, a, t) dt ”
1 1

2a
<8328+ ex(t; — t) ég-

(16)

Asug and xg) constitute an allowed control and path pair

13
(17) Xy (t) = f £y Uy ) dt + X(8).
1

The inequality (14) is contradicted by (15), (16), and (17). Therefore
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%(t) = f “88,0,0) dt + x(t).
5]

Differentiating the above equation with respect to t; and then setting ¢; = ¢,
(8) is obtained for £ and &. Q.E.D.

IV. Existence theorems.

DEFINITIONS. Let the set of all allowed paths x satisfying x(¢) = &, be
denoted by p(¢,&;). The set x(¢3), with t3= ¢, and x € p(t,,£,), is denoted
by Q(ts). It is the accessible region at ¢; with the initial condition understood.
The set of points x(¢), with ¢, <t < ¢; and x € p(t,,£,), is denoted by Q(¢ < ¢3).
It is the accessible region up to and including ¢,.

The distance between a point x and a region R is defined as

(18) d(x,R) = inf |x — x'|.
*¥ER

The set of x with d(x, R) < ¢ is called the e-neighborhood of R, or simply

N(R).

A boundary point ¢ of X is called returnable if there is a u(f) € U such that
f(¢,u,t) points inward (of X). Consequently, if x(¢) = ¢, the path x(f) can
be continued to some larger value of ¢.

THEOREM 4. Q(t,) is closed.

Proof. Let y be the limit point of a sequence y, and each yg € Q(t;). By
definition of Q(t), there is an allowed path x4 € p(t;,£) that xy(ts) = yu.

Theorem 3 states that a subsequence can be selected from {xy | to con-
verge on an allowed path x. Therefore, there is a subsequence in y, which
converges to a limit %(t;). Therefore, y = %(t). y € Q(t5). Q.E.D.

Lemma 3. If x(t5) of an allowed path is either an interior point or a returnable
boundary point of X, then given ¢ > 0, there is a () such that x(¢;) is in the
e-neighborhood of Q(t) for every t satisfying |t — t5| < 7(e).

Proof. Lemma 3 is due to the boundedness of f. For sufficiently small ,
7(e) = ¢/8. Q.E.D.

THEOREM 5. If all the common boundary points of Q(t < t;) and X belong to
the returnable set, then Q(t < t;) is closed.

Proof. Let y be the limit point of a sequence y,), and each y € Q(t = t;).
Then one can find a set ty so that yu € Q(ty) for all k. Since there are
infinite ¢4 in the closed interval [¢;,¢;], there is at least one point of accumu-
lation. Let it be denoted ¢. Then a subsequence y can be selected from
Y So that

lim Yiei Y, lim tm—i [
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Since [t,,t;] is closed, tE [t;,t;], and Q@) C Q¢ <t;). Also 2(f) is closed
because of Theorem 4.
If y € Q(2), an ¢, > 0 can be found such that

(19) d(y, Q1) > €.
For sufficiently large &

&
Y — ¥y < 5’
(20)
P—ty < T(%) .
Lemma 3 gives
(21) d(yuy Q@) < 5

Inequalities (20) and (21) contradict (19). Q.E.D.

THEOREM 6. If there is an allowed control, there is an optimal control with
free end point. (S, is not empty.)

Proof. By definition (12) of R(u), the problem is whether there is an
x € P such that

x(ty) = M = supx’(t).
P

If M is not equal to one of the x°(t,) in the set, there is a sequence x(,) € P
such that

(22) lim x,)(t) — M.

By Theorem 3, a subsequence x|,) can be selected to converge to x & P.
Therefore lim x},(t) — 2°(t). By (22), 2°(ty) = M. Q.E.D.

THEOREM 7. If there is an allowed path which terminates at §, at some t, < T,

there is an optimal control among the allowed set which terminates at §, on or
before T,. (Si(Ty) is not empty.)

Proof. Let A denote the straight line
x=§
in the (n 4+ 1)-dimensional x-space. A point on ), is specified by its value of
x’. Let
I=xNat sTy.

Each point on [ is the terminal point of an allowed path and vice versa. I is
not empty because of the condition of the theorem.
As I is the intersection of a closed set A (A includes + =), and a closed set
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Q(t < T2 (Theorem 5), I is closed. Therefore, there is a point £ € I such that

£’ = sup x’.
xc1

Since € I C Q(t < T, there is at least one allowed path leading to £ on or
within T,. Q.E.D.

COROLLARY. If there is an allowed path terminating at &, in finite time

(x(t) = &), there is a minimal time control among the allowed set terminating
at §,.

Proof. Since there is no need to consider any allowed path which termin-
ates at {; at a later instant, T, = t,. The corollary is reduced to a special case
of Theorem 7 with f(x,u,t) = —1.

V. Optimum control in bounded phase space.

Definitions and assumptions.

DEFINITIONS. Subscripts are used to denote components of covariant
vectors:

¥ = (¢0’ W) = (¢0, Vi, ¥, v, ‘,’nl),
n= (710’ ") = (770, NiyN25 °° nnl)°

(Note. A light face greek letter ¥ or n without subscript is meant to be the
enlarged vector (y,,¢¥) or (n,n). A light face greek letter with a subscript
is meant to be a component of the vector.)

The concept of “magnitude’” of a vector does not enter into the problem
nor the theorems. However, in proving the theorems, it is desirable to have
these concepts so that bounds can be defined or calculated. The magnitude
of a vector x is denoted as |x| and defined by

(23) |x|*= ()’ + *+ -+ + (2%

The same is true for covariant vectors. In the subsequent sections, ‘“‘distance”
is redefined in terms of the magnitude rather than the norm.

AssuMPTIONS. The region X and functions f'(x,u,t) are assumed to satisfy
the following conditions:

5.1. X is n-dimensional.

5.2. A unique normal exists on every bounded point x, of X.
The unit vector in the direction of the normal at x, pointing outward is
designated by »(x;). The component 75, is identically zero.

5.3. The partial derivatives d5,(x)/dx’ are uniformly bounded.

5.4. Every point x within a certain distance d; from X is on one and only
one of the normals 5(x;). The normal 5(x;) therefore can also be identified
asy(x), where x may be any point on  within a distance d; from the boundary.
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5.5. There exists a distance d,, d, > d, > 0, and a constant a; > 0, such that
at every point x within distance d; from X there are at least some u & U
satisfying:

(24) Z ﬂx(x) ° fi(x: u, t) < —ay, u e U'
i=1
The closed region extending outward from the boundary of X up to distance
d, is denoted by X,.
(25) X+ X, CX.

A constructed problem. Because of assumption 5.4, a distance function v(x)
can be defined as follows:

(26) v(ix) =0 if x€X,

o) = Y@@ —x) if 2€Xe
i=1
Let the problem defined in §III with the added assumptions be denoted as

P. A constructed problem P(K) is defined as follows:
5.6. In (8), the equation for i = 0 is replaced by

(27) © = f(x,u,t) — K[v(x) ]~
5.7. Equation (11) is replaced by
(28) )eX+X, Hst=st.

The allowed controls satisfy conditions 3.1, 3.2, 3.3. The terminal condition
is that ¢, is fixed but x(t,) is free.

VI. Optimal path of the constructed problem. An allowed path can be gen-
erated by choosing any u(f) when x(t) is an interior point of X + X,, and
choosing a u(t) which gives

3 () (x,u,8) <0
i=1

when x(t) is a boundary point of X + X,. From Theorem 6, the optimum
control exists.

LEMMA 4. Given any distance d, 0 < d < d,, a sufficiently large M(d) can be
found such that if K > M(d), v(x) <d for every point x on an optimal path
I'o(K) of P(K).

Proof. Since f is bounded there is a constant B, such that
(29) |f(x,u,t)| < B,
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for all x, u, and ¢ in the product region (X + X)) UT. Then
30 d ) . . ~ A
©0) @) = S [i2) (' — 1) — i nf] = T

The first and second terms vanish since 5 and %, are perpendicular to the
normal but x — x, is parallel to the normal. Therefore

T;’t—v(x) <B,

Let the largest value of v(x) be denoted by d;. Since x(t) E X, t,—t,
= d3/ Bl. Then
1d3
2
f @ ez Z

Let R, represent the return of any allowed path of P. The same path is also
an allowed path in problem P(K) with the same return. Let Ry(K) denote
the return of the optimal I'o(K), then

Ry(K) = R..

1

But .
K d3

Mm§&m—m—§ﬁ.

Therefore
K d

(31) 3 ESI < Bi(t, —t) — R,
Let

M) = 3Bx[Bx(t2; t) — Rl].
If

K > M(d)
then
K d dd

(32) 3 B d" —[By(t, — t)) — Ry}

Since B,(t, — t;) — R, is always positive, (31) and (32) give d; <d. Q.E.D.

In the subsequent paragraph, some properties on the displacements about
a given path are derived. It is assumed that x € X + X, but K = 0. Thus
the calculated x is x(¢, 0). The result can be applied to a problem with K = 0
by modifying only éx":

(33) ox'(t, K) = ox°(t,0) — K J: lalv(x) [*dt
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Let ¢ denote an infinitesimal quantity, and Ax, At, etc., variations of the
order unity and are independent of ¢. Following an initial displacement
0X(ts) = eAx(t3) + ---, the subsequent change in x(f) can be expressed as

(34) ox(t) = eAx(t) + - -

where ... means infinitesimal quantities of higher order in ¢. From (8)
oy 3 (Of

(35) a0 =3 (3£), av

where the subscript T' means that the partial derivatives are evaluated
along the original path.

LEMMA 5. Let K =0, and x(t) € X + X,. At any point x(t;) € X, along
an allowed path with
d a;
— > — =
dtv(x) z2-3
it is possible to apply a u, € U for an infinitesimal interval eAt to cause a
subsequent displacement eAx from the original path satisfying

i=n1 )

(36) — D nix(®)Ax'(t) > MAt,  t3<tSt3+ 7
i=1

and

(37) |Ax| < MyAt, L Stst,

where M,, M,, and r are constants independent of x.
Proof. From (30)

(38) 3 nixt)) fx(t), u t) = — 2
im1

From assumption 5.5, there is a u, satisfying (24). Applying u, instead
of u for an infinitesimal interval gives

Ax'(t) = [f(x(ty), us, t) — f(x(tD), u, ts) |AL.
From (24) and (38) one obtains
(39) 3 nis(t) ax'(t) < — Zauat.
i=1

From (35)

I a,

i=n ] i,j=n aft
]2 _— _r i J
(40)  Zlax-2 3 (ax,)r AxAx.

ij=1

Qu
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Let 2\ denote the upper bound of the eigenvalue of the symmetrical matrix

with
of* | of )
<6x’ tox dax'
as its i, jth element. (An upper bound exists because df/dx’' are bounded

for all i and j.) Then for any given ¢, the right-hand side of (40) is shown
to be bounded by 21| Ax(¢) |* by a linear transform of Ax(¢). It follows then

d
Etle(m < M ax(@)|.

The solution is
|ax(@)| = e "¥|axt) |, >t
Since
| Ax(ts) | < 2BAt,
one has
| Ax(t) | = 2B,e*"AL.
Inequality (37) is satisfied by choosing an M, as follows:
M, = 2B, if A>0,

(41)
= 2B, if A <0;
d =" an;
3@ n:Ax* —ZZ f’Ax +22n.
(42) s ;
ni
_Zz[fjax’—i- "’3x] Ax'.
The sum
16771 f
Z[f ax’+"’6x:|

is the ith component of a covariant vector. Let a denote the vector. There
is a B;> |a| on (X+ X)UT, since f’, »;, df'/dx', and dn;/9x’ are all
bounded. Equation (42) gives

d i=n .
A é mAX' < By|Ax| < B,MAt.

Let M, =a,/3, and = a,/3B,M,, inequality (36) is satisfied. Q.E.D.
LEMMA 6. Let T'o(K) be the optimal path in problem P(K). For sufficiently
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large K, it is possible to find a sequence of t of no more than 2(t,,t,) /= members:
1583y« oy tmy -+ +,th such that all the following conditions are satisfied:
() LSt <th.--thy<ty, NZ2@,—t) /7.
(i) Along T|(K)

@) T aGEFERLD> - T, m=12..N.

(iii) Along T'o(K), v(£(t)) = O unless t is in one of the intervals t, < t < t,,+ 7.
Proof. Choose a K sufficiently large such that along an optimal path I'((K)

(44) mn<%.

The time interval ¢, <t < t, is divided into subintervals of equal duration
7/2. Let the subintervals be numbered in chronological order. If, in a sub-
interval, there are some values of ¢t such that

(45) %(t) € X, + boundary of X

and (43) is satisfied, then the smallest ¢ which satisfies (43) and (45) is
selected as one of the t,. If (43) and (45) are not simultaneously satisfied
for any ¢ in a subinterval, no t,, will be selected. The t,;s are then numbered
in chronological order.

The total number of ¢, is no more than the total number of subintervals,
and (i) and (ii) are automatically satisfied.

If there is a ¢, in the kth subinterval, condition (iii) is satisfied in the
(k + 1)st subinterval. If there is no ¢}, in the kth subinterval, either % is
in the interior of X for the entire kth subinterval, or £ is on the boundary
or outside of X for some part of the subinterval, but v(%) is decreasing at
a faster rate than what is permitted by (43). In the latter case, since % is
continuous in ¢, v(£) must be monotonically decreasing in ¢ for as long as
v(&) € X,. Since (44) is satisfied at the beginning of the period, £ must
be in the interior of X at the end of the kth subinterval. In any case % at
the beginning of the (k + 1)st subinterval must be a point in X. Since in
leaving X, (43) and (45) are always satisfied, and the smallest ¢ in the
(k + 1)st subinterval satisfying (43) and (45), (if any), is chosen as a ¢},
(iii) is again satisfied for the (k 4 1)st subinterval.

Since k can be any value from 1 to N — 1, and £(t,) € X, (iii) is satisfied
for the entire interval ¢, <t <t, Q.E.D.

LeMMA 7. For sufficiently large K, it is possible to find a M; independent
of K such that

(46) K[%wm<M&

1
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where %(t) describes an optimal path of P(K).
Proof. Inequality (46) can be proved by induction. Suppose

13
(47) K f ? (&) dt < Cpyy,
tm+1

where C,,, is a constant independent of K. Following a change in u at
i), there is a 0x(t)) = eAx(t)). At t=1t,

Ax(ty, K) = Ax(t;, 0) — f 2K (z)fa”—(x)A ‘dt

t
= Ax(t,0) — 2K L 2v(2)zn,~Ax‘dt,
(48) .
Ax(ty, K) = Ax'(t,,0) — 2K J;n 2 v(k)zn;Axidt
+1 i

t
- 2K J;"m“v(k) ZniAx‘dt.
Since 2(f) is an optimal path, Ax%(t,, K) < 0. Because of Lemma 6, it is
possible for v(2) to differ from zero in the interval ¢, <t <t,,, only if

t < tn+ 7. Substituting (36), (37), and (47), into (48) gives

2K f v(%) dt - MyAt < MAt + 2C,, MoAt,

(49) Kf”‘*‘ ( )dt<—(1+ cm+1),
M,
Kf v(R)dt < =2 ( +C,,,+1)+C,,,+1_C
M,

Let ty,1 = t,. Inequality (47) is obviously true for m = N. Repeating
(49) N times gives (46). Q.E.D.

Choose K sufficiently large so that d < d,. The optimal path is in the
interior of X + X,.

Let G(f) and %(¢, K) denote an optimal control and optimal path pair
for problem P(K). Due to a change of u(f) for an infinitesimal period

eAtat t —.
eAx(t, K) = x(t, K) — %(t, K) + ---
(50)
= [f(&,u,t) — £(£,&,1)]eat.

The significances of ¢ and Ax, At are stated in the proof of Lemma 5.
From (35), x(t;, K) is related to Ax(¢, K) by a linear transform:
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) j=m
(51) Axl(t2)K) = Z A]l'(t2yt)AxJ(t: K)y i = 0’ 1’ 29 24T
Jj=0

Since £(¢, K) is an optimal path
Axo(tz, K) =< 0.

Let the covariant vector A}(t,,t) be denoted as y;(t). The above inequality
can be written as

i=nj

(52) > [ @ u,t) — f(2,8,)] <0.
=0

Let the Hamiltonian function be defined as

(53) HW,xut) = 3 w0 f(xu,0).
i=0

Inequality (52) implies
(54) Hy,%,a,t) = sugH(w,ﬁ, u,t).
ue

For problem P(K), equation (35) is modified by adding — K[v(x)]* to
f%(x,u,t). With the modified (35), it can be readily shown that

S ot ut) (%)

(55) i+ kzsohT = 2yoKv(x) ok
By definition of v(x):

WO _ ) if zEX,

ax
(56) .
=0 if x& X.
Substituting (56), into (55) gives
af(x,u,t .
(57) i+ Z'Pl_f—(;x_;u) = 2¢0Kv(x) ni(x)a 1= 0’ 17 2’ cee, Ry
J

A boundary condition for yi(t) is
Vilt) = Alt,t) =0 if £ 50,
=1 ifi=0.

(68)

Since f/(u, x,t) is independent of x’, and 7¢(x) = 0, the equation for i = 0
in (57) gives ¥y = 0. Therefore

(59) Vo) =1, H=t=t,.
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The above shows that along a path I'((K) which maximizes the integral
13
(60) R = [ *1/ .0 ~ Kot ) dt
1

the control u(f) maximizes the Hamiltonian function at every point.

VII. In the limit of K — «». In the subsequent proof, the variables asso-
ciated with each T'o(K) need to be clearly designated. The symbols ¢ (¢, K),
x(t, K), u(t,K), etc., will be used instead of ¢(t), x(f), u(f). Whenever
confusion is not possible, the short forms x, 4 may be used with (¢, K)
understood. The capped functions will be reserved for the limit functions
whenever they exist as K — .

DEFINITIONS. The following functions are defined along an optimal path
I'y(K) of P(K):

(61) Jit,K) =K J; “o(x)n (x) dt,

(62) Gi(t,K) = [ ‘Zzi it K) (g—fC,) .

LEmMMA 8. The functions Ji(t, K) has uniformly bounded variations on T
forall K, i=1,2,..-,n,.

Proof. Choose any ordered set ts,t,---,tv such that ¢ <t;<¢ <-..
<ty <-.-- £t,. Then

N

| Jitan—1, K) — Jilton, K) |

2

S
Il

n

n=N
- Z K
n=2

The last inequality sign follows from (46). Q.E.D.
It follows from Theorem 1 and Lemma 8 that {Ji(t, K)} are equimeas-
urable.

LEMMA 9. The functions ¥(t, K) of To(K) are uniformly bounded (inde-
pendent of K).

n=2

th n=N t2n
f v@n(x)dtl< > K v(x)dt < M.
2n-1 tn—1

Proof. Since ¥(t;, K) is known, (57) is solved backwards. The homogene-
ous equation (K = 0) gives for ¢; < t:

j=ny
(63) vilts, K) = D ¥i(t, K)Al(t, t5).
j=0

By superposition, the solution of the nonhomogeneous equation is, for i # 0,
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¢

(64 Wi K) = = % [ *A1602K0@ ) d

3

for any given i, A/(t,t;) is the jth component of a contravariant vector
Al(t,t). By differentiating (63), and eliminating ¢ with the aid of (57),
A{(t,t;) is shown to satisfy (35). Using the same steps which lead to (41)
one obtains

(65) |Al(t;t3)| < Bb i = O’ 1’ sy Ny,
where B, =sup{l,e’? ™}, Thus (64) gives

13
[¢ilts, K) | = J: ’ | Ai(t, ts) | 2K v(x) dt < 2B,M;3 = B,
3

Q.E.D.
LEMMA 10. The set of functions G(t, K) are equicontinuous.

Lemma 10 follows from the fact the integrand on the right-hand side of
(62) is uniformly bounded.

LEMMA 11. The set of functions (t, K) for all To(K) is equimeasurable.
Proof. Integrating (57) with respect to ¢ from t to t, gives
(66) Yilt) — vit, K) + Gi(¢, K) = Jilt, K).

Since equicontinuous functions are equimeasurable, and the sum or differ-
ence of equimeasurable functions are equimeasurable, Lemma 11 follows.
Q.E.D.

Let wy(¢) denote a vector function with components u(t, K), x(t, K),
G, K), J(t,K), ¥(t,K). Let A; denote a set of {w (1)} with K = K,
Ky+1,..., o; where K, is sufficiently large K so that d < d, is satisfied
for the optimal path I'o(K). Corollary 2 of Theorem 2 states that there is
a subsequence wk|(t) € A; such that w|(f) converges to a limit uniformly
or almost uniformly in all its components

(67) ut, K) %o,
68) x(, K) s,
(69) G(t,K) [il G,
(70) I K) 50
(71) v, K) 450,

where K means a selected set satisfying wy(t) € {w)(?) .
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LEMMA 12. The function %(t) € X for every t on T.
Proof. Since X is closed, the distance
(72) dz(ty),X) >a>0

for some ¢; if Lemma 12 is not true.
Lemma 4 states that there is a finite M (a/2) so that for every K > M(a/2)

d(x(t;,K), X) <a/2
and (68) implies

I2(t) — 2, K) | <a/2

for every K greater than some finite K(a/2). Thus (72) is contradicted
by choosing a K sufficiently large.

LEMMA 13. The limit 6 € C and @ and % form an allowed control and
path pair.

The proof is identical with that of Theorem 3.

Extensions of J(t), y(). Equation (70) implies that J(¢, K) converges to
J(t) on a set T — T”, where T” is a subset of T having zero measure. Since
J(#) is defined only as a limit of J(¢, K), it is not defined on 7".

Since 7" is a set of no measure, and T is a closed interval, every point
of T’ is a limit point of T — T”. Lemma 8 and (70) assures J(f) to be of
bounded variation. Therefore, one sided limit exists for J at each point of 7".

DEFINITION. For each point t € T”, J(t) is defined to be

J@O =limJ@+[e]), t+||ET-T

with the above definition, J(f) is completely defined on T.
In the limit of K— «, (66) converges to

(73) V() — 4@ + G@) =J@)
except on a set of zero measure. One may define a I(t) such that
V() =3 + G =@

holds everywhere. Since \p(t) and () are different only on a set of zero
measure, (71) holds for \p(t) also. One then discards y(f) and redesignates
yp(t) as y(t). Consequently (73) holds everywhere.

LEMMA 14. The function J(t) can be expressed as
tn
(19 30 = [*eemeena,

(75) ¢(t) = 0 if x is an interior point of X,
=0 if x is a boundary point of X.
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Proof. Let ¢; and ¢, be any two points on T — T with ¢, > t;. Then by
definition (61)

It — Ity = Lim [J(ts, K) — I (t, K) ]

— tim [ Ko(x(t, K)n(x(t K))dt.

K- Jt3

Let
J(ts,t) =J(ts) — I(t).
J(ts,t) can be separated into two integrals:
I(ts,t) = Juts, t) + Jalts ),

where

(76) It td = lim [ Kottt K))n(20) dt
— 13

and

30 = fim [[* Kutatt, KO) et KO) — 2(80)

Since dn;/dx’ are bounded for all i, j, n(x) satisfies a Lipschitz condition:

L " Ko(x(t, K)) [n(x(t, K)) — n(&(0)] dt

< M;B,sup| (x(¢, K)) — 2@ |, Lb<t=lt,
Therefore Jo(t3,t) = 0 and
(77 _ J(ts,t) = Ji(ts, b))
Let J(K) denote

L * Ko(x(t, K))n(&(0) dt.

The interval [t;,t,] is partitioned into segments of no greater than r. Let
these intervals be denoted r;, and £; denote an arbitrary point of £(f)
withtE 7.

Then

(18) |3 — £at@) [ Kotatt, K0) dt|< MiBALO — 2] 5 MuB,Brr

In the limit of K — », (78) becomes

(79) |J1(ta, t) — 2 n(&) &iri| < MyB,Bir,
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where ¢; is some unknown quantity. It is zero if x is an interior point of
X and nonnegative because K,(x(¢, K)) i non-negative.
In the limit of r— 0, (79) becomes

(80) Jilts, t) = ];4 S(@®n(2) dt.

Equations (77) and (80) are equivalent to (74). Inequality (75) follows
from the condition on ¢{;. Q.E.D.
From (67), (68), (69), and (71) it is obtained

(81) Gi(t) = L k %jﬂ(@,x, a,t) dt,
where the function H is defined in (53).

LEMMA 15.
(82) ;!I:if ‘8,1 = fgg Zi)'l?if (&, u,t)

for t& T — T, where p{T"} = 0.

Proof. From (67) and (71), u(¢t, K) and ¥(¢, K) converge uniformly to
@(¢) and V() except on a set T’ of zero measure.

Note that U is closed. If (82) is not true then there is a u,(f) such that
t&eT— T and

(83) ’ Z&tf‘(kx u,, t) - Z';tfl(ty a’ t) >a>0

a contradiction can be shown as follows.
As fis continuous in x and u, a sufficiently large K can be found such that

a
2

Z'I;ifi(iy ul(t) ’ t) - Z‘,’t(t’ K)f'(x(t, K): ul(t)a t) <

and

NIR

Iz‘h(t; K)f'(x(t: K),“(t) K),t) - Z';lf'(t’ a)t) <

The above inequalities and (83) give
(84) Z#’l(h K) fi(x(t, K) ul(t) ’ t) > Z "’i(t’ K) fi(x(t’ K) ’ u(t, K) ’ t)'

But (84) contradicts (54) (the reader is reminded the change of notation
explained at the beginning of the present section), therefore u,(f) cannot
exist. Q.E.D.

It follows from (82) and the definition (53) that
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(85) H(y,%,a,t) = sup H(y, %, u,?)
uelU

almost everywhere on 7. The set 7" on which (85) does not hold has zero
measure.

Let @(t) be defined as &(f) on T'— T” and one of the u’s satisfying (85)
for every t on 7. Then the Hamiltonian is maximized by &(t) everywhere.
Since u{ T" } = 0, all the previously derived relations for &(#) ((67), Lemma
13, and (81)) are equally valid for @#(¢). They are so replaced, and @ is re-
denoted &. Thus (85) holds everywhere for the new &.

Substituting (80) and (81) into (73) and differentiating the resulting
equation gives

aA~ ~
_wl + aH(\l'a't, a: t)

(86) at 9%’

= {(&)n;(2(2)).
VIII. Theorem 8 and Corollary. The results of the preceding sections can
be summarized into a theorem:

THEOREM 8. For at least one G(t) among the set of optimal controls with
free end point in a problem defined by equation (8) and conditions (3.1) to
(3.3), and (5.1) to (5.5) there exist {(t) and §(t) such that a(t), %(t), ¢(9),
and {(t) satisfy equations (58), (75), (85), and (86).

DEFINITION. An allowed control &(t) is said to be an isolated locally
optimal control if for every allowed &,(¢) with R(u,(¢)) = R(&(t)) a constant
b> 0 and a time t;, t; < t; < ¢, can be found such that

| x:(t) — 2(¢) || > b,
where 2(tf) is the path resulting from &(z).
CoRroLLARY. For every isolated locally optimal control G(t) with free end
point in a problem defined by equation (8) and conditions (3.1) to (3.3),

(5.1) to (5.5), there exists a function ¢(t) and a function §(t) such that 4(t),
x(t), ¢(t) and V(¢) satisfy equations (58), (75), (85), and (86).

Proof. A function F(x,f) is defined by
F(x,t) =0 if |x— 2(t)| <b/2,
F(x,t) = (]x — 2()| — b/2)* otherwise.
The function £(¢) is treated as a given function of ¢. It is readily verified
that F(x,t) is bounded in the accessible region in x-space, has continuous
and bounded derivatives in x, and is continuous in ¢. A constructed problem
is defined by adding — K,F(x,t) to the f’(x,u,t). With sufficiently large

K, 4(¢) becomes the only optimal control in the constructed problem, and
the Corollary follows from Theorem 8. Q.E.D.

87
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IX. Proof that the necessary condition is also sufficient for linear systems
with convex allowed region X. The controlled system is called linear if

j=n k=
(89) flaut =3 F)x + kan;;(t) u*+ C).
j=1 -1

Let the set &(2), (¢), together with {(¢), and § (¢) satisfy equations (8), (58),
(75), (85), and (86). It is readily shown from equations (8), (86), and (88)
that for any other allowed set u(t), x(t)

gt E:Ji(t) [#®) — 2] = 2 ctymlx) [£'(t) — 2'(8)]

(89) A _
+2 Zk)m(t) Bi(t) [a*(t) — u*@)].
Integrating (89) from ¢, to ¢, and making use of (58)

R®) — R = [ 50 Tnia) s - #)a

+ f “ S 3640 Bid) [6* — ut]dt.
hooq ok

Due to the convexity of X, and (75)
() X n(®) 2" — 2]z 0.

Due to (85)
Z Zk:‘;i(t) Bi(®) [a* — u*] =z 0.

Therefore
R@) — R(u) = 0.
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