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1. Introduction. Let C„ be the space consisting of n disjoint (oriented) circles.

By an (oriented) link of multiplicity n in 3-space R3 is meant a homeomorphic

image of C„ in R3.

Two links / and /' of multiplicity n and n' in R3 are said to be of the same type

if there exists an orientation preserving homeomorphism of R3 onto itself that

maps/ onto /' (and hence necessarily n = n'). A link is polygonal if it has a poly-

gonal representative. Further, two links / and I' are said to be isotopic if there

exists a continuous family h„ Oz^t z^l, of homeomorphisms of C„ into R3 with

h0(C„) = I and hy(C„) = I'. These two concepts are not necessarily equivalent.

In fact, the group of a link 1, G = ny(R3 — I), is an invariant of the link type but

is not an isotopy invariant of the link.

In 1952, K.T. Chen investigated the lower central series {Gq} of the group G

of a polygonal link and proved that G/Gq is an isotopy invariant for all q [1]. (Gq

is defined inductively by G. = G, Gi+1 = [G,Gf\, i = I, 2,-■-, where [G,G¡] is

the subgroup generated by all aba~lb~x with aeG, beG,.) Later J. Milnor

generalized this result for the group %'= ity(Jl — l), where Jl is an arbitrary

open orientable 3-manifold and / is a fink in J( which is not necessarily polygonal

[6]. In particular, for a link in 3-space R3, Milnor defined a numerical invariant

p(iy ••• ik), where iy- ik is a sequence of positive integers between 1 and n. p will

be called Milnor's invariant in this paper. p(ij), i¥=j, is the linking number of

the ¿th component I, and jth component lj of I.

On the other hand, R.H. Fox defined the polynomial A(xjv,xJ with integral

coefficients for a given link / of multiplicity n based on a presentation of the

group G of / by means of his own free differential calculus [2], [3]. It is now

called the Alexander polynomial of /. This is the natural generalization of the so

called Alexander polynomial of a knot, (a knot being a link of multiplicity one).

As is well known, the Alexander polynomial A(x¡,Xj) of a link I, U lj of multiplicity

two evaluated at x, = x¡ = 1 coincides up to sign with the linking number of

I, and lj [7]. Therefore, we can write

|A(x,,X;)X(=,i=1[ = |;i(i/)|.

This immediate relation between Aix¡,xf) and p is the only one obtained up to

the present time.

Received by the editors August 12, 1965.

94



ON MILNOR'S INVARIANT FOR LINKS 95

In this paper we shall establish some relations between the partial derivatives

of A(xy,---,x„) and p(iy ••• ik) (Theorems 4.1-4.3). Since A(xy,---,x„) is an invariant

of G¡[G2,G2], it follows that for sequences treated in our theorems p(iy---ik)

depends on G¡[G2,G2~\ rather than on G/Gq.

Noting that p(iy •■■ik) is defined by means of free differentiation, our relations

seem to be quite natural. However, the delicate differences arise from the fact

that while the usual partial differentiation is commutative, free differentiation is

not. Fortunately, these differences do not cause any serious difficulties when

links of multiplicity two are treated. Nevertheless the proof of Theorem 4.1

(§§6-8) is quite complicated. The form of Theorems 4.2 and 4.3 is chosen to avoid

unnecessary complications. However the direction in which these relations can be

generalized will be indicated.

2. The Alexander polynomial. Let I = ly U Z2 U • ■ • U /„ be an oriented poly-

gonal link of multiplicity n ( ^ 2) in 3-space R3. Let G = n¡(R3 — I) be the group

of / and let SP be the Wirtinger presentation determined by a link projection:

^ = (xu:riJ,l^i = n,l=j^Xi),

where xtj is represented by a loop going once around an arc of the ¡th component

/¡ of I in the positive direction and r¡ j = uiJxiju'i~jx'ij+y(1), utJ = xpq or x~J.

Now consider a set of elements stJ defined by s¡j = vuxi¡yVi~jxi~j+y, where

vitj = Ut¿uij-t'"ut,v Then it is an elementary matter to show that the set [rt ■}

can be replaced by the set {s¡j} so that a new presentation ¥ of G is obtained [2] :

y = (xitj:sij, l^i = n,l=j = ¿i).

if will be called the standard presentation of G with respect to 0>.

Let F be the free group generated by xu, 1 ¡g i g n, 1 éj 2Ü h- Let cp be the

canonical homomorphism of F onto G. cp can be uniquely extended to the ring

homomorphism of the integral group rings JF onto JG(2).

Let An be a free abelian group of rank n with a basis {xi,-.,x„}. Then a

homomorphism ip: G -* A„ defined by xfj = x¡(3), l^i — n and l^j^A,,

can be uniquely extended to the ring homomorphism JG-*JAn.

Let M be the Jacobian matrix of £f at ipcp [3, II],

where bpq is Kronecker's delta.

(i) The second index is mod 2.¡.

(z) Any group homomorphism: G-> H determines uniquely the ring homomorphism of

integral group rings: JG-+JH. These two homomorphisms always denoted by the same letter.

(3) xfj denotes the image of x¡j under y and xffj = (xfj)*.
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M is a square matrix of order Z"= yX,. Each row of M corresponds to a relator

s, j and each column to a generator xk<l in ¿f. These will be called the s.^-rows and

x^.-columns respectively.

Let Mis,j\xk) denote the square matrix obtained from M by deleting the

s.j-row and xk rcolumn(4). Then g.e.d.iu¡ tXki\det Mis, ¡: xkff\ is uniquely

determined up to a factor + Xy"---x"n [3,11]. It does not depend on the presen-

tation of G and is denoted by A(xj,-..,x„). A(x,,...,xn) is, in fact, an invariant

of link types and is called the Alexander polynomial of /. For properties of

the Alexander polynomial, the reader should refer to [7].

Now detA/(s;j: xkf) is a polynomial in xx,---,x„ with a possibility of having

negative exponents. Two such polynomials / and g are said to be equivalent,

written f~g, if/ = £x"| •••x„"g for some integers a1,---,a„, where e= + 1 or 0.

In the following, we will show that det A/(s, Al: x„ ,)/(l — x„) may be specified

as the Alexander polynomial of /.

First we will prove the following lemma.

Lemma 2.1.

det Mis,j-. xM) ~ PiiJ: k,l: p) det M(spAp: xkI),

where P is a polynomial in x,,»--,x„ and P = 1 if j = k¡.

Proof. As is well known ([2] or [6, Lemma 5]), given the Wirtinger presentation

SP of G, there are elements w, ¡ of F such that

(2.2) Ó    Ei   WiSuKj = !   ™F-
¡=i   j=i

Since any relator r, ¡ is represented by means of relators sk>l in if as

r,j = u,jS~j-yufjS,j (s;o = 1) it follows from (2.2) that spAn is a consequence

of the others. Thus dsp¡Xp/dxk¿ is a linear combination of other osJ>m/<3xti¡. Thus

det Ñis,j\ xk¡¡) ~ PiiJ: k,l: p) det M(sp,Ar: xM).

It is obvious that P = 1 if ;' = A,.

From (2.1) and Lemma 2.1, we see that det jMis,y. xk f) = 0 mod 1 — xk.

We define Nis,j-. xkl) = det Mis,j-. xkf)Hl — xk). TV is a polynomial in x¡,---,x„.

Now the fundamental formula [3,1.(2.3)] implies that Tv*(s,-j : xkl) ~ TV(s; j :xpq).

Further, from Lemma 2.1, it follows immediately that Nis, A. : xk ) ~ NisiXl:xkJ).

Thus, g.c.d. {det M(s;/: x,.,)} ~ TV(s1Al: xnl). In other words, we have proved

the following

Lemma 2.2.   Aixy,---,x„)~ Nis1Ai:xniy).

Nisi,xf-Xn,i) is specified, hereafter, as the Alexander polynomial of I and is

denoted by A(xls---,xB). Since each element of the snAn-row in A/(s, Xl: x„f) has

(4) More generally Ñ(au..., ap: ßy,..., ßq) denotes the matrix obtained from M by deleting

the ar,..., ap-rows and ß\-./39-columns.



1966] ON MILNOR'S INVARIANT FOR LINKS 97

the factor 1 — x„, the Alexander polynomial is the determinant obtained from M

by dividing the s„^n-row by 1 — x„. In the case n = 2, our specification is justified

by the following

(2.3) A(l,l) equals the linking number.

The proof will be given in §4.

The Alexander polynomial of a subset of / is discussed in detail by Torres in

his paper [7]. We only mention without proof the following lemma.

Let Z(l U lh U •■• U lip be a subset of / and let A(x¡x,x¡1,---,x¡p) be its Alexander

polynomial. Let Mit) denote the submatrix of M consisting of the sltl-, •••,sJ>A(-rows

and the xJfy-,---,xjtX -columns. Then we have

Lemma 2.3.

± xtf-xÇA (x;i,-,x;) = det \\M¡kJp(Si^¡p:xÍyf0\\,     l = k,l^p,

where <J> is a homomorphism JAn -» JAp defined by

xf   = 0    for j*h,—,ig,

xf   = xj   for j = iy,—,ip.

3. Milnor's invariant. Let SP = {Xijl s{J) be the standard presentation of

G = Uy(R3 — I) with respect to the Wirtinger presentation given in §2. Let F„

be the free group generated by Xy, ■■■,xn, and let A„ be the commutator quotient

group of F„, hence An is the free abelian group of rank n with a basis {xy,---,x„}.

Let cp be the canonical homomorphism of F„ onto An. cp can be uniquely extended

to the ring homomorphism JF„^JAn.

Now, we shall define the homomorphisms 6p: F-*F„ by induction on p as

follows [6].

x'l'j = x,   for l^i^n,l=j = Xh

(3.1) x?y = xt,

«feVi = (Vijx^v-}?"   for 1 ú i Ú n, 1 =j < Xt.

6p will be extended to the ring homomorphism JF -> JFn. The particular homo-

morphism cp9¡: JF-yJAn will be denoted by p,i.e.xfj = x¡.

The trivializer o : JG -> J is a homomorphism defined by ( Z¡a¡xf ' • • • x"')°= Z,fl(.

Then we have the following commutative diagram:

QP   sr JF"^ o

JF cp J

9       JA.
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Let nk = vkXk. It represents a parallel of the kth component of I. Then, following

Milnor, we define an integer p(iy ••■ ipk) for a sequence it ••• ipk (p ^ 1) of integers

between 1 and n as follows [6].

<3-2> ^•■•^=(^xt)°-

Let A(i» ••• ¿r) = g.c.d. p(jy ■■■js), where jy ••■js (2 ^ s < r) is to range over all

sequences obtained by cancelling at least one of the indices i¡, ■■-,ir and per-

muting the remaining indices cyclically. Then Milnor proved that

(3.3) p(iy-ipk) = p(iy-ipk)   mod A(iy--ipk)

is an isotopy invariant of a link,

p will be called Milnor's invariant in this paper. Further, let

A*(i'i ••• K) = g.c.d. p(jy --js),   2z^s<r,

where j, »»»j, is to range over all permutations of proper subsequences of iy- ir.

Since A*(iy •■■ ir) divides A(iy ••• ir), it follows that

(3.4) p*(iy-ipk) = p(iy-ipk)   mod A*(iy-ipk)

is also an isotopy invariant of a link.

p* will be called the weak Milnor invariant.

Remark 1. Milnor proved [6] that p* and p are isotopy invariants of (not

necessarily polygonal) links. However, we consider only polygonal links in 3-

space R3, because we are concerned about relations with the Alexander polyno-

mials which may not be defined for "wild" links.

Remark 2. As Milnor pointed out [6], p*(iy-ir) is an invariant of the

homotopy type of a link in the sense of [5] provided iy,---,ir are mutually distinct.

Now many of the relations among p(i, • • ■ ir) and p*(iy ■ ■ ■ ir) for various sequences

i, ••• ir are found in [6]. Those relations needed to prove our theorems will be

collected in §5. The notation used for Milnor's invariant is justified by the following

lemma which shows that p%iy ••• ¿r) depends only on the sublink lh U ••• U/¡ .

Lemma 3.1. Let I' be a sublink of I multiplicity m. We may assume without

loss of generality that i=i1U.-Ul„2^m<i!. Let jy •••jpk be a sequence of

integers between 1 and m. Then two integers p(jy---jpk) and p'(jy---jpk) are

defined by means of if, the standard presentation of G = rty(R3 — I), and S?',

one such of G' = jt^R3 - /')• Then

(3.5) Piji—jpk) = p'O'i —/»•

The proof is straightforward.

4. Main theorems. Let f(x.,•••,x„) be an element of the integral group

ring of the free group F„. As usual the free derivative off(xy,---,x„) with respect
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to x¡ is denoted by ô//3xf. On the other hand, since f(xy,---,xnf is an element of

the integral polynomial ring JAn, we can define the partial derivative of / with

respect to x¡, which will be denoted by df^dxi throughout this paper. By the

trivializer o of a function f(xx, •••,x„)*is meant the homomorphism of JA„ into J,

the ring of integers, defined by [f(xy,---,x„fY =/(l,--,l).
The main theorem of this paper is Theorem 4.1 which establishes a relation

between the Alexander polynomial and the weak Milnor invariant for a link of

multiplicity two. (The Alexander polynomial is an element of JAn.)

For the sake of simplicity, hereafter, the particular sequence 1 ••• 12 ••• 2, where

there are a l's and b 2's, will be denoted by [a, b].

Theorem 4.1. Let I be a link of multiplicity two and let A(x,y) be the Alex-

ander polynomial of I, which is specified in §2. Then for all p,q^0,

(4 1} «> + U* +1]) -(- V }, j, [^ A(x,y)]°

mod A*([p + l,q + 1]).

First observe that Theorem 4.1 is true in the simplest case p = q = 0. In fact, by

[3,1.(2.6)] or Lemma 5.1,

which also proves (2.3). The proof of Theorem 4.1 will be done by induction on

p + q in §§6-8.

If A(x,y) is normalized by multiplying by xrys, Theorem 4.1 remains true.

This is verified straightforwardly. Therefore our reason in specifying the Alexander

polynomial in §2 is to ensure that p([p + 1, q + 1]) coincides with the derivative

of A(x,y) in Theorem 4.1 including the sign. If we disregard the sign of A(x,y)

and consider only the absolute value of p, we can choose A(x, y) arbitrary.

In the case where the multiplicity of I is greater than two, it is not so easy to

establish relations between them. However, the following theorems indicate in

what direction Theorem 4.1 will be generalized.

Theorem 4.2(5).

± -py- [^A^-xj]0 s p([r,]2)p([r2]3)-p([r„_, + !]»)

(4.2)
mod g.c.d.fA*^^), An[r2]3),..-,A*([rli_1+ 1»},

where rt + ••• + rn_y= p, ri=^0 and p(i) = 0 for any i.

(5) [a]i stands for the sequence 1 ■•• ii, where there are a l's.



100 KUNIO MURASUGI [July

Corollary.

± jéïj-l [äC-2 A<*'~'^ )° = mßil3)-piln).

Remark(6).   It is not hard to show that

ÄM0- (J)    mod A*([r]0,

where p denotes the linking number of the first and ¿th components of a link.

Therefore (4.2) may be stated independently of the Milnor invariants.

Theorem 4.3. Let A(x, y,z) be the Alexander polynomial of I of multiplicity

three. Then

(43) ± [a^^H'"*12*
+ p(112)p(233)-p(113)p(223)-p(122)p(133)   mod A*(123).

Every term in the right-hand side other than the first is a product of two Milnor's

invariants of types considered in Theorem 4.1. Thus by Lemma 3.1 and (4.1),

these invariants can be obtained from the Alexander polynomial of the correspon-

ding link of two components. (See the above remark.) If p*iiy ■■•ip) = 0 for all

sequences i, ---ip of mutually distinct integers between 1 and n, then the link is

homotopically trivial [5]. Thus Theorem 4.3 implies immediately the following

Corollary. Let I = ly U l2 U l3 and let Aix„xf) denote the Alexander poly-

nomial of 1, U lj. If Aix„Xj) = 0, 1 ̂  i,j = 3, / #7 and A(x1,x2,x3) = 0, then I is

homotopically trivial.

This corollary can not be generalized to the case n = 4. In fact, there exists an

almost trivial (7), but not trivial link for which the Alexander polynomial vanishes.

The link illustrated by Figure 7 in [5, p. 190] is one of such links.

Example. The Alexander polynomial A(x, y) of the link /considered in [6, p. 301]

is ( - l)m-1(l - x)2m_1(l - y). Therefore

= (-l)m   mod A*([2m,2]).

In this case, A*([2m,2]) = 0.

5. Preliminary lemmas. In this section, we collect some lemmas which will

be used frequently in the following sections. Many of them are formulas

appearing in [3], [4], [6] or easy consequences.

(<>) The author acknowledges to the referee for pointing out this remark.

(7) For the definition, see [5, p. 189].
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Lemma 5.1 (Chain Rule).Leí Y and Zbe free groups generated byyt---,yn and

Zy,- ■■ ,zmrespectively, and let t be a homomorphism JY into JZ. Then for any feJY,

[3,1.(2.6)].

In the rest of this section, we assume that X is the free group generated by x

and y, and cp is the canonical homomorphism JX -» J(X j[X, Xf).

Let iy---ir and jy---js be two sequences. By a proper shuffle of these two

sequences is meant one of the (r + s)l/rls\ sequences obtained by intermeshing

i, ■•• ir with jy •••/ [6,p. 294]. Let S(a,b) denote the set of all proper shuffles of

two sequences 1 • • • 1 (a times) and 2---2(b times). For the sake of brevity,

da+bf

dztl-dzu+b

is denoted by da+bfl dm, where co = i y ■ ■ • ia+b e S(a, b) and zt = x or y according

as ij = 1 or 2, and

da+bf

dx"dyb

is denoted by Da-"f

Lemma 5.2.

(5.2) I     d^LY^l^l^{Da.Y)\foranyfeJX.
l<oeS(a,b)       OCÜ    J a\       b\

This follows from [3,1.(3.9)] and [4, (3.3)].

Lemma 5.3.

(5.3) (D"-0/*)0 = n if)"-1'0  i^-\ 1     for feJX and n ^ 1.

This follows from Lemma 5.2.

Lemma 5.4.

(5.4) (_l)«/j([> + l,s + l])H     L   fi(col2)   mod A*([p + l.g + 1])
<oeS(a,b)

[6,(26)].

Lemma 5.5.  Let M = (au) be an n x (n+ 1) integral matrix. Then (see(4))for

l = i^n,
n+l

\i-l.det M{ :/+!) = (- l)'"^,,, S   det M(k - 1: l,fc)
t = 2

n+l n+l

(5.5) +   S   (-T)i+}au    S      edet Ñ(k-l:j,k),
k = 2 '    k = 2.k*j
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where s = 1 or — 1 according as j <k or j > k.

Proof.   Let

Lk = a,y det A?(fc - 1:1, k) - aU2 det M(k - 1: 2, fc)

+ ••• + (- I)*"2«,,»-« det Ñ(k -l:k-l,k)

+ ( - l)k-lal<k+y det M(k -l:k + l,k)

+ ••• + (- l)"a,„+y det M(k - 1: n + l,k).

Then the right-hand side of (5.5) is equal to Ejl^ - l)l~lLk. Let M' be the

in + 1) x (n + 1) matrix obtained from M by adjoining a row which is identical to

the ith row. Then it is evident that ( — 1)"~ xLk is the expansion of M\k — 1 : fc) by

minors of the last row which is adjoined. Thus Lk = 0 if fc # i + 1 and

( - l)"_1Li+1 = ( - l)n_i det Mi : i + 1). Therefore

2   ( - l)lLk = i - If- 1LI+1= det Mi : i + 1),    q.e.d.
k = 2

6. Proof of Theorem 4.1(1). To simplify notation involved, throughout §§6-8,

we will use x¡, yk instead of Xyj, x2y. Rj, Sk instead of Sy:j, s2y,Aj, Bk instead of

vi,Pv2,k> £>>7 instead of nlt n2; a, ß instead of Ay, A2; and x,y instead of x1Al,x2>¿2.

Therefore F is the free group with free generators x,, •--,x!1, yy,---, yß; F2 is a free

group with two free generators x and y; A2 is a free abelian group of rank two

with a free basis {x,j}; and ep is a canonical homomorphism JF2-+JA2. With

these notations, we can write

Further, to avoid unnecessary effort we introduce the following abbreviated

symbols.

-Xftp,«)   '

lf(P,9) =

C'ip,q) ■■

C'2ip,q)    -

Hz(j>,q)   ■■

where C = A or B and z = x, or yk

Dp'qCf,
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Now the proof of Theorem 4.1 will be done as follows.

First we note that ( — l)qß([p + l,q + 1]) is the sum of p(a>12), coeS(p,q)

(§5(5.4)). Thus from (5.2), it follows that ( - l)qp([p + 1, q + 1]) can be represented

as the sum of 2ZiHx.(p,q) and a linear combination of Hx.(r,s) and Hyk(r,s) with

coefficients X¡ and Yk respectively. (§6, Lemma 6.1.) On the other hand,

(llp\)(llq\)D^A(x,y)

is the derivative of the determinant which is specified in §2. Then by using the

inductive hypothesis, we will show in §7 that it is also represented as the sum of

2l¡iHx.(p,q) and a linear combination of HXt(r,s) and Hyk(r,s) with coefficients r,

and Ak respectively (§7 (7.3)). Hence, the final step of the proof of Theorem is

to show the equalities between X and T, and Y and A. This will be done in §8.

Now the first lemma to be proved is

Lemma 6.1(8).

1     1
(-l)"ß([p + l,q + 1])=„

p-    q.- i = i

+

I   HXi(p,q)°
= i

V-l   ii   (p)(9 2   HXt(r,s)Xei(p-r,q-s)

(6.1) +   £   Hyk(r,s)Yek(p-r,q-s)
k = l

mod A*([p + l,q + l

where 0 = 9p+q+y.

Proof.    From (5.2), putting /= dif/dx, and (5.4), it follows that

(-i)qK[p + h« + !]) = 4- -¿j-DP'q(jx~f)'  mod A*([p +1,5 + 1]).

To obtain (6.1), we have only to apply the chain rule on dne/8x and the rule for

differentiating product, noting that fH = f for any/eJF, q.e.d.

In the following lemma, the recursive formulas for X¡ and Yk will be given.

Lemma 6.2.   For i,k = l, X = 2, (p,q) ^ (0,0),

(6.2) (i)   [Xfi y(p, q)Y = A'(p, q)»-p   i   Alxfp - 1, q)n
j' = i

-p        E      S (P; *)  (*) fs   AXJ+l(p-l-r,q-syX°W(r,s)°

+   S   Al + fp-l-^q-syYÏÎ-Ar,*)0).
_ i = i 1

(8) (r, s) < (p, q) (or (r, s) = (p, g)) means that r g p, s <^q and r + s < p + q

(ptr + s=p+q).
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(6.2) (ii)    Yt\ yip, q)°=-qî   Bkx .(p, q - l)°
7 = 1

-q        El (P ) (q - l) I'i B%+1ip-r, q-l-s)°X%-fir,sy

hlip-r,q-l-s)eri?11ir,sy}.

3-1
a*

+    2   Bn,
l = l

All the proofs are straightforward, hence omitted.

7. Proof of Theorem 4.1 (II). In §2, the Alexander polynomial A(x, y) is

defined as the determinant NiRx: yf). Now let L be the determinant obtained

from NiRx: Yf) by adding the x2-, ••-^-columns to Xj-column. Since

L=NiRx:yy),

we can write L= A(x,y). Thus Dp,,A(x,y) is obtained by differentiating each row

of L w.r.t. x and/or v such that the total number of differentiations w.r.t. x and

y are exactly p and q respectively.

Let us write (see (4))
Djir,s) = [DrsLiSß:xJ)J,

Ekir,s) = [D'^LiSß:yk)J.

Now by expanding DP,9L by minors of the S^-row, we have the following

formula. (Note that /^(O.O) = ( - l)a+/i~2.)

[D-^Aix,y)r =  Î   HXjip,qf
; = i

+ (-ir"-2 I       I      (i) (l)  (¿   HXjir,s)"Dyip-l,q-s)
(71) (O.O)á(r,4)<(p,<j)   \ r 1   \ S 1    \j = l

+   Î   i-iy-'H^syDtp-^q-s)

+   Í   i-iy+kHyXr,s)° Ekip-r,q-s)\
k = 2 !

Since (4.1) is true for (r,s) < ip,q) by the inductive hypothesis, it follows that

_L J_ [D'*Aix,yy]° = i-iyp([r + l,s + 1]) = 0

(7"2) mod A*([p +l,q + l]).

Thus £/=i//,,..(*-,s)° can be represented as a linear combination on HXjit,u)°,

Hykit,u)° and Z- = 1//X.(i,u)°, where j,k = 2 and (f,u)<(r,s). Hence, by using

this fact repeatedly, we can conclude that Z¡ = yHx¡ir,s)° for (r,s) < (p, g) may be



1966] ON MILNOR^ INVARIANT FOR LINKS 105

represented as a linear combination of Hxft,u)° and Hyk(t,u)°, j, k = 2. (It should

be noted that I." = yH Xj(0,0)° = p(l2) s o'mod A*([p + l,q + 1]).) Therefore we

obtain the following formula.

(7-3) +TT^r        S      2   (^)(*) (£   i/x/r,S)TJ-'(r,s)

+   Z   H,kir,syAFir,s)\
k = 2 I

mod A*([p +1,^ + 1]),

where Fp'qir, s) and A^'9(r, s) are the resulting coefficients of HXj(r,s)° and //^(r, s)°

respectively. In particular, we define Fj'q(p, q) = 1 and Ak (p, q) = 0.

The above process of obtaining (7.3) from (7.1) leads us to the following recursion

formulas for Tj and Ak. (The proofs are straightforward, hence omitted.)

Lemma 7.1. For i,fc^2, (p,q) > ir,s) ^ (0,0),

(i)      Ff-q(r,s) = ( - iy+ß + i-xD,ip -r,q-s)

+ (-ir+"-1        E      E   (!"!)(?"') rl'-ir.s^Cp-/,«-«).
(r,s)<(i,i.)<0,«) \P- tf \q-uf

(7.4)

(ii)       Ar9(r,s) = ( - lf+kEk(p -r,q-s)

+(-ir"-1   e  s (i'lK!"!)^.^-'.»-«)'
(r,S)<(i,U)<(P,,)  \P-t ) \q-uj

8. Proof of Theorem 4.1 (Conclusion). In this section all values will be

considered mod A*([p + l,q + 1]).

By comparing (6.1) and (7.3), we see that in order to prove Theorem 4.1 it is

sufficient to show the following:

(8.1) For i,k = 2, ip,q) > ir,s) > (0,0),

(i) Xe,"*"^ir,sy = F¡'\p-r,q-s),

(ii) Yke> + * + >(r,s)°=Ak(p-r,q-s).

Now it is easy to check that (8.1) is true for (p,q) < (1,1). Thus we may assume

as the first inductive hypothesis that (8.1) is true for (l,m) <(p,q). Further,

since (8.1) is also true for (r,s) < (1.1), we can assume as the second inductive

hypothesis that (8.1) is true for (t,u) <(r,s).
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Now Xe(r,s)°, 0 = 0p+q+l, and Tf'9(r,s) ate finite sums of products of terms

A'-lW, A^^iUuY^-^ttf and B^\(t,u)°. Let X!(r,s: X) and Tf-\r,s: X)
denote the sums of "homogeneous" terms of degree X. Similarly define Di(r,s: X)

and Ek(r,s: X). Then the proof of (8.1) is reduced to that of the following:

(8.2) For any X = l,

(i) Xei(r,s:X)0^TPi-\p-r,q-s:X),

00 Yek(r,s:Xy=Ar(p-r,q-s:X).

(8.2) will be proved by induction on X.

For the case 1 = 1, (8.2) (i) is true, because

Tr(p-r,q-s:l) = (-íy+t+'-'D^s-.l)

= A'-1(r,s)-rî   ¿-/(r-hs)
j" = i

= Xei(r,s:iy.

Similarly (8.2) (ii) is true for X = 1.

We may therefore assume as the third inductive hypothesis that (8.2) is true for

any v < X. In the following, we will prove only (8.2)(i), since the other can be

proved in the same way.

Now from (7.4) (i), we observe that

rr"(p - r,q -s:X)a(- l)«+/,+,"1D^,s: X)

(8.3) +(_l)^-i        £      £ /   r    )(   s    )

(p-r,î-s)S((,«)<(p,9)     \P — t I   V? — u/

¿-1

•   £   T'f(p-r,q - s:v)Dy(p - t,q - u: X-v).
v = l

Since Dj(t,u)° = 0 unless the Rj-row of the determinant Lis differentiated

w.r.t. x or y, we can prove by means of Lemma 5.5 that(9)

Di(r,s:X) =        E      2     i-ï)t-1(r)(s)[^i-1ic,d)Dlir-c,s-d:X-ï)

(8.4) + ( - c) f £   ( - l)¡+lAx-l(c - l,d)Dj(r -c,s-d:X-l)

+   S  (-l^Xi^íc-LíOB^r-cs-drA-l)) .
)t = 2 I.

By substituting from (8.4) in (8.3), T?'q(p — r,q — s: X) can be represented as a

linear combination of Dy(a,b: X — v) (1 = v g A — 1), D¡(a,b: X — 1) (j = 2) and

H^f-'(c,d)=4i~'(c,d)-cE;=14:1(c-l»d).
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Ekia,b:A — 1)   (fc ̂  2)   with   coefficients   ôyia,b: A - v),   öj(a,b: A- I)   and

sk(a,b: A — 1), respectively.

On the other hand, it follows from (6.1)(i) that

2fr*«»'(r.*:Jiy-(-r)        S     E        f'T^ii)
(0,0)-i(c,<f)g(r-l,s)     \      c      /   \al

• ( E   4:'(r - 1 - c,s - d)Xj>+<(c,d: A - l)°
0 = 2

+   E   ^(r-l-cs-^y^'fod.A-iy].
* = 2 I

By the first inductive hypothesis, Xef + q and y*"*« in the above formula may be

replaced by Fp~1 '" and Al~1,q respectively. Further, since these F and A are linear

combinations of D, and Ek by Lemma 7.1, Xo,"+q*'(r,s: A)0 can be represented as a

linear combination of D¡(a,b:A — v), D/a,b:A — 1) and Ek(a,b: A — 1) with

coefficients dy(a, b: A — v), d/a,b: 1 — 1) and et(a, b:A— 1) respectively. Thus

the proof of (8.2) (i) is reduced to that of the following

(i)     ôy(a,b: A — v) = dy(a,b: A — v),

(8.5) (ii)    ojia, b:A-l) = djia, b:A-l),

(iii)   ek(a,b: A— 1) s ek(a,b: A — 1).

Proof,   (i) The case v = 1.

öy(a,b:A-l) = (-iy+ß+i-l(-l)i-1(r[a)j(sS_bjs/i-1(r-a,s-b)

+ < - 1)"+'"1 (« ) ( b ) rra-"-biP - r,q - s: 1) = 0.

On the other hand, dy(a,b: A — 1) = 0.

T/ie case v ^ 2.

dy(a,b:A-v) = (-r)        E E   (r~M(')   É   ¿^(r-l-c.s-d)

x (-ir*-1 (*)(¡|) rri-o-í-fc(p-i-c,a-á:v-i)

+ (-r) E      E      (rT1)(!)   É  ^(r-l-c.s-cf)
(0,0)S(c,<I)gfr-,s)    \      c     J   \a I  k = 2

x (-ir""1 (^(^Ar-^^Cp-l-e.i-cfrv-l)

(using (8.2) and the second inductive hypothesis.)
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■ (~iy+ß'i {ra)(l)r"'"q^p-r'a-s:v)

= Sy(a,b: X — v).

(ii) ó:(a,b:X-l)

= ( ^+ß+i-1(r_[a)(s^b){-(r-a)}(-irJAi-\r-a-l,s-b)

= (-!)— (-r) ([Zi) (s_:b)A^(r-a-l,s-b)

= dj(a,b: X — 1).

(iii) is clear.

Thus the proof of (8.5), hence that of (8.2)(i) is completed.

The proof of Theorem 4.1 is thus completed.

9. Proof of Theorem 4.2. In this section, we assume that /is a link of multiplicity

n = 2, and use the notation of §§2-3.

Let ¿P be the standard presentation of the group of 1 w.r.t. a Wirtinger pre-

sentation. Let M be the Jacobian matrix of if at ipcp and let N be the matrix

obtained from M(s1Ai: xn>1) by adding the x¡ 2-, "',x% ^-columns to x;^-column

for 1 5» i ¿ n — 1. Interchange rows and columns of TV to obtain the new matrix

N' having the s2¡Xl-, •■•,s„Ai-rows and the X! A-, ••■,x„_11-columns in the top left

corner. In other words, JV' is of the form, | Nu ||, where

Nyy     =

N2y   =

9s.;,;„■

^t,i

^ü,i

0V1),

U^X¡),

N12 =

N,

3si./.t
oxk.l

dsi,i

Sxk,i

(I *  1),

(/ #  1).

Then it is a straightforward matter to show the following

(i) Each of (Nyy)0, (N12)° and (N21)° is a zero matrix.

(9.1)

(Ü) det (7V22)0=(-l)A-n, where X= E?=iA,.

Let L, Lyy and L12 be matrices obtained from N', Nyy and Ni2 by dividing the

s„x„-tow by 1 — x„ respectively.

Consider a derivative DpA(xy,---,x„)(10). It is obtained from det L by dif-

ferentiating each row w.r.t. Xy in such a way that the total number of differentiations

(io) DVf=dVfldxpy.
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is exactly equal to p. If the s¡ ¿.-row of det L(2 ^ i Z- n — 1) is not differentiated,

then  [/)pA(xi,...,x„)]° = 0. Therefore we obtain

(9.2) [DpA(x,, • • •, x„)]° = 0   for p < n - 2.

Consider the case p g*, n — 2. It is easily verified that, for any q, the nonzero

elements of (D9 det Ln)° occur only on the line just above the diagonal and in

the last row, and that every element of the first column of iDq det N2ff is zefo.

Thus we obtain that

[£>pA(x1,.-.,xn)]°=  E   ( P) (Dq det Lny(D"-q det N22)°.

Explicitly, (Dq det L,,)0is of the form.

(O'detL,,)0 = (-1)"-2E «l iD"nP2y-iD'»-Y„-y)°

■M,mr
where the summation runs over all sequences rt,---,rn_l such that r. + ••• + r„_l

= q. Hence the proof of Theorem 4.2 will be completed if the following Lemma

is proved.

Lemma 9.1.

(i)      -L (DPdet L'i)°s o   Piirj-iV) 'ßiirn-i + 1]«)   mod Ä.
I7. j=2

(ii)     For Ozir <q,

—¡- (Drdet Ln)* = 0 mod A,

w/iere A = g.c.d. {A*^^),-^*^., + l]n)}.

Proof,   (i) follows from (5.1), (5.2) and (5.3).

Proof of (ii).    From (i), it follows that

-i- iD' det L,,)° = "fi   /K[s/- 00 • «[«»-1 + 1]«)   mod Â.
r! J=2

However, it vanishes mod Ä, because at least one of s¡, ••■,sn_1, s¡ say, is less than

r„ as is seen from the fact that s, + ••• + s„_! < rt + ••• + rn_!.

10. Proof of Theorem 4.3. Since the proof of Theorem 4.3 can be obtained in

the same way as is used in §9, we omit the details. We have only to notice the

following.
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(10.1) The nonzero determinants in

[a^x7A^^2'^]°m0dA^23)

occur only when the s2 ¿2-row is differentiated w.r.t. x2, or x, and x2, or x2 and x3.
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