A FIXED-POINT FORMULA
FOR THE CLASSICAL GROUPS OVER A FINITE FIELD

BY
LOUIS SOLOMON(!)

1. Introduction and statement of results. Let K be a field of characteristic zero,
let E be an n-dimensional vector space over K and let G be a finite group of linear
transformations of E generated by reflections. If g, is the number of elements of G
with an (n — r)-dimensional fixed-point set then [9] there exist integers m,, ---, m,
such that

n

(1.1) gt =[] (1 +m,

r=0 i=1 »
where t is an indeterminate. In this paper we consider the possible existence of
such formulas for the unitary, symplectic, and orthogonal groups over a finite
field. The question is a natural one since we know next to nothing about reflection
groups in characteristic p > 0, and the classical groups defined by a sesquilinear
form are all generated by elements which fix a hyperplane. The results, roughly
stated, are that such formulas exist if and only if the Witt index of the form is O or 1.
Although there are similarities in the statements and proofs for the unitary, symplec-
tic and orthogonal cases, it is awkward to try to handle them together. In the
following theorems we consider n to be fixed and let q vary over the set of prime
powers.

THEOREM 1. Let E be an n-dimensional vector space over F, with a non-
singular sesquilinear form which is hermitian with respect to the automorphism
a—> a%of Fz. Let G(q) =U(n, q*) be the unitary group and let g,(q) be the number
of elements of G(q) with an (n — r)-dimensional fixed-point set. There is a formula

(12) Zglpr =11 +mln, m(9eZ,

Jor each prime power q, if and only if the index of E is 0 or 1. ‘
For the symplectic group the index cannot be 0 and the dimension n is even.

THEOREM 2. Let E be an n-dimensional vector space over F, with a non-
singular alternating bilinear form. Let G(q) = Sp(n,q) be the symplectic group
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and let g(q) be the number of elements of G(q) with an (n — r)-dimensional
fixed-point set. There is a formula (1.2) for each prime power q, if and only if
the index of E is 1.

The theorem for the orthogonal group requires a little more care in its proof,
because there are two distinct types [1] of orthogonal geometry for each pair
(n,q). We assume that g is odd.

THEOREM 3. Let E be an n-dimensional vector space over F, with a non-
singular symmetric bilinear form ®,, where the forms ®, are, for varying q, of
some fixed type. Let G(q) =Q(n,q,®,) be the orthogonal group and let g(q)
be the number of elements of G(q) with an (n — r)-dimensional fixed-point set.
There is a formula (1.2), for eachsodd prime power q, if and only if the index of
E is 0 or 1.

The main tool in the proofs is a counting argument which uses an analogue
for finite groups of the Mobius inversion formula. With this inversion formula
and Witt’s theorem we show, by computing the orders of certain subgroups of
G(q), that g,(q) is a monic polynomial in g with integer coefficients. The method
yields the degree of g,(q). With this information and Hilbert’s irreducibility
theorem, we show that if the m,(q) exist, they are polynomials in g of known
degree with integer coefficients. We conclude that the m,(q) can exist only in low
dimensions and settle the cases in low dimensions by explicit computations.
We exhibit the m,(q) when they exist.

The results are disappointing in that one has analogues of (1.1) in dimension at
most four. One might hope for some substitute for (1.2) in case the index v is
greater than 1. The evidence for v = 0, 1, 2 suggests that, in general, the polynomial
Y.2,(q)t' has n — vlinear factors of the form 1 + g't, where the positive integers i
are given by

i = 1.3-,2n-v)-1, if G(q) is unitary,
i = 1,2,---,n—v, if G(q) is symplectic,
i =01-,n—v-1, if G(q) is orthogonal.

The simple counting arguments of this paper are not strong enough to prove such
a theorem(2). In characteristic zero, the integers 1 + m; are the degrees of certain
basic polynomial invariants [3] of G. We have shown in [10] that this information
leads to a proof of (1.1). As for the groups G(q), the endomorphism x;— x!
of the ring F,[x,,,x,] of polynomial forms on E (x> x¥, Fpa[xy,-,x,], in
the unitary case) may be used to construct, from the given invariant sesquilinear
form, a set of n—v algebraically independent invariant polynomial forms of the
‘“‘correct’’ degrees 1+ g. This makes it seem plausible that information about the

(2) William Johnston has verified this conjecture on an IBM machine in case G(g) is
symplectic, v is 3 or 4, and g is small.
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polynomial invariants of G(q) may provide a substitute for (1.2) in case the in-
dex is greater than 1.

2. Notation, and collection of known facts. If S is a finite set we let | S|
denote the number of elements in S. We use S < T'to denote inclusionand S< T
to denote proper inclusion of sets. We let F, denote the field of g elements,
R the field of real numbers,and Z the ring of integers. If fis an R-valued function,
defined on the set of prime powers g, we say that f(q) is a polynomial in g if f
may beextended to a polynomial function on R. To avoid a cluttered notation
we often omit a subscript g which should be attached to spaces or forms over F,.

If E is an n-dimensional vector space over F, we let GL(E) = GL(n,q) denote
the general linear group. Subspaces of E will bedenoted 4,B,C, -, V,W,X,---.
If ye GL(E) and Ais a subspace of E, we let y | A denote the restriction of y to A.
We let 5(A) denote the dimension of A and write v(A) for the binomial coefficient
(*4). The letters L,M,---,P,Q,-- dznote matrices with coefficients in F, or
F,:. We let 'L denote the transpose of L. We let L denote the conjugate of L
with respect to the involutory automorphism a— a’ of F..

Let E be an n-dimensional vector space with a nonsingular sesquilinear form ®.
We write A L B for a Witt sum of two subspaces 4, B of E, that is, a direct sum in
which A, B are orthogonal with respect to ®. We let rad 4 denote the singular part
of A, the subspace of all £ € A such that ®(&,1) = 0 for all ne A. The subspace 4
is isotropic if and only if rad 4 # O and totally isotropic if and only if rad A=A4.
The Witt index of ® is the dimension of a maximal totally isotropic subspace of E.
The restriction @, of ® to A defines a geometry in 4. We let U(A), Sp(4), O(A)
denote, in the three cases, the subgroups of GL(A4) which leave ®, invariant.
Since ®, may be singular these need not be the unitary, symplectic, and orthogonal
groups in the usual sense.

We collect here some information about the classical groups over a finite field.
The group GL(E) = GL(n,q) has order

2.1) |GL(n,q) | = "~ iI] (¢ - 1),

which is a polynomial in g of degree n? with coefficients in Z. In the unitary case
there exists a nonsingular hermitian form on E which is unique up to equivalence
under the natural action of GL(E) = GL(n, q*). The index of E is n/2 if n is even
and (n — 1)/2 if n is odd. The group U(E) = U(n, q?) has order

(22) | Ua?) [ =g T] (¢ = (= 1),
which is a polynomial in g of degree n%. In the symplectic case there exists, for

even n, a nonsingular alternating bilinear form on E which is unique up to equiv-
alence. The index of E is n/2. The group Sp(E) = Sp(n, g) has order
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. me oo
2.3) |Spn) [ =g [T (@*' - D,

which is a polynomial in g of degree n(n + 1)/2. For given (n, g) with g odd, the
inequivalent nonsingular symmetric bilinear forms ® on E may be separated
into four types according to the following scheme:

Type n Discriminant Index

I odd (-1~ V2 (n—1)/2
11 odd (-1D""Y2¢p (n-1)/2
111 even ( -—‘1)"’2 n/2

v even (—1)"%0 n/2-1,

where  is a nonsquare in F,. The group O(E)-= O(n, q,®) has order

n—1)/2

( .
|O(n,q,®) | =24""""* ] (g% -1), Types L, I
(2.4) =t
n—2)/2

( .
| O(n,q,®) | =2¢"""2"* (¢"*~¢) [T (¢*'—1), Types I1I, 1V,
i=1

where ¢ = + 1 for type III and ¢ = — 1 for type IV. For a given type the order
| O(n, q, D) | is a polynomial in g of degree n(n — 1) /2. The groups corresponding
to types I, II are isomorphic. For proofs of these facts and references to the ideas
which center around Witt’s theorem see [1], [2], [4].

3. The counting argument. Let E be an n-dimensional vector space over
F, and let G be a subgroup of GL(E). If A is a subspace of E we let K(A) denote
the subgroup of G which consists of those elements of G which fix every vector
in A. We are interested in the number of elements of G which have A for fixed-point
set. The following proposition allows us to compute this number in terms of the
orders of subgroups K(B) for the subspaces B which include A. '

PROPOSITION 1. Let E be an n-dimensional vector space over F, and letG
be a subgroup of GL(E). Let A be a subspace of E. The number of elements of G
which have A for fixed-point set is equal to

T (- 1@ | K(B),

ASBSE
where the sum is over all subspaces B of E which include A.

To prove Proposition 1 we use an inversion formula analogous to the Mobius
inversion formula of elementary number theory. This method of enumeration
was discovered by Weisner [11] and P. Hall [7].Let E be a finite group and let ¢
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be an R-valued function which has for domain the set of subgroups of E. Let { be
the summatory function derived from ¢, defined for a subgroup B of E by

3.1 ¥(B) = X ¢(0),

CEB
where the sum is over the set of all subgroups C of E which are included in B.
Then we have the inversion formula

(3.2 $(E) = :E#(E, AW (4),

where the sum is over all subgroups 4 of E and the Mobius function p is defined
recursively by '

(3.3) WE,E)=1,
(3.4) Y WE,B)=0 if AcE.

B2A4
In case E is an elementary abelian p-group, Weisner [11] and Hall [6] have shown
that the function u is given by
(3.5) W(E, A) = (— D EDpED,

All the formulas (3.1)-(3.5) are valid in case E is a finite-dimensional vector space
over F, and the sums are taken over subspaces of F,.

LemMmA 1. Let E be a finite-dimensional vector space over F, and let X(E)
be the free (additive) abelian group generated by symbols [A] which are in one-
to-one correspondence with the subspaces A of E. Let Vy,---, V, be the one-dimen-
sional subspaces of E. In X(E) we have the formula

Y (-1 X
k=1 i

iy <eer<

) [Vu + .o+ V;k] — § ( _ 1)6(A)qle)[A],
ix

where the sum on the right is over all the nonzero subspaces A of E.

Proof. If A is a finite-dimensional vector space over F,, let p(A) be the number
of one-dimensional subspaces of A. Let 7,(4) be the number of sets {W;, ---, W;}
of k distinct one-dimensional subspaces of 4 such that A = W, + --- + W,. Then

E w®= ("),
BSA
and from the inversion formula (3.2) it follows that
(4= X u4,B) (piB)).
BEA

Set
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(=2 (=0F T [V+-+W]
k=1 {1<* e <ip

Then
(=% (=1 £ oWU[4]
k=1 OcASE
-3 (-1 £ T u4B (”ECB))[A]-

k

1 OcASE BSA

Since s = p(A4) = p(B) it follows that

s «(P(B)y _ 0 if B=0,
,El(_l)(k )“ — 1if B#0.

Thus

C == 2 Z I‘(A’ B) [A]

O0cASE OcBSA

Now from (3.4) and (3.5) we have

- X wA4,B) = pu4,0) = (— 1)’Wg®,
OcB<SA

so that
(= X (-1"g*[4],

OcASE

and this proves the lemma.

LEMMA 2. Let E be a finite-dimensional vector space over F, and let A be a
subspace of E. Let V,,---,V, be the subspaces of E such that V,> A and
6(V;/A)= 1. Let ¢ be an R-valued function which has for domain the set of
subspaces of E. Then

T~ T W ht V)= T (= 1EpEaE)
k=1 i< <iy

AcBSE

where the sum on the right is over all subspaces B of E which include A properly.

Proof. We have a one-to-one correspondence B« B between subspaces B
of E which include A and subspaces B of E= E|A. The subspaces V; are the
one-dimensional subspaces of E. Define ¢, an R-valued function on the set of
subspaces of E, by ¢(B) = ¢(B). The function ¢ may be extended uniquely toa
Z-linear function on the free abelian group X(£) and Lemma 2 follows at once
from Lemma 1.
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To prove Proposition 1 we apply Lemma 2 to the function ¢ defined by
¢(4) =| K(A)|. Let V,,---, V, be the subspaces of E such that ¥; > 4 and such
that 6(V;/A) = 1. An element y € G has A for fixed-point set if and only if y lies in
K(A) but not in any K(V;). Thus the number of elements which have A4 for fixed-
point set is

| k(] -

U k) |
k=1

— |KW)| = (=)' T |[KW) O nKB|
k=1 oo

i1<e**<iy

oo

= |KW|+ T (-0 T k¥, + 4T

- , K(A)I + Z (_ 1)6(B/A)qv(B/A)l K(B) ,’
A cBSE

which is equivalent to the statement of Proposition 1.

4. The Hilbert irreducibility theorem. We need this theorem in a form proved
by Dorge [5],[8]. Let x, ¢ be indeterminates and let g(x, ) € Z[x, t]. Let A be the
set of those positive integers n such that g(n, f) is reducible in Z[¢]. If n is a positive
integer, let A(n) be the number of elements in A which are < n. Dorge has shown
that, if g(x,?) is irreducible in Z[x,¢], then there exists a positive real number
a, such that A(n)/n'"*—0 as n—> .

Suppose A includes the set of primes. Since the number of primes < n is at least
cnflog n for some positive ¢, we have A(n)/n' "= cn®/logn, so that A(n)/n!~*— o0
for all positive o. We conclude that if g(g,?) is reducible in Z[t] for all prime
powers ¢, then g(x,?) is reducible in Z[x,t]. Hence we have the following.

LEMMA 3. Let x,t be indeterminates and let
gx, ) =1"+ g, ()" ' + - + g (x) e Z[x,1].

Suppose that for each prime power q the roots of g(q,t) are integers. Then there
exist polynomials my(x), -, m,(x) € Z[x] such that g(x,?) =[[;(t + m(x)).

5. The unitary group; degree of g.(g). Let E be a nonsingular n-dimensional
unitary space over F,. and let G(g) be the unitary group. Let Q = Q(g) be the set
of all pairs (B, A) where B = A are subspaces of E.

LemMA 4. Let (B, A),i=1,2, be pairsin Q and let Z,= A, Nrad B;. Suppose
0: A, = A, is an isometry which maps Z, onto Z,. If B,, B, are isometric, then 0
may be extended to an isometry B, — B,.

Proof. In case the B; are nonisotropic this is Witt’s theorem. Suppose first
that Z; = 0. Then we may write B; =rad B; L B;, where B; 2 4, and B}, B, are
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isometric and nonisotropic. Then 6: A, — 4, may be extended by Witt’s theorem
to an isometry Bj — Bj which, since d(rad B,) = d(rad B,), may be extended to an
isometry B; — B,. In the general case write 4;,=Z; 1L A, B;=Z; 1 B where
B/ 2 Ajand A= 0A/. Since A{Nrad B/=0, the map 6 | A} : A] > A5 may be
extended to an isometry B — Bj and the Witt sum of this extension with the map
0| Z,:Z,—Z, gives the desired extension. One has analogous lemmas for a
symplectic or orthogonal geometry.

The group G(g) acts naturally as a permutation group on Q. Let G(E, B, A)
denote the group of all y e G(q) such that yBSB and yA4 < A, let G(B, A) denote
the group of all ye U(B) such that y4 = A4, and let H(B, A) denote the group of
all elements of G(B, A) which fix every vector in A. We have a natural homomor-
phism G(E, B, A) —» G(B, A) defined by restriction of an element of G(E, B, A) to B.
Witt’s theorem states that this is an epimorphism. The kernel is H(E, B). Thus

| G(E.B,4) |=| G(B,4)| | H(E,B) |.

Since G(E, B, A) is the stability group for the pair (B,A) in the permutation
representation of G(q) on Q, the number of elements in the orbit of (B, 4) under
G(q) is | G(g) | |G(B, A) I". Let A, =A,(q) be a set of representatives for those
orbits of Q under G(g) which contain pairs (B, A) such that 6(4) = r. Then from
Proposition 1 we have

g-Hq) = Y (=)D H(E, B)|

(B,A)eQ,6(4)=r

Y |G@||GEB,A)|(~1)**g> | H(E,B)|.

(B,A)eA,

]

Thus .
(5.1) g-{9) =| G(9)| (“2 (— 1)’BIOg> B G(B, A) |71

YeA,
For the symplectic and orthogonal groups we define G(B, A), H(B, A),Q, and A,
in the analogous way and we have practically the same formula for g,_,(¢q). The
only difference is that 2v(B/A) is replaced by v(B/A).

Our problem is thus to find a set of representatives (B, A) for the orbits and to
compute l G(B,A) | It is easy to find a set of representatives. If (B, A) € Q we set
X =rad A, Y=rad B, Z = A Nrad B. To the pair (B, A) we let correspond the
quintuple (a,b,x,y,z), where a,b,x,y,z are the dimensions of A4,B,X,Y,Z.
It follows from Lemma 4, Witt’s theorem, and the fact that there is a unique
nonsingular unitary geometry for each dimension and prime power ¢, that two
pairs (B,A), (B’,A’") are in the same orbit if and only if (a, b, x, y, z)=(a’,b’,x’,y’,z’).

In the next lemma we state several formulas which help us to compute IG(B, A)l .

LeMMA 5. Let AL X, BL1 X be subspaces of E, where B2 A and where X
is totally isotropic. Then
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(1) |GBLX,X)|=| GL(X)| | Hom (B,X)| | UB)|,

(2 |HBLX,A1X)|=|Hom(B/A4,X)| |H(B,A)]|,

(3) | HB L X,4)| =| GL(X) | | Hom(B/4, X)| |H(B, A)| if B is nonisotropic,
@) |UBLX)|=|GL(X)| | Hom(B,X) | |[UB)| if B is nonisotropic.

Proof. If 6 e U(B),tre Hom (B, X), and p € GL(X), we may, since X is totally
isotropic, define an element ye G(B L X, X) as follows: ye = ge + te if e€B,
ye = pe if ee X. Every element of G(B L X, X) has this form. This proves (1).
If 6 € H(B, A) and € Hom (B, X) annihilates A4, then we may define an element
yeHBLX,A1X) as follows: ye=ce+ e if ecB, ye=e if eeX. Every
element of H(B 1L X, A1 X) has this form. This proves (2). If ¢ € H(B, A), p € GL(X),
and T € Hom (B, X) annihilates 4, then we may define an element ye H(B L X, A)
as follows: ye = ge + 1e if e€e B, ye = pe if ee X. Since B is nonisotropic, X
=rad(B Ll X) is globally invariant under H(B L X, A) so that every element
of H(B L X, A) has this form. This proves (3). Now (4) is just (3) with A =0; it
is also a special case of (1).

LEMMA 6. For each prime power q let E, be a nonsingular n-dimensional
unitary space over F,: and let (B,, A,) be a pair of subspaces of E, with B, 2 A,.
Suppose these subspaces are chosen so that the corresponding quintuple
(5:bgX Y r7g) = (a,b,x,,2) is independent of q. Then|G(q)|q¢*"*'*| G(B,,4,)|™*
is a monic polynomial in q of degree at most n* — a® with integer coefficients
which depend only on n and the quintuple (a, b, x, y, z). The degree is n* — a® if
and only if A, is nonisotropic and A, = B,.

Proof. We shall sometimes omit the subscript q. Choose spaces V, W such that
X=Z1V, Y=Z1W. Choose a nonisotropic subspace C of A such that
A=X1C.Since (VL C)NY=0and C is a nonisotropic subspace of B, we may
choose a nonisotropic subspace D of B such that D=2V and B=YLCLD.
We thus have decompositions ‘

(5.2 A=Z21V1C, B=Z1W1CLlD,

where V, W, Z are totally isotropic and C,D are nonisotropic, and where D 2 V.
Each of the spaces C, D, V, Wis provided with a subscript g, but the corresponding
dimensions c¢,d,v,w are independent of q. We have

v=x—2z, w=y—z, c=a—x, d=(b—a)+(x-y).

There is a homomorphism G(B, A) — G(A4, Z) defined by restriction of an element
of G(B, A) to A. By Lemma 4 this is an epimorphism. The kernel is H(B, A). Thus

| G(B,4) | =| H(B,4)| | G(4,2)].

Now from Lemma 5 we have
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|G(4,2)| = |GZLVLCZ)|
|GLZ)| |Hom(VLC,2)| |U(VLC)|
| GL(Z)| |Hom (VL C,2)| | GL(V)| | Hom(C, V)| |U(C) |.

Thus from (2.1) and (2.2) we see that | G(A,Z) | is a monic polynomial in ¢ with
integer coefficients which depend only on (a, b, x, y,z) of degree

222 + 20z 4+ 2cz + 20% 4+ 2cv + ¢? = 22 + v? + a2,

Again, using Lemma 5,
|HB,4)| = |HZLWLCLD,ZLV1C)|
| Hom(B/4,2)| |HWLC LD,VLC)|
= |Hom(B/4,2)| | GL(W)| | Hom(D/V,W) | | H(CLD,VLC)|
| Hom(B/4,2) | | GL(W) | | Hom(D/V, W) | | H(D, V) |.

The last equality ]H(C_L D,VL1C) | = | H(D, V)| is valid because C and D are
nonisotropic, so that an element of U(C L D) which fixes C leaves D globally
invariant. Since V is a totally isotropic subspace of the nonisotropic space D,
we have a Witt decomposition D = (V+ V') L F, where V' is totally isotropic,
V+ V' is nonisotropic, 6(V) = d(V’), the sum V+ V' is direct, and F is non-
isotropic. The dimension of F is f=b—a + 2z —x — y. In a suitable basis
adapted to this decomposition of D, the hermitian form @, defining the geometry
in D is given by

0 I 0
Op= | I oo},
0 0 I

where I denotes an identity matrix of an appropriate degree, v or f. In this basis
the matrix for an element of H(D, V) has the form
I 00
[P 1 Q] ,
R 0 S

where Q is an arbitrary v-by-f matrix with coefficients in F, and P,R,S are
subject to the conditions
SeU(F), P+'P+Q'0=0, R+Q'S=0.

The number of possibilities for Q is ¢**/. R is determined by Q and S. For
given Q the number of possibilities for P is the number of v by v skew-hermitian-
matrices with coefficients in F,.. This number is g **. Thus | H(B,A) | is a monic
polynomial in g with integer coefficients which depend only on (a, b, x, y, z) of
degree
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2(b — a)z + 2w? + 2(d — v)w + V2 + 2uof + f2 = 2(b — a)z + w? + (b — a)>.
Thus | G(q) | 4*"®?| G(B,, 4,) | ™" is a monic polynomial in q of degree
n*—a?>—(b-a)(l +2z2) —z2 —v? — w2

This is at most n? — a? with equality if and only if b=qa and z=v=w=0.
Hence equality holds if and only if A = B is nonisotropic. This proves the lemma.

Let I',(g) denote the set of all quintuples (a,, b, X,, ¥, z,) With a,=r, which cor-
respond to the pairs (B,, 4,) inA,(q). Since there is a unique nonsingular unitary
geometry for each dimension and prime power g, the set I',(q) depends only on r
and n and is independent of g. We conclude from (5.1) and Lemma 6 the
following.

PROPOSITION 2. Let G(q) be the unitary group of degreen. Then g,_.q) is a
monic polynomial in q of degree n* — r? with integer coefficients which depend
onlyonnandr.

We shall need more explicit information about g,(q), the number of elements
of G(g) distinct from the identity, which fix an (n — 1)-dimensional subspace.

LEMMA 7. Let G(q) be the unitary group of degree n. Then
81(@) = 29"+ Q.-1)/ Q4
where we set Q, = q*— (- 1)~

Proof. The set I';(q) consists of four quintuples, two of them corresponding
to pairs (B, A) for which A is nonisotropic and two for which d(rad 4) = 1. To
each A correspond two pairs (B, A), one with B = A and the other with B=E.
We use the argument of Lemma 6 to compute the polynomials

| G(@) | 4*"| GB, 4) [~

These are given by the following table:

(a,b,x,y,2) | G(g) | 4****| G(B, 4) | ~*
(n-1,n—1,0,0,0) ',
(n—1, n, 0,0,0) 4" 0,/ 0,
(n—-1,n-1,1,1,1) 99,Q,-1/Q;
(n—1, n, 1,0,0) 0,0.-1/2; .

It follows from (5.1) that
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8@ =0"""0~4"7'0u/ Q1 + 40101/ Q2 — QuCa-1/Q:

which, after some simplification, yields the statement of the lemma.

6. The unitary group; proof of Theorem 1. Suppose that for all prime powers
q there exist integers m,(q) which satisfy (1.2). Since g,(q) is a polynomial in g
with integer coefficients it follows from Lemma 3, with ¢ replaced by t~*, that
(after renumbering the my(q) for each g, if necessary) m;(q) is a polynomial in ¢
with integer coefficients. Since g,_,(g) has degree n> — r? and is the (n — r)th
elementary symmetric function of the my(q), it follows that the degrees of the
my(q) are 1,3,5,---,2n — 1. Set ¢t =1 in (1.2). Then the formula (2.2) for | G(q) |
yields

n

6.1) g R l;[l (¢'— (- 1)) =i1'I (1 + m(q)).

=1
From Lemma 7 it follows, for n > 1, that g,(qg) = — 1 mod ¢, so that
(6.2) Z mf(q)= —1 mod 4.

Assume"for the moment that n > 1. Then from (6.2) we have
(6.3) ZA+m0)=n—1

Since 1 + m{(q) is a polynomial with coefficients in Z we see from (6.1) and the
unique factorization in Z[x] that

(6.4 1+m0)=0, +1, —1,

foreachi=1,-.-,n. Now (6.3) and (6.4) taken together show that the only possible
distribution for the values 1 + m0) is 0,1,---,1 where 1 is taken n — 1 times.
It follows that 1 + m,(q) = 0 mod q for at most one value of i and hence from (6.1)
we see that some 1 4 m(q) is divisible by ¢""~ "2, In particular, the degree of
this m,(q) must be at least n(n — 1) /2. On the other hand, we have seen that the
degree of my(q) is at most 2n — 1. Thus n(n —1)/2 <2n — 1 and hence n < 4.
We can exclude the case n = 4. In this case the degrees of the hypothetical m,(q)
are 1,3,5,7. We must have 1 + m;(g) = 0 mod ¢° for some j. From (6.1) and the
unique factorization in Z[x] if follows that we must have m(q) = q5(q + 1) — 1
while the remaining m;(q) have degree at most 5. This contradicts Lemma 7, which
shows that Zi m(q) = q7 — q* + q — 1. Thus n = 4 is impossible. For n = 1,2,3
we compute the g,(g) directly using (5.1). The results are

n| a@ | w@ | @

1 q

2 | ¢°-1 q*—q*—q

3| ¢°+q-1 | ¢°-¢’>—q |q°—q"—q*
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From this information we see that the m;(q) exist for n = 1,2,3 and are given by

n my(q)

1 q
2 q,qz—sq—z
3 9,9 —q —1.

This completes the proof of Theorem 1.

7. The symplectic group. We sketch those parts of the argument which differ
from the unitary case. The symplectic group G(g) acts on the set Q of pairs (B, 4)
of subspaces of E and the orbits are again in one-to-one correspondence with
certain quintuples (a, b,x, y,z). The spaces B, A may be decomposed as in (5.2).
Here | G(4,,Z,) | is a monic polynomial in g of degree

ce+1) 1

Ztvztez+oi oo+ = —?{22+02+a2+c}.

In the decomposition D = (V+ V') L F we write the nonsingular symplectic space
Fasadirect sum F = F, + F; of maximal totally isotropic subspaces. Set f,=4(F,)
so that f = 2f,. In a suitable basis adapted to this decomposition of D, the alter-
nating form ®;, defining the geometry in D, is given by

0 I 0O o0
-1 0 0 0
@ = o o o 1|’

o 0 -1 0

where I denotes an identity matrix of an appropriate degree, v or f,,. In this basis
the matrix for an element of H(D, V) has the form

I 0 0 0
L I M N
P 0 Q R |’
S 0 T U

where M, N are arbitrary v-by-f, matrices with coefficientsin F, and L,P,Q,R,S,T,U
are subject to the conditions

Q0 R
T U

‘P —M'R+N'Q=0,'S—M'U+N'T=0.

L symmetric, ( ) symplectic,

We conclude that |H(Bq, Aq)l is a monic polynomial in g of degree
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(b—a)z+w2+(d—v)w+”(v+1)+ of + f(f+1)

= 7 {206 - a)z + w2+(b—a)2+ v+f}.

It follows, after a little computation, that | G(q) |q"®/%| G(B,, 4),|™" is a
monic polynomial in g of degree

5 (i + D= a(@+ )= (b= a)(1+22) = (> = 2) = (= 0) = (W ~w} .

This is at most n(n + 1)/2 — a(a + 1) /2. If equality holds then b=a and z =0
or 1. Then A=B and Z= A NradB=rad A and hence v=w = 0. Since the
dimension of a nonsingular symplectic space is even we have z = a mod 2. Thus
equality holds if and only if A = B and one of the following is true:

d6(A) is even and A is nonisotropic,
6(A) is odd and d(rad 4) = 1.
We conclude from the symplectic analogue of (5.1) the following.

PROPOSITION 3. Let G(q) be the symplectic group of degree n. Then g,_,(q)
is a monic polynomial in q of degree n(n+1)/2 — r(r + 1)/2 with integer
coefficients.

Suppose that for given n we have a formula (1.2) for all prime powers q. We
conclude via Lemma 3, Proposition 3 and (2.3), the existence of polynomials
my(q), -+, m,(q) of degrees 1,---,n with integer coefficients, such that

¢ ] @ - 1) = T[T (U + m(a)).
i=1 i=1

Compute g,(q9) =q" — 1. Since g,(g9)= —1 mod g, we conclude that some
m,(q) has degree at least (n/2)?. Hence (n/2)®> < n and n < 4. We exclude the case
n =4 by an argument similar to that for the unitary group. For n = 2 the m(q)
exist and are given by

my(@)=q, myg)=q*—q-1

8. The orthogonal groups. We sketch those parts of the argument which differ
from the unitary case. In this case two pairs (B, A), (B’, A’) lie in the same orbit
under G(q) if and only if (a, b, x,y,2z) = (a’,b’,x’, y’, z") and there exist isometries
AfradA~ A'[rad A’, B/rad B~ B’ [rad B’. The analogue of Lemma 6 is the
following.

Lemma 8. For each odd prime power q, let E, be an n-dimensional vector
space over E, with a nonsingular orthogonal geometry of a type independent of
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q. Let (B, A,) be a pair of subspaces of E, with B, 2 A,. Suppose these subspaces
are chosen so that (a,,b,,x,y,,2,) = (a,b,x,y,z) is independent of q and so
that the types of A,/radA, and B,/radB, are independent of q. Then
| G(9) , q"B "’)l G(B,, A) I" is a polynomial in q of degree at most
n(n—1)/2 —r(r —1)/2. The coefficients are integers or half-integers and
depend only on n, on the quintuple (a, b, x, y, z) and on the types of A,[rad A, and
B, [rad B,. The degree is equal to n(n — 1) /2 — r(r — 1)/ 2 if and only if both A,
and B, are nonisotropic.

Proof. The spaces B, A may be decomposed as in (5.2). Since C ~ A4 [rad A4,
the type of C = C, is independent of g and hence | O(Cq)] is a polynomial in g.
Then | G(4,,Z,) | is a polynomial in q of degree

c(c—1)

2Z24vz+cz+02+cov+ 3

=—%—{zz+vz+a2—c},

with integer coefficients. Since B/rad B~ A [rad A L D, the type of geometry in
D = D, is independent of g. In the decomposition D = (V+ V') L F, the non-
isotropic space V' + V' has a geometry of type III and hence the type of F = F,
is independent of g. Thus |0(F ) | is a polynomial in g, and by computations like
those for the unitary group we see that | H(B,, 4,) | is a polynomial in g with
integer coefficients of degree

fG-n

u+vf+__§_

(b—a)z+w? +(d— v)w + 5
= —;— {2b-a)z+w+(b—a’—v—f}.

It follows that | G(q) | ¢"**'4* |G(B,, 4,) | " is a polynomial in g of degree
-—;— {nn—1)—aa-1)—-2b—a)z— (> —z)—v>—w?2—x—y}

This is at most n(n — 1) /2 — a(a — 1) /2. Equality holds if and only if v,w, x, y,2
are all 0, that is, if and only if both A and B are nonisotropic. The coefficients
are half-integers if C, and F, are both different from zero, in which case both
| O(C,) | and | O(F,) | contribute factors of 2 to the denominator. Only one of
these factors of 2 is cancelled by | G(q) |.

ProrosiTiON 4. Let G(q) =O(n,q,®,) be the orthogonal group, where the
forms ®, are all of the same type. Then g,_,(q) is a monic polynomial in q of
degreen(n — 1) [2 — r(r — 1)/ 2 with integer coefficients.

Proof. We have
3.1 g-{9) = |G| X (— 1)’BOg B D|G(B, 4)| 1.

(B,A)eAr(q)
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Two complications occur here which were not present for the unitary and symplec-
tic groups. First, the terms in the sum may have half-integer coefficients. Second,
all pairs (B, A) with nonisotropic B and A4 contribute to the leading term of

&n-H(a)
To eliminate the half-integer coefficients, suppose (B, A) is a pair such that

C,F are both nonzero. In this case the leading coefficient of

| 6() |4 6(B, 4|
is 1/2. To the orbit of (B,4) under G(q) we associate a second orbit containing a
pair (B, A) such that the corresponding C, F are both nonzero, such that A = 4, and
such that the polynomial |G(g)| ¢"**((|G(B,4)|™* + |G(B,4)|™") has integer
coefficients. This will be enough to show that g,_,(q) has integer coefficients.
We use the decompositions

A=Z1V1C, B=Z1W1lClD, D=(V+V')LF,

Since C, F are nonzero, we may choose in the nonisotropic space C L F, sub-
spaces C,F such that CLF = C L F, 5(C) = 8(C), 8(F) = 5(F), and such that
C, C have different types of geometry. We use here the fact that a space E over F,
with a nonsingular orthogonal geometry, contains nonisotropic subspaces of
both types, for any dimension & such that 0 <&< &(E). Then F, F have different
types of geometry. Set

A=z1v1C, B=z1wLCLD=B, D=(V+V)LFE
The computations of Lemma 5 are valid for the orthogonal group, almost without
change. These computations show that
|6B,4)| _|HB, 4| _|HD,V)| _|0o®E)]
|GB, 4| |HB,AH| [HD V| |oE)]’

so that
| 6@ |¢"®*(| GB,4)|™" +| GB,DH|™)

(8.2)
= | G(a) || 6B, )| (1 +

| o(F) I)
|oB|)

If f is odd we have |O(F)| = |O(F)| so that we acquire a factor of 2 in the numerator
and (8.2) is a monic polynomial in g with integer coefficients. If f is even, then
from (2.4) we see that, interchanging F and F if necessary,

IO(F)l -1 qf/z -1 _ zqflz
|O(F)| @2 +1 g2+t

1+

so that (8.2) is, in this case too, a monic polynomial in g with integer coefficients.
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We must show that the leading coefficient of g,_,(q) is 1. In view of Lemma 8
we need consider in (8.1) only those orbits which contain pairs (B, A) for which
B, A are nonisotropic. If r = n we must compute the leading coefficient of

|G| Z (- 1P ®|0(B)|™",

where the sum is over a set A of subspaces of E such that every subspace of E is
isometric to a unique element of A. Since there are, up to isometry, two pos-
sibilities for B in each dimension k with O < k < n, this leading coefficient is
24+ X (=D(A+D+(-D=1
0<k<n

If 0 < r < n, there are, up to isometry, two subspaces A, A of dimension r, and
then (8.2) shows in the same way that the leading coefficient is 1 here too. This
completes the proof of Proposition 4.

Suppose now that for given n and given type we have a formula (1.2) for all odd
prime powers q. We conclude via Lemma 3, Proposition 4, and (2.4) the existence
of polynomials m,(q) of degrees 0,1,---,n — 1, with integer coefficients, such that

(=12 n
20 T (@% =1 =[] (1 + m(q), Types I, II,
i=1 i=1
(8.3) (n=2y2 n
2" Vg2 ) T1 (@ -D =TI (1 + m(q), Types 111, IV.
i=1 i=1
We compute g,(q) and find that
g, Types I, II,

ga@= 2m1
q M-l Types III, 1V.

n—1 —&q

Thus g,(q¢) = 0 mod q if n > 2. Assume for the moment that n > 2. Since one of
the my(q), say m,(q), has degree 0 and since g,(q) =[];m«q) is a monic polynomial
in g with integer coefficients it follows that m;(q) = 1. We may thus cancel a
factor of 2 on both sides of (8.3). Now, observing that

Y mg)= -1 mod g,
i=2
we may argue as in the case of the unitary group, to conclude that some m;(q) is
divisible by the full power of g which divides | G(q) | Thus
(n—1)2/4<n-1, for Types I, II,
nn—-2)/4<n-1, for Types III, 1V,

so that n < 5 for types I, I and n < 4 for types III, IV. We exclude n = 5 by an
argument similar to that for the unitary group. We exclude n = 4, type III, by



440 LOUIS SOLOMON

explicitly computing the g,(q). The remaining cases are enumerated in the following
table:

n |Type| g£.(q) 82(9) 8:(9) FAC)
1L 1

2| |g-1 |q-2

2|1V |g+1 q

3|L1 | ¢ ®-q-1 @®-q’—q

411V 1 +q 1¢°+q¢*>-q’-1 1¢°-¢*-¢*—ql¢°-¢°-¢°

From this information we see that the m,(q) exist in these cases and are given by

Type my(q)
1| LI |1
2|m |1,q-2
2|1V |1,q
3|LII |1,9,g2—q—1
411V 11,9,¢%¢*-¢* -1

This completes the proof of Theorem 3.
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