SOME INCLUSION RELATIONS BETWEEN MATRICES
COMPOUNDED FROM CESARO MATRICES

BY
A. J. WHITE

1. Introduction. Let 2 denote the family of lower triangular matrices which
define regular sequence to sequence transformations and which have nonnegative
elements and nonzero elements on the leading diagonal; i.e. B = (b,) € 2 if and
only ifb,, 20(n=0,1,---;k=0,1,---), b, =0(n < k), b,,>0(n=0,1,---) and

bnk_’o (n_’ o0, k=0’1""),

lim X b, =1
n—ow k=0
Let {A(r)} (r=1,2,---) be any sequence of infinite matrices. If A(r) = (a,(r))
(r = 1,2,---) and if {r,} is any sequence of positive integers, the matrix
A{r,} = (au(r,)), which has as its nth row the nth row of A(r,), is said to be
compounded from the sequence {A(r,)} or to be a compounded matrix.
The results set out in the following theorem concern some properties of com-
pounded matrices.

THEOREM A. (i) If A(r)e P (r =1,2,---) then there is an increasing sequence
{R,} of positive integers such that if 1 <r, <R, the compounded matrix A{r,}
is regular.

(i) If A(Ne? and A(r+1) (AP)) ' €2 (r=1,2,-), if {r,} and {r)} are
sequences of positive integers such that A{r,} and A{r,} are regular and if
rn < r, for all sufficiently large values of n then(*) A{r,} < A{r,}.

(iii) If A(r)e P and A(r) (A(r+ 1)) ' e (r=1,2,-), if {r,} and {r}} are
sequences of positive integers such that A{r,} and A{r,} are regular and if
rn = ry for all sufficiently large values of n then A{r;} < A{r,}.

Of these results (i)(?) and (ii) are due to Agnew ([1], Theorems 3.1 and 3.2
and the remarks in §5; cf. also the references given there) and (iii) may be obtained
by making simple changes in the arguments used to prove (ii).

Now suppose that A(r)e 2 (r = 1,2,--+) that A(1) = A(2) < --- (this is certainly
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(1) Throughout this note we write 4 < B if s» — s(A4) implies s» = s(B), and 4 < B if
A < B but there is a sequence {s..} such that s» — s(B) but sn+>5(4). f A = Band B2 4
we write A = B.

(2) This result is stated in [1] under the additional hypothesis A(r + 1) (4(r))"1€ P but
inspection of the proof shows that this condition is not in fact used.
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the case if A(r +1) (A(r))”"'e#) and that A(r).< B (r=1,2,---) where B is
some regular matrix. It is natural to inquire what relation exists, if any, between
B and a compounded matrix A{r,}. If A{r,} is regular an attractive conjecture
is that A{r,} < B. This can fail to happen in a rather spectacular way, as the
following example shows. For r =1,2, .- let A(r) be the matrix which transforms
a sequence {s,} into the sequence {t,} where

t,=r s, +(U-r"@n+1D"" X s,
v=0
Then each A(r) is a Mercerian matrix [5, p. 104] and is equivalent to convergence
so that trivially A(1) € A2Q) < - =« C(a), 0 <a = 1. If r, =n the compounded
matrix A{r,} transforms {s,} into {t,} where

h=n"'s,+(1-n")(n+1"" T,

v=

and so A{r,} is regular. On the other hand if s, > sC(1) then (n + 1) 7' X} _gs, > s
and [5, p. 101] s, — s = o(n). It follows that n~'s, = o(1) and hence that ¢, — s
as n — oo. Consequently C(«) < A{r,} for0 <a < 1.

In this example the condition A(r 4 1) (A(r)) '€ 2 is not fulfilled, but, as we
shall see below (Theorem 4), even if it is there may still be a regular compounded
matrix A{r,} such that B < A{r,}.

Throughout the rest of this note we consider matrices compounded from
Cesaro matrices. We write(®)

(a+D@+2)(x+n)
n!

(1.3) &,(0) =

so that, for « > — 1, C(a), the Cesaro matrix of order «, is the lower triangular
matrix (a,) where a, =¢,_;(¢ — 1)/e (o). If o,> —1 (n=0,1,:--) then C{a,}
denotes the lower triangular compounded matrix (b,;) where b, =¢, _ (o, — 1)/e,(2,).

It is well known and easily verified that if o, 20 (n=0,1,---) then C{o,} is
regular if and only if a, = o(n) as n — co.

Agnew [1, Theorem 6.1] has studied the relation between C{a,} (o, T— o)
and Abel’s method. Here we suppose that {«,} is a monotone sequence converging
to a real number « and consider inclusion relations of the form C{a,} = C(x). We
show (for example) that if {«,} increases to « sufficiently rapidly then C{a,} = C(2),
and that otherwise C{a,} = C(«). In this latter case we show that for a certain
class of sequences {«,} the ‘‘gap’’ between C{a,} and C(«) may be filled by certain
well-known Norlund matrices.

In addition to the matrices C() and {Ca,} defined above we require the lower
triangular matrices C(a,y) and C({«,},y) whose (n, k)th elements are given, for

(3) Certain identities involving the binomial coefficients &.(a) which we use freely can be
found in [7, p. 77].
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0=k = n by gy (a — De(y)/e,(a + y) and &, (o, — Deu(y)/en(a, + 7) respectively.
2. In this section we prove the following two theorems.

THEOREM 1. If {&,} is a nondecreasing sequence converging to a real number
o (> 0) then

@) C{a,} <= C(w),

(ii) C{a,} = C(a) if and only if {(« — «,) logn} is bounded.

THEOREM 2. If {a,} is a nonincreasing sequence converging to a real number
a (= 0) then

@@ C(a) = C{a,},

(i) C(2) = C{a,} if (o, — @) logn is bounded,

(iii) C(2) = C{a,} if (a, — ) logn = 00 as n— oo.

We require two lemmas.
LEMMA 1. Ifa,20(p=0,1,---) and {a,} is bounded

n®r 1
W) = (140 (7))
uniformly in n and p.

See [7, p. 77]. The proof given there is for constant sequences {o,} but is easily
seen to cover the present case.

LemMa 2(*). If0Sm <n, if 0<a, <1 (r=0,1,---) and if either (i) {a,} is a
nondecreasing sequence, or (ii) {,} and {r™'(1 — a,)} (r = 1) are nonincreasing
sequences, then for any sequence {s,} there is an integer p such that0<p<m and

=1 T ersta=1Ds, | SCeplty= 1) | E 5ty = Dsy |-
v=0 v=0

Proof. The result is trivially true if m =n or m =0 and we suppose that
0 <m < n. It is easily verified that for fixed m and n, ¢,_,(a, — 1) (€, (%, — 1)) ~*
is a nondecreasing function of vin the range 0 < v < m.

Consequently there is a nonincreasing sequence m,m,,--- of positive integers
such that

£ sn—v(an - l)sv
v=0

E 8n—v(an - 1)(sm—v(am - 1)—1 em—v(am - l)s)vI
v=0

= an(an - 1) (em(am - 1))- ! o

.....................................................................

é 8,,(&,, - 1) (smk(amk - 1))-1

(4) This lemma and its proof are given in the case of constant sequences {a,} by
Bosanquet [3, Lemma 7].

M+ 1 t

T ey y(Om — Ds, ' .
v=0
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Since the sequence {m,} is nonincreasing there is an integer p such that
m, ., = m,= p (say) and in this case we have 0 < p < m and

T e ylan— Ds,
v=0

< e — Doy — 1) "1 | £ 6, = Ds,
v=0

which is the required result.
We also note that

@1 Cle) = C({o — 2}, 0) C ().

Proof of Theorem 1. (i) We have to show that s, » sC{a,} implies s, — sC(a),
and since both C{e,} and C(x) are regular matrices it is sufficient to obtain the
result when s =0. It is also clear, from Theorem A(ii) that we may suppose
o, #a (n=0,1,---). Consequently from (2.1) it is sufficient to show that ¢, —»0
C({o, — a},) implies t, = o(1), or, writing t_; =0, x, = &,_,(a)t,—; — &,(2)t, that

22) T 0t — @)%, = 0(ar(®)
v=0
implies
(2'3) (tnsn(a) = ) E Xy = 0(8”((1)).
v=0

Since (g, (o, — ®))"! is an increasing function of v in the range 0 < v < n we
have, using Lemma 2 (case (i) with a, replaced by o, — a — 1)

| Z 5] = | E o= 2D orn (o = o,
1 y=0 v=0
p
< 2 max | X g,_ (o, —0)x,
v=0

0Spsn
k

o, — O
< 2 max max "( )
0sps<r O<ksp sk(“k—“)

= o(n™),

by (2.2) and Lemma 1, so that (2.3) holds.

To prove (i) it is sufficient, in view of (2.1), to show that the matrix C({a, — a}, @)
is regular if and only if (x— a,)logn = 0(1). Now X7_&,_(a, — a — 1), ()
=g, (a,) and it is easily verified, using Lemma 1, that ¢,_,(x, —a— 1)¢,(y)
“(ef(2))” ' =0(1) for v=0,1,---. Hence C({a, — a},,) is regular if and only if

— a)x, I

28}1(“) - i sn—v(an —a-= 1) & (a)

28»(“) - 8,,((1,,)
O(e.(,))

i Isn—v(an —a= l)lsv(a)
v=0
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i.e., using Lemma 1, if and only if (« — a,)logn = O(1).

Proof of Theorem 2. A straightforward calculation shows that C({o, — a},)
is regular and (i) follows.

To prove (i) we write B, = «, — a and consider first the case when {f,} and
{(1 — B,)/n} are decreasing sequences. In this case it follows from Lemma 2 that
fO<mz<n

(sn(an))_ ! z L v(ﬂn - 1) &y (a)sv

v=0

< max (g,(x,) ~*
0sp=m

Zp'. &,—(Bp— De,(a)s, | .
v=0

It follows [6, p. 75] that if 5, = o(1) C({8,},) then
Sk SUP&,_4(Bn — 1) 8 (@) (ea(2)) " = 0(1) as k— 0.
n2k

Now

_ nn—1--(n—k+1)
Bu+tn—0DB,+n—2)---(B,+n

and it is easily verified that, since {(1 — B,)/n} decreases, {(n — p)/(, + n — p — 1)}

is a decreasing sequence forgn = k and p =0,1,---,k — 1. Moreover, since {f,}

decreases, {e,(B, — 1)(e,(,)) "'} decreases. Consequently, for each fixed Kk,
{en—1(Bn — 1) (e(,)) ' } decreases for n 2 k and so

sg}? &n —h(ﬂn - 1) & ((Z) (8,,(&,,))— = 3k(a) (ek(ak))— h

sn—k(ﬂn - 1)

— k)sn(ﬂn - 1)

Thus, in the special case being considered, if s, = o(1)C({B,}, @), then
5@ () ! = o(1), ie., by Lemma 1, s, = o(k’). In particular, if
o, = a + K/log n for some positive K and all sufficiently large n, then
s, = o(1) C({B,},®) implies s, = o(1), i.e., that C({B,},) is equivalent to conver-
gence. Now if («, — a)logn = O(1) we have a, < « + K/logn for some positive
K and all sufficiently large n. It follows from Theorem A (iii) that C({a,—a},a)
is equivalent to convergence and in view of (2.1) this proves (ii).

To obtain (iii) we note that C({«, — a},«) is regular and that, since we may
assume without loss of generality that o, — a < 1, ¢,_ (2, — @ — 1)¢,(«) increases
with v for 0 < v < n so that, writing C({a, — a},2) = (a,,) we have

©
= Ianv+1—anvl = 2a,,— ayo
v=0

= o(1)

as n —» oo by Lemma 1 since (a, — «)logn — co. It follows [1(a), p. 130] that
C({o, — a},0) evaluates some divergent sequence, and (iii) follows.
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3. Let r,(h,k)(h,k,real n = 0,1, ---) be defined by
— k ©
3.1 1-x)"rt ( lig-(lx—-x—)) = X r(hkx" (|x|<1).
- n=0

It is known that [7, p. 193]
h

G2 kb ~ prylosnt (h#t =1,-2,)
(33)  rk) ~ (=D k| = Dlkn'(logn)*™" (A= —1,-2,-).

Let p,(k)=r,(—1,k), and let L(k) denote the Norlund matrix [5, p. 64]
generated by the sequence {p,(k)}. If k =0 we have p,(k) =0 (n=1,2,---) and
Po(k) = 1. Moreover from (3.1) and (3.2)

X pu(l) = 0, k) ~ (logn)*
and from (3.3) v

k—1
Py ~ OB

so that [5, p. 64] if k = 0, L(k) is regular. The matrix L(1) generates the harmonic
means of M. Riesz and the matrices L(k) may be regarded as iterates of L(1)
in the same sense that the matrices C(a) are iterates of C(1).

We prove next

THEOREM 3. If & 2 0 and o, — o = kloglogn/logn for sufficiently large values
of n, where k 2 0, then C{a,} = L(k) C ().

We require some further lemmas.

LemMa 3(°). Suppose that 0 < p, <K (n=0,1,---), where K is independent
of n, and that the sequence {q,} is defined by

4oPo =1, 4.Po + qn-1P1 + =+ + goPn=0 (n=1,2,--).
Suppose further that there is an integer N ( 2 0) such that

(3.4) g, =0, v=N,
(3.5 2q,20, vZN.
r=0
Then for any sequence {s,}
m k
(3°6) } z Pn=vSv ll§ H max 2 Pr—vSy I (0 é m én)
v=0 0Zks=m !'v=0

where H is independent of n.
(%) This is an extension of some known results cf. [6, p. 43 and p. 128].
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Proof. Since the result is clearly true if m = n we suppose that 0 < m < n.
From the definition of the sequence {g,} we have

v r
Sy, = z qv—-r z Dr—1tSr
t=0

r=0

= E qv—rtr (sa'y)’
r=0 .

forv=0,1,---.
Consequently
m ) m v
z Pn-vSy | = z Pn-v z 7 o l .
v=0 . v=0 r=0
m m-r
3.7 =| X L )> Pn-r-vdy
r=0 v=0
m | m-r
< max t,| Z|Z por-vly
0sSrsm ! r=0"! v=0
Ifm<N
m m-—r N N
2z z Pn-r—vdy | = KX X IQVI =K (say).
r=01!v=0 r=0 v=0

If m > N we write

m m-—r n—N , m-r m m-r .
2| Xyt | = Z pror-vily|+ X X Parstly| -
r=0 'v=0 r=0 lv=0 r=m—-N+1 v=0

Nowif 0Sr<m— N and v> m — r we have v > N so that g, < 0 by (3.4) and
sofor0<r<m-N

-r

m n—r
gopn—r—qu 2 ?o Pa-r=vdy=0.

Consequently if m > N

m m—r m m-r m Sy m-r
Z| Zppr-vty |S X X pprvgy+2 X p..-,-qul
r=01!v=0 r=0 v=0 r=m—-N+1 ! v=0
m m-r N
= X X ppyrvdy+2KN I |g,|
r=0 v=0 . v=0
= X Pn—v z qv-r+2K'
v=0 r=0

v=0

< T py T q,+2K  (by (3.5 since m > N)
r=0

= 1+2K'=K" (say).
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If we now choose H = max(K’, K") we have

m m-=r
§Jo Ep..-,-qu SH

and (3.6) follows from this and (3.7).

LemMma 4. Ify 2 0 and if {a,} satisfies either of the two conditions of Lemma 2
then C{a,} = C({a,}, 7).

Proof. The case y =0 being trivial we suppose that y > 0. It follows from
Theorem A (iii) and known results [2, Theorem 8] that C({«,},y) = C(1). Con-
sequently if s, =0(1)C({x,},7) and we write 7,=maXyg,<, l ) LI s,,l we shall
have 7, = o(n). Putting p, = [n — 7, ] we have

Ze@-Ds= 2+ X =% +X (ay
1 2

v=0 v=0 pntl

where, since ¢,_,(a, — 1) is an increasing function of vfor0 <v<n

z

1

é 28n—p,.(an - l)tn

= o(n*")
by Lemma 1. By Lemma 2 we have since (e,(y)) ! decreases as v increases

2 Ep- v(“u - 1) & (7) (8,(')’))-

v=pntl

|z]=

ﬁ 8n-v(an - 1)8, ()’)sv I
=0

g1 | w
< (6p+1(®) max  max
ont1Spsn 0SksSp Bk(“k

< (g1 max

Pn+1SPSH v

Y ()sy l

_ o(nan)

by Lemma 1. Consequently s, = o(1) C {o,}.
Conversely if s, = o(1)C {a,} then, by Lemma 2,

E 8n—v(an - 1) 8,(’)’)3,

v=0

n l)sv I

S 2¢,(y) max
0spsn

v=0

8»(“1: - 1)
< max max ——— —=
- 28”(?)0§p§n osksp &% — 1)

l)sv I

k

= o(n™*?),
and the result follows.
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Proof of Theorem 4. It is clearly sufficient after (2.1) and Lemma 4 to show
that L(k) = C{B,} where B, =a, — a = k loglogn/logn for n = 4 and the initial
values of B, are chosen so that {(1 — B,)/n} is decreasing. (Alteration of a finite
number of the values of B, clearly has no effect on the summability properties

of C{B.}.)
~ We first show that
39) C{B.} < L(K).
Since both methods in (3.8) are regular it is sufficient to show that
(39 Z &,y — s, = o((logn)")
v=0
implies
(3.10) L pa-y(k)s, = o(logn)").
v=0

We abbreviate p,(k) to p, for the rest of this proof. We then have, by Lemma 2,

n
E pu-vsv

v=0

z pn—vsn—v(ﬂn - l)sv I
v=0

n—-1
o(np.) { Eo' Pa—v = Pr-v-1 I + po ,

where p, = p(e, (B, — 1))"!. Now

Ps_ _ Ps Puts
Ps+1  Ps+r S+1°

so that, by (3.3) and a routine calculation

1 1
Ps = Ps+1 =ﬁuPs+10('§-) + P.+10(m§) .

Using Lemma 1 and (3.3) we have
L] 1 _ n ’ (logs)k-l
angl Ps+10(s—) = 84:.1 0(——3’"1 )
o= 0(1);

while, if we write

e 02 (ofe2)

r=s r2 s
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and observe that (e,(8, — 1)) ~*— (g;41(8, — 1)) ~' = (&,(8,)) ~! we have

£ pi0(s) = 0(Ee-n L 2)

_ o ( T 168 + tenlB— 1) )

- o[ 3 o) +0(aogn)*-2)

-1 sPns1 ﬂ"nﬁn

o).
It follows that
?1 | ps = pss1| = OQ).
Using this and (3.11) we obtain (3.10). To obtain the inclusion reverse to (3.8)
we suppose that s,=o(1)L(k). If q,=q,k)=r,(—1,—k) then pygo=1,
DPodn + P1dn-1 + - + Pudo = 0 (n = 11). Moreover by (3.2)
k—1 n
g~k LB ang £ g, =10, — k)~ (logm)™.
v=0

Consequently {p,} and {q,} satisfy the conditions of Lemma 3 and so we have

Z sn—v(ﬂn—l)sv
v=0

n
z Tn—vPn—vSv
v=0

< max
0<k=n

k N -_
Epk—vsvl {Elnv nv—ll"'ro}

v=0

= o(logn)"{ Zn I‘cs—t,+1|+ro}
v=1

where 7, =&/, — 1)/p . The required result now follows by arguments similar
to those used above.
A counterpart to Theorem 3 is:

THEOREM 4. If 0>0 and a—a,=kloglogn/logn for sufficiently large
values of n, where k = 0, then L(k) C{o,} = C().

The proof is similar to that of Theorem 3 and we omit the details.

We remark in conclusion that the form of Theorem 3 and 4 suggests that if
we write B, = |« — «,| and H for the Nérlund method generated by the sequence
{(n + 1)’** — nP} then C{e,} = HC(¢) or HC{a,} = C(«) according as {u,} is
decreasing or increasing.
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