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1. Introduction. Let v be an arbitrary but fixed positive number and set

ß(x) = jc2-+1[2'+1/2r(t- + 3/2)]-1,    0^x< oo,

and

C„= [2-1/2r(* + 1/2) J"1.

We define

J(x) = C7lxll2-"J„-m{x), Ogx<co,

where J,.1/2 is the Bessel function of the first kind of order v — 1/2. Let

AC[0, oo) be a Borel measurable set and denote by L2i„ (A) the Hilbert

space of functions defined on A with inner product Jlfg*dp where g* is the

complex conjugate of g.

Let fi C [ 0, oo) be a set of positive but finite measure dp and F a real

bounded function in L1(,([0, oo)). We define the operator BA on L2i„(Afi),

A > 0, by

BAf(x) = f P(x,y)f(y)dß(y),
JAa

where

P(x,y) = foF(t)J(xt)J{yt)dn(t).

Here Lu ([0, oo)) = Ll f, is the space of all functions defined on [0, oo) such

that f\f\ dp. < oo.
Under various conditions on F we derive asymptotic formulae for the kth

largest eigenvalue of BA as A —> oo. Our considerations fall into three cases.

Fwill always be a bounded real function in Lu that has a unique maximum

at £o, 0 ^ £0 < 00 and is such that lim sup F(£) < F(£Q) as £—> °°. The three

cases are differentiated by the character and position of the maximum and

the character of the set fi. They are

I. £o = 0; F(£) ~ F(0) - <r£" as £^0+, w > 0, a > 0; as positive and

finite measure dp.

II. £0 = 0; F(£)~F(0) - L(£)f" as £-*0+, co > 0; L(£) is slowly oscil-
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lating as £-^0+; Ü = | 0,aj.

III. £„ ̂ 0 and F(t) - F(£„) - «r,L({ - f0)|t - as £^to+, F(f) ~ F(f0)

-<r2L(f-to)ll-tol" as t —to~; »>0, «ri>0, ff2>0; ß=[0,a]; L(t) is
even and slowly oscillating as £ —»0.

As a representative result consider Case I. If \(A,k) is the A>th largest

eigenvalue of BA, then there exists an operator depending only upon a, v,

and to such that if 0 < u(\) § n(2) i£ • • • are its positive eigenvalues

as A —» co.

In 1953 Kac, Murdock and Szegö [4] obtained a result for this problem

under rather restrictive conditions in the case of Toeplitz operators of the

Fourier type. Parter [5]— [7] and Widom [ll]— [14] have studied this

case and have weakened the conditions considerably. In [ 3], I. I. Hirschman

reformulated the perturbation theory used by Widom in [ 14] and obtained

results analogous to Widom's for Toeplitz forms associated with Jacobi

polynomials. In this paper we follow the format of Hirschman and consider

the Toeplitz operators of the Hankel type.

The idea behind the technique is to reformulate the problem so that we

can consider a related sequence of operators on a fixed Hilbert space. We

then show that this sequence converges suitably to an operator with known

eigenvalues and use a perturbation theorem.

The results of this paper constituted part of my doctoral dissertation at

Washington University in St. Louis. I wish to express appreciation to Pro-

fessor I. I. Hirschman for suggesting this problem and to express my thanks

for his direction of my career as a graduate student.

2. Preliminaries. In this section we introduce the necessary information

concerning the Hankel transform and Bessel function.

If x,y, and z are non-negative real numbers, set A(x,y,x) equal to the

area of a triangle with sides x, y, and z if such exists and zero otherwise. Let

\(A,k) = F(0) - aA -"„(*) + o(A

D(x,y,z) =
2 |rHl/2)F[A(x,y,2)|

rd/2) rMte*)*-1

If we define convolution by

then Ijim is a Banach algebra. D(x,y,z) satisfies

(1)
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The Hankel transform is defined on Lu by

/"(*) = jQJ(xt)f(t)dß(t), 0^X<oo.

For / and g in Lh„ we have

(f*g)~ = fg:

The Hankel transform on L2,„([0, °°)) = L2,„ is defined by

f~(x) = foJ(xt)f(t)d»(t),

where the partial integrals converge in the norm of L2,„. This is a unitary

mapping of L2i(1 onto L2„ and in this case

(/")" = /•

These results are all well known and can be found in I. I. Hirschman [ 2].

We now list some formulas.

(2) \J(x)\^l,

(3) J(0) = 1,

(4) ^ (z- J,(z)) = - 2- J.+i(z),

(5) Aj(xy) = -x2J(xy),

where

A    ( dy)   + y dy'

(6)

Hl"{z) = (*z/2)-1/2exp[»(z - vv/2 - ir/4)]

■\ Z (•>>»*)(-2iz)-"+0(\z\-M)]
m—0

as |z| —» oo and — ir < arg2 < 2w.

H(2) (2) = (7r2/2)-1/2exp[ - i(z - „x/2 - x/4)]

ro r -,
.   £ (r,m)(2B)-" + 0(|2|-*)

L m=0

as \z\ —> 00 and - 2ir < arg2 < jr.
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J,(z) = (tz/2) ' 2 COs(2 — vir/2 — ir/4)

(8) ( - \)m{v,2m){2z) -2m'1 + 0(\z\-2M)

- sin

as \z\ 00 and — ir < argz < r. Here (v, m) is Hankel's symbol

(v,m) = r(l/2 + v + m)[m! r(l/2 + v - m)\ \

(2), (3) and (5) can be found in I. I. Hirschman [2], (4) in Watson [10, 47];

(6), (7) and (8) in Erdelyi [l, p.85].

3. Perturbation theory. Let 0 ^ S be a self-adjoint operator on a separable

Hilbert space     and F a bounded operator on t&. We define

Here Sm is the unique positive square root of S and ^(S1 2) is the domain

of S1/2. Let Jthe the closure of Sf in Then Jt is a closed subspace of i&

and is itself a Hilbert space.

Theorem 3a. With the above definitions, there exists a self-adjoint operator

SFon the Hilbert space JC with the properties

(1) &(SF)QS/,

(2) (SFf\g) = (S1 2Ff\Sll2Fg)forallfe &(SF) and g £ /.

Proof. See F. Riesz and B. Sz.-Nagy [ 8, p. 326].

Let A be a closed linear operator on i&, not necessarily densely defined.

Definition 3b. A subset of 2>{A) is said to be a core for A if {(f,g) \ g

= Af, /£ Sf}C & X & is dense in | (/,£) \g = Af,fE @(A) (; that is, if
if X A if is dense in the graph of A.

Definition 3c. Let An, n = 1,2, and A be closed linear operators in

& and let & = \ f\ Anf-+Af as n-» «,). If if= ^(4) we say that A is

the strong limit of the A„'s. If if is a core for A we say that A is the closure

of the strong limit of the A„'s.

We will use "—>" for strong convergence in a Hilbert space and "—" for

weak convergence.

Theorem 3d. Suppose the following conditions are satisfied:

(i) 0 ii S is a self-adjoint operator in i&;

(ii) F is a bounded operator in

(iii) 0 ^ S„ is a self-adjoint operator in i&, n = 1, 2, 3, • • •, Fn is a bounded

operator in t6, n = 1, 2, 3, ••• such that °4{Fn) C ^(S„), n = 1, 2,

.y={/|F/G^(S1/2)}.
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(iv) F is the strong limit of Fnas n —> oo;

(v) S1/2 is the closure of the strong limit of S]/2 as n —> oo;

(vi) S1/2F is the closure of the strong limit of Sln'2F„ as n—> oo.

Set Sn,F = F*SnFn, where F* is the adjoint of Fn and let S„,F = f<T \din(\)

be the spectral resolution of S„,f on t&. Here we assume ^„(X) = ^„(X+) for

0 ^ X < oo and n = 1,2, • • • and that ^„(0~) = 0.

Let

be spectral resolution of SF on J( and again we assume that ^(X) = ^(X+) for

0 ^ X < oo and \p(0~) = 0. Then for every /£ til and X not in the point spectrum

where "—>" is in

Proof. See I. I. Hirschman [3].

We note that if i&x is a subspace of i& and if E is a projection in t&x

considered as a Hilbert space, then E can be considered as a projection in

tä, namely, as the projection of Monfi^. It is in this sense that the above

convergence is in t&. This convention will be used throughout.

Theorem 3e. Suppose that 0 ^ Rn, n= 1,2,3, ••• are bounded self-adjoint

operators defined on subspaces J^n of a Hilbert space Let 0 < R be a self-

adjoint operator defined on a subspace JYof t&. Let

be the spectral resolutions of Rn on ^n and of R on JV.

Suppose further that:

(a) En(\) —>i?(X) as n —> oo for all X > 0 and not in the point spectrum of R.

Here     " is in

(b) there is a number m>0 such that if /„£-^, \\fn\\ = 1 ond (Rnfn\fn)

^ mx < m for n £px then px contains a subsequence p2, where f„—>f as n —» oo

in p2 and /V 0. Here "—>" is in and pk, k = 1,2, denote subsequences of

the natural numbers.

Then

ofSF
lMX)/—*(A)/,

dimE(X) < oo, 0 g X < m,

dim Ea(\)—> dim E( X)   as n oo forO    X <m

and X not in the point spectrum of R.
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Proof. See I. I. Hirschman [3].

In order to apply Theorem 3e we will need the following result.

Theorem 3f. F Jt reduces SF.

Proof. Let f£ FSf. Clearly, if g E S/, then FgE^ Then writing g = Fg
+ (J- F)g we see that (I-F)gESf. Thus (/ - F)S^C Vand as Sfi8
dense in Jt, (I — F)S/ is dense in (/ - F) Jt. Also FSf is dense in FJC.

Let A£(/-f)y. Then by (2) we have

(SF/|A) = (S1/2F/|S1/2F/i) = 0

and hence SFfE F JC.

4. Definitions and preliminaries—Case I. We shall assume that F(£) satisfies

the following conditions:

(i) F(£) is a bounded real function in L1>(,.

(ii) F(0) = M is the unique maximum of F and lim sup F(£) < M as £ —> °o.

(iii) F(£) ~ M - o-i? as £->0+, u > 0, <r > 0.

We also assume that Q C [ 0, °°) has positive but finite measure du.

We will set up an apparatus, part of which may seem superfluous for this

case, but which sets a pattern for the later cases where it will be necessary.

We define four Hilbert spaces &, & Sf ', Sf, all equal to L2,„. We

will use the variable x for functions in £ for i& , t for Sf , and y for Sf.

This will be the convention throughout this paper. For Case I and Case II a

function denoted by / will always be in & or Sf and will always be the

Hankel transform of a function in i& or Sf, respectively.

We define unitary maps <t> of f& onto       and \p of Sf onto Sf by

*/•(*) =/"(!)

and

*/■<«>-/'(«).

We define maps xa of i#  onto ^   and xa of So    onto by

Xa/-«) =f{tA-l)A—1/2

and

xl/-(£)=/(A|)A'+1/2.

It is evident that xa. xa are unitary and that xa is the adjoint of \A.

Define the projection EA in i& by

EA({x) = CAa(x)f(x),

where CAa is the characteristic function of Ail.

EA is unitarily equivalent to the projection EA in t& and FA in So de-

fined by
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EA = 4>EA<)> ,

Fa = XaEa\a-

We define the operator T in i£ by

T"/-a) = (M-F(|))/(t).

T is unitarily equivalent to the operators T in ££ and TA in &   defined by

TA = xAT xa-

We define the projection F in by

Ff-(y) = Ca(y)f(y).

F is unitarily equivalent to the projection F   in %   defined by

F~ = Wl.

Finally we define the operators SA and S   on & by

s~f-(t) = *-lrf(t).

If X(A,1) ^X(A,2) ^ ••• are the positive eigenvalues of then M

— A(A, 1) ^ M — X(A, 2) $ • • • are the eigenvalues of

EATEA\EAti,     EaT Ea\e-a^-,    FATAFA \      -,

where these symbols are to read "EATEA restricted to EA&," etc. The

eigenvalues of

FASA FA \F-A, -

are (M - X(A, 1))A"a~l ^ (M - X(A,2))A"*"1 ^ ■ • In the following

sections we will show that FA SA FA converges to SF- of Theorem 3a

as A —» oo so that if 0 < fi(l) ^ ti(2) ^ \imn(k) = co, are the positive

eigenvalues of SF\F- f then using the perturbation theorem we will have

(M - x(A,*))ff"1 A" =       + o(D

as A —» oo for k = 1,2, • • •, or equivalently

X(A,k) « A/-M(A)A--ff+ o(A~-).

Recall that Sf- is a self-adjoint operator defined on a subspace J( of£

and ^(S;-)cy", where

fy ' = t/|F7G ^((S")1'2) I - @((S~)lr2F').

Recall also that by Theorem 3f, F Jt   reduces SF- so that Sf|fV" is
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an operator in F Jt . Since this is the operator that we will eventually be

interested in it is important that we determine the nature of F Jt.

It is clear that if fi is an interval then $f   is dense in So  and thus F Jt

= F So  . Suppose that fi is a nowhere dense set of positive measure and that

u> 1. Let f'GF'S/ '. Then r'2f~EL2,> and / has its support on fi. We

claim that / is continuous. Indeed, for 0 < y0 < <» and « > 0 such that

1 + t = w, I

l/(y)-/(y0)|2

g f j/~ (012dv(t) f I J,_1/2(y0y'2- - J.-miyM2-12C~lt-<dt.
JO Jo

Since J,_1/2(*) = 0(r1/2) as t-» », see (7) §2,

f \J,-m(yt)ym- - «/,-i/2(yo*)yÄ/2-'|2r«ctt-o
Jo

as y^y0.

But / vanishes on the complement of Q, an everywhere dense set, and

hence vanishes indentically. Thus we see that F 3^ contains only the zero

function.

At first it might seem possible that given an integer nanfl could be found

such that the dimension of F Jt would be n. This is not the case. We will

show that if F~ Jt' contains a function other than the zero function, its

dimension is infinite.

Lemma 4a. Let W(x) be positive, nondecreasing and such that W(x + y)

^ W(x)W(y). Let f(y) be such that f0" |/(y) |2 W(x) dß(x ) < <» and let g{y)

be such that Jö"\g(y) \ W(x)i/2dp(x) < «. Then

fo   \f*g-(y)\2W(y)dp(y)< co.

Proof. We have, using Schwarz's inequality,

\f*g. (y)|2^ Cij0J0   W \2\8W I W(x)~112D(x,y,z) dß(z)d^x),

where

C,= f |g(x)|W(x)1/2^(x).
Jo

Since D(x,y, z) = 0 for y ^ x + z we may assume y < x + z and hence W(y)

^ W(x + z) g, W(x)W(z). Thus, using (1) §2 we get
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jQ \f*g-(y)\2W(y)dn(y)

^C,f f f \Hz)\2W{z)\g(x)\W{x)lliD(x,y,z)dn{z)dn(x)dn{y)
Jo Jo Jo

^Cjjo    \f(z)\2W(z)du(z) < co.

Now suppose there exists an / £F ^£ , f ^ 0. Let fi, C S2 be the support

of / and let / be an interval such that the dp measure of / n ^i is positive.

Let h(y) be an infinitely differentiable, positive function that vanishes off

/ and set W(t) = (1 +t)". Since F(fh) = fh we have f"*h"EF~&~ and

applying Lemma 4a we get that / *h (E F J( .

Let /„, n — 1,2, • • •, be a sequence of disjoint intervals such that the du

measure of /„ Pi fli is positive. The corresponding sequence of functions

/ *hn , n = 1,2, • • • will be independent and hence F Jt~ has infinite

dimension.

In general F J( ^ . For example, let fi be the disjoint union of a

nowhere dense set of positive measure and a finite interval.

If F Jt = j0(, SF- has no eigenvalues, but by convention we will say it

has infinitely many all equal to plus infinity.

5. Convergence of operators—Case I.

Lemma 5a. Suppose L, Ln are multiplier transformations on &

Lu ■ (t) = u(t)h{t),

Lnu ■ (t) = u(t)hn(t).

Then if

(i) lim h„(t) = h(t),
n—*m

(ii) £K\h(t)\,

L is the strong limit of the L„.

Proof. Routine.

Theorem 5b. (S~)1'2 is the strong limit of (SÄ)li2.

Proof. We have

s;f-(t) = sA(t)f(t),

where

sA(t) = a lA-(M - F(tA'1)).
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By condition (iii) on F

(1) 8A(t)->f   as A —> co.

Now M - = o£"e(t) for 0 g £ ^ 1, where «(£) is bounded and t(£) -»1

as £-^0+.

Using this for 0 :£ < ̂  A and the fact that F is bounded for t > A, we

obtain

(2) sA(t) ^ Cr

for all A and £. (1) and (2) are precisely the conditions for Lemma 5a and

the theorem is proved.

We now compute FA . From the definition

FA = Xa4>Ea4>~1 XA-

A straightforward computation shows that FA = F for all A. Since (S^)1/2

converges strongly to (S )"2, it is immediate that (S )1,2F~ is the strong

limit of (SAy2F'.

6. The asymptotic formula—Case I. Let SF- be constructed from F and

S as in Theorem 3a.

Then

C0(S'F-)czS/ "= {f\F*fe&((S~)1,2)\

andSf is a self-adjoint operator on Jt = closure of Sf .

Let

Sp- = jo Xety"(A)

be the spectral resolution of SF on JC  and let

S'a,f- = jo x<AMx)

be the spectral resolution of F SA F = Sa,f~- By Theorem 3d, we have

(l) ^;(x)-^"(x)

for 0 i£ X < oo, and X not in the point spectrum of SF -.

Let R be SF- restricted to F J and RA beSA F- restricted to F 9f .

It is easy to show that R > 0 and RA > 0. Then R has the spectral resolu-

tion on F Jt ,

R = fo XdG (X),

where G~ (X) = xP "(X) - ^ " (0). For 0 ^ X < =o and G~(0)=0, and i?;

has the spectral resolution on F Sf ,
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RA =jQ\dGA\),

where GA (x) = +a (x) - (0) for 0 ^ x < °° and GA (0) =0. Since *" (0)

= I — F and 4/A (0) = I — F , where / is the identity operator, it follows

from (1) that

(2) g;(x)-g*(a)

for all x, 0 ^ x < co, x not in the point spectrum of R .

Lemma 6a. ///," £F"if ', ||/n"|| = 1, n = 1,2,3,      and /„" — /" as n^

then /„ (0 —»/ (t) uniformly on any compact set Z.

Proof. fn E F &   implies F fn = /„; that is,

(2) f'n it) = Jo fn(y) [ J(yt) Ca(y)} du (y).

Now /»"—'/* implies /„~7 and since J(yt)Ca(y) £ L2jl we have /„" (t) —»/" (r)

for each fixed / as n-> <».

Now

/; (t) - fn' (s) = J[ /„(y) [ J(yt) - J(ys)} Ca (y) dM(y)

and by Schwarz's inequality, we get

\L (t) - fn' («) I ̂  Jo   [J(yt) - J(y«) fCa(y) d„(y).

This implies that j /„ (t) } is an equicontinuous set of functions and hence

fn (0 —*f (0 uniformly on any compact set.

We denote by p a subsequence of the natural numbers and let A(l) < A(2)

< ■ ■ ■, where A (k) —> co as k —> <».

Lemma 6b. With the above definitions let f„ £ F % , \\f„\\ = 1, (F^AI/*)

^ m < co for n £ p. ///„—>/ as n —> co m pb p, a subsequence of p, then f ?± 0.

Proof. We claim that given m, > 0 there exists numbers t0 and A0 such that

sA(t) > m, for ( > <() and A > A0. Since M - F({) = for 0 ^ £ ^ 1,

where 0 < «({)-► 1 as £->0+, we have for 0 ^ L4 1 ̂  1 that f«A_1) > m2

>0 and sA(t) = ri{tA~l) > m2r. For tA'1 > 1, cT'[M - F(<A_1)] > m3

>0 and sA(t) = a~l A"(M - F(tA~1)) > m3A", etc.

Now pick n0 and t0 so that sA(n)(t) > 2m for n > n0, / > *o- Then for n > n0

m^(RMn)fn\fn) ^ 2m j \fn(t)\2du(t)

and hence
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r'o

Jo   \Ut)\2dp(t) ̂  1/2.

But by Lemma 6a, /„(f)—»/(<) uniformly on [0, t0] and hence ||/||2^ 1/2.

Theorem 6c. Let F(£) satisfy conditions (i), (ii), (iii), of §4 and let SI be a

set of positive but finite measure dp. Let X(A,1) ^ \(A,2) ^ ••• be the posi-

tive eigenvalues of BA and 0 < p(l) ^ m(2) g p(k) —> oo as k —> °°, be the

positive eigenvalues of SF-, where p{k) = + oo, k = 1,2,3, ••• if F Jt = (0).

Then

(3) A(A,Jfe) = M- aA'"p(k) +o(A-").

Proof. Lemma 6b and (2) are the hypotheses for Theorem 3e and hence

a'1 A"(n)(M - \(A(n),k)) = p(k) + o(l).

But this is equivalent to (3).

7. Definitions and preliminaries—Case II. We say that a function L is

slowly oscillating as £ —*0+ if for all e > 0

£'L(£) is increasing in a neighborhood of 0, £ > 0,

£ ~' L(£) is decreasing in a neighborhood of 0, £ > 0.

We shall assume that F satisfies the following conditions:

(i) F is a bounded real-valued function in Lu.

(ii) F has a unique maximum M at £ = 0 and lim sup F(£) < M as £ —» <».

(iii) M — F(£) ~ £"L(£) as £—>0+, where L(£) is positive, continuous

on 0 < £ < oo, L(£) = 0(1) as £—><», bounded away from 0 as £—> oo and is

slowly oscillating as £—>0+.

Define the Hilbert spaces t&, & , if, and if and the operators 0, ^, xa,

xt EA, EA, FÄ, T~ T;, F and F" as in §4.
In this case we assume that Q — [0,a] and without loss of generality that

0=1.

The operators SA and S "on if are different than in §4 and are defined by

S;f.(t)-A'(UA-l))-lT2f.(t),

sj.(t) = rf(t).

As in Case I, if X(A, 1) ^ X(A, 2) ^ • • • are the positive eigenvalues of BA

then the eigenvalues of FASA FA restricted to FASo are (M - X(A,1))A"

[LiA-1)]-1 g(M -\(A,2))A"[L(A-1)]-1 g Then if 0<ß(l)£n(2)

^ • ■ • p(k) —» oo as k —> oo are the eigenvalues of SF- restricted to F Jt the

perturbation theorem will yield (M - X(A, k))A" [ L(A 'l) ]~1 = p(k) + o(l).

In the remainder of this paper all limits are taken as A —» oo unless stated

otherwise.



1965) extreme eigenvalues of toeplitz operators 279

8. Convergence of (SÄ)1'2 to (S")1/2 and (SA)i,2FA to (S')1/2 F'— Case

II. As in §5, F~A = F' for all A.

We now show that (S )1/2 is the closure of the strong limit of (SA )'2 and

that (S~)lr2F~ is the closure of the strong limit of (SA)l/2F~.

We first state a well-known and easily verified result about slowly oscilla-

ting functions as a lemma.

Lemma 8a. // L(£) is slowly oscillating as £ —>0+, positive, continuous on

0 < £ < oo, L(£) = 0(1) as £—< oo and bounded away from 0 os {-> then

(1) UmZ.teHKfc)]-1-!

as |i —> 0, $2—»0, u?Aere £1;£2 satisfy 0 < a < £i$2_1 < 6 < oo; and /or eacn e > 0

there exists a constant C(t) such that

(2) L(f,)[ L(fe) j"1 < CU)[ (fe fc"1)' + (|i «2-1) -]

/or a/Z 0 < ft, £2 < oo.

Next, an easy computation shows that SA f ■ (t) = sA(t)f(t), where

sA(t) = A»[L{A-l)Yl{M-F{tA-1)).

Lemma 8b. Under the assumptions of §7 on F(£) we have

(3) lims^) = T,      0 ^ f < oo;

/or any t > 0 inere exists a positive constant M(t) such that for all A > 0

(4) 0 £sA(t) ^M(()(t+ t-)r;

and for any mx > 0, there exists A0 > 0 and t0 > 0 such that

(5) sA(t) ^ mi  /or f > t0, A > A0.

Proof. By assumption, M — F(£) = £'!,(£){(£), where «(£) is bounded,

t(t) —* 1 as £^0+ and e(£) = 0(|~") as £—» o>, and thus

(6) sA(t) = r L(tA _1) [ L(A _1) ]_1 c(*A ~l).

For any fixed i, 0 < £ < oo, (1) of Lemma 8a immediately gives (3).

From (6) we see that there exists a constant C > 0 such that

sA(t) ^ CtL(tA-l)[L(A-1)}-1

for 0 < t < co, A > 0, and using (2) of Lemma 8a we get (4).

Now, given e > 0, there exists a(t) > 0 such that for 0 < tA~l < a(e) and

A"1 < a(t) we have

((tA~l) ^m2,      L(tA-l)[L(A-l)]-l£(f + rVl.

Hence for all sufficiently large A and 0 < tA ~1 < a(<),

sA(t) ^ m2nt' + ri)-Y.
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Choose m3 > 0 so that M - F(£) > m3 for £ ä a(<). Then

«„(0 ^msA-tLU-1)]-1

for fA"1 ^ a(f), etc.

Theorem 8c. (s")1/2 is the closure of the strong limit of (SÄ)1'2.

Proof. Let /G & ((5 ")1/2) and « > 0 be given. We must find a

ge^as'y2)

such that ||£-/|| <f> l(S')m8 - (S')mn <« and (S;)1/2£-> (S")"2£.

Let/,(f) =e"7(0. Then

\\f-f>v=f0 ii-e-"i'i/wr*«w

and hence by Lebesgue's theorem, for 5 sufficiently small

(7) ||/-/J2<<

We also have

II (S") 1/2(/ - /,)«2 =    1/(01211 — e""|2 rdM«)

and since /G     ((.S )1/2) we see that for 5 sufficiently small

(8) ||(S~)1/2(/-/ä)|| <*.

Choose 5 so that (7) and (8) are satisfied and set g = fs. Then

\\(S')ll2g- (S;)ll2g\\2=jo \f(t)\2e-m\t"2-sA(t)ll2\2dß{f)

and using (4) of Lemma 8b we see that

1112 - sA(t) 1/2|2 = 2f"[ 1 + M(e)(f + r*) ].

Now taking c < w, and using (3) of Lemma 8b in conjunction with Lebesgue's

theorem we get that

i(S")1/2g - (SA)ll2g\\ —0.

Finally we must show that (S )l,2F   is the closure of the strong limit of

(s;>i/2f:

It is for this proof that we need Ü to be an interval. In Theorem 8c it is

trivial that the approximating function / is in S> ((S')1'2). Here, given

/G 2$ ((S )ll2F ) we must find an approximating function in

&((S~)1,2F~)

and it is not clear that for an arbitrary fi this is possible. Widom [ 14] gives

conditions on fi so that the approximation is possible, but it seems that the
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most natural situation here is to take fi = [0,a] and without loss of general-

ity, [0,1].

Theorem 8d. (S~)ll2F~ is the closure of the strong limit of ($Ä)mF •

Proof. Let /"G & ((S)1'2F~). It is clearly sufficient to consider two

cases: (i) F~f' = f and (ii) F~f~ = 0.
Case (i). LetgA be an even, nonnegative, infinitely differentiable function

defined on — °° < y < °°, vanishing off [ — X, x], and such that

Xo gxiy) dß(y) = 1

for X > 0 and

r
gx(y)dß(y)-*0

as X ->0 for alU > 0. Clearly

(9) IflfWISl

and

(10) gx~ (t) - 1

asX^O.

Let W be the set of all functions, / (t), such that F f = f and

fe @((s'y>2F').

Then Ff = / and / vanishes off [ 0, 1 ]. Let Wx C JT be all functions /" G

such that / vanishes off [0,0] for some 0, 0 < 0 < 1.

Let /* G ^ and set A" (0 = gl (t)f~ (f). Then

hiy) =8>*f-(y)=f0fQ gAz)f(x)D(z,y,x) dn(z)dß{x),

and since D(z,y,x) = 0 if z + x > y, for X sufficiently small /x(y) vanishes

off [0,1] and F~A" • (0 = A" (<)• Using (9), (10), and Lebesgue's theorem,

we obtain

(ii) IIA"-/"II-o

asX->0.

Since gx(y) is infinitely differentiable, gk (t) = 0(t~r) as i-> « for all r.

This and (9) imply that A~G @ ({S)1,2F~). Using (9), (10) and the fact
that / G ^ ((S )1/2F ) in conjunction with Lebesgue's theorem we get

|(S*)l/,F"(A"-/")|-0

as X^0.

Sinceg,'(t) = 0(t~r) as f-> « for all r and A"G & ((S ")1/2F") the same
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:vi2F'f: - (s")i/2f"a"i-»o.

Therefore if /" G ^i, there exists an a" G £0 ((S")1/2 F") such that || a* - /1
<f, ||(S")1/2F"(a"-/")|| <<and (S;)1/2F7;-(S")1/2F7;.

Now let /" G ^. Set g,(y) = f(y6~l), 0 < 6 < 1. Then &(y) vanishes off

[0,0] and we have

Thus&fG ^((S~)1/2F~). It is easy to see that \\f - gs\\ -^0 as 0-.1 and

hence —»0 as »—»1. Similarly || (S")1/2F" (/" - g,~) || -0 as %-»1.

Since G we see that if / G ^ there exists an /i G such that

(/"-Al << and \\(S')1,2F'(f~-h~)\\ <f.
Thus we have the theorem for functions in If F / =0 the proof is

trivial.

9. The asymptotic formula—Case II. Let SF- be constructed from F and

S as in Theorem 3a. We recall that SF~ is a self-adjoint operator on Jl ,

the closure in if " of Sf ~ where 5> " = j/|/G ifF7g ^((S~)1/2)},

and £^ (Sr) C 9 '.
Because 0= [0, l], S/ is dense in if and Sf- is a self-adjoint oper-

ator on if . Let

be the spectral resolution of SÄ.f' = F~ SAF~. Then using Theorems 8c and

8d in conjunction with Theorem 3d we have

for all /G^f "and 0 ^ a < °°, x not in the point spectrum of SF-. We

define i?"as the restriction of SFto F"if and RA as the restriction

of Sir to F"if ".
It is easy to see that R ~ > 0 and RÄ > 0. Thus R ' has the spectral resolu-

tion on F 9f

be the spectral resolution of SF- on if   and let

(1) "(a)/

R~ = JQ \dG'(\),

where G7a) = ^" (x) — ̂ " (0) for 0 < x < oo, and G' (0) = 0, and i?^ has
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the spectral resolution on F %

R'A = Jo XdGAK),

where G~A (X) = ^ (X) - +2 (0) for 0 < X < », and G„" (0) = 0. Since *' (0)
= I - F" and +A~ (0) = / - F~ it follows from (1) that

(2) GAX)^G(X)

for 0 ^ X < co and X not in the point spectrum of R . Here "—>" is in bo .

Lemma 9a. Let A(l) < A(2) < • ••,A(*)-» °o as k-* co. Lei fHEF~bf~,

\\fn\\ = 1, and (Ä^/o/nl/J < co for n£p. If fn-+f as n—> co m p, a su6-

sequence of p, then f ^ 0.

Proof. By Lemma 6a /„(t) —»/(f) uniformly on any compact set. By Lemma

8b we have that given m, > 0, there exists A0 > 0 and t0 > 0 such that Sa(0

2: mi for t > t0, A > A0. The rest of the proof is the same as that of Lemma

6b.

Theorem 9b. Let F satisfy (i), (ii), (hi), of §7 and Q = [0,1]. // X(A,1)

2; X(A,2) 2; ... are the positive eigenvalues of BA and 0 < ^(1) ^ m(2) ^ • • •,

n(k) —> co as k —♦ cx> are fAe positive eigenvalues of SF-, then

(3) X(A,*)-M-A-L(A-1)(m(*)+o(1)).

Proof. Lemma 9a and (2) are the hypotheses of Theorem 3e. Hence

(A(n)y[L((A(n))~1)}-1 (M - X(A(n), *)) =M(*)+o(l) for k = 1,2, ••• and

this is equivalent to (3).

10. Definitions and preliminaries—Case III. We shall assume that F satisfies

the following conditions:

(i) F is a bounded real-valued function

(ii) F has a unique maximum M at to ^ 0 and lim sup F< M as {->«>;

(iii) M- - «r,|t - &>r£(« " to) as f-^to+, M-F({)~a2|f-6,|"

£(t — to) as t~»tö. where to > 0, <ti > 0, <r2 > 0 and L(f) is an even, positive,

continuous function that is slowly oscillating as f—»0 and is bounded and

bounded away from zero as t —' 00•

We also assume that Q = [0,2*-].

We define four Hilbert spaces. Let & and <^ both be L2„ and denote

the norm by || || „. Let 5$ and 5$ both be L2[ ( — co, co) J with respect to

Lebesgue measure and denote the norm by |j j|.

We define the unitary maps 0 of & onto &   and t of bo onto bZ by

*/-(t) = l J(xi)f(x)dß(x)

and
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*/•(*)= f_m e2"*f(y)dy,

where the partial integrals converge in the metric of t£ and if *, respec-

tively.

Maps xa of & ' to if" and xa of if" to i# " are defined by

Xa/-(0-Mio+tA-^iCA-y'Hl-o + tA-1)'  fort> -f0A,

= 0 for * s - £oA

and

xi*-(f) =^(i-|o))(C,r1)-"2r' for£>0,

= 0 for £ < 0.

It is easy to see that xa is an isometric map into if and that xa is a

partially isometric map onto i& whose partial domain is the range of xa-

Thus xa Xa = I and xa xa = / on the range of xa-

The operators EA, EA, FA , T, T , and TA are defined as in §4, using

the maps 0,^, xa, and xa of this section. Let the operators SA and S be

defined on if by

and

where

(1)

and

SA~f-(t)=sA(t)f(t)

S'f- (f) = s(t)f(t),

sA(t) = AiL(A~l)]~l[M - F(£0 + tA~1)}  for<> - £0A,

= 0 for t < - £0A

s(0 = <Ti|i|" for*<0,

= a2|i|" fort<0.

We note that

s;/.(o = a-[l(a-i)]-it;/.(o.

Finally we define the projections F in if and F   in if by

F/-(y)=/(y) for-l^y^l,

= 0      for y > 1

and

F" = \pF\p~l.
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In this case, f*g will denote convolution in Ll(— °°, °°) with respect to

Lebesgue measure.

If X(A, 1) ^ \{A, 2) ■ ■ • are the positive eigenvalues of BA, then

[M -A(A, DjAiKA^)}-1 £ [M - \(A, 2)]A*[L(A-1)]-1 S ■■■ are the

eigenvalues of FA SA FA restricted to FA if . As in the two previous cases

we show that FA SA FA converges to SF- of Theorem 3a such that if 0 < ^(1)

^ m(2) g • • • are the eigenvalues of SF- restricted to F if then

[M - \(A,k)}AiUA-1)}-1 = n(k) +o(l).

11. Convergence of (SA)m to (S~)1/2 and FA to F" —Case III.

Lemma 11a. With the definitions of §10 we have

(1) limsA(() = s(t);

(2) for any t > 0, there is a constant M(t) independent of t, — co < t < <»

and A > 0 such that

8A(t) *M«|«|"[|t|* + \t\~'];

(3) given mx > 0 there are numbers A0 > 0, t0 > 0 such that for A > A0 and

\t\ > t0, sA(t) ^ m,.

Proof. The proof is virtually the same as that of Lemma 8b.

Theorem lib. (S")1/2 is the closure of the strong limit of (<SA)1/2.

Proof. Let /G & ((S ~)1/2) and e > 0 be given. We must find a

g E &((S')il2)

suchthat ||/-£||<t, ||(S")1/2(/-g)|| <e and (SÄ) 1J1g -*(S~)1,2 g. If

fs(t) = e then just as in Theorem 8c, g — fs works if 5 is sufficiently

small.

Theorem 11c. If FA and F are defined as in §10, then F~ is the strong

limit of FA as A—* co.

Proof. Let

P(u,w,t,A)
(4)

= J,_1/2(u(A*0 + t))«/,_i/2(u(A£0 + w))(u(Ato + t)) I/2(u (Afo + w))1/2.

A straightforward computation shows that

~2ir oo

FAg-(t) = I     I      P{u,w,t,A)g(w)dwdu for£>-A|0,

(5)
= 0 for f < - A{0.

In what follows C is a generic constant.
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Let W be the set of functions / E if which are continuous and have

support in \t\ ^ a for some a. We first prove that if gE W , then FAg ■ (t)

—>F g • (t) uniformly on [ — b,b] for any b < <*>.

For A sufficiently large and \t\ g b

F4>(f) = Jfl J P(u,w,t,A)g(w)dwdu

and we can write FA g • (t) = /j + 72, where

= Jo     P(u,w,t, A)g(w) dwdu,

I P(u,w,t,A)g(w)dwdu.

Now using (8) §2 and the well-known fact that x" J„(x) = 0(1) as x—»0 we

see that

J.-m(u(AS0+t))[u{A$0+t)]lf2£C

and hence

J[p(u,iM,.(6) P(u,w,t,A)g(w)dw <C

for 0 g u ^ 2ir, A > 0, and f > -£0A. Thus A ^ Cb for |f| ^6.

We will show in a moment that

(7) limj" P(u,w,t,A)g(w) dw = J* g(w)cos(u(t — w)) dw

uniformly for |i| < b. Using this and Lebesgue's limit theorem, see (6), we

will have

(8) lim/2=j^ J" g(w) cos(u(t — w)) dwdu.

From (8) §2 and a standard trigonometric identity,

P(u, w, t, A) =      cos(u(i -w)) + cos(u(2A£0 + t + w) - w) \ + 0(A ~l),

where the 0(A~l) is uniform for 5 ^ u s; 2*-, |f| gb, \w\ ga. Thus

lim J" P(u, w, t, A)g(w) dw= tt"1 | j' ^ g(w)cos{u(t - w)) dw

+ cos(u(2At0+t + w) - vw)g(w)dw+\imj 0(A~l)g(w)dw} .

The second limit on the right is zero by the Riemann-Lebesgue theorem; the

third integral is obviously zero, and it is easy to check that convergence is
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uniform for <5 ̂ u ^ 2ir, \t\ ^b. Therefore we have (7).

Let

g(w) cos (u(t — w)) dwdu.

Then clearly FAg ■ (f) —»J3 uniformly as A —> <» for \t\ ^b.

Set A = [ — 2tt,2t]. Then using the fact that CA(u) is even we get

(9) h= j   C,(2iru)e'2"" j g(w)e-'2'wudwdu.

But since Cx(2wu) is the characteristic function of [—1,1], (9) is just

I3 = ipFip~xg ■ (t) = F g ■ (t) and we have proved our assertion.

We now show that if / £ W , then

(10) F'Af->F~f.

Indeed, if g £ if , we get

\([F~Af-F~f]\g)\2^4U\2\\f\\2

using Schwarz's inequality and the fact that since FA and F are projec-

tions,        = 1 and IF^H = 1 for all A. Hence there is a C> 0 such that

^ t/2(11) \jmc [F'Af.(t)-F'f.(t)}(g(t))*dt

for all A. But by what we have just proved

(12) Jw<c [F'Af-(t) - F-f.(t)](g(t))*dt^0.

Now (10) follows trivially from (11) and (12).

Since W is dense in if , again using the fact that \\F || = 1 and

jFAl = 1 we see that FAf^F / for all fE if . But weak convergence

of projections implies strong convergence and our theorem is proved.

12. Convergence of (SA')U2FA' to (S')1/2F~ — Case III. Consider the rec-

tangle R shown in Figure 1.

fo/2 + iV fo/2 + it
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Let -yi(iÖT) be the harmonic measure of the side a* at the point idr, k = 1,2,

3,4. That is, yk(z) is harmonic on R and yk(z) = 1 on the interior of ak and

yk(z) = 0 on trj, j k.

Lemma 12a. With the above notations we have the inequalities

(i) 7i(jt0) ^ 1 - 0 - 20t|o_1 cosh tt&T1,

(ii) 72(iV0) < 0,

(iii) y3(ird) < rdfo1 cosh tt^ö1,

(iv) Y4OV0) < r0£o_1 cosher*,,"1.

Proof. The demonstration of this result follows routine lines. See [3] where

it is given in detail.

A straightforward computation shows that

F~Ag . (t) - f   Q(u, (, A)a(u, A) du   for * > - A£0,

0 for t ^ - Afo,
(1)

where

(2) a(u,A)=[     C,J(u(AS0+w))[Aio + w]'g(w)dw,

(3) Q(u, t, A) = J,_l/2 [ u(A£0 + t) ] (A£0 + t)1/2 u*+1/2.

Let 3> be the set of functions h(y) in ^ which are infinitely differentiable

and have compact support and let & . Let 2> x be the subset of Q)

consisting of those functions that have support on | y | g C for some C < 1

and let Q>x~ = Let be the subset of 3> consisting of those functions

that have support on |y| ^ C for some C > 1, let Q)2 = ^Q)2.

Theorem 12b. If gG 3)\ or gG 2#2 and if a(u,A) is defined by (2) then

(4) ANa(2^,A) = 0(A"r)

and

(5) -^A^aO.A) = 0(A-r)

as A —> co for all r and N = 0,1,2, ■ • •, öftere

(du)

2 +2v d

u du

Proof. Let gE&i- Using (5) §2 we see that

ANa(u,A) = (- 1)N f a«7[u(A£o+«')](A£0+u;)"+2^(«;)du;.

We write
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d = C,J(u(At;0+w))[Ali0 + wY+2Ng(w)dw,
J-(QA

rs2A
a2= C,J[u(At0 + w)]{Az0+wy+2Ng(w)dw,

J-lXA

a3= [ C,J[u(At0+w)](Ai;0+wy+2Ng(w)dw.

Here - t-üA < - 8XA < 0 <b2A < a> and 5U82 > 0. 8X and 82 will be chosen

precisely later.

It is well known that if gE & ' then g(t) = 0(rr) as f-» co for all r.

Using this and (2) §2 we easily obtain that \ax\ = 0(A~r) and |a3| = 0(A~r)

as A—> co for all r.

From the standard relation

(6) Jf-V2=\[H?lm(z) + H®1/2(z)]

it follows that a2 = a2 + a2, where

and

,+= 1  1/2-, f 2   //a)1/2(u[At0+H)U£o + ^)2N+1/2^)^

«2-= ̂  «i/2"' f \ ^„(uiAio+H)^"».
L J->>lA

Applying Cauchy's theorem to the integrand of a2+with respect to the top

curve of Figure 2 and to the integrand of a2 with respect to the bottom

lrA/2

i'tA/2

Figure 2
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curve we see that a} = I? + I2 + /3+  and a2 — I\ + I2 + h , where

,f - fZ
S^+hA/2

A

i A-irA/2

rh A+irA

J -«i A+ir.

-JjA-iV

JqA+itA/2

A/2

«„A-iM/2

iVA/2

-I

= r
fyA+irA/2

62A-irA/2

the integrand of // being that of a2+ and the integrand of If being that of a2.

We consider I2 first. It is easily seen that gE 3l\ implies g(v + irA/2)

= 0(ec"A) as A —> °°. Using the estimate (6) §2 for H,wJ1/a, we see that for

u = 2ic the integrand of 72+is 0(A2/V(C~1)"4) as A —> co and as C < 1 we see

that 7^ = 0(A "0 as A —> °° for all r. I2 is handled in exactly the same way

using estimate (7) §2 for Hf\2.

We next examine It- Consider the rectangle R of Figure 3.

-A(6i-to/2) + iA

A (* + {„/2) - Si A

Figure 3

- A(8i- {0/2)

Choose Si to satisfy £0/2 < 5, < » = 1,2. Then |g(u;) | ^ QA"' on the bot-

tom side of R. On the other three sides we have \g(w) \ de2,'CA. Through-

out this argument Cx will be a generic constant.

Now R is conformally equivalent to the rectangle of Lemma 12a. Using

the notation there and one of the standard principles of harmonic measure

we get

log|*( - Si A + iAr9) \ g ■u(ird)\og{CiA-r)

+ M'rfl) + y3(ir0) + 74(tT0)]log(Cie2'^).

Using the estimates of Lemma 12a we can choose r so small that yiiird) ^ 1/3

and 72(i't0) + 73(ir0) + 74(i't0) < 0 for 0^0^1/2. Hence

\g( - Si A + iAv) I ^ C, A VAC'

for 0 ^ ») ̂  r/2. Using the estimate (6) §2

(Ab + tt>)iS+wH^w(2w(Ab + w)) ^ Cxe-2^A2N

for 0 g j) ^ t/2, where u> = - S, A + ir/A. Therefore the integrand of 7+is
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0(A2"-r/V2*,1-CM) as A co for 0 g n ^ r/2. Since 1 - C > 0 and r is arbi-

trary,     = 0(A ~r) for all r as A —♦ co.

/si /f, and J2 are handled in the same way. Thus we have proved (4) if

Now let gE @>2 • Then ^~lg • (y) has its support on 1 < C ^ |y| ^ C0

< co and g(w) = gi(w) + g2(w), where

^) = jc •(*>«**'*',     g2(w)=Jc r'g-ÜV^dy.

Then a2 = a2i + a22, where

021-        J.-mMMo + w^A^+wl^+^u^-'g^dw,
J i\A

022 =        J.-il2(u(Ai0+w))[Ato + w]2N+l/2ull2-'g3(w)dw.
J-i\A

Applying Cauchy's theorem as in the previous case we obtain a21 = 7U

+ I21 + 731 and a22 = I12 + /22 + 732, where

/-i A+iAr/2 ~62A + iAr/2 ~h^A

>    ^21 =   I       , ,      III —   I   .   ..   _ «
-«1^4 J -iiA+tAr/2 Js2A-iAr/2

/-«jA-iAt/2 _S^A-iAr 2 /"V*

M '      * ~ J-M-iAr/i   '     ^32 ~ j62A-iAT/2 '

The proof from this point is so similar to the previous case that we omit it.

Finally we consider the proof of (5). By (4) §2 we have that

^ANa{u,A)
du

= (- lr+'T    u^-'J^/2[u(A^ + w)}(A^0 + w)2N+i'2g(w)dw.

But this is the same problem as (4) and of course has exactly the same solu-

tion.

Lemma 12c. Let gE or gE Then for every non-negative integer N

and c > 0

lim sup f    \t\2N\F'Ag. (f) |2d* £ 22N f   tLW(2 + i2)N\g(t) \2dt.

Proof. Let gE      Set h(t,A) = 2A£0/(1 + t/2A£0) and

gN.A(t) = (h(t,A))Ng(t).

Let A be as in Theorem 12b and set AA = A + (A£0)2. Finally let a(u,A) be

as in Theorem 12b. We first show that
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(7) F'AgNtA ■ (t) = [ h(t, A) }NF;g ■ (t) + 0(A "0

for all r and — A£0 £ t ^ cA.

We note the following evident facts:

(8) ANa(u,A) = 0(1),     4- *Na(u,A) = 0(u)
du

as u —> 0. Also an easy computation using (4) §2 and (5) §2 shows that

(9) dSi"2' TuJiuiMo+t)) = "^("(^fo+f))-

Now, since

(- AA)NJ(u(At0+w)) = [h(w, A) ]NJ(u(At0 + w))

we see that

F'AgN,A- (t) = C,Jo   J(u(A£0 + 0)(A{0+ 0"u2"( - A^Vu.AJdu.

Performing 2N integrations by parts and making repeated use of (8) and (9)

we obtain

N-l

F"AgN,A- (0 = £ KJ{A)kJ(t,A)(h(t,A)y
j=o

(10)
N-l

+ (A£o+f) EPj(A)py(f,A)(A(f,A))'' + (h(t, A))NFAg • (t).

The terms Kj(A) and P,(A) arise from the terms ( - AA)*a(27r, A) and

AA)ka(2*,A),
du

respectively, and by Theorem 12b are 0(A r) as A —> oo for all r. The terms

kj(t, A) and Pj(t,A) arise from the terms (A£0 + t)" J(2n-(A%0 + ()) and

(A£0 + 0"«/' [2ir(A£0+ r)], respectively, and are thus uniformly bounded

for all t and A. Thus we have proved (7). Now

(11) A(f,A)=A&f

for t > - A|0 and

(12) (A(U))2^ (2A£002(2 + f2)

for - oo <t< oo and A > 2_1/2£0- Using (7), (12) and the fact that \\FA\\ = 1

we get

cA o>

J ^ \h(t,A)\2N\F'Ag. (t)\2dtg(2AQ2Nj ^ t2N(2 + tY\g(t)\2dt+0(A-r)
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for A > 2-1/2£0. Now using (11) and dividing through by (Afo)2^ we have for

A sufficiently large and all r

j_A(Q (t)\2dtS22Nf^(.2 + f)N\g(t)\2dt + 0(A-

The lemma clearly follows.

Theorem 12d. If gE Di then

iim||(s")1/2f"g- (s;)i/2f;^« =0.

Proof. First we set

\\(S'Yl2F'g- (SAYl2FA~g\\2=Il+I2

where

.0

71= J_J(a2ty/2F'g- (sA(t)Y/2F'Ag\2dt,

h = jQ \(<nr)U2F'g-(sA(t))ll2F:g\*dt.

Now Ii = 7n + Ji2 + I13, where
-M,

/„ = j* \2\t\»\F'g\2dt,

— T

/i2= f     \{o2\t\")mF~g - (sA{t)yi2F~Ag\2dt,

Iis = j T I {°-2\t\°)mF'g - (sA(t)Y!2F'Ag\2dt,

and 12 = I2i + I22 + I23, where

hi = f     \(ai\t\-V'2F'g-{sA{t)Y'2F'Ag\2dt,
JioA

h2 = JT    \(°i\tYYl2F g- (sA(t)Yl2FAg\2dt,

123 = J[ \(ai\tYY'2F'g-(sA(t)Yl2F;g\2dt.

Clearly lim Ju = 0. Next

/12^2(Ä-, + /f2),

where

r <r2iiii^)i2d<



294 J. R. DAVIS [April

and

~T sA{t)\F'Ag.{t)\2dt.

Mo

It is evident that for T sufficiently large and all A we have Kx g f /8. Now

choose N so that w + 1 = 2N — a where a > 0. Then using (2) §11 and

Lemma 12c we have

lim sup       C2™T aj   tw(2 + t2)N\g(t) \2dt.

Thus for T sufficiently large lim sup K2 < e/8 and

(13) limsup/i2 g e/2.

In the same way, for T sufficiently large

(14) limsup/22 ^ t/2.

Fix T so that (13) and (14) are satisfied. Since sA(t)—>s(t) boundedly for

- T 5 t g T and FAg-^F~g in Sf " we have

(15) lim(/I3+/2s) = 0.

Finally I21 ̂  2(KX + K2), where here

and

Clearly

(16) UmK1 = 0.

Recalling the definition of sA(t), (1) §10, we see that

(17) sA(t) g CA"+1

for A sufficiently large and all t. Now if t 2: £0A, then /i(A,0 g 3£2 and in

this case (10) of Lemma 12c reduces to

(18) F'AgNA ■ {t) - O(A-) 0(r2N-') + [Ä(f, A)fF;g. (t)

for all r. We also note that for 0

(19) h(A,t)^t2.

From (18) we get that
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\F'Ag • (0|2^ 2{h(t,A)Y2N\ IFAgN.A ■ (0|2+ 0(A-r) 0(t™-2) \.

Now applying (12), (17), (19) and the fact that \\FA\\ = 1, we obtain for

sufficiently large A and all r

K2 g CA°+l-wf m tm(2 + t2)N\g(t) 12dt + 0(A~r).

Choosing N so that 22V > o> + 1, we see that

(20) lim K2 = 0.

Combining (13), (14), (15), (16) and (20) we finally get

limsuplKS")"2/^- (S'A)ll2F'Ag\ <t

and as« is arbitrary the theorem is proved.

We remark that in the analogous theorems of Hirschman and Widom, the

integral Ln does not appear.

Theorem 12e. Let gE^l ■ Then

lim|(S~)1/2F"g- (s;y2F:g\\ =0.

Proof. The proof is the same as that of Theorem 12d. Note that in this

case F g = 0.

Theorem 12f. (S~)1/2F~ is the closure of the strong limit of (SA)l/2FA.

Proof. Given /£ 3> ({S~)m F~) we must show there exists

AG y((S')mF~)

such that

(i) ||/-n|| <«, \\(S')1/2F'(f-h)t <£,
(ü) (s;y2F;h^(s')ii2F'h.

It is sufficient to consider two cases. F f = f and F f = 0.

Suppose that F~f=f. For 0 < 6 < 1, set g,(t) = f(6t). Then ^ lgt ■ (y)

= 0~1iT1/-(y<T1)- Now F'f = f implies f-'/.(y)" = 0 for |y| > 1 and
hence (y) = 0 for |y| > 6. Clearly t~lgeE 2((S')U2F'). It is also

evident that for 6 sufficiently near 1,

(21) II/-&I <£/2,     \\(S~)l,2F'(f-gs)\\ <t/2.

For each X > 0, let nx(y) be a non-negative, even, infinitely-differentiable

function that vanishes for |y| ^ X and     " hx(y) dy = 1.

Then \+hx ■ (t)\ gl, +hx • (0 -+lasA-+0 for all t, and 4>h ■ (t) = 0(t~r)

as * —> co for all rand fixed X. Using this information and Lebesgue's theorem

we get
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(22) \mx)ge-g6\\ <e/2

for X sufficiently small. Next we note that t~lge * hx ■ (y) = 0 for |y| > X + 0.

If X is such that

(23) x + 0 < 1

then (*hk)gse 3>l Using \fhx .(t)\£ 1, ft(f)*Ax. (t) -»ft(<) as X-0, and
ftG 5?((S")1/2F") we see that for X sufficiently small

(24) \\(S)1/2F'(g,(4hJ        I <e/2.

Choose 0 so that (21) is satisfied and then choose X so that (22), (23), and

(24) are satisfied. Set A = (^A*)ft. Then (i) is fulfilled. It is evident that

h E $ ((S ')V2F") and since A E      by Theorem 12d we have (ii).

Suppose now that F~f=0. Then \T77y) = 0 for |y| < 1. Choose

1< d < C2 < » such that if g(y) = f */ • (y) for d < |y| < C2 and

g(y) = 0 otherwise, then \\g - ^"71 < */2. Clearly F>£ = 0 and ||^ - /||
<(/2. Now set ft = (\phx)(\f/g), where X is chosen so small that C\ — X > 1

and ||ft-^|| <i/2. Then ft G ^2", ||(S")1/2F"(/ — A)|| =0, and ||/-A||

<«, and the result follows from Theorem 12e.

13. The asymptotic formula—Case III. Let Sp- be constructed from F and

S   as in Theorem 3a. Then as in Case II, SF■ is a self-adjoint operator on

if'.
Let

be the spectral resolution of SF- on if   and let

be the spectral resolution of S^p- = FA SA FA. Using Theorems 12e, 11c,

and lib in conjunction with Theorem 3d we have

(l) ,Mx)-^7x)

for every X not in the point spectrum of SF■, 0 ^ X < °°. Now define R as

SF- restricted to F'if' = yY~ and let RA be S'AJ-restricted to F~Aif~

= JYA~. As in the previous cases R > 0 and RA > 0 and we have the spectral

resolutions

R~ = J0 XdG'(X)

on JV' , where G" (X) = *"(A) - i" (0) and G"(0) « 0 and
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XdG^X)

on JVA, where GÄ (X) = (X) - ^ (0) and GA (0) = 0. Since f" (0) = I

— F~ and \pA(0) = I-FA it follows from (1) and Theorem 11c that

(2) 0;(X)-»G"(X)

for 0 ;£ X < oo and X not in the point spectrum of R".

Lemma 13a. Let A(l) < A (2) < ■ ■ A(n) —>oo as n—> oo. With the above

definitions let fnE-^A~w, = 1 and (RA[a)fn\fn) g m < <*, for nEp, where

p is a subsequence of 1,2,3, 7/ fn—-f as n—> oo in pu a subsequence of

p, then f 9^0.

Proof. Let

f*(y) = f0 f(x)J,-m(yx)(yx)l,2dx.

It is well known, see Titchmarsh [9, p. 473], that

jo  \f*(y)\2dy= fo \f(x)\2dx.

Noting that /,£/w implies fn(t) = FA{n)fn ■ (t) a substitution gives

((A(n)io + t)u)'J(u{A(n)io+t))

(3) r
X ((A(n)S0+w)uyj(u(A(n)t0+w))fn(w))dwdu

for t> — A(n)£0 and zero otherwise. Setting fAn(w) =7n(w — A(n)£0) we

write (3) as

hit) = (Cafi„)* ■ (t + A(n)io)   for t > - A(n)&,

= 0 fortg - A(n)£0.

Then

(4) ||/„||2 = f |(Ca/l„)#-(0|2*« f IZU»)!"*»-!-
Jo Jo

Now using the Schwarz inequality on (3) in conjunction with (4) and the fact

that (A(n)to + t)uJ(u(A(n)to + t)) £ C for 0 g u g 1, t > - A(n)£0, and n

in pi we obtain

(5) \fn(t)\2gC\

Now, by (4) §2 we get
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~ {((A£o + Ou)'J(u(i4£0 + t))}

= (A£o + t) ~l{ v J._l/2 (u(A£0 + t)) [ u(Af0 + 0 ]'/2

- u2«/.+1/2(u(A{0 + 0) [ u(A£0 + t) ]-{'+l,2)}

and thus differentiating fn(t) we see that for t ^ — A(n)£0

I/ZW I SCM(n)&+«)-1.

Hence, given f0, there is an n0 such that for n > n0 and \t\ < f0

(6) W)\£C.

Now (5) and (6) imply that /„, n in pu are uniformly bounded and

equicontinuous on any interval \t\ ^ t0. Therefore since /„—7 as n—> co in

Pi we have (if / is suitably redefined on a set of measure zero),

(7) Ut)^M

uniformly for \t\ ^ t0.

By Lemma 11a, given > 0 there exist A0 > 0 and t0 > 0 such that for

A > A0, |t| > to

Taking mi> m and n > n0, where A(n0) > A0, we have

m^mA \fn(t)\2dt.

Hence

I |/„(i)|2dt ?5 1 - mmrl> 0
Jl'ISIfl'

and by (7)

That is, / * 0.

Theorem 13b. Lei F satisfy (i), (ii), and (iii) of §10 and 12= [0,2ir]. If

X(A, 1) 2r X(A,2) =; • •• are tne positive eigenvalues of BA and if 0 < m(D

^ m(2) ii • • -,ß(k) —» oo as k—> co, are £/ie positive eigenvalues of Sp- then

\(A,k) = M- L(Al)A"{ß{k) +o(l))

as A —> co /or eac/i fixed k = 1,2, • • •.

Proof. Lemma 13a and (2) in conjunction with Theorem 3e yield

(A(n))"[L((A(n))-')]-'(M- \(A(n),k)) = u(k) + o(l)
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as n —> oo for   = 1,2, • • •. The theorem follows immediately.
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