ON THE WEDDERBURN PRINCIPAL THEOREM FOR
COMMUTATIVE POWER-ASSOCIATIVE ALGEBRAS

BY
ROBERT L. HEMMINGER

Introduction. Let 4 be a strictly power-associative algebra of characteristic
not two with radical N and such that the difference algebra 4 — N is separable.
Then we say that 4 has a Wedderburn decomposition if A4 has a subalgebra
S~ A— N with A =S+ N (vector space direct sum).

Since the characterization of the simple, and hence semisimple, commutative
strictly power-associative algebras is nearly complete (see [10]) it is desirable
to see if a Wedderburn decomposition can be given for them. In §2 the problem
is reduced to the case where A4 has a unity element and A — N is simple. In §3 we
show that if 4 — N is simple and does not have two as the maximum number of
pairwise orthogonal primitive idempotents, then A has a Wedderburn decom-
position (Corollary 3.3). The counterexample to a general decomposition theorem
(§5) shows that this is the best possible result of that type. Our other major result
(Theorem 4.1) is that stable algebras have Wedderburn decompositions.

It is known that associative [1, Theorem 23, p. 47], alternative [12], and
Jordan [2], [11] algebras have Wedderburn decompositions. In each of these
cases the proof is essentially effected in two stages, namely, N> = 0 and N2 # 0.
In our results we do not have anything corresponding to the case N2 = 0 but
our basic tools (Lemma 3.2 and Theorem 4.1) are conceptually based on the
same idea as the usual induction proof employed in the case N? # 0.

As a matter of terminology, by an algebra we will always mean a finite dimen-
sional vector space with a multiplication defined which satisfies both distributive
laws. An algebra A is called power-associative if x°x* = x**# for all positive
integers « and f and every xe€ A. A is called strictly power-associative if Ay is
power-associative for every scalar extension K of the base field. In [7] Kokoris
shows that, for commutative algebras of characteristic not 2, 3, or 5, power-
associativity and strict power-associativity are equivalent concepts. The radical
of a strictly power-associative algebra is the unique maximal nil ideal of 4 and a
non-nil algebra with zero radical is called semisimple. A4 is called separable if Ay
is semisimple for every scalar extension K of the base field.

The basic structure theory of commutative strictly power-associative algebras
of characteristic not 2, 3, or 5 was given by Albert in [4] and extended to charac-
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teristic not 2 by Kokoris in [7]. Any reference to [4] will thus be understood to
imply a reference to the corresponding results in [7]. In particular A — N is
semisimple and every semisimple commutative strictly power-associative algebra
of characteristic not two has a unity element and is a direct sum of simple ideals.

These results depend on the following well-known decomposition of A. For an
idempotent e A, we have A = A,(1) + 4.(1/2) + A,(0) where x e 4,(4) if and
only if ex = Ax for A =0, 1/2,1. Moreover A4,(1) and A,(0) are orthogonal
subalgebras of A, A,(1/2)4,(1/2) < A1) + A,0), and for A =0,1 we have
AMNA(1/2) = A(1/2) + A, (1 — 2).

Unless otherwise specified we will understand that the generic symbol A4 rep-
resents a commutative strictly power-associative algebra of characteristic not two
such that 4 — N is separable. We will always let N represent the radical of A and
we assume N # 0, A since otherwise A4 has a trivial Wedderburn decomposition.

I would like to thank Professor R. H. Oechmke, who proposed this problem as a
doctoral research project at Michigan State University. This paper was written
while I held a fellowship from the Institute of Science and Technology at Ann
Arbor, Michigan.

I am also indebted to D. J. Rodabaugh who observed that if Ax has a
Wedderburn decomposition for some finite scalar extension K of F, then 4 has a
Wedderburn decomposition. For if By is a subalgebra of Ax such that
By, = Ay — Ng = (A — N)¢ then the remainder of the proof is just as in [1,
p. 48] since the associativity of 4 was not used there and the use of NN =0
was not necessary if we use the fact that {,{; = o0y & with o5 € F.

This observation applies to most of my results but it should specially be noted
relative to those that have a restriction concerning nodal subalgebras.

1. Pairwise orthogonal idempotents. Based upon and related to the decompo-
sition of A by a single idempotent, Albert has given in [4, §5] a decomposition
of A relative to a set of pairwise orthogonal idempotents ey, e,, --+, e, for which
e, + e, + -+ + e, is a unity element of A. It is shown that we can write 4 in a
vector space direct sum A = E,-é jAijfori,j=1,2,---,t where 4; = 4,(1), and
Ajj=A;=A.(1/2) N A, (1/2) when i # j. Moreover, if g =¢; + ¢; for i # j,
then gisanidempotent with 4,(1) = 4; + 4;; + 4;;,4,(1/2) = Zk;ei,j(Aik + Aj),
and 4,(0) = Ek’,;&i’jAk,. For i,j,k,l distinct we have

AL < Ay,
A;A;;
Audj;
Ay

£

In

Ay + A

AijAkl = A4y =0,
Ao

Ay + Ajj.

I

i}

n
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Since these relations are basic to much of our work we will generally use them
without specific reference.
Also related to pairwise orthogonal idempotents we have the following lemma.

(1.1) LemMA. Let [u,], [u,], ---, [u,] be pairwise orthogonal idempotents in
A — M, M a nil ideal of A, and let u =u, + u, + -+ + u,. Then there exists
an idempotent e and pairwise orthogonal idempotents ey, e,, -+, e, such that
e=e, +e,+ - +e, [e] =[u], and [e] = [u;] for i =1,2,---,1. Moreover,
if A has 1 as a unity element and [1] = [u], then e = 1.

Proof. The proof of the first part of the lemma is by induction and the proof
of the case t = 1 is that of Lemma 1 of [2, p. 1].

Letw=1u, + u,fort=2.Thenu =w + u; + -+ + u, for pairwise orthogonal
idempotents [w], [us],---,[u,]- By the induction hypothesis there exists an
idempotent e and pairwise orthogonal idempotents f,e;, -, e, such that
e=f+e+ - +e, [e]=[u]l, [f]=[w], and [¢] =[u;] for i=3,-, ¢t
If [f]1[x] = [x] for xe A we can write x = x; + X;,; + Xo With x;€ A¢(1) and
have [x,] + [x1/2] + [¥o] = [x] = [f1[x]= [x:] + 1/2[x,5]. Hence [x] =[x, ]
if xed such that [/]1[x] =[x]. Now [f1[u,] = ([us] + [us]) [1] = [u:]
so there exists an element x,; € A(1) such that [x,] = [u,]. Moreover x, is not
nilpotent since [u,] is not. Hence the associative algebra F[x,] < A/(1) is not
nilpotent and so contains an idempotent e, = g(x;) for geF[x;]. Thus
[es] = [g(x)] = o[x,] for a=g(l)eF and a[x,]=[e,] = [e]? = «*[x,]?
= a?[x,]. But e; ¢ M so a[x,] # 0. Thus « = 1 and [e,] = [x,] = [4,]. Now
e;=f—e; is an idempotent in A(l); ee; =(f—e)e; =€, —e; =0,
[e;] = [f— ei] =[f] - [es] = [W] — [uy] = [u.], and since e, and e, € A (1)
they are orthogonal to ¢ for i=3,---,t. Thus e=f+e; + - + ¢
= e; + e, + e3 + -+ + ¢, where the e, are pairwise orthogonal idempotents with
[e] =[u] and [e;]} = [u;] for i =1,2,---,t.

For 1€ A4, 1 — (e; + e, + -+ + ¢,) is either zero or an idempotent of 4. But
[1] = [uy] + - + [u] = [e1] + --- + [e,] means that 1 —(e; + --- + &) € M,
so it is nilpotent. Hence it is zero and 1 = e, + e, + -+ + ¢, as desired.

As a consequence of Lemma 1.1 we immediately have Corollary 1.2.

(1.2) CorOLLARY. If M is a nil ideal of A, then A has t pairwise orthogonal
idempotents if and only if A — M has t pairwise orthogonal idempotents.

2. Reduction to A with unity and 4 — N simple. Let 7 be the class of all
commutative strictly power-associative algebras A that have a Wedderburn de-
composition and for which 4 — N is simple.

(2.1) THEOREM. Let A be a commutative strictly power-associative algebra
of characteristic not two so that A—N=B,; @ --- @ B, where B; is simple and
has a unity element [u;]. Let e; be as in Lemma 1.1. Then A has a Wedderburn
decomposition if and only if A, (1) is in & for i =1,2,---,1.
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Proof. let e=¢; + e, + -+ ¢ as in Lemma 1.1 and let 4, = A4,,(1),
Ay, =A4,(1/2),and 4, = A4,,(0). Also let R; be the radical of 4;and N; = NN A4,
fori=1,2.

(2.2) REMARKS. When B is a subspace of 4, then B — N is the subspace of
A — N consisting of all classes [b] for be B. When B is a subalgebra of A, then
B — N is a subalgebra of 4 — N and is isomorphic to B — N, where N, = N N B.
We also remark that for a nil ideal M of A, A — M is semisimple if and only if M
is the radical of A.

Thus we have A, — N, A4, - N&B,, A, —N=0, and

Az_Nngz—Nng®”‘@B'.

So by (2.2) N;=R; for i =1,2. Also 4;, < N.

Firstassume A=S + N isa Wedderburn decomposition of Aand let S; = SN A4,.
One then easily sees that A; = S, + N, which is a Wedderburn decomposition for
A; = A, (1). The same argument holds for 4,(1) for i =2,---,t.

The sufficiency of the condition is proved by induction on t. For t=1,
A, — N=0so0o Ay, + A, < N and since A, is in &7 it has a Wedderburn decom-
position, say A; =.S; + N,. Then A =S, + N is a Wedderburn decomposition
for A.

If t>1, then A, — N, = B, ® - ® B, where [u;] =[e¢;] is the unity element
of B; for i =2,---,t. Moreover (4,).(1)=A,(1) is in .«/ so by the induction
hypothesis A4, has a Wedderburn decomposition, say A, =S, + N,. Then
A=(S;®S,)+ N is a Wedderburn decomposition of A.

3. A — N simple and of degree other than two.

(3.1) THEOREM. Let A be a commutative strictly power-associative algebra
with a unity element and of characteristic not two such that A has three pairwise
orthogonal idempotents and A — N is simple. Then A has a Wedderburn
decomposition.

Proof. The proof is by induction on n, the dimension of A, so n = 3 since A
has three pairwise orthogonal idempotents. The theorem is trivial if n = 3. We
now give a lemma to accomplish the induction step.

(3.2) LeMMA. If A, of dimension n, is as in the theorem, if A has a proper
ideal M # N, and if every algebra as in the theorem and of dimension less than n
has a Wedderburn decomposition, then A has a Wedderburn decomposition.

Proof. For convenience we will write d(B) for the dimension of a subspace B.
Assume first that M is nil. Now A —N(A—-M)—(N—M) so N—- M
is the radical of A — M. Also (4 — M) — (N — M) is simple since 4 — N is simple
and A— M has a unity element since A has one. And by Corollary 1.2, A — M has
three pairwise orthogonal idempotents. But M is a proper ideal of 4 and we
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have d(A — M) <n so by hypothesis 4 — M has a subalgebra C, such that
Co2(A—M)—(N—-M)=~A— N. Therefore A has a subalgebra C; #0, A
such that M = C, (that is M = C, and M # C,) and Cy =~ C, — M. Thus we
have a proper subalgebra C; of A such that C; — M >~ A — N. Similar to the
considerations for A — M above we see that M is the radical of C;, C; — M is
simple, C; has three pairwise orthogonal idempotents, and d(C,) <n. So by
hypothesis C; has a subalgebra C = C; — M. Thus C is a subalgebra of 4 such
that C=~ A — N. But CN N is a nil ideal of C so CNN =0since CxA4—- N
which is simple. Therefore C + N is a subspace of 4 with d(C + N) = d(C) + d(N)
=d(A—N)+d(N)=d(4). So A=C+ N and this is a Wedderburn decom-
position for A.

If M is not nil, then M& N. Also N ¢ M since A — N is simple. If M NN #0,
then it is a proper nil ideal of A different from N so by the last paragraph A4 has a
Wedderburn decomposition. if M "N =0, then M + N is an ideal of 4 and
(M + N) — N is a nonzero ideal of 4 — N. But 4 — N is simple so A=M + N
with M NN = 0. This is a Wedderburn decomposition of 4 and completes the
proof of Lemma 3.2.

The remainder of the proof of the theorem simply amounts to repeated appli-
cations of the lemma to various ideals of 4 until we have reduced A to an algebra
for which we can give a Wedderburn decomposition. Because this process is long
and needs some preliminaries we have postponed it until §6.

Theorem 3.1 concerns the case where 4 has three pairwise orthogonal idem-
potents. If, on the other hand, the unity element 1 of A4 is a primitive idempotent
(i.e. 1 # e, + e, for orthogonal idempotents e; and e,) then as in [4, pp. 526-527]
A=1-F+ M where M is nil. If the characteristic of A4 is zero, then it was shown
that M is a subalgebra of A and hence it is the radical so we have a Wedderburn
decomposition of 4. More generally if A has no nodal subalgebras (i.e. a sub-
algebra B =e - F + R where e is the unity of B and R is nil but not a subalgebra
of B), then 1 - F + M is a Wedderburn decomposition of A.

Combining this observation with Theorems 2.1 and 3.1 we have an immediate
corollary.

(3.3) CoROLLARY. Let A be a commutative strictly power-associative algebra
of characteristic not two and having no nodal subalgebras. Suppose further
that any B;, having two pairwise orthogonal idempotents, has three where
A— N=B;® - @ B, with B; simple. Then A has a Wedderburn decompo-
sition.

4. Stable algebras. An algebra A is stable with respect to an idempotent e if
A (DA, (1/2) < A(1/2)for 2 =0,1 and it is stable if it is stable with respect to
each of its idempotents.

Since part of the proof of Theorem 4.2 can be generalized without any extra
work we give that part separately.
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Let P be a property of algebras such that if 4 has property P then each of its
s .. halgebras has property P. Let 2 be the class of all commutative strictly power-
a ciative algebras of characteristic not two having property P with 4 — N
separable for 4 in 2.

(4.1) THEOREM. Every algebra in # has a Wedderburn decomposition if
and only if every algebra in 2 that has at most two pairwise orthogonal
idempotents has a Wedderburn decomposition.

Proof. The necessity of the condition is obvious so we assume that every
algebra in £ that has at most two pairwise orthogonal idempotents has a
Wedderburn decomposition. Thus we take n = d(4) = 3 and assume that every
algebra of & with dimension less than n has a Wedderburn decomposition.
Evidently we can assume A has three pairwise orthogonal idempotents. If 4 — N
is simple, then A has a Wedderburn decomposition by Theorem 3.1 (we can
assume A has a unity as shown in the proof of Theorem 4.2).

Thus we can assume the existence of a non-nil proper ideal D of 4. So D has an
idempotent and hence a principle idempotent, say e (e is principle if 4,(0) is nil).
Write D = D(1) + D1 /2) + D,0) and let M be the radical of D. According to
Albert [4, Theorem 7, p. 524] D (1 /2) + D,(0) < M since e is principle. We write
M=J+ D/1/2) + D,(0) whereJ=M N D (1)and 4 = A1) + A4.(1/2) + 4.0).
We can now proceed as in [4, p. 525] to show that M is an ideal of A. Thus
M < N.

Now D # 0,4 so 0 < d(D) < n and by the induction hypothesis D = T+ M
where T is a semisimple subalgebra of D (and hence of 4) and T N M = 0. Thus
T< D(1) and D (1) = T+ J is a Wedderburn decomposition of D,(1). Likewise
D # 0, A means that 0 < d(4,0)) <n so 4,0) =S+ N, where S is a semi-
simple subalgebra of A4,0) (and hence of A), N, is the radical of A4,(0), and
S NNy =0. Note that D,(0) = N, since D, 0) is a nil ideal of A4,0). Let
N,=J+ A,(1/2) + No. Then N € N, and just as in the proof of Theorem 2.1
No=NNAL0). But S = 4,0) and T < A1) are semisimple subalgebras of 4
so S@ T is a semisimple subalgebra of A. Moreover (S@® T) N N = 0 since
SNN=SNNy;=0 and TNN=TNJ=0. Hence 4 =A4,1)+ A,(1/2)
+A0)=T+J+A4,(1/2)+ Ny) + S=(S®T)+ N is our desired Wedder-
burn decomposition of A.

(4.2) THeEOREM. If A is a stable commutative strictly power-associative
algebra with no nodal subalgebras and with characteristic not two, then A has a
W edderburn decomposition.

Proof. Let P be the property of being stable, having no nodal subalgebras,
and having characteristic not two. By Theorem 4.1 we can then assume A has at
most two pairwise orthogonal idempotents.
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Since A is non-nil it has a principle idempotent, say e. Then by [4, Theorem 7,
p. 524] A.(1/2) + A0) = N. Let R, be the radical of 4,(1), N, = N N A1),
and M = R, + A,(1/2) + A,0). Clearly N = M and since R; is an ideal of 4,(1)
it is easily seen that M is an ideal of A. If xe M, then x = a + n for some ae R,
and neN. Thus x?ea? + N and by induction x*ea* + N for every positive
integer k. But a is nilpotent so for some k, x*e N, x¥ is nilpotent, and M is a nil
ideal of 4. Thus M = N and R, = N,. So if 4,(1) has a Wedderburn decompo-
sition, say A, (1) =S + N,, then A = S + N is a Wedderburn decomposition for
A. So without loss of generality we can assume A has a unity element 1 to begin
with.

Suppose that 4 does not have two orthogonal idempotents. Then 1 is a primitive
idempotent. With this and the assumption of no nodal subalgebras we can use the
first part of the proof of Theorem 9 [4, pp. 526-527] to conclude that

A=1-F+N

is a Wedderburn decomposition of A.

Thus we can assume 1 = u + v for primitive orthogonal idempotents u and v.
Then A = A, + A, + A, asin §1, where we are letting A,, = A, and 4,, = A4,,
and as above 4; = uF + R, and A4, = vF + R, where R; is the radical of A4,.
Let Ny=NnNA4; and Ny, =N NA,, as usual.

Let xe A;,. If x*¢ R, + R,, then x is said to be nonsingular and it is known
[4, Lemma 10, p. 517] that x* = « + g for ge R, + R, and « a nonzero element
of F. If x?e R, + R,, then x is said to be singular.

Suppose every element in 4, is singular. If x, y€A,,, then

2xy = x>+ y> — (x — y)’€R, + R,
so A2, < R, + R,. Let M =R, + A;, + R,. Then by stability
AM < AR, + A,, + A}, + A,R, = M.

Moreover M is nil, for if not, then M has an idempotent f = f;, + f;, + f, with
fi€R; and f,,€ Ay,, f1, # 0. Computing f* = f and equating the components in
A,, we get (f; + f2)fi2 =f12. Let T be the linear transformation given by
T(x) = xf,, for all xe A, + A,. Then it is known [4, p. 517] that T is nilpotent.
But (f; + f2)fi2 = f1, means that T*(f, + f,) = f,, for every positive integer k.
Thus f;, =0 which is a contradiction. Therefore M is a nil ideal, M < N,
M=N, R,=N;, A;, = N, and A = uF + vF) + N is a Wedderburn decom-
position of A4.
Thus we can assume there is a nonsingular element x€ A,,. Let

M = R1 + R1A12 + R2A12 + Rz.
Then the proof by Albert in [5, ending on p. 331] that M is an ideal is valid here
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since the only use of simplicity there was to obtain a nonsingular element in A4, ,.
As in the last paragraph M is nil so M = N and R; = N;.

ReMARK. The assumptions on A in [5] are more restrictive than ours but one
sees that the loss of algebraic closure there is repaired by our assumption that A
has no nodal subalgebras. Because of [7] the only difficulty in assuming A has
characteristic not two occurs in proving Lemma 5 [5, p. 326] when A4 has char-
acteristic three. But then taking x = y = w in formula (5) of [7, p. 364] we get
(wz)w = (((wz)w)w)w which enables us to prove the lemma as before.

For our uses we state the pertinent parts of Lemmas 3 and 7 of [5].

(4.3) LEeMMA. If x is a nonsingular element of Ay,, then there exists a
quantity ce F[x*] € A; + A, such that w* =1 for w=cxeA,,. Moreover
A, = wB & G where B={be A + A,: w(wb) = b} and G = {ge A;,: gw=0}.

REMARKS. There are some comments that need to be made regarding this
lemma.

The first comment deals with notation. In the rest of this section and in §6 we
will use B + C to indicate the sum of the subspaces B and C, whereas before it
indicated the direct sum. If, as in the lemma, we wish to emphasize that the sum
is direct we will use the dot over the plus sign.

Next we would like to indicate briefly how we intend to use Lemma 4.3 to
construct a Wedderburn decomposition for 4. Let w = w;. Then we will show
that we can keep ‘‘breaking elements w; out of G’° where ww; = §;; (the
Kronecker delta) until what remains of G is a set of singular elements G,,, < N .
From this we see that A = (uF + w,F + -+ + w,F + vF) + N is a Wedderburn
decomposition of A.

Finally one easily sees that B = {a + b:aeF and be N, + N, such that
w(wb) = b}. In particular this means that wB = {aw + wb:acFand be N, + N,
such that w(wb) = b}. The importance in this for us is that wB = wF 4 N,.

Let e = 1/2(1 + w). Then e is an idempotent and for xe 4, ex = 1 [2(1 + w)x
= 1/2x if and only if wx = 0. Therefore w is in the annihilator of A4,(1/2). More
importantly we see that G = Ay, N A,(1/2). And since A is stable, it is evident
that [4,(1 /2))*"~ < A,(1/2) for any idempotent f and every positive integer m.
Thus G>™~! = G for every positive integer m.

If z is a nonsingular element in G, then, according to Lemma 4.3, there is a
quantity ¢ € F[z?] such that y* = 1 for y = cz. But then
y =z + oz + o + 2!
and by the last paragraph z*"~ '€ G for every positive integer m so ye G and
wy = 0. Applying Lemma 4.3 with respect to u and then with respect to e, we can

write 4,, = yB, + G, and A/(1/2) =yB,, + G,; where

B, = {beA; + A,: y(yb) = b}, G,={ged;,:gy=0},
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Byl = {bEAe(l) + Ae(o): y(yb) = b},
and
G,y = {geA4(1/2):gy=0}.

(4.4) LEMMA. For ye G with y* = 1 we know that every element he A,(1/2)
has a unique representation in the form h = yb + g for ybe yB,, and ge G,,.
But for he G we also have ybe yB, and ge G NG,.

Proof. G, = A.,(1/2) so gw =0 as noted above. But we have he A4, so
(yb), + (yb),+ g, + g, = 0 where the subscripts refer to the subspaces 4, 4,,
and A,,. Examining the A, + A, component of the equation 0=wg = w(g; + g,)
+ wgy, we have wg,,= 0 since 4 is stable. Similarly yg,,= 0. Thus g,, €GN G,.

Since A is stable (yb);, = [y(by + by, + by)]12 = y(by + b,). Thus

by + bye(A4, + 4;) N(4.() + A(0)

such that y[y(b; + b,)] = b; + b,, so y(b; + b,)e yB, N yB,,. Therefore
h = (yb),, + g1, where (yb),,€yB,; and g,,€G,;. But h has a unique repre-
sentation in that form; namely, h = yb + g so we must have yb = (yb),,€ yB,
and g = g;,€ G N G, which proves the lemma.

Previous to Lemma 4.3 we had reached the point where 4, had a nonsingular
element and N; = R;. We can now put the intermediate pieces together by in-
duction to give a Wedderburn decomposition for 4.

By Lemma 4.3 A,, contains an element w, such that w? =1 and

Ay, =wB, + Gy

where B, ={a+ b:aeF and beN; + N, such that w,(w;b) =b} and
G, ={geAd;,: gw, =0}

If every element of G, is singular then let M; = N + Gy. Forx =n + ge M,,
x%2 =n%+ 2ng + g>e N so x? is nilpotent, x is nilpotent, and M, is nil. In
particular for x,yeG, we have 2xy = x%+ y? —(x — y)*’e N so GZ< N.
Thus A;,,M; S N+ A4,,G, s N+ wWF+N+G)G, N+ G} < Nc M,
and A, M; < u(N + G;) + Ny(N + G)) € N + G, = M,. Likewise A,M; = M,
so M; is a nil ideal of 4. Hence Gy < N and A = (wF + w,F+vF)+ Nis a
Wedderburn decomposition of A. Thus we can continue by assuming G, has a
nonsingular element.

For notation in the general case we will have w;e 4,, with w? =1 and will
write A;, = w;B; + G, by Lemma 4.3 where B; and G, are defined in terms of w;
as in the case i = 1 above. Let ¢; = 1/2(1 + w)).

Assume that A4;, = w,F + - + Wy_1F + Ny + G-y Where

m—1

G(m-l) = QG:':

G(m-1) has a nonsingular element x, and wyw; = 6;; for i,j =1,2,+,m — 1.
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From Lemma 4.3, as before, there is an element w,, in Gy, such that w2i= 1
and w,w; =0 for i =1,2,---,m — 1. Let Gy = G, N G(—y). Then we wish
to show that we can write 4, = w;F + -+ + w,,F + N, + G().

Let h be in G,_yy. Then heG, for each i = 1,2,---,m — 1 so taking G =G
and y = w,, in Lemma 4.4 the element h has a unique representation in the form
h=w,b;, +g, i=1,2,--,m —1, where w,b;ew,B, and g;€G; NG,. But
by Lemma 4.3, h also has the unique representation h = w,b + g for w,bew,B,,
and geG,. Thus g;=g for i =1,2,---,m — 1 so ge G, as desired. For if
acA,,, we have a = a;w; + -+ + p_ Wp—y + Hp—y + h Where n,,_, is in Ny,
and h is in G,_,. But by our last result we can write this as

a = oWy + o+ oy Wyoy + 0y + (dem + n, + g)
= Wy + o Uy Wiy T AWy +n+g,

with ne N and ge G, as desired.
This inductive process cannot continue indefinitely since d(G,y) < d(G(m-1)) SO
for some m, G, must consist of singular elements. Then as before G, = N and
= (uF + w,F + --- + w,,F + vF) + N is a Wedderburn decomposition of A4.

5. Example. Let A be the 6-dimensional commutative algebra with basis
€11 €125 €215 €32, M, n and multiplication table e?, = e;;, €2, = e,,, ;11>
= eye1; = 1[2e;;, 118y = e€5,853 =1/2¢5, eyyn=e;;m=n, e;m=eyn
=m, e;,€,, = 1/2(ey; + e,, + m + n), and all other products zero.

If we restrict A to have a base field F of characteristic not 2, 3, or 5 and carry
out the computation of Lemma 4 in [3, p. 554], we find that A is power-as-
sociative since A is commutative by definition.

The radical N of A4 is spanned by m and n, N2=0, and A — N = F;
with basis [e;,], [e12], [e21], [€22] where F, is the algebra of all 2 by 2 matrices
over F. Suppose A had a subalgebra S =~ 4 — N. Then S would have the usual
matrix basis g,;, &2, £21» &22 for F, and there would be an automorphism ¢ of
A — N such that o([e;;]) = [£;;]. But this is a change of basis for the 2 by 2
matrices so there is a nonsingular element [y] = «[e,,] + Ble;2] + y[e21]+[e22]
in A — N, with A = a8 — By # 0, such that [g;;] = [¥]o [e;]o [y]™* (note that
this multiplication takes place in F,). But

[y1™' = A7'(3[es1] — Bles2] — vleai] + 0‘[322])
so computing [g;;] = [¥]o [e;;]o [¥]™" we have
g11 = A7 '(adey; — afey, + poey; — Byey, +egm +e,n),
212 = AT (= aye;y + aley, — yPeyy + ayey, + 0,m + 0,n),
821 = ATY(Bdeyy — PPey; + Peyy — Boesy + Aym + Ayn)N
822 = AT'( = Press + aBey; — y0eyy + adey; + mym + myn).
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Equating coefficients of m and n in the products g; g, (for example the coef-
ficients of m and n in g,,g,, and 1 [2g,, are equal since g,,g,, = 1/2g,,) yields
equations in a, 8,7, 9, &;, &5,*+, @y, 1, which force A = 0. But this is a contra-
diction so A has no subalgebra S =~ 4 — N and hence 4 has no Wedderburn
decomposition.

This example of course shows we can not prove the Wedderburn Principal
Theorem for the class of all commutative strictly power-associative algebras.
Moreover it shows that one needs more than a restriction on the base field, for in
our example the base field is arbitrary other than the restriction that the
characteristic not be 2, 3, or 5.

In connection with Theorem 4.2 we note that by using Theorem 2 of [9, p. 698]
we were able to show that the above example is not stable with respect to any
idempotent.

6. Completion of the proof of Theorem 3.1. Before continuing the proof we
need a few prehmmanes

The linearization of x?x? = (x%x)x gives
4[(xy) (zw) + (x2) (yw) + (xw) (y2)]
6.1) = x[y(zw) + z(wy) + w(yz)] + y[x(zw) + z(wx) + w(xz)]

+ z[x(yw) + y(wx) + w(xp)] + wlx(yz) + y(zx) + z(xy)].
We will also make use of (5) and (8) of [4, pp. 505-506]. We state them as

(6.2) [Wl/z(xlh)]l/z = [(Wl/le))’1 + (W1/2.V1)x1]1/2,
(6.3) [wi2(x190]o = 2[(wy1)2x)y1 + (Wi;2¥1)%1 o
(6.4) [(Wl/Zyl)xo]l = 1/2[(W1/2X0).V1]1,

where z;, A =0, 1/2, 1, is the 4,(1) component of z; e an idempotent.

Before continuing, we need to explain some new notation we will use. Recall
that in this section B + C will only indicate the sum (not necessarily the direct
sum) of the vector spaces B and C.

We have previously used the product BC but it is too restrictive for our purposes
now so we introduce a new product, B o C, of the subspaces B and C. Since 4 has a
unity element, denoted by 1, and three pairwise orthogonal idempotents we can
write 1 = e, + e, + e; where the e; are pairwise orthogonal idempotents. Then as
in §1 A has a corresponding decomposition as 4 = Zi§,~A,-,~, i,j=1,2,3. We
define BoC = 2:5 j(BC);; where x € (BC);; if and only if there exists an element
y€BC, y= X, ;y;, such that x =y, We writt BoB= B”. Evidently
BC < Bo C but it may happen that Bo C4¢ BC. But if BC is an ideal of 4, then
BC = BoC (this can easily be seen by making appropriate linear combinations
and multiplications by the e;; for example, e,(2¢;y — y) = y;,). Since we are
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only interested in using the product of subspaces to construct ideals, we will use
the product B o C since it is easier to work with and may in fact be an ideal even
though BC is not.

(6.5) LEMMA. For i, j, k distinct we have

(a) 4i(A4;j04;) < (A4A4:) 0Aj

(b) AikAzg;!) < (Apd;j) oA,

(c) 4;{(Ay0A4;) < AP + A,(f ),

(d) 4,47 = (A;04;) 0A;;.

Proof. Let g =e¢; + ¢, Then A,(1)= A4; + A;; + Ajj, A,(1/2) = Ay + Ay,
and A4,(0) = Ay, as in §1. By (6.2) we have [wu(xuy;)l2 = [Geaw )y
+ x3iwidlis2 = [Xa(vijw)]y 2 since x;wj, = 0. From (6.3) we get [wu(x;v:5)]o
= 2[x(yijwj)Jo- S0 Xu(yi;wy) = [wjk(xiiyij)]ik + [wulxiyi) e + 1/ 2[w(xuys j)]kk
€ Aj, 0(AyA;j). But A;;A; < Ay so A;;Ay = A;j 0 Ay which proves (a).

We note that (4,A4;)A;; S AjA;; S Ay so using (6.2) and (6.3) as before we
have  wyu(x;;yi) = [(Waxi)yi; + Wayip)xijlu € (Aad;j) © Ai;. Moreover AikA(ijz’)
= A,A};. That proves (b).

To prove (c) take x;;, Yy, W, and e; in (6.1) to obtain x;;(yuw;) + wiu(Xi;Va)
= yu(xijwi) + e;[xi(yawi) + wi(x;;ya)] as a result of simplifying and noting
that e;[yu(x;;w;)] = 0. Multiplying this by e; gives e;[x;(yaw ;0] = e[ yulx;wu)]-
Interchanging the roles of i and j and of y and w in this gives e;[x;;(yuw;)]
= e;[w(x;;ya)]- Adding the last two equations, we have

X awn) = e[yalxiwi)] + e;[wulxiyi)] € edii + e;Af S AP + AR,
Now AyA; < A;j so AyAj = Ay 0 Aj, and we have (c).

If we substitute x;;, y;;, w;;, and e; in (6.1), we get x;(y;;w;)) = — 1 [2[yi(xiwi))
+wii(xayi)] + elyij(xawi) + wii(xayi)] + yiledxawi)] + wiledxiy;)]  which
isin A;; o (4; 0 Ay)). But A;A% = A(AD); = AuA{} so we have proved (d).

Let e be an idempotent of A and define B, = {x € 4,(1): x4,(1/2) = A,(0)} and
C.= {xeA/1): xA,(1/2) = 0}. Obviously C, < B, = A,(1). Moreover by [4,
Lemma 1, p. 506] C, is an ideal of 4, B, is an ideal of A1), B2 < C,, and
A 1) — B, is a Jordan algebra.

Letf=e; + e, h = e, + e5,and m = e, + e;. Then if g = ¢; + ¢;is one of
these idempotents we will use the notation B, = B, N A, B,;; = B, N 4,
B;=B,, C;=C,, Cu=C, N4 and C,;=C, NA;. Note that if b
€B,; < Ay, then b;A,(1/2) = b(Ay + Ap) = bjAy + b Ay < 4,(1/2) so
b;;A4,(1/2) = 0 and B,; gije

Moreover, if B,;; = 0, then B, = B; + B;. For one easily sees that B; < B, and
if xe B, = B,; + B,j, say x = x; + x;, then x; € A;; such that x(4y + 43) S Au-
But B,isanideal of 4,(1)so x;4;; < B,; < A;;. Therefore x,(4;; + 4u) S A4;; + Au
and x;e B;. Likewise x;€ B; so B, = B; + B;.

We are now ready to continue the proof of Theorem 3.1.
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Let B = B, + B, + B,,. Then as in [4, p. 510] B is an ideal of 4. By Lemma
3.2 we can assume B = 0, N, or 4.

For B = 0 Albert proved in [4, Theorem 1, pp. 512-514] that A4 is a Jordan
algebra. So by the results of Penico in [11] 4 has a Wedderburn decomposition.
(At the time [11] was published the simple Jordan algebras of degree one and
dimension greater than one were unknown. In [6] Jacobson shows they are
isomorphic to the base field. This completed the classification of the simple Jordan
algebras, and since no new type appeared, the proof in [11] is valid for all Jordan
algebras of characteristic not two.)

Let B = A and suppose the ideals C;, C,, and C,, are all nil. Then 4, =B, + By,
since B,, N 4;; = 0. But we know that B, is an ideal of 4,, since B, is an ideal
of A/(1)and A;; = A/(1). Moreover, B}l c B} € C;so By, is a nil ideal of 4.
Likewise By, is a nil ideal of A,,. But then A, = B, + B, is nil which is a
contradiction since e, € A;. Thus one of the ideals C, C,, or C,, is a proper non-
nil ideal of 4 and by Lemma 3.2 4 has a Wedderburn decomposition.

Thus we can assume B = N.

The above indicates our use of Lemma 3.2. Since we will make a few more such
reductions, we label some cases to facilitate following the argument.

The following outline covers the remaining possibilities.

(A) N = B = B; = C,. This comes from assuming C, # 0 where g is one of
fs h, or m and without loss of generality we assume g = f. Clearly C, # A4 so by
Lemma 3.2 we can assume C; = N.So N=C, < B; < B= N.

(B)C,=C,=C,=0,B=N.

Case (A) has two subcases:

(A.1) I, = 0 where

I, = {E(yOWI/Z)I: Yo € A (0) and w;,, € A,(1 12)}
= (A(3433)11 + (423433)2,.

(A.2) I, = N. This comes from I, # 0. For clearly I, # A so by Lemma 3.2
we can assume I, = N.

(A) N=B=B;=C,. Let I =I;+ N where I, is defined in (A.1) above.
If x, € A/(1), then by (6.4) we have

xl(yoW1/2)1 = [x1(}’oW1/2)]1 = 2[(3‘1‘4’1;2))’0]1 = 2[("1“’1/2)1/2)’0]1 el

so I, is an ideal of A.(1) and I is an ideal of A/(1). Since N = C;, we have
NA;3 = NA,; = 0. Combining these results we get Al =1+ A3l + Ayl
=1+ Ay3l; + Apslp. Now A3l = Ayslyy + Ayslyy = Ayslpi=A455(413433) 11
where I,; = I, N A;. By Corollary 1.2, A — N has three pairwise orthogonal
idempotents since 4 has, so by [4, Theorem 1, p. 512] 4 — N is a Jordan algebra
since A — N is simple. Moreover, N & A1) so A;34;33 € A3 + N;. Therefore
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Ay3(A413433)11 € 413N, € N = 1. In the same manner we have A,3I, <1 and I
is an ideal of A.

But I # 0 since N # 0 and I # A since e; ¢ I; so by Lemma 3.2 we can assume
that I=N=C,. Thus I, N and AI, = I;+ A;(1/2)I,=1,+ A/(1/2)C; =1,
so I is a nil ideal of A. This brings us to cases (A.1) and (A.2).

(A1) N=B=B;=C,and I, =0. Hence 4;334,3 S A3 and A334,; < A,3.
As noted in case (A), A — N is a Jordan algebra and hence is stable. But
N=C,<= A/(1) so we have 4,,4,; S A;3 and A,,A4,; S A,3. Since A,,4,;
= A,,A,3 =0 we can combine these results into

(6.6) AiiAj3 == A;B fOl‘ i= 1,2,3; j= 1,2.

Let Hy = A,(1/2) + [A(1/2)]® = A3 + A3 + 41304, + AR + AR
Now A (A3 + Ax3) S A;z+ A3 Hy by (6.6), A11(4130A4,3) =(411443)
0Ay3 S Ay30A,3 < H, by (6.6) and (a) of Lemma 6.5, and 4;,4% < (4,,04,3)
04,35 (A11413) 04,3 A;30A4,3c H, by (6.6) and (d) of Lemma 6.5.
Similarly 4,,45Y< H ;80 A, H; < H,. By similar uses of (6.6) and Lemma 6.5
we can show in general that A;;H; = H; so H is an ideal of 4 and we can assume
H;=0, N, or Aby Lemma 3.2.

If H;=0 or N, then A,(1/2) =0 since N < Ay(1). Thus A= A,(1)® A-0),
A[(0) is an ideal of A with A,(0) # 0, N, or 4, and 4 has a Wedderburn decom-
position.

If Hp=A, then 4,, = (433)11 and A, =(475)52; so NyAy = N(4D),,
cN,AY<=(N,04,3)0A4,; by (d) of Lemma 6.5 where N;=N NA4; and
Ni;j=NNA;; But N, =C;; so by (6.6) NjoA;3=N;A;3=0.Thus N;4,; =0.
But e;€A,;; so Ny=¢,N;=0. In the same manner we obtain N, =0 so
N =N, S A,,. Then by (b) of Lemma 6.5, N,,4,, = N,,4Q =(N,,4,3) 04,5
=0 again because N = C,. But this gives N= N, =¢;N;, =0 which is a
contradiction. That completes the proof in case (A.1).

Before taking up case (A.2) we prove two lemmas.

(6.7) LemmA. If N =B, + B, + By and H,= A,(1/2) + [A4,(1/2)]'® where
g =f,h, or m, then H, + N is a nonzero ideal of A.

Proof. As noted in case (A), A — N is a Jordan algebra and hence it is stable.
This and having N € 4, + A4,, + A5, gives

(6.8) A“A,JE.A”"‘BJ for i?éj;i,j = 1,2,3.

Without loss of generality we can assume g = f. Then the proof that H, + N is an
ideal of 4 is essentially the same as the proof in case (A.1) that H ; was an ideal of A.
We only indicate this by considering two of the relations that need to be checked.

By (6.8) and (a) of Lemma (6.5) we have A,,(A,30A4,3) S (4;,4,3)04,;
€ (Ay3 + B3)oA,3 € 430 A;3 + NS Hy+ N. By (6.8) and (d) of Lemma
(6.5) we have 4,,4{<(4,,04,3)0A4,35(A;3+B;)04,;SA%+NcH,+N.
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(6.9) LemMA. IfA=H;+ N=H,+ N =H, + N,then H, is a subalgebra
of A. If we also have C; = C, = C3 =0, then A= H; + N is a Wedderburn
decomposition for A.

Proof. By (c) of Lemma 6.5, (413)3; = [A13(A12A23)]33 < A+ A3
= (43)33 = (433);3. Similarly (433);3 S (4{3)33 50 (433)33 = (A13)33. Denote
these as S5. By a similar argument we set S, = (473);, = (4%,),, and S,
(42 2
= (A12)11 = (A13)11-

The proof that A4,,H, = H/ given in case (A.1) is valid here since (6.6) was not
used. Therefore (4,30 A,3)H; = A;,H; < H,.

Clearly A;3(A;3 + Ay3) € Hy. Also A;34%) = (A134,3)0 4,3 = A130 43
= A3 S H, by (b) of Lemma 6.5. Similarly 4,34% < 4,5 < H,. From these
and the relations for S; and §; we have A,34% = 4,5[(4%3)1, + (423)35]
= A;[(A5) 1 + (A53)33] € 4147 + 48)) = H,. Thus A;3H,; < H, and by
symmetry A,;H, < H,.

By symmetry and what we have just checked of H H it remains to show that
AP AR and AY AP are subsets of H,. But A AP = AZ[(A13)1; + (A73)s3]
=AP[(A5) 11 + (A3)33] € APAE + 4D AY). These summands are handled
in the same manner so we will only consider the latter. We note that APAS,
= A},A2, since A;Aj; =0 for i # j. Taking x;3, ¥13, Z23, W23 in (6.1) gives
A(x13Y13) (223W23) + 4(x13223) (V13W23) + 4(x13w23) (V13223) = X13[V13(223W23)
+ 223(V13W23) + W23(V13Z23)] + Yis[*13(z23w23) + 223(x13w23) + w33(X13223)]
+ 233X 13(V13W23) + Y13(X13W23) +w23(x13Y13) ]+ Was[x13(V13223) + ¥13(X13223)
+ 233(X13¥13)] which is in A;3[4,3475 + A33(413423)] + A23[413(413423)
+ Ay3A%] € Ay3H, + AzsHp < Hp by our previous results. Also

4(x13223) (13W23) + 4(x(3W23) (J’13223)€(A13A23) S Alz = Hf

So AR AY = A},43, = H, and H, is a subalgebra of A.

Now assume we also have C; = C, = C; = 0. Evidently S;4,, = (423)114,2
S A;,4% = (4,,4,3)0 A3 S A,30A4,3 S Ay, by (b) of Lemma 6.5. Likewise
S1A4;3 S A;3. So for xeS; we get x(4;, + A13) < Ay, + A;; while xe B,
implies that x(4,, + 4,3) S B, + B; < A,, + A3;. Therefore S;NN=S, N B,
S C; = 0. Similarly S, "NN=S; "N=0s0o A= H;+ N is a Wedderburn
decomposition of A.

(A2) N=B=B;=C;=1;,< A;; + A;;. Thus By, =B;=0 and N
= By + B,. So by Lemma 6.7 H; + N, H, + N, and H,, + N are nonzero ideals
of A. If one of them, say H; + N, is N then H = N, A(1/2) =0, 4 = A,(1)
® A,(0), A;(0) is a proper non-nil ideal of A and 4 has a Wedderburn decom-
position by Lemma 3.2. Thus we can assume 4 = H; + N = H,+ N = H,, + N.

If C, = C, = 0 (we already have C; < B; = 0), then by Lemma 6.9 4 has a
Wedderburn decomposition. Therefore we assume, without loss of generality,
that C; # 0.Clearly C, # A so by Lemma 3.2 we can further assume that C; =
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From N = I, = B, we notice that N* = I B, = 0. For if b, e B, < A;(1) and
(Yowys2)1€1; < Ag(1), then byw, ), € A((0);50 by (6.4), by(yow1/2)1= [6:(yow1,2)]s
= 2[(bywy1/2)¥0]1 = 0.

But we also have N = C, < A4,, = (4%;);; + N. From this and (d) of Lemma
6.5 we get NA;; S NAP 4+ N> = NAQ c(No A;3)0 A;3=0. But e, €4,
so N =¢;N =0 which is a contradiction.

There remains case (B).

(B) C; = C, = C, =0, B= N. Recalling the preliminaries we see that B,;; = 0
for g=f, h, m;i#j;i,j=1, 2,3, and so N = B, + B, + B;. In addition
C; = Gy, forif xe C;, then x(4;; + Ay) = 0. But xe 4;; so x4y = 0. Therefore
xAg(1/2) = x(Ay + A3) =0 and xeC,. Thus C; = C, = C; =0. We then
proceed as in the first part of case (A.2) using Lemmas 3.2, 6.7, and 6.9 to show
that A has a Wedderburn decomposition. That completes the proof of case (B)
and consequently of Theorem 3.1.
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