DERIVATIONS ON p-ADIC FIELDS()

BY
JOSEPH NEGGERS

1. Introduction. In a recent paper Heerema [1] has shown that if K* is a
p-adic field, i.e., a field which is complete and unramified with respect to a
discrete rank 1 valuation, with ring of integers R* and natural place H*:
K*— |k, »}, then for every derivation d: k— k there exists a derivation D*:
K*— K* such that D(R*) C R* and d(H*(a)) = H*(D*(a)) for every a & R*.

It follows from this, for example, that the inertial automorphisms of K*
are Taylor-series-like expressions in powers of p using integral derivations,
i.e., derivations D*: K* — K* such that D*(R*) C R*. The fact that every
derivation on k is induced by one on K* also yields a simple way of con-
structing an example to show that if K is a ramified p-adic field and K* is un-
ramified having the same residue field, then K* is uniquely embedded in K
if and only if & is perfect [4].

In this paper we study ramified p-adic fields K with ring of integers R,
residue field £ and natural place H: K — |k, =} with the property that for
every derivation d: k — k there exists a derivation D: K — K such that D(R)
CR, D(r) € (x) for a prime element = of R and a € R implies d(H(a))
= H(D(a)). For convenience of discussion we will call this property of p-adic
fields property (H).

We derive several characterizations of p-adic fields with property (H).
These characterizations are essentially of two kinds. The first characteriza-
tion gives a condition on the Eisenstein equation of the p-adic field with re-
spect to a given fixed p-adic subfield with the same residue field in the re-
stricted valuation, while the other characterizations are intrinsic and yield
properties this class of p-adic fields must have.

The first characterization mentioned above makes use of the valuation
topology of the fixed p-adic subfield and depends on the ‘‘distance’ arbitrary
elements can be moved by derivations in the metric generating the valuation
topology. We have found a theoretically simple way of determining this dis-
tance which allows us to assign a numerical value to the Eisenstein poly-
nomial with the property that the given p-adic field has property (H) if and
only if this numerical value is greater than zero.

The other characterizations are in terms of the derivations on the p-adic
field K and automorphisms on this field. We show that K has property (H)
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if and only if every integral derivation on K is an inducing derivation, i.e.,
if and only if D(R) C R implies D((x)) C (x).

Finally, after establishing some connections between integral derivations
on an arbitrary p-adic field K and inertial automorphisms we are able to
obtain some information on the structure of the pseudo-ramification groups
of K. We are also able to give a third characterization of property (H),
namely, if p is an odd prime and if n = (e + p)/(p — 1), where e is the rami-
fication of K, then K has property (H) if and only if for every automorphism
T: K— K such that T(a) — a € ()" for all a ER, it is true that T'(x) — =
€ (x)"*%. This third result is a corollary to an extension of a result of
MacLane [2] from the case of p-adic fields to the p-adic field situation.

9. The index of inertia. As in the introduction, we assume that K* is
a p-adic field, R* its valuation ring and k= R*/(p) its residue field. We
assume that H*: K*— |k, =} is the natural place. For a € R*, let A(a)
= min | V(D*(a)) }, where D* ranges over all integral derivations on K*. The
symbol A(a) is called the index of inertia of a. If we assume V(p) = 1, then
A(a) will have value a non-negative integer. If D*(a) =0 for all integral
derivations D*, then we will assign A(a) the value «. If &, is the maximum
perfect subfield of k, then R* contains a unique subring R{ such that
H*(R}) = ko [2). It is easily seen that if a € R then A(a) = ». We will
show below that if A(a) = «, then a € R{.

For notational convenience we will introduce the symbol a[b] meaning a.

If a € R*, then one can easily show that a € R or a = Y oplilaip(n]]
and for some i, H(a;)) € k\k*. Let _#denote the set of all such subscripts.

THEOREM 1. A(@) = minc Ai + n) if FP#@, Ala) = « otherwise.
Proof. Let a € R* and decompose
a= 2 plilaplnll+ 2 plila;
e €7

Let n = min,c »(i + n;) = N(a). Let iy < i, < --- < i, be the collection of in-
dices such that i+ ny=--- = i;+n, =n. Let @’ = >4 _oplidalp[n;)]. We
havea = a’ + a”, where N(a’) = N(a) and N(a”) = N(a) + 1. Thus if A(a).
= N(a), then A(a’) = N(a’) and conversely. Hence, it suffices to show
that A(a’) = N(@’). Now a’ = p[ioJa*, where a* is a unit. Also, H*(a¥)
= v,[p[ni)], where H*(a;,) = v, € F\K’. Let {viym} be a p-basis for k
Then {v,p[myll,m} is a p-basis for k* = [p[n,]l(m) and [k:k*] = p[ny]
= p[ni,] with k = k*(v,), where the minimum polynomial of v; is X [p[ni]]
— yilp[ni,]]. Let m* be a set of representatives in R* of m. Let Kn. be
the complete closure of K3(m*), where K¢ is the unique subfield of K*
having residue field k. Let Rx. be its ring of integers and construct R’
= Ri[a*, R*[p[n,]]]. Then R’ is an integral domain and H*(R’) = k*.
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Let K’ be the complete closure of the quotient field of R’, then K’ is the
quotient field of R’, since K* is complete and unramified. Now let ¢ be any
representative for v,. Then K*=K’'(c) and [K*:K’|=p[n;], since
K* is unramified. Thus the minimum polynomial of ¢ is of the form

(A) X[p[ng)) + anX[plng) — 1]+ --- = f(X).
Now f(c) = 0 implies H*(f(c)) = f*'(v;,) = 0, where
(B) X[plny)]+ H* @) X[p[ny) — 1]+ --- = F1(X.

Thus X[p[n]] — vilp[ralllf* (X), but since they have the same degree,
1 (X) = X[p[ny]] = vi[ pln;]). Hence

() H*(a) € (p) forl =i=p[ny]—1,
(ii) H*(f(0)) = viol p[ni]]-

Now {a*,m*} is a collection of representatives of a p-basis of k*. Thus, as
Heerema has shown [1], we determine a unique integral derivation
D: K’ — K’ by letting

(D)(i) D(@) =0, a€Kf, aEm*

(ii) D(a*) = p[n;Ju, u some unit in R’.

Now consider the extension of D to K*. By the construction of the fields and
a straightforward argument on the valuation, R* = R’[c]. Hence, if we can
show that V(D(c)) = 0, then D: K* — K* is an integral derivation. We know
that D(c) is uniquely determined and D(c) = —f"(c)/f (c). We observe that
a € R’ implies V(D(a)) = n,. Thus V(D(a)) 2 1+ nyfor all i, 1 < i < p[n,]
— 1 by condition (C), (i). Next observe that f(0) =a*+ p -v and D(f(0))
= D@*) + pDW) = pln;,Ju + p - p[ni,o* = p[ni ) + pv*) = plnyJu*, where
u* is a unit. Thus V(f“(c)) = n,,.

Observe that f/(c) has degree < p[n;,]— 1. Thus from the fact that R*
= R’[c], V(f'(¢)) is equal to the minimum of the values of the coefficients.
Now the coefficient of ¢[ p[n;,] — 1]in f’(c) is p[n;)]. Thus the minimum value
of the coefficients is < n,. Thus V(f'(c)) < n,,. Hence V(D(c)) 2 0. Thus
D: K*— K* is an integral derivation. Now D(a’) = D(pl[isJa*) = pli,]D(a*)
= plio+ nyJu and V(D(a’)) = iy + n, = n. Since V(D*(a’)) 2 n for all D*,
it follows that A(a’) = N(a’) = n and thus A(a) = N(a) = n and the theorem
follows.

(©)

3. p-adic fields and property (H). In this section we shall be concerned with
p-adic fields K, with ring of integers R, maximal ideal (x), residue field
k = R/(x) and natural place H: K — |k, «}. If Vis the valuation on K and if
V(x) =1, V(p) =e, then K= K*(x), where K* is a p-adicfield in the
restricted valuation V* = V/K*, [K: K*] = e and = is the root of an Eisen-
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stein polynomial f(X) = X*+ p)_iZ4f. X", fi€ R*= RN K* and f, € R*\ (p),
(@) = R*NpR[3].

It is also true that if H* = H/K*, then H*(R*) = k. Throughout the dis-
cussion we will assume that K is given and that K* and = have been fixed
once chosen.

Let Agjx- = min{ (A(f) + 1)e + i} — V(f (x)), where f'(X) is the deriva-
tive with respect to X of f(X). Notice that since 0 <i <e — 1, then by the
properties of V, min{(A(f) + 1)e + i} is uniquely determined and equal to
(A(fy) + 1)e + i, for some index i, 0 < i, < e — 1. Hence Ag k- = (A(f;) + 1)e
+ i, — V(f'(x)) for some index i, Since V(f'(x)) is fixed, Ak k- depends
only on the coefficients of f(X) once K* and = have been chosen.

Let an integral derivation D on K be an integral, derivation if D(x) € (x)".

THEOREM 2. K has the property that every integral derivation is an integral,
derivation, n 2 1, if and only if Agk-=n. If n 2 1, then it is also true that
for any such D, D((x)) C ().

Proof. Suppose Ak|x»=n = 0. Let D* be an integral derivation on K*.
Then D* has a unique extension D: K — K which is completely determined
by D(x). Now D(x) = —f" () /f (). Hence V(D(x)) = V(f’"(x)) — V(f'(x))
2 Agix»=n 2 0. Thus D(x) € ()" CR.

Since a € R implies a = g,(x), where g,(X) € R*[X], it follows that D(a)
g (x) + g.(x) D(x) C R. Hence D(R) C R.

Notice that n = 1 implies D(xd) = x=D(a) + aD(x) € (x) if a € R, hence
D((x)) C (x).

Now suppose that D is an integral derivation on K, then a = g,(x) implies
D(a) = g2(x) + g&i(x)D(x). In particular, if a € R* then D(a) = g2(x)
= g,p(r). Thus D = D|K* is given by D’(a) = g, p(=).

Consider g, » (X). Since [K : K*] = e, we may choose g, (X) of degree at
most e — 1. Hence, if we do this, then

8,0 (X) + 80,0(X) = goto,r(X)

and

ags, p(X) + bgap (X) = 8u» (X)

foralla, b & R*.

Thus we may write D’ = D _{Zjx'D¥, where D}(a) is the coefficient of X°
ing, (X), and so D: K* — K* is an integral derivation on K*. The fact that
the polynomials g, y(X) are uniquely determined implies that the repre-
sentation D’ = ) ¢Z4x'D} is unique.

Since Ak k- = n 2 0, each derivation D} has a unique extension D; to K
such that D(R) C R, Di(x) € ()" and D,((x)) C (x) if n = 1. Hence since
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D’ has unique extension D to K, it follows that D =) {Zj«'D;. Thus D(x)
& (x)"and D((x)) C () ifn = 1.

Conversely, suppose that every integral derivation D on K is an integral,
derivation, n = 1. Suppose also that Ak x-=m <n. Suppose Ak =
(A(fy) + e+ iy — V(f'(x)) and suppose that D* is an integral derivation
on K* such that V*(D*(f,)) = A(f,)e. Then if we extend D* to a derivation
Don K, V(D(x)) =m <n.

If m =0, then D(R) C R and hence V(D(x) =n > m, a contradiction.
If m <0, then #x "D(R) C R and hence V(= "D(x)) =0=n =1, a contra-
diction. Thus m = n and the theorem follows.

COROLLARY. Every integral derivation D* on K* has an integral extension D
to K lf and only lf AK“(* = 0.

THEOREM 3. K has property (H) if and only if Ag k- 2 1.

Proof. Suppose Ak k- = 1. Let d: k—k be any derivation.

Then there is an integral derivation D* on K* such that a & R* implies
H*(D*(a)) = d(H*(a)) = d(H(a)). Since Agx-= 1, then D* has a unique
extension D to K which is at least an integral, derivation. Hence D induces a
derivation on k. Since a € R* implies D(a) = D*(a), it follows that D induces
d: k— k. Hence K has property (H).

Conversely, suppose that Ag|x- = m = 0. Then there is an integral deriva-
tion D* on K* such that if D is the unique extension of D* to K, then
V(D(x)) = m < 0. If D¢ is any derivation such that D* and Dg induce the
same derivation on &, then D = D* 4 pD* and thus if D, is the unique ex-
tension of D¢ to K, then V(Dy(x)) = V(D(x)) = m. Now suppose d: k—k
is induced by D*: K* — K* and suppose that D: K — K also induces d: k— k.
Then if D’ = D|K*, D’ =) ‘j='D}, where D}(R*) CR*. For a & R*,
H*(D*(a)) = H(D(a)) = H(D'(a)) = H*(D{(a)) and thus D¢ induces d:k—k.

Now suppose D; is the unique extension of D to K, then V(x'Di(x)) 2 m
+ 1 > V(Dy(x)) and thus V(Zf;ér‘Di(w)) = V(Dy(x)) = m £ 0.But

e—1
D=3 D
i=0
and thus V(D(x)) = V(Dy(x)) = m < 0. However, D is an inducing deriva-
tion and so V(D(x)) = 1. Hence d: k—k is not induced by any D: K— K
and K does not have property (H).

CoROLLARY 1. K has property (H) if and only if every integral derivation
Don K is an inducing derivation.

COROLLARY 2. If K is a p-adic field of ramification e and if (e,p) = 1, then
K has property (H).
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4. Automorphisms on p-adic fields. In this section we shall be concerned
with establishing a connection betweeh derivations and inertial auto-
morphisms on p-adic fields K. Let G = { T'| T is an automorphism on K }; for
nz1,let G,={TEG|T() —aE (r)"foralla € R};

G.={TEG,|T(x) — =€ (n)"}.
Asin §2, a[b] means a’.

LEMMA 1. Let n21 and let TEG, Then if Z=T-1, Z[q):R—
(m)[g(n — 1) +1].

Proof. Z(ab) = T(ab) — ab=aZ(b) + bZ(a) + Z(a)Z(b). Thus, in par-
ticular, Z(x[m]) = Z(x - x[m — 1)) = xZ(x[m — 1]) + x[m — 1]Z(x) +
Z(x[m — 1)) Z(x). Hence Z(x[2])) € (x)[n + 1] and by induction, Z(x[m])
€ (@)[m+n—1]

Thus a € R implies

Z(a) = =[n]a,
Z[2](@) = Z(x[n)a) = a,Z(x[n]) + #[n]Z(a) + Z(x[n]) Z(a) € x[2n — 1].
Hence by induction Z[g](a) € (x)[gn — (¢ — 1)] and the lemma follows.
COROLLARY. Ifn 2 1and T € G,, then Z[q]: R— (x)[gn].

Proof. Since Z(x) € (x)[n+ 1], it follows that Z(x[m]) € (x)[m + n].
Hence Z[2](a) € #[2n] and by induction Z[g](a) € (x)[gn].

Now suppose that n = (e 4+ p)/(p — 1), ¢ 2 2. Then if ¢ = p[s]¢, it follows
that p[s]t(n — 1) + 1 — se = n + 1. Since g € («)[se], it follows that Z[q]/q:
R—x[n+1]forallg = 2.

LEMMA 2. Suppose 1 < i < p[u], then

i(p['u]) €plu)R.

l

Proof. Consider

i(PEﬂl) =1/ = D) Ypllelkl - D - @] - G = D)},

In the expansion we obtain terms of the form

pla(BL)) ... (2e])
1 U
120,150, <ip<---<i=<i—1. Since (p[e]/i) ER, the lemma follows.

THEOREM 4. Let p be an odd p_r_'ime and suppose n 2= (e+1)/(p — 1).
Suppose TE G,, or, if n=1, TE G,. Suppose T =1+ =[n]T". Then there



’

502 JOSEPH NEGGERS [March
is a derivation D(T), on K such that T' — D(T),: R— (). Hence T € G, if
and only if D(T), is an inducing derivation.

Proof. Since T'= I 4+ Z, it follows that

Tlplk + 1]] - Tlp[xl]
@ 2hl ¢ plp + 1] PN ., P ple+ 1) .
- 2(( ) - () A g, ()
Ifi 2 2, then by Lemma 2 and the fact that Z[i])/i: R—x[n + 1] we get

Tlp[x + 1]] - Tlplell = plul(®@ — VZ + p[u]Z*, where
2) Z* R— @) [n+1]. “
Let
T, = p[—ul(Tlplu + 1]] — Tlp[x]D
—@-1Z+2Z'=—-Z+pZ+2Z
Now consider T, ,; — T,. This map is given by

ply) plut1]
glg.-p[—u —-1]Z[i]+ X gpl-»—1])Z[i],

3) i=pluj+1
Pt plu+2 .
T N G ERE G
i=plu+1J4+1 i
where

l

g = ((p[":rzl) - (p["j 1]) (1 +p)), ple]+1=i=pe+1]

g.-=<<p["f'_2]) —(p[”:'”) (1+p)+(‘é£"])p), 1=i=plul,

Note that g, = 0. For i = 2, we get
igi=1/G—DYplu+10@k+2]-1 - @ +2]- G-1)
—@k+1]-1 - @k+1]-G-1))
—ple+ 1)@k +1]-1) --- @+1]- G ~1)
—@k]-1 - @k]- G-}

Now suppose we pick x such that p[x/3] = 2(x + 1)e. Then i = p[u/3]implies
Z[i]: R—p[2(u + 1) ]R. Also, if 1 <i <p[e/3], then by Lemma 2, and the
fact that on the right side of (4) the terms involving (i — 1)! are cancelled,
it follows. that p[—ux —1]gZ[i]: R—p([u] — [[#/3]+1]) R, where the inner

4)
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|u/3] denotes the greatest integer function. Hence

Tu+l - Tu: R—’P([ﬂ] - [[“/3] + ll)R
and

imT,=T,+ > (Ty,—T)
il i=ug
is a well-defined map.

Since

bl - 1= £ (") 20,

then by Lemma 2, T[p[x]] — I: R— p[u]R. Thus since
T.(ab) — aT,(b) — bT,(a) = p[—r}{ (T[p[x + 1]](@) — a)(T[p[u + 1]](b) — b)
— (Tlplp]l@) — a)(Tlp[s]l®) —b)} (@ =2)

it follows that for u large enough T, is a derivation modulo p[x]. Hence
lim, ... T, is a derivation.

Nowlim, .. T,= —Z + pZ + lim,_..Z}. Thus if we let D(T), = —x[—n]
-lim, .. T,, then D(T),= +T" — pT’ — x[—n]lim,..Z* and T" — D(T),:
R— (x), since Z*: R— (x)[n + 1]. Hence the theorem follows.

THEOREM 5. Suppose n = (e + 1) /(p — 1) and suppose D: K — K is an inte-
gral derivation on K. Then D,= I+ ) yx[ni]/i!' D[i] is an automorphism
on K, D, € G, and D, E G, if and only if D(x) E ().

Proof. Observe that V(i!) <ie/(p — 1). Thus ni — V(i!) 2 ni —ie/(p — 1)
Z2(e+1)i/(p—1) —ie/(p— 1) and lim, .. V(x[ni]/i!) = ».Thus D, isa
well-defined map, D,(R) C R. D, is additive since D[i] is additive. Also, by a
straightforward computation D,(ab) = D,(a) - D,(b). Since D,(1) =1, it
follows that D, € G.

By a straightforward computation i > 2 implies V(x[ni]/i!) = n + 1, if
nz(e+1)/(p—1). Hence D,= I+ x[n](D+ »D}), where D}(R) CR.
Hence D, € G, and D, € G, if and only if D(x) € (x).

THEOREM 6. Let < be the additive group of integral derivations on K and let
D be the additive group of derivations on the residue field of K which are induced,
then if p is odd and n 2 (e + p)/(p — 1), G,/ G, is isomorphic to D /xD and
ifn=(e+p)/( — 1), G,/G,.,, is isomorphic to D.

Proof. Define H,.(TG,,+1)_= D(T),+ <2 and HX(TG,,, = d, where d is
induced by D(T), if T € G,. Theorem 4 implies H, and H;} are well-defined
since D(T),: R— (x) if and only if T € G,,,. Since D(T, - Ty),= T;+ T}
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+ Ti(x[n]T%), it follows that D(T;-Ty),= D(T),+D(T,), (mod x), l.e.,
H, and H; are homomorphisms. H, and H} are monomorphisms by The-
orem 4. By Theorem 5, since D(D,) — D: R— (x), they are epimorphisms.
Thus they are isomorphisms and the theorem follows.

CoRrROLLARY. K has property (H) if and only if G,=G, for all n2
(e+p)/—1).

Proof. Suppose G, = G,. Then T € G, implies D(T), is inducing. Since
D € 9 implies D = D(T), — =D’ for some T and D’, every D is inducing.
Thus K has property (H). If K has property (H), then every D(T), is induc-
ing, which implies T € G,. Hence G, = G,.

CoNJECTURE. Theorem 6 holds for alln = 1.

Notice that if T&€ G, (n = (e+ p)/(p — 1)), we can obtain D(T),. Thus
by Theorem 5, (D(T),), is an automorphism with derivation D((D(T),),)
— D(T),.€xD. Hence T =T, - ((D(T),),), where T, E G,,,. Proceeding in
this fashion we obtain

T= Tj((D(Tj—l)n+j—l)n+j—l) e ((D(ﬂn)n)9 7‘16 Gn+j
and since [ G, = I, we obtain
T = lim ((D(T) ns)n+) - - (D(T)W)n),

Jo o

i.e., T has a Taylor-series-like expansion in terms of derivations.
Theorem 6 is an extension of a well-known result of MacLane [2], to p-adic
fields.
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