CONSTANT FUNCTIONS AND LEFT INVARIANT
MEANS ON SEMIGROUPS()

BY
THEODORE MITCHELL

1. Introduction. Let S be a semigroup, m(S) the space of all bounded real-
valued functions on S, where m(S) has the supremum norm. An element u € m(S)*
is a mean on m(S) if | || < 1and p(e) = 1, where e denotes the constant 1 function
on S. A mean p is left [right] invariant if u(l,f) = u(f) [u(rf) = p(f)] for all
fem(S) and se S, where the left [right] translation I [r,] of m(S) by s is given
by (lf)s’ =f(ss") [(rof)s’ =f(s's)]. An invariant mean is a left and a right in-
variant mean. A semigroup that has a left invariant mean (right invariant mean)
[invariant mean] is called left amenable (right amenable) [amenable].

Let S be a left amenable [right amenable] (amenable) semigroup, and let
fo€ m(S). Then f, is called left almost [right almost] (almost) convergent to the
real number a, if all left invariant [right invariant] (invariant) means on f, have
the same value, oa.

G.G. Lorentz [11, Theorem 1, p. 170] has shown that if S is the semigroup of
positive integers under addition, then an f, e m(S) is almost convergent to « if
and only if the sequence f, converges uniformly to the constant function ae, where
f,is given by f, =n "' /- r.fo. M. M. Day [1, Theorem 1, p. 539] generalized
this by showing that an f, € m(S), where S is an amenable semigroup, is almost
convergent to « if and only if the constant function ae is the uniform limit of
finite averages of two-sided translates of f,. In the same spirit, K. Witz [14,
Theorem 4.4] proved that if S is a right amenable semigroup with identity, an
Jo e m(S) is right almost convergent to « if and only if ae is the uniform limit of
finite averages of right translates of f,. (Left and right may be interchanged in
this result.)

One of the principal theorems in the present paper supplements the above
results by characterizing the values achieved by all left invariant means of m(S)
on an arbitrary (not necessarily left convergent) element f, e m(S) in terms of
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pointwise convergence of finite averages of right translates of f, to a constant
function. In addition, the other principal theorem obtains a characterization
of left amenability of S in such terms. We list these principal theorems
below.

THEOREM 3. Let S be a semigroup. Then the following are equivalent:

(a) For every fe m(S), there exists a net of finite averages of right translates
of f which converges pointwise to a constant function.

(b) S is left amenable.

(c) There exists a net, {Ts}, of finite averages of right translations such that
for every f in m(S), {T;f} converges pointwise to a constant function.

THEOREM 4. Let S be a left amenable semigroup, f, an arbitrary element
in m(S), and a an arbitrary real number. Then the following are equivalent:

(a) There exists a net of finite averages of right translates of f,, which con-
verges pointwise to ae.

(b) There exists a left invariant mean, u, on m(S) such that u(f,) = a.

© = pr(—1fo) = a = pr(fo)

The function pg in Theorem 4, condition (c), is defined in §3.

In §2, we state the basic nomenclature used throughout the paper. §3 is devoted
to the proof of implications (a) — (b) of Theorems 3 and 4. The major steps in the
derivation exploit the w*-continuity of translation operators on m(S), the w*-
compactness of w*-closed norm-bounded subsets of m(S), and the commutativity
of a left with a right translation of m(S). These concepts are used to construct a
suitable sublinear functional on m(S), to which the Hahn-Banach extension
theorem is applied. §4 is mainly concerned with completing the proofs of the
principal theorems. The proof of the remaining implications of these theorems
makes use of an adaptation of a concept employed by Day in [1] and [3]; that
of an introversion on m(S).

§5 obtains various results by the use of Theorems 3 and 4. The main topic in
that section is the introduction and investigation of left thick subsets of a semigroup
S, a generalization of subsets that contain a left ideal of S. A subset S’ of a
semigroup S is called left thick in S if for each finite subset S” = S, there exists
an s"€ S such that S”s” = S’. It is shown that the left thick subsets of a left
amenable semigroup S are precisely the subsets of S whose characteristic function,
Jo, admits a left invariant mean p on m(S) such that u(f,) = 1. Further, a left
thick subsemigroup S’ of S is left amenable if and only if S is left amenable. For
finite S, several of these results on S’ reduce to cases which are implicit in the
work of Rosen [12].

2. Notation. For terms not given here or in a later section, see Day [1].
Topological terms shall follow the usage of Kelley [10]. If be B, a linear topo-
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logical space, and ue B*, then u(b) shall be alternatively designated by (u,b).
Let V be a subset of a topological space, then CL(V) designates the closure of V.
Now let V be a subset of a (real) linear space, then CO(V) is the convex hull of V,
the set of finite (weighted) averages of V.

Let S be a semigroup. Then Q: 1'(S) — m(S)* will denote the evaluation mapping
of the real semigroup algebra I'(S) into m(S)*. (See [1, Definition 3, p. 521] for
the product on I'(S).) For s € S, I is the characteristic function of s defined over S.
The products 1,0 and 01, where 0 € I'(S), will be denoted by s6 and 0s, respec-
tively. The set of finite means ¢ € I'(S) (see [1, Definition 2, p. 513]) is designated
by ®. The symbol & [#] is the set of all left [right] translations of m(S) by ele-
ments of S. We denote A =CO(%), P=CO(Z). For fe m(S), Zg(f) = m(S)

[Z.(f) = m(S)] is given by
Zy(f) = w*CL(CO#f)) = w*CL(Pf),
[Z.(f) = w*CL(CO(£Z/)) = w*CL(Af)].

And Kg(f) = {«e; ae e Zg(f)}, similarly K,(f) = {«e; ae e Z,(f)}, where a ranges
over the real numbers.

3. Right stationary semigroups. This section investigates the properties of a
semigroup S that satisfies the requirement that for each f in m(S), the set
Kg(f) [K.(f)] is nonempty. Such a semigroup is called right stationary [left
stationary]. The major goal of this section is to show that a right stationary
semigroup is left amenable. Additionally, some information is obtained regarding
the range of values attained by all left invariant means on an fe m(S).

Let X be a nonempty set, and let F be a mapping F: X — X. By the translation
operator on m(X) induced by F, is meant the mapping Tr: m(X) - m(X) given
by (Trg)x = g(Fx), for xe X, and gem(X).

LemMa 1. If X, F,and Ty are as above, then the translation operator
induced by F satisfies:

(a) TFe =&

®) | Te| =1,

(c¢) Tg is continuous in the w*-topology on m(X).

Proof. (a) (Tre)(x) =e(Fx)=1,for xe X.

(b) " Trf" = SUp, eF(X)lf(x)l < sup, exlf(x)| = “f” Hence " Tr " <1. By (a),
| T 21,50 | T | = 1.

(c) Let H=F~*, that is H(x) = {teX;F(t) = x}, for an xe X. Let
Ve: IM(X) = I'(X) be defined by (Vi0)x = }:,e,,(,)e(t), for fel’(X) and xeX.
If fem(X) and 6el'(X), then
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(fiVe0) = L fx) X 60)
xeX t eH(x)
=X X [0
xeX teH(x)
=X X f)00 =X fEF@6()
teX x=Ft teX
= (T¢f,90).

So V= T,. But the adjoint of a linear operator on a Banach space is w*-contin-
uous, by [4, Theorem 2, p. 18], hence T is continuous in the w*-topology on m(X).

COROLLARY 1. If S is a semigroup, and if either Te P or Te A, then:
(@) Te=e,

o | 7] =1

(c) Tis w*-continuous on m(S).

Proof. The operator /. is the translation operator on m(S) induced by the
set map F:S — S, where F(s) =s’s. Hence Lemma 1 applies to Te #Z. But the
convex hull of any family of operators that has properties (a), (b), and (c), also
possesses these properties, A similar argument applies to Te P.

If we define 0*[.: I'(S) - I'(S), for an s’ € S by *I.0 =s'0, for Oel'(S), then
(*l,)* = 1.. This may be verified by comparing the formula for s’8 with the V;
in the proof of Lemma 1, or a result of Day can be used. From [1, (D), p. 522],
I*(Q0) = Q(s0) for all seS, Oel'(S). So for fe m(S),

(1.£,6) = (Q(8), L. f) = (I5(Q0).f) = (Q(s0),f) = (f,50),
which provides an additional proof of Corollary 1(c).

LEMMA 2. Let S be a semigroup, let f,g € m(S), and let a be a real number.
Then: ‘

(@) Zg(af) = aZg(f),

(b) Zg(f) is convex,

©) geZg(N-| 2| =]|f]

(d) Zg(f) is w¥*-compact,

() Zr(f+ 8 <= Zr(f) + Zx(®),

(®) TeP - T(Zx(f)) = Z(f),

(8) g€ Zp(f)— Zx(8) < Zr(f)-

Proof. (a) The space m(S) is a linear topological space in the w*-topology, by
[4, Corollary 1, p. 17]. And

Zg(af) = w*CL(CO(%(af ))) = w*CL(CO(«(%/))).
But if A is a subset of a linear topological space, then

CL(CO(24)) = aCL(COA),
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by [6, Lemma 4, II, III, p. 415]. Hence,
W*CL(CO((2f))) = aw*CL(CO(RS)) = aZg(f).

(b) The closure of a convex set in a linear topological space is convex [6,
Theorem 1, a, p. 413]. And Zg(f) = w*CL(Pf), the w*-closure of a convex set.

(c) By Corollary 1(b), if ge Pf, then || g" =< || f || So Pfc || f || U, where U is
the norm-closed unit ball of m(S). So,

Zx(f) = w*CL(Bf) = w*CL(| ] V),

by monotonicity of the set map CL in a topology, But w*CL(|f||U) = | f]|U,
since a norm-closed ball in a conjugate space of a Banach space is w*-closed
[4, Theorem 3, p. 40]. Hence Zy(f) < |f|U.

(d) A norm-bounded w*-closed subset of a conjugate space of a Banach space
is w*-compact [4, Corollary 3, p. 41]. But Zg(f) is w*-closed by its definition,
and norm-bounded by (c).

(e) For Te®, T(f+ g) =Tf+ Tg. Hence Z(f+ g) = #f + #g. Then

Zy(f+ g) = w*CL(CO(Z(f + g))) = w*CL(CO(%f + #g))

by monotonicity of the set maps w* CL, and CO. But if 4, B are subsets of a linear
topological space, and CL(CO(4)) is compact, then

CL(CO(A4 + B)) = CL(CO(A)) + CL(CO(B)),
by [6, Lemma 4, II, IV, p. 415]. Thus by (d),
w*CL(CO(%f + #g)) = w*CL(CO(%()) + w*CL(CO(%g)) = Zx(f) + Zr(8),

which shows (e).

(f) If 4 is a subset of a topological space X, and F is a continuous mapping,
F: X - X, then F(CL(4)) < CL(F(4)), by [6, Lemma’ 16, d, p. 13]. Then by
Corollary 1(c), it follows that for Te P,

T(Zx(f)) = T(W*CL(Pf)) € w*CL(TPY).

Since P is a semigroup of operators, TP < P. Hence TPf < Pf. Taking the w*-
closure, we obtain
w*CL(TPf) = w*CL(Pf) = Zg(f).

(g) From (f), it follows that if g€ Zg(f), then Pg < Z(f). Taking the w*-closure,
we obtain

Zy(8) = w*CL(Pg) = w*CL(Zx(f)) = Zx(f),

which completes the proof.
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LEMMA 3. Let X be a nonempty set. A norm-bounded net, { f;} where f; € m(X),
converges pointwise to fo € m(X) if and only if {f;} converges w* to f,.

Proof. Let w*lim;(f;) = (f,). Since I, €l'(X), then for all x'eX,
liam (fs(x)) = liam (fos 1) = (fo, L) = fo(x").

Hence {f;} converges pointwise to f,.

Let {f;} converge pointwise to f,, and let there exist a real number a = 0, such
that | f; | < aforall € A, the directed set. Then for any $>0, and for any 6 e I'(X),
there exists a finite subset, X’ < X, such that X, ex_x,‘B(x)I < B, because of
convergence of X..x|0(x)| to | 6]. But pointwise convergence of {f;} implies
uniform convergence over any finite subset of X, in particular over X’. So there
exists 8o €A such that for & = 8o, |fy(x) — fo(x)| < B, for all xe X'. Hence for
5 g 509

|fa=F0| = | T (i) = fo00) |

IIA

ZX, |[£s(0) = fo(®)] - [6Cx)| + Ex' |£5(x) = o) | - |66x)]

IA

zx,ﬁ| o(x)| + §_x' (L] + ] =Fo)] - |0x)]

IIA

Blof + I 20| s p( 0] +20.

So {fs} converges w* to f,, which shows Lemma 3.

Let S be a semigroup, and let fe m(S). Then P(f) is a norm-bounded set by
Corollary 1(b). It follows from the correspondence shown above between point-
wise convergence and w*-convergence of norm-bounded nets in m(S), that the
set Zx(f) can also be described as the set of elements of m(S) that are limits of
pointwise convergent nets of elements of P(f). We shall be concerned with the
constant functions that are so obtained, that is, with the set Ki(f).

LEMMA 4. Let S be a right stationary semigroup, and let f, g e m(S). Then:

(a) The set {o; ae € Kg(f), where o is real} is a closed interval, [a;,a,], where
oy S dy,

(b) Kp(f+ 8) = Kp(f) + Kg(8)-

Proof. (a) This follows from Lemma 2, parts (b), (c), and (d). And since
Kg(f) is nonempty, then a; < a,.

(b) Let yee Kr(f + g), where y is a real number. Since Kp(f+ g) S Zx(f+ g2),
then by Lemma 2(¢), there exist functions heZg(f) and ke Zg(g) such that
h+ k =ye. Since S is right stationary, then there exists a constant function,
ae, such that aeeZg(h). So, there exists a net, {T;}, where T;e P, such that
w*limy(T;h) = ce. But k =ye — h, so
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w*lim (T3k) = w*lim Ty(ye — h) = ye — ae = fe,
3 o

where f =7y — a. Thus Bee Zg(k), and since k € Zg(g), then by Lemma 2(g), we
have feeZy(g). Hence Pee Kg(g). Similarly, since aeeZg(h), and he Zy(f),
then by Lemma 2(g), we have fee Ki(f). Then (b) follows, since ye = ae + fe,
which proves Lemma 4.

Let S be a right stationary semigroup, and let fe m(S). Then by pr(f) [p.(/)]
is meant

Pr(f) = max {a; ae € Kp(f)} [p(f) = max {o; e € K, ()}],

where o is real. The maximum, rather than the supremum, may be used because
of Lemma 4(a).

LeMMA 5. Let S be a right stationary semigroup, let f,ge m(S), and let o
be a real number. Then:

@ | a9 5 |11,

(b) the set {B; Pe € Kg(f)}, where B is real, is the closed interval
[ = pr(=1),pr(N],

(©) a2 0 pref) = apr(f),

(@) pr(f+ 8) = pr(f) + pr(2),

(®) — pr(—€) =prle) = 1.

Proof. (a) This follows from Lemma 2(c).

(b) By Lemma 4(a), we have {B;Bee Kg(f)} =[oy,a,], where a; <a,. By
definition, pg(f) = a,. From Lemma 2(a), it follows that Kz(—f)= — Kg(f). So
{B; Bee Kp(—f)} = [ — a3, — a;]. Hence pg(—f) = —a;, 50 — pg( —f) = ;.

(c) This follows from Lemma 2(a).

(d) This follows from Lemma 4(b).

(e) From Corollary 1(a), we have Zg(e) = {e}. Hence from (b),

pr(e) = 1= — pg(—e).

THEOREM 1. Let S be a right stationary semigroup, fo an arbitrary element
of m(S), and « an arbitrary real number. If there exists a net of finite averages
of right translates of f, which converges pointwise to the constant function ae,
then there exists a left invariant mean, p, on m(S) such that u(f,) = a.

Proof. A net, {T;} where T;e P, exists such that {T;f,} converges pointwise to
ae, if and only if aee Kg(f,), by Lemma 3 and Corollary 1(b). So

— pr(—fo) £ a = pr(fo)s

by Lemma 5(b). And py is a sublinear functional on m(S), by Lemma 5, parts
(c), (d). Hence by the Hahn-Banach theorem [4,Theorem 1, p. 9], there exists



1965] LEFT INVARIANT MEANS ON SEMIGROUPS 251

e m(S)* such that u(fo) = a, and u(f) < pg(f) for all fe m(S). Then || <1 by
Lemma 5(a), and u(e) = 1 by Lemma 5(e). Hence p is a mean on m(S).

We have only to show that y is left invariant. We shall show that for any
fem(S), and any I, e, that Kg(f — I.f) = {0}, where 0 =0e, the constant
zero function on S. Let ye e Kx(f— I.f), and suppose y # 0. Then there exists a
net, {T;} where T;e P, such that

w*im (Ty(f — L:f)) = ve.
é
Since T;fe Zg(f), then by w*-compactness of Zg(f) (Lemma 2(d)), there exists a

subnet {T,} of {T;}, and a function ge Zg(f) such that w*lim,(T,f) = g. Since
{T(f— 1)} is a subnet of the w*-convergent subnet {T,(f—L.f)}, then

W*hm( S = L)) = ve.

Thus
ve = wHim(T(f — (f = Lf)
n
= WAlim(T, )~ wHim (1)
M "
— g — wHim(L(T,f) = (w*hm( )
= g-l,g

The third equality above follows from the fact that a left translation commutes
with a right translation(?), so Tl = 1,T,; and the fourth equality follows from
the w*-continuity of I (Corollary 1(c)). By substitution of (s’)", where the
exponent n is a positive integer, in (1), we obtain g((s")") — g((s")"**) =y. So,

M=~

2 (g5 = (")

vk =

g(s") — g((S’)"“),
where k is any positive integer. So g((s")**") = g(s’) — yk. Thus g is unbounded
on S, since we can make k arbitrarily large, and since we supposed that y # 0.
But this is a contradiction because g e Zg(f) < m(S). But S is right stationary, so
Kx(f = L) = {0}.

Then by Lemma 2(a)

Kr(lef —f) = = Kp(f = If) = — {0} = {0}.

I

(2) Iinitially attempted to prove that if S'is right stationary, then Sis right amenable, which
is false as a counterexample later will indicate. The crucial observation that the incomplete
proof could be amended to show that S is left amenable by use of the commutativity of a left
with a right translation is due to R. J. Silverman.
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So pr(lyf — f) = pr(f— I;.f) =0, for fe m(S), and for I, € #. So by domination
of u by pg, we have u(l;.f) — p(f) £ 0, and u(f) — u(lsf) £ 0, thus u(f) = p(lsf),
for all fe m(S) and all [, € 2.

COROLLARY 2. If S is a right stationary semigroup, then S is left amenable.

Proof. Let f, e m(S). Since Kg(f,) is nonempty, then by Lemma 3 and Corol-
lary 1(b), there exists the required net of finite averages of right translates of f,
which converges pointwise to ae, for some real «. The result follows from Theorem
1.

The commutativity of a left with a right translation was essential to the proof of
Theorem 1, hence Corollary 2. If we try to show that “‘S is right stationary implies
S is right amenable’’ the part of the proof that breaks down is equation (1)
Hence we cannot show that ‘‘0 is the unique constant function in Kg(f— ryf).”
And indeed, a counterexample to both statements in quotes is provided by the two
element semigroup S = {a, b}, where aa = ba = a, and ab =bb = b.

4. Left amenable semigroups. This section is concerned with proving the
converses to Theorem 1 and Corollary 2, and hence completing the characteri-
zation of left invariant means on semigroups in terms of constant functions. It
is shown, that if a semigroup is left amenable, it has a property that is formally
stronger than being right stationary, though in fact equivalent to it. This converse,
Theorem 2, together with Theorem 1 and Corollary 2 then yield the principal
theorems of this paper, Theorems 3 and 4.

Let S be a semigroup, and let pe m(S)*. By the left [right] introversion on
m(S) induced by p is meant a mapping, p,: m(S)— m(S), defined by (wf)s
= u(Lf) [(f)s = u(r,f)] for fe m(S) and se S, (cf. [1, p. 540]).

THEOREM 2. Let S be a semigroup, f, an arbitrary element of m(S), a a real
number and p a left invariant mean on m(S). If u(f,) = a, then there exists a
net, {Ts}, of finite averages of right translations such that:

(a) For any fe m(S), the net {T;f} converges pointwise to a constant function.

(b) The net {T;f,} converges pointwise to ae.

Proof. Let v=0Q(l)), for s€S. Then the left introversion, v,, induced by v
satisfies v, = r,, the right translation by s, [1, p. 528, bottom 2 lines]. Also from
the definition of a left introversion, it follows that if puy, u,, us are elements of
m(S)* such that p; = fu, + yus, where f and y are real numbers, then

(pr = B(uz); + y(ua)-

Let ¢ € ®. Then the finite mean, ¢, may be expressed as ¢ = X, . s¢(s)I,. Let
0 = Q(¢). Then 6, = X, sp(s)r,. So 0, is a finite average of right translations

on m(S).
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But Q(®) is w*-dense in the set of means on m(S) [1, (D), p. 513]. So there
exists a net, {6;} where 0; = Q(¢;) and ¢;€ @, such that {0} is w*-convergent to
the left invariant mean, u. Thus for any fe m(S),

lign ((05).)(s) = lif;l(oa,lsf) = ,Lf) = u(f),

for all seS. Hence {(f;),f} converges pointwise to the constant function fe,
where f = u(f). And since u(f,) = o, then {(6;),} is the required net of finite averages
of right translations.

The principal theorems can now be given.

THEOREM 3. Let S be a semigroup. Then the following are equivalent:

(a) For every fe m(S), there exists a net of finite averages of right translates
of f which converges pointwise to a constant function.

(b) S is left amenable.

(c) There exists a net, {T;}, of finite averages of right translations such that
Sor every fin m(S), {T; } converges pointwise to a constant function.

(a) - (b) It follows from Lemma 3, Corollary 1(b), and condition (a) that S is
right stationary. Hence (b) follows by Corollary 2.

(b) = (c) This follows from Theorem 2(a).

(c) = (a) Condition (c) is formally stronger than (a).

THEOREM 4. Let S be a left amenable semigroup, f, an arbitrary element in
m(S), and a an arbitrary real number. Then the following are equivalent:

(a) There exists a net of finite averages of right translates of f,, which con-
verges pointwise to ae.

(b) There exists a left invariant mean, u, on m(S) such that u(f,) = a.

(© — pr(—So) = a = pr(fo)-

Proof. By Theorem 3, S is right stationary. So by Lemma 5(b), Corollary
1(b), and Lemma 3, it follows that conditions (a) and (c) are equivalent.

(a) — (b) This follows from Theorem 1.

(b) = (a) This follows from Theorem 2(b).

COROLLARY 3. Let S bea left amenable semigroup, f, an arbitrary element of
m(S), and o an arbitrary real number. Then the following are equivalent:
(@) fo is left almost convergent to a.

(b) — pr(—fo) = pr(fo) = «.

COROLLARY 4. Let S be a left amenable semigroup. Then

Pa(f) = max {u(N},

where p is taken over all left invariant means on m(S).
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REMARKS. (a) Theorems 3 and 4, and Corollaries 3 and 4, remain true if the
words left and right are transposed along with pg and p;.

(b) If S is a finite semigroup, Theorem 3, conditions (a) and (c); and Theorem 4,
condition (a) do not require nets of finite averages of translations, but can use a
single finite average of translations. For example, Theorem 3, condition (c) becomes:

3(c’) There exists a finite average of right translations, T, such that for every
fem(S), Tf is a constant function.

This follows from the fact that if S is finite, then P is a compact subset of the
bounded operators on m(S), in the uniform operator topology, say. Hence the net
{T;}; T; € P, of Theorem 3, condition (c), has a cluster point, Te P.

(c) If S is a countably infinite semigroup, then the nets in Theorem 3, condition
(a); and Theorem 4, condition (a) may be replaced by sequences. This follows
from the fact that if B is a Banach space, then the w*-topology of the closed unit
sphere of B* is metrizable if and only if B is separable [6, Theorem 1, p. 426].
If S is countable, then I'(S) is separable, so Zg(f) is metrizable in the w*-topology,
hence is first countable in that topology.

(d) Theorems 3 and 4, and Corollaries 3 and 4, remain true for left invariant
means over certain subspaces, X < m(S), rather than m(S) itself. Let X < m(S),
where S is a semigroup, have the following properties:

(1) X is a linear subspace of m(S),

2) eeX,

3) #X < X and X < X,

(4) X is w*-closed.

We say that pe X* is a left invariant mean on X if Hu” <1, u(e)=1, and
u() = w(l.f) for all I;e #. Then if we substitute, “‘fe X’ for “‘fe m(S),”” “‘X has
a left invariant mean’’ for ‘S is left amenable,”’ then Theorem 3, so modified,
remains valid. Similar substitutions in Theorem 4, and Corollary 3 and 4, and
the dual results indicated in remark (b) result in valid statements. The proof of
the modified statements goes through as before.

5. Consequences of the characterization. This section derives various results
by the use of Theorems 3 and 4. A new proof is given of Day’s generalization
[2, Theorem 1, p. 586] of the Markov-Kakutani fixed point theorem (Theorem 5).
An extension of a result by Day [1, (c’), p. 521] on weak convergence of finite
means to left invariance is obtained (Theorem 6). The remainder of the section is
primarily concerned with the left thick subsets of a semigroup S.

A map, T:L— L, where L and L are real linear spaces, is called affine if
T(ax + (1 4+ a)y) =aT(x) + (1 — )T(y), for x,yeLand 0Za < 1.

THEOREM 5. Let K be a compact convex subset of a locally convex linear
topological space, X, and let S be a semigroup, under functional composition,
of continuous affine transformations of K into itself. If S, when regarded as an
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abstract semigroup, is left amenable, then K contains a common fixed point of
the family S.

Proof. Since S is left amenable, then by Theorem 3, there exists a net, {T,}
where T, € P, such that for any fe m(S), {T,f} converges pointwise to a constant
function. For any T,, there exists ¢, € ® such that T, = Zse s¢,(s)r,. Let the map
J,: K-> K be given by J,k = )2 s®,(s)s(k), for ke K. For the remainder of the
proof, let y be a specific point in K. By compactness of K, there exists a subnet,
{Js} of {J,}, such that {J;y} converges to some y, € K. And the associated subnet,
{T;} of {T,}, satisfies that for any fe m(S), {T;f} converges pointwise to a constant
function, since {T;f} is a subnet of {T,f}.

We will show that for any s, € S, that sy, is the required common fixed point.
(It can be shown by counterexample that y, itself need not be one.) For each
e X*, define as in [2, p. 587], a real valued function, f, on S by f,(s) = u(sy),
for seS. Since u is continuous over the compact set K, then f, e m(S). So for
s' €S,

(T5f)s’ Es D5(s)((rsf)s")

= X ¢ss)f(s's) = Es Ds(s)u(s'sy)

sesS

(, wiomsr ) =af (2, 400

ﬂ(S IJéy)’

by linearity of u and affineness of s, in steps 4 and 5, respectively. Then

lm(T)s" = lim (i Gap) = (s im ) )

= u(s’yo)s

by continuity of u and s’, in step 2. Since for any s, € S, limy(T;f,)sso = lim,(T;£,)s,
(recall that for every fe m(S), {T;f} converges pointwise to a constant function),
then u(ssoyo) = u(seyo), for all se S and all pe X*. Since X is locally convex,
then X* is total over X [4, Theorem 2, p. 14], so s(seyo) = SoYo, for all s€ S,
which completes the proof.

An alternate proof of Theorem 5 is also given by Glicksberg [7, p. 98], and
for a special case of the space X, by Heyneman [9, 4.3.1, p. 1340].

By use of Theorem 3, Day’s result on convergence of means to left invariance
may be extended. The inclusion of condition (a) in the equivalence below is new.

THEOREM 6. Let S be a semigroup. Then the following are equivalent:
(a) For each f,em(S), there exists a net, {$,}, of finite means such that for
every s€ 8, lim,(fo,s¢, — ¢,) = 0.
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(b) S is left amenable.
(c) There exists a net, {¢;}, of finite means such that for all fe m(S), and all

s€S, limy(f,s¢; — ¢;) =0.

Proof. (b) < (c) This is [1, (¢'), p. 521].

(c) = (a) Condition (c) is formally stronger than (a).

(a) » (b) By w*-compactness of the set of means on m(S) there exists a subnet,
{¢s}, of {¢,} such that {Q¢,} is w*-convergent to some mean, y, on m(S). And
by w*-continuity of I* on m(S)*, w*lim,(I*(Q¢;)) =¥ u, for all seS. Then

0 = lim(fo, s, — b,) = li;n (fo» 565 — 95)
li;n (Q(s¢s — 95), fo) = Ii;n (13(245) — Qs fo)

(l: s fO) - (/" fo)

So (I*u,fo) = (u,f,) for all seS. Recall that if ¢ e®, then (Q¢), € P, from the
proof in Theorem 2. Then for every s€ S,

li;n (((@9s)fo)(s)) = li;n (Q¢s L:fo)
= li;n (12(Q¢s); fo) = (5w, fo) = (s fo)-

Thus {(Q¢;),} is a net in P such that {(Q¢;),fo} converges pointwise to the constant
function (u,f,)e. Then S satisfies condition (a) of Theorem 3, hence (b) follows by
Theorem 3, which shows Theorem 6.

Let S’ be a subset of S” a semigroup. Then S’ is called left thick in S if for
each finite subset S” = S, there exists an s” €S such that S"s" < S'.

REMARKS. (a) If S’ is a left thick subset of S, then the s” above may ibe chosen
to be in S’. For let S” = {sy,s5,*,5,}. Consider the finite set

S" = {5151,52515"**s5nS1,51 }-
There exists s” € S such that $”s” < S’, since S’ is left thick in S. Thus
S"s;s"” < S’,where s;5" €S’.

(b) Let S; be a left thick subset of a semigroup S. If S; =S, =S, then S, is
left thick in S.

(©) Let S, =S, =S, where S, and S are semigroups. If S, is left thick in S,,
and S, is left thick in S, then S, is left thick in S.

(d) If Vis a left ideal of a semigroup S, then Vis left thick in S.

(e) A left thick subsemigroup S’ of a semigroup S, need not be or contain a
left ideal of S. For example, let S’ be the positive integers under addition, and let S
be the integers under addition. Then S’ is left thick in S but contains no left ideal
of S.
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More generally, let F(n) be the free group on n generators {g;,g;,+*, g}, and
F+(n) the subsemigroup of reduced words with the property that for each i, the
sum of the exponents of g; in the word, is positive. Then F*(n) is left thick in
F(n), and contains no left ideal of F(n).

(f) Let S’ be a left thick subset of a semigroup S. If v is a homomorphism on S
into a semigroup, then v(S’) is left thick in v(S).

(g) Let S’ be a subset of a finite semigroup S. Then S’ is left thick in S if and
only if S’ contains a left ideal of S. The ““if’’ part follows from (b) and (d). For
the converse, since S is finite, there exists s € S such that Ss = S’. But Ss is a left
ideal of S.

(h) A recent result by C. Wilde and K. Witz clarifies the relationship between
left ideals and left thick subsets of a semigroup S. Let S’ be a subset of S, let
B(S) be the Stone-Cech compactification of S where S has the discrete topology,
and CL(S’) is the closure of S’ in B(S). Then S’ is left thick in S if and only if
CL(S’) contains a left ideal of B(S) [13, Lemma 5.1].

THEOREM 7. Let S’ be a subset of S, a left amenable semigroup. Let f, be the
characteristic function of S’. Then the following are equivalent:

(a) S’ is left thick in S.

(b) There exists a left invariant mean, u, on m(S) such that u(f,) = 1.

Proof. (a)—(b) Let I be the family of all finite subsets of S, ordered upwards
by inclusion. Then I is a directed set. For convenience, we will refer to a finite
subset of S as S,, for y eI, rather than as y itself. Then by (a), for any S, = S,
there exists s(y) € S such that S;s(y) € S’. Let T, = ry,,. Then for any seS,

lim (T, fo)s = lim fo(ss(¥)) = 1.

So T, f, converges pointwise to e, hence (b) follows by Theorem 4.

(b) — (a) Suppose (a) is not true. Then there exists a finite subset S” = S such
that for every s'€ S, S”s" € S’. Hence for each s’ €S, there exists seS” such
that fy(ss’) = 0. Let N be the cardinality of S”. Then for any s’ € S,

Y (refo)s= X foss)SN-1.
seS”

seS”

And for TeP, then T= X s¢(s')r, for some ¢ € ®. So

L (T = L X ¢(sWolss)
seS” seS” s'eS
= X ¢6s) X folss)
s'eS seS”
< X ¢G)N-1)=N-1.

s'eS
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So for each Te P, there exists s€ S” such that (Tf,)s < (N — 1)/ N. Since S” is
finite, no net, {T,f,} where T, € P, can converge pointwise to e. Hence (b) is not
true, by Theorem 4, if (a) is not true. So (b)— (a), which completes the proof.

If S is the semigroup of positive integers, E, under addition, an invariant mean
4, on m(E) is called a Banach limit.

COROLLARY 5. Let f, be a sequence consisting entirely of zeros and ones.
Then there exists a Banach limit, p, such that u(f,) =1, if and only if for every
positive integer, n, there exists a consecutive block of at least n ones in f,.

Proof. Let E designate the semigroup of positive integers under addition. It
is well known that E is amenable. Let E' = {ie E; fo(i) = 1}. Then f, is the
characteristic function of E’. Let, for n€E, E,={jeE;1<j<n}. Then E’ is
left thick in E, if and only if for each E, < E, there exists i€ E such that
E,+ i< E’. This holds since the E, are finite subsets of E, and are such that any
finite subset, E’’ < E, is contained in some E,. But E, + i is a consecutive block
of n ones. The result follows by Theorem 7.

LemmA 6. Let {S,} be the family of finite subsets of a semigroup S, directed
upwards by inclusion. Then these are equivalent:

(@) For each foem(S) and for each S,< S, there exists a net, {T,,} where
T,, P, such that the restriction of {T,,fo} to S, converges pointwise, with respect
to n, to a constant function on S,.

(b) S is left amenable.

Proof. (b)— (a) This follows from implication (b)— (a) of Theorem 3.

(a) > (b) There are two cases. Let S be finite, then S is some S,. Then con-
dition (b) above follows by implication (a) — (b) of Theorem 3.

Now let S be infinite for the remainder of the proof. For any finite nonempty
S, € S, let the cardinality of S, be N,, a positive integer. Then for any f, € m(S),
there exists an ', and a real number o, such that

|(Ty,,,f0)s - oc,,l <1/N, for all seS,

since pointwise convergence on a finite set, S,, implies uniform convergence on
S,. Designate this T,,. by T,. Since 1/N, <1, and | T,f, | < || fo|| by Corollary
1(b), then |a,| < || fo || + 1 for all «,. By compactness of the closed real interval
[=|fol = 1, | fo]] + 1], there exists a subnet, {a;} of {a,}, such that {«;} con-
verges to a real number, a. Let {T;} be the corresponding subnet of {T,}. Then
for se S,

I(T"sfo)s - 0‘[

I(T:sfo)s — o5+ (05 — a)l
|(T:sfo)5—°‘a| + |°‘a—°‘| S (1/Ny) + I“&"‘“'~

Since S is infinite, and {S;} is a subnet of {S,}, then N; becomes arbitrarily large.

IIA
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Hence

lim |(Tfo)s — | S Tim ((1/Ny) + a5 — «[) =0,
é 3

for seS. So {T,f,} converges pointwise to the constant function ae. Thus (b)
follows by Theorem 3.

LeMMA 7. Let S be a semigroup, and let {S,} be any system of subsets of S
such that {S,} forms a set directed upwards by inclusion, and such that
UyS,= S. Then these are equivalent:

(a) For each foe m(S), and for each S,< S, there exists a net, {T,,} where
T,, € P, such that the restriction of {T,,fo} to S, converges pointwise with n to a
constant function on S,.

(b) S is left amenable.

Proof. (b)— (a) This follows from the implication (b)—(c) of Theorem 3.

(a)— (b) Let S’ be any finite subset of n elements of S. Since U,S, = S, then
for each s;€ S’, there exists S, such that s; € S, ;). Since the {S,} forms a directed
set by inclusion, there exists S, such that S, = S, for i=1,2,---,n. S0 §,2 §".
Then condition (a) above, implies condition (a) of Lemma 6. Hence by Lemma 6,
there follows (b), which completes the proof.

The next result is a generalization of a theorem by Dixmier [5, Theorem 2(J),
p. 215], and by Day [3, Corollary 8, p. 287].

THEOREM 8. Let S be a semigroup, and let {S,} be any system of subsets of S
such that {S,} forms a set directed upwards by inclusion, and such that
LJyS7 = S. Then these are equivalent:

(a) For each S, < S, there exists a left amenable subsemigroup, S, < S, and
an element s(y)€S, such that S,s(y) <8S,.

(b) S is left amenable.

Proof. (b)—(a) For each S,, let S; =3, and let s(y)€S be arbitrary. Then
(a) follows.

(a) > (b) For each of the left amenable semigroups, S,, let {T,} be the net
whose existence is asserted by Theorem 3, condition (c). For each T;,,, there
exists @,, € ®(S;), the set of finite means on m(S;), such that T, = e s Ppu(S)7s.
Let T,,, where T,, is a finite average of right translations on m(S), be defined by
the same expression, but where the r, are now regarded as right translations on
m(S), rather than on m(S,). Then for f, € m(S), we have for each S, lim,(T,,fo)s =«
for s € S, where a is a real number depending on S, and f,, but not on s € S,. Hence

lim (rs(y)Tw]fO)s = lim (T‘me) (SS(}’)) =a.
n n

So {ry,T,n} is the required net in condition (a) of Lemma 7, thus (b) follows by
Lemma 7, which proves the theorem.
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COROLLARY 6. Let S be a semigroup such that for each s, s’ € S, there exists
s"€ S so that ss" =s's" Then S is left amenable.

Proof. First we show that S satisfies property (a) below:

(a) For every finite subset S” = S, there exists s” < S such that S"s" = {s"}.

We proceed by induction on the number n of elements in S”. For n =1, 8" = {s}.
By hypothesis there exists s’e€ S such that (s)s’ =(ss)s’. Letting s” = ss’, then
ss" =s", proving (a) for n=1.

Suppose (a) holds for all subsets of S that contain n elements. Let S” contain
n+1 elements. Then S” =Sy U {s} where seS” and Sy contains n elements.
By supposition, there exists s’€S such that Sys’ = {s’}. By hypothesis, there
exists s” € S such that (s")s” = (ss')s”. Since (a) is shown for n =1, there exists
s"” € Ssuch that (s's")s” =s". It follows by direct computation that S"(s’s"s")
= {s's"s"}, which completes the proof of (a).

Let {S,} be the family of finite subsets of S directed upwards by inclusion.
By (a), for each S,< S, there exists s(y)eS such that S,s(y) = {s(y)}. Let
S, ={(s()";n =1,2,---}. Then S} is an Abelian semigroup, hence left amenable.
Since S,5(y) € S;, then the result follows by Theorem 8.

THEOREM 9. Let S’ be a left thick subsemigroup of a semigroup S. Then S’
is left amenable if and only if S is left amenable.

Proof. (a) Let S be left amenable. Let f, be the characteristic function of S’.
By Theorem 7, there exists a left invariant mean ¢ on m(S) such that u(f,) =1.
By Day [1, Theorem 2, p. 518], S’ is left amenable.

(b) Let S’ be left amenable. Then S is left amenable by Theorem 8.

Implication (b) of Theorem 9 also follows from a result of Granirer [8, Corollary
5.1, p. 43].

By combining Theorem 9 with remark (d) of this section, there follows directly
the known result that if Vis a left ideal of a semigroup S, then Vis left amenable
if and only if S is left amenable.

A direct proof of this result can also be simply obtained. Let n: m(S) -» m(V)
be the projection map (nf)s = f(s) for fem(S) and se V. Let s’ be any element
of the left ideal V. Let T,.: m(V) — m(S) be given by (T.g)(s) = g(ss’) for ge m(V)
and seS. Then the following can be shown by direct computation. If u’ and 4
are left invariant means on m(V) and m(S) respectively, then u==*u’ and
A’ = T*) are left invariant means on m(S) and m(¥) respectively.
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