CHANGES OF VARIABLES NEAR A PERIODIC ORBIT

BY
AL KELLEY(})

1. Introduction. For a certain class of ordinary differential equations (see (1))
we construct changes of variables to obtain new systems of differential equations
which exhibit the stable and unstable manifolds in a canonical way, and which
linearize or normalize the equations when restricted to the stable or unstable
manifold. Here we are concerned with systems which can be expanded in power
series with variable coefficients. When the coefficients are constant our results in
part reduce to those of Poincaré [6], Dulac [2], and C. L. Siegel [9]. Our results
differ from those of Sibuya [7], [8], in that we have added a f-equation, included
perturbation results, and have worked in the context of changes of variables.

In this paper 8 is restricted to be a real scalar variable, but our main interest lies
in the case when 6 is a complex vector-valued variable. This case is discussed in
[4]. The results depend heavily on the techniques developed here.

Although our results are closer to Sibuya’s, our main theme, changes of variables,
is based on the work of C. L. Siegel [9]. Our techniques are classical in nature and
in certain cases some of our results overlap the recent (nonclassical in nature)
work of Belaga [1] and C. L. Siegel [10]. A more adequate bibliography and history
concerning changes of variables and linearization is given in [3].

This paper constitutes in part the author’s thesis [3] written under the direction
of Professor S. P. Diliberto.

2. Notation. Let 6 be a real scalar, z=(z,, ..., z,) a complex vector, and g a
nonnegative integer. We define I'(z) to be the class of functions which satisfy (i),
(i), and (iii) below.

(i) F=F(0, z) is a complex vector-valued function or a complex matrix-valued
function (dim F unspecified) defined and continuous for all real 8 and for z in
some neighborhood of z=0.

(ii) F has a convergent power series expansion in z (components of z) about the
point z=0; the coefficients in the expansion are continuous, bounded, vector-
valued or matrix-valued (as the case may be) functions of 8; there are no terms of
degree less than ¢ in the expansion of F.

(iii) For some K>0 components of F are majorized by

Kz + -+ z,)1 — K(zy +---+ z,)]7?
uniformly in 6. The constant K depends on F.
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Given G(0, z) € I'Y(z) there exists G'(z) (primes will always designate majorants)
such that

G, z) <« G'(2)

where the symbol « means G and G’ belong to the same I class, dim G=dim G’,
and G is majorized componentwise by G’ in the sense of Cauchy.

If HeI'(z) is a vector or matrix whose coefficients in its expansion are con-
tinuously differentiable functions of 6, and if the term-by-term derivative of H
with respect to 6 also belongs to I'Y(z), then we write H, € I'(2).

3. Main theorems. Our interest lies in real systems of differential equations.
However, in order to introduce the Jordan canonical form for the matrices involved
(A4 and B in (1) below), we lose the real character of the equations. Nevertheless,
because we started with real equations, we may restrict 8 to be real even though the
differential equation for 6 in (1) may be complex.

Consider the system of ordinary differential equations

6 = 1+0(6, x, »)
1) X = Ax+X(9, x, y)
V= By+7Y(b,x,y)

where 4 and B are, respectively, mxm and nxn constant matrices in Jordan
canonical form; A=diag(A,, ..., A,)+subdiag (y;, . .., ym-1) With %Z(A,)<0 and
=0 or y (j=1,...,m); B=diag(u,,...,p,)+subdiag(s,,..., 8,_,) with
Z(ps)20 and 8;=0o0r & (j=1,...,n); y and 8 are sufficiently small positive con-
stants (to be specified below); 6 is a real scalar; x and y are complex vectors;
0 eI'(x,y); X, YeI?%(x, y). In addition we assume with no loss of generality
that the eigenvalues of 4 have the following ordering

)] RAn) £ B(An-y) S---= R(Ny) < 0.
Let a=(ey,...,a,) represent m-tuples of nonnegative integers and define
|e|=ay+ - -+ +a, Let (C)), 1 <j<m, represent the following condition on «.
m
(C): 92[2 a,)\,—)«,] # 0.
=1
Notice that (2) implies (C;) holds for all ] > 1.

THEOREM 1. If conditions (C;) (j=2, ..., m) hold for all |«| > 1, then for system
(1) there exists a unique change of variables

u = x—P(b, x) '

3
() v=y—Q(0,x)
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such that
= Au+ U0, u, v)
©)] v = Bv+V(0, u, v)
. U@b,u,00=0, V,u0=0

where P, Py, Q, Qo€ I'*(x); U, V € I'*(u, v). Moreover, if system (1) is periodic
(almost periodic) in 0, then the change of variables (3) and the transformed system
(4) are also periodic (almost periodic) in 6 with the same period (frequencies).

Before giving the proof of Theorem 1, let us describe what alterations occur
when not all conditions (Cj) (j=2, ..., m) hold for all |« > 1.

THEOREM 2. If some condition (C,), 2 < j<m, does not hold for all || > 1, then for
system (1) there exists a nonunique change of variables

u=x-P@,x)
v =y-0(, x)
such that
u = Au+U(b, u, v)
v = Bv+V(,u,v)
U9, u,0) = U, u), V(6 u0)=0
where the components of U=(U,, ..., U,) are polynomials of the form
0, =0,
00,0) = Uyoay (Ol (j=2,...,m)

the summation in (5) being taken over all |«| > 1 which do not satisfy condition (C,).
The properties of P, Q, and V, and the remaining properties of U are the same as
those in Theorem 1.

&)

Proof of Theorem 1. Suppose P, Q, U, and V exist as formal power series with
undetermined coefficients. Differentiating both sides of (3), we find that (1), (3),
and (4) imply

P = AP+X-U,
©
Q =BQ+Y-V.

From (3) we see that v=0 if and only if y= Q(0, x). Putting v=0 in (6) and using
the property U(6, u, 0)=0, V(0, u, 0)=0 given in (4), we find that (6) reduces to
) Pe{l + O(0, x, Q)}+ P{Ax+ X(6, x, Q)} = AP+ X(6, x, 0),

® Qs{1+ O(6, x, O} + Q.{dx+ X(6, x, Q)} = BQ+ Y(6, x, Q)
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or, equivalently,
0 & 0
3_an+ ’=Zl /\,x, EZP]_A/PI
3
® =8P, — zsl 1% - 19x, - 0(8, x’Q)80P’
m a X
+Xl(0,xa Q)_ Z“,l(a’xs Q)EP! (]= 1,°~~’m)’
i=1 1
/] < 0
PT o+ 121 ’\xxxa; 05— 10y
(10 =¥;-1Q5-1— Z 81— 157 Q/ o(4, x, Q) 20 0,

m a .
+ Y0, x, Q) > X(6, x, Dz G=L..m,
=1

where 8,=y,=0. Notice that (7) and (9) contain both P and Q, but (8) and (10)
contain only Q. For this reason we solve (8), or equivalently (10), first. Consider
Q as a formal power series with undetermined coefficients.

0/6,x) = > Qu.0x (=1,...,n

la|>1

where x*=x{1...x%n, With this notation we have from (10)

0
(11) 20 Ql.a +I‘I.¢Ql.¢ = Zl.d

where
Z a,/\,

and Z, ,=Z, ,(0) represents the coefficient of x* in the right side of (10). Since by
hypothesis %(};) <0 and Z(u;) 20, it follows that Z(u,, ,) <0; and hence, by Lemma
1 (below) if Z; , is a bounded, continuous function of 6, then (11) determines Q, ,
uniquely as a bounded, continuously differentiable function of 8. Moreover, if
Z, , is periodic (almost periodic) in 6, then Q, , also is periodic (almost periodic)
with the same period (frequencies). Thus, by following along the order relation
< (below), the coefficients of Q are computed recursively from (10).

Order relation. Let < represent the following order relation on subscripts. If
la| <|e’|, then (j, @) <(j’, &'). If || =|<'| and j<j’, then (j, @) <(j’, «'). If || =|c’|
and j=j’, then (j, oy, . . ., ) <(f, o1, . -, gy + 1, 0,—1, .. ., &),
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LemMMA 1. Consider the one-dimensional differential equation
12 z = az+f(1),

where a is a complex number, Z(a)+#0; f(t) is a bounded, continuous, complex valued
Sfunction of t defined for all t real. The unique bounded solution of (12) is given by
z=¢(1),

0
13) 8(t) = Lwe'“f(t+o) do

where the lower limit on the integral is chosen +oo if %(a)>0 and — if #Z(a)<0.
Moreover, if f(t) is periodic (almost periodic), then $(t) also is periodic (almost
periodic) with the same period (frequencies). From (12) and (13) we have the following
estimates on the size of ¢ and ¢.

Il = [2@]|~*If1,

(14) .
I8l = {lal [2@|~*+ 1311,

where ||| =sup, |-|.

The proof of Lemma 1 is straightforward.

Having established Q as a formal power series with coefficients which are con-
tinuously differentiable vector-valued functions of 6, we must show that the power
series Q and its term-by-term derivative Q, converge. But notice from (8) that the
convergence of Q implies the convergence of Q,. To show the convergence of Q
we will need

LEMMA 2. For some K> 0 sufficiently large the inequalities

(15) Il"j,al |'%(I"!.¢)|-1+l <K
(16) |2y, )|~ < Kla| ™2

hold for (j=1, ..., n) and all |«| > 1.

The proof of (15) is elementary, and the proof of (16) is classical. One can easily
adapt the arguments involved in the inequality (2.1) on page 109 of [5] to show
our inequality (16).

Choose 0, X', and Y’ such that 04, x, y)< O'(x, y), X(6, x, y)< X'(x, y), and
Y(6, x, y)< Y'(x, y). Let Q'=Q’(x), dim Q'=dim Q, be the formal power series
defined by

2 24 Ll 2 e NS x 2 o
Z ' o, K[71-1Q1-1+ 12:1 81-1%1-1 ox, 0;+0'(x, Q)1=Z1x' ox, Qj
an
’ 3 < ’ ’ a / .
LY 0+ S XA G =L
=1 ]
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The coefficients of Q' are computed recursively from (17) in a manner similar to the
way that the coefficients of Q were computed from (10). Clearly the coefficients of
Q; (j=1, ..., n) are nonnegative constants. Let

Qix) = D Qex* (=1...,n

le|>1
represent the formal power series for Q’. From (17)
(18) Qe = Klo|7'Z],
where KZ; , represents the coefficient of x* in the right side of (17). Let ||- || =sup, | - |
and suppose

19 1Zy,e]l £ Z5.o
From (11) and Lemma 1
" Qj,a" é |92(F'!.¢)|-1"ZI,¢!"

and
0
”6_0 Osal = {l1sel [2(s,0)| >+ B Zya].-
Thus from Lemma 2, (18), and (19)
19s.el = Qe

and

4 ’

3_0 Ql.a é IalQl,w

Since (19) holds for |«| =2, it follows by induction that
0(8, x) < Q'(x).

Let { be a one-dimensional variable. Clearly, when we put {=x,+ - - - +x,,

QX1 -5 Xm) € Q' ..., 0).
Define

0Ly =0¢...L» XC=XE....5»,
and
Yéen=YG...5L»

where we have replaced x; (/=1,...,m) by {in ®’, X', and Y. If in (17) we put
X;=Xg=- - =X,={, then we obtain

< a U / i a ’ ” ’ m a ,
(205 3 0= K@t 3 b GO N S 0
YO+ D XG0 Q;] Gl
i=1 0x,
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where Q'=0Q'(¢, ..., ). Define Q"= Q"({), dim Q"=dim Q’, by the functional
equation

14 01— 05 = K[ 0°C, ) 3 0T+ Y&, 0+ Xi, @) 3 &)

G=1,...,n.
For the purpose of showing that Q"({) majorizes Q'({, . . ., {) we write (21) as

@y

@ (50 =5 Q3L QK]

where [- - -] represents the expression in brackets in the right side of (21). With no
loss of generality we may assume that

max [Ky, K8] < 4.

Furthermore, with no loss of generality we may assume that X;=---=X, and
Yi=---=Y,. Thus X{=---=X, and Y{=---=Y,, and it follows that
Qi=---=0;. A direct comparison of (20) and (22) along with the additional
fact that

Zain(ca (Y} =a‘in

now shows that
0E,...,0H <« Q"Q®.

At this point it is convenient to write (21) in vector notation.
(23) {Qi— Q" = 2K[0"((, Q1O+ Y'(¢, 2+ X1(¢, 2" Q]
Let Q"={Q*. From (23) we obtain

(4 QF =2KL7?[0"(L, LO*{LQ* + 0+ Y'(4, LQ*) + X1(L, LO*HQ* + L0t

Since ©"(¢, y) € TY(L, y) and X (L, y), Y"(L, y) € I'*({, y), one easily puts (24) in the
form

(25) o = G, 2%

where G is analytic in ({, Q*) in some neighborhood of {=0, Q*=0. Since analytic
systems of differential equations have analytic solutions, (25) or (24) determines
0*= 0%, 0*(0)=0 as an analytic function of { in some neighborhood of {=0.
For {=x;+ - - +x, we have shown that Q(8, x)«<Q'({, ..., )< Q" (Q)=L0*©).
Hence, Q(6, x) e I'*(x) and, by our earlier remark, 2Q(6, x)/06 € I'*(x).

The construction and convergence of P follows a similar pattern. Let

P8, x) = D P(Ox* (j=1,...,m)

le|>1
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represent the expansion of P with undetermined coefficients. From (9)
Y}
(26) 3_0 Pj,a'i')‘j.apj,a = Zj.a

where

Aj,a = z a‘Al—Aj
1=1

and Z, , represents the coefficient of x* in the right side of (9). In order to compute
P, , by means of Lemma 1, we require that %#(A, ,) #0. This inequality is assured
by the hypothesis that conditions (C;) (j=2,. .., m) hold for all |«| > 1. Therefore,
by following along the order relation <, we can compute the coefficients of P
recursively. Moreover, as before, these coefficients will reflect the periodic (almost
periodic) properties of system (1). The proof of the convergence of P is similar to
the proof of the convergence of Q, and the convergence of P, then is implied by (7).
The existence of U and V with the stated properties is implied by the existence of
P and Q. This completes the proof of Theorem 1.

Proof of Theorem 2. Because of the ordering (2) of the eigenvalues of 4, if
a=(ay, ..., o), || >1, does not satisfy condition (C;), then ¢y=0j, ;= - - - =, =0.
Thus & has the form given in (5). The equation that P must satisfy now will be the
same as (9) with the term — U8, x—P) added to the right side. As before,
the coefficients of P are computed recursively from (26), except that whenever
A(\;,,)=0 we choose the coefficient U, , such that Z, , vanishes. This allows us to
take P; ,=0 as a solution. At this point nonuniqueness occurs because other choices
for U,, and P, , also suffice. Since U is a polynomial, it has a majorant, and
therefore in constructing a majorant for P there are no new difficulties. This com-
pletes the proof of Theorem 2.

The equation y= Q(6, x) describes the stable manifold of system (1), whereas
the change of variables u=x—P(6, x) accomplishes a linearization or normali-
zation of system (1) when restricted to the stable manifold. In an entirely analogous
manner we can find the unstable manifold of the new system

6 =1+06(6,u,v)
27 u = Au+ U8, u, v)
v = Bv+V(8, u,v)

and construct a change of variables which linearizes or normalizes this system when
restricted to the unstable manifold. The composition of two changes of variables,
the first given in Theorem 1 or 2 and the second analogous but constructed with
respect to the unstable manifold of system (27), gives the proof of Theorem 3
(below) in the general case. '
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Consider the system
6=1+0(@,x,y,2)
X = Ax+X(6, x, y, 2)
(28)
y = By+Y(,x,y,2)
2=Cz4+2Z(,x,y,2)
where 4, B, and C are constant matrices in Jordan canonical form;
A = diag (A, . .., A)+subdiag (yy, .. ., Yie-1)
with Z(A,) <0 and y;=0 or y (j=1,..., k);
B = diag (,, . . ., pm) +subdiag 3y, ..., 8,-,)
with #Z(u;)=0 and §,=0or & (j=1,..., m);
C = diag (vy, ..., v,)+subdiag (e, . . ., &,-1)

with Z(v,)>0and ¢;=0o0r e (j=1,..., n); y, §, and ¢ are sufficiently small positive
constants; 6 is a real scalar; x, y, and z are complex vectors; © e I''(x, y, z);
X, Y,ZeT'*x, y, z). In addition we assume with no loss of generality that the
eigenvalues of A and C have the following order.

RM) S S RAN) <0< R) =+ 2 Rva)
THEOREM 3. For system (28) there exists a change of variables
u=x-P@,x,z)
v=y—0(0x,2)
w = z—R(6, x, z)
such that
u = Au+U(b, u, v, w)
9 = Bv + V(8,u, v, w)
w = Cw+ W(6, u,v,w)
U(,0,0,w) =0, UG, u,0,0) = 00, u)
V(6,0,0,w) = ¥(0,4,0,0) =0
w(b, 0,0, w) = W(6, w), W(6,u,0,0) =0

where P, Py, Q, Qs, R, Ry € T'%(x, 2); U, V, W € I'*(u, v, w); the components of O are
polynomials of the form

0,=0
00, 0) =D Uayoay O w13t (G =2,...,k)
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the summation being taken over all k-tuples of nonnegative integers a=(ey, . . ., &),
|e| > 1, which do not satisfy condition (C}) below; the components of W are poly-
nomials of the form

Wl =0
Wi, w) =2 Wig,ny ((OWh-- Wit (j=2,...,n)

the summation being taken over all n-tuples of nonnegative integers B=(B,, . . ., B,),
|B| > 1, which do not satisfy condition (C?) below. If conditions (C}) (j=2,...,k)
hold for all |«| > 1, then O=0. If conditions (C?) (j=2,...,n) hold for all |B|>1,
then W=0.
k
(CchH: 92[2 a,A,—-A,] # 0,
&

=1

(Ch: ge[lzl B,v,-—v,] # 0.
When the coefficients of ©, X, Y, and Z in system (28) are periodic (almost periodic)
in 0, then the coefficients of the change of variables and of the transformed system
are also periodic (almost periodic) in 0 with the same period (frequencies). If the
coefficients in (28) have period w in 6, conditions (C}) and (C?) can be replaced by con-
ditions (C} period w) and (C} period w), respectively.

k
(C} period w): Z oy — Ay # 2miw ™1 X integer,
1=1

n
(C? period w): Z Bwi—v; # 2miw ™ X integer.
i=1

When the coefficients in (28) are constant, the coefficients of the change of variables
and of the transformed system also are constant; and conditions (C}) and (C?) can
be replaced by conditions (Cj constant) and (C} constant), respectively.

k
=1

n
(C? constant): Z Bwi—v; # 0.
=1

Proof. As mentioned above, the composition of two changes of variables based
on Theorems 1 and 2 accomplishes the proof of Theorem 3 in the general case.
The fact that conditions (C}) and (C7) can be replaced by conditions (C} period w)
and (C7 period w), respectively, when the coefficients in (28) have period w in 8
follows from Lemma 3 below. When the coefficients in (28) are constant, the
conditions (C; constant) and (C7 constant) determine whether or not coefficients
in the changes of variables are computable. Thus these conditions can replace (C})
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and (C?), respectively. Convergence proofs are only slightly modified when these
conditions for the periodic and constant case are used. This completes the proof
of Theorem 3.

LeMMA 3. Consider the one-dimensional differential equation
29) 2 =az+f(t)

where a is a constant and f(t) is a complex-valued continuous function with period
w in t. If a#2nmiw =1 x integer, then the unique solution z=d¢(t) of (29) with period
w in t is given by

8(t) = (e=*o—1)~ f " &9 f(t+0) do.

The proof of this lemma is not difficult and is left to the reader.
4. Perturbation theory. Consider the system
6=1+0(,x,y,e)
(30) X = Ax+X(9, x, y, €)
y=By+Y(6,x,y,¢

where 4 and B are constant mxm and nxn matrices, respectively, in Jordan
canonical form;

A = diag (A, ..., A,)+subdiag (vy, ..., Ym-1)
with Z(\,)<0 and y,=0or y (j=1,..., m);
B = diag (u,, . . ., n,)+subdiag (8,, . .., 8,-,)

with %Z(u;)>0 and ;=0 or 8 (j=1,...,n); vy and 8 are sufficiently small positive
constants; 0 is a real scalar; x and y are complex vectors; ¢ is a complex pertur-
bation parameter (e could be a vector; theorems and proofs would be similar);
0, X, YeT(x, y, &); X(8, x, y,0), Y(0, x, y, 0) € I'¥(x, y).

THEOREM 4. There exist unique functions x=£(0, &) and y=(9, &) with £, &, n,
n¢ € ['}(¢) for which the x and y equations in (30) are satisfied. If system (30) is periodic
(almost periodic) in 0, then ¢ and v also are periodic (almost periodic) in 0 with the
same period (frequencies).

REeMARK. To be more precise one should say that
M = {(6, x, y) | 0 arbitrary, x = £(6, &), y = 7(6, &)}
is an invariant manifold for system (30). On M system (30) reduces to
b = 1+ 0(6, £, &), n(0, ¢)),

and if ¢(¢z) is any solution to this reduced equation, then 8=yq(t), x=£&((2), ¢),
y=n((t), &) is a solution of (30) lying on M. Since £, n € I''(e), it follows that
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£((2), €) and 9(¥(2), €) are bounded functions of ¢, and this in fact gives a charac-
terization of M. The manifold M is composed of those solutions of (30) which
exist for all z: —oo <t< +o00, have their (x, y) component bounded for all ¢, and
remain near {(0, x, y) | 0 arbitrary, (x, y)=0} for all z.

If we eliminate ¢ in (30), we obtain

dx
EE—AX'F"',
dy _
d—o—By-l----

and for this system x=§£(0, ), y=n(0, ¢) represents the unique bounded solution
having the property that (£, n) — 0 uniformly in 6 as ¢ — 0. We have not used this
approach because when 8 has more than one dimension, it is not possible to elimin-
ate ¢ in this manner. (This case will be treated in [4].)

Proof. Consider ¢ and 7 as formal power series in e with undetermined coeffi-
cients. Since ¢ and 7 satisfy the x and y equations of (30), we have

E{l+0O(, £,m, o)} = AE+X(6, £, 7, ¢)
n6{1+ O(0, &, 1, )} = B+ Y(6, £, 1, ¢)
or equivalently,
0 0
3_0 fj—)‘jfj = 71-1&1-1+X1(0a f, 7, 3)— @(0, f, M, 3) 5‘0 fj (.I =1,..., m)

@D
0 4 .
20 Bms = 811t Y(6,£,1,6)— 06, §,m,8) pm; (G=1,...,n).

From (31) by means of Lemma 1 the coefficients of £ and 7 can be computed
recursively. To show convergence let

{1 + 9(09 X5 Vs e)}_l =1+ @*(0’ X5 Vs '3)'
Equations (31) can be written

D E=My = (roabia 4 XSO, £ 1, DL+ O%(O, £, )

+A!£I®*(0a fs B 3) (]= 1,...,m)
(32

0
5-6 Ni— KMy = {8/—177.1—1 + YI(O, fa i 6)}{1 + ®*(0’ f’ s 8)}
+I"’f’7!®*(0’ f; s e) (J = 1,...,”).

Choose ©’, X', and Y’ such that O*(8, x, y, e) < O'(x, y, €), X(9, x, y, )< X'(x, , €),
and Y(6, x, y, )< Y'(x, , ¢); and such that the components of X’ and Y’ are all
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equal. Define p and g, dim p=dim ¢, dim g=dim %, as formal power series in e
with constant vector-valued coefficients by the following functional equations:

3 by = K[{yps+ X{(p, 4, 9)}- {1+ O'(p, q, )} + Np,®'(p,q,¢)] (j=1,...,m)
q! = K[{8q1+ Y/'(P, q, 8)}{1 + OI(pa q, “-‘)}'*'qu@'(Pa q, 8)] (j = 19 ceey n)°

K and N are large positive constants. If Ky and K& are less than 1, then the implicit
function theorem proves the existence of p=p(e), g=q(e), analytic in ¢ in some
neighborhood of the origin and vanishing at the origin. Using Lemma 1 it is easy
to show by induction that £(8, e)<p(e) and (0, £)«<q(e), provided K and N are
sufficiently large, their size being determined only by the eigenvalues of 4 and B.
By choosing ¥ and 8 sufficiently small, Ky and K& will be less than 1. Thus
£,meT(e) and by (32), €4, m9 € I''(e). The remarks on periodicity and almost
periodicity follow from Lemma 1. This completes the proof of Theorem 4.
Let z=(x, y) and {=(¢, 5). By introducing the new variable

p=z— ;(0, e)
we obtain from (30) and the equations above (31) an equation of the form
(34 dp/df = (E+ F(8, €))p+P(6, p, ¢)

where E=diag (4, B); FeTI''(¢); PeI'*(p, ) N I'*(p). At this point we need
Sibuya’s linear change of variables.

Although E=diag (4, B) in (34), it will be useful to consider a more general
situation in Theorem 5 below. Consider the linear system

395) dpldf = (E+F(8, e))p

where E=diag (Ey,, ..., E.); Ej; (=1, ..., n) are constant square matrices not
necessarily of the same dimension; the maximum of the real parts of the eigen-
values of E,; is less than the minimum of the real parts of the eigenvalues of Ej,
when j<k; Fe I'l(e).

THEOREM 5. For system (35) there exists a unique linear change of variables

(36) p = (I+G(6, &))q
such that
(37 dq|d6 = (E+ H(6, €))q

where I is the identity matrix; G,;=0 (j=1,...,n); H=diag(Hy,,..., H,,);
G, G4, HeT'Y(e). If (35) is real, so are (36) and (37). If F is periodic (almost periodic)
in 0, then G and H are periodic (almost periodic) in 8 with the same period (frequencies).

Here we are using a partition of the matrices G and H which corresponds to the
partition of E. For a proof of Theorem 5 see [7, pp. 128-145].
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Now, if in (34) we introduce the linear change of variables
p = (I+G(0, ))q

as described in Theorem 5 with respect to the linear part of (34), we obtain an
equation of the type

(38) dqldf = (E+ H(8, €))g+ Q(6, 9, ¢)

where H=diag (Hy,, Hyp); dim Hy,;=dim A and dim H,;;=dim B; HeI''(e);
Q e I'¥(q, £) N I'¥(q). Setting g=(r, s) where dim r=dim x and dim s=dim y, we
obtain from (38) a system of the type

6=14+00,r,s,e)
39) F = (A+A4%0, e))r+ R0, 1,5, e
§ = (B+B°6, &))s+ S, r, s, ¢)
where ® e I''(r, 5, ¢); A°, B°e I''(e); R, SeT'¥(r, s, &) N Tr, 5).
THEOREM 6. For system (39) there exists a change of variables

u=r—M@,r,s,e¢)

40
0 v=s5—N(@0,rs,¢)
such that
= (A+A4°0, e))u+U(b, u, v, ¢)
@) v = (B+B%0, e))v+ V(6, u, v, ¢)
U@®B,0,0,6) =0, U®B,u0,:¢) = 00,urc
V(8,0,v,¢) = P(8,v,¢), V(0,u,0,¢) =0
where

M, Mg N, Noe T%(r, 5, ) N T(r, 5); U, Vel%u,v,e) N2y, v).
Assuming that the eigenvalues of A and B are ordered so that
AAp) £ S ABA) <0< A(py) £+ = Aun),

then the components of U are polynomials . . .. (The remainder of the statement of
the theorem parallels the statement of Theorem 3.)

Proof. Since (40) represents a composition of changes of variables similar to
the situation occurring in Theorem 3, we will only show the first step. Namely,
rather than (40) we will find a change of variables

w=s5s—0(0,re¢
such that
w.= (B+B%6, e))w+ W(b,r,w,e), W(b,r,0,¢ =0,
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where Q, Q, € I'*(r, &) N I'%(r); WeT%(r,w,e) N T%r, w). As in Theorem 3, all
other changes of variables necessary to effect (41) are similar to this one. The
equation that Q must satisfy is

Q{1+ (6,1, Q, )} + 0A(A+ A%)r+ R(6, 1, Q, &)} = (B+B°)Q+S(6, 1, Q, ¢)

or equivalently,
0 < Fj
30 o,+ 121 Ary o, 0,— 10
< b
= y5-105-1— ;1 8_1r-y 5;, 0,—

< 0
+ D 0= 00,1, 0, ¢) 55 O+ 5467, 0, o)
=1

afer z— 6 0,

k,l=1

42)

-2 R0 0.9 7 Q G=1...n

where 4°=(aj)) and B°=(b%). Following along an order relation similar to <
(one must take into account that Q is now a power series in (r, &) rather than just r),
the coeflicients of Q can be computed recursively from (42) with the aid of Lemma
1. Choose 4’, B, ', R’, and S’ such that

A%0, &) < A'(¢), B, &) < B'(e), (O, r,s,¢) « O'(r, s, ¢),
R(6,r,s,e) <« R(r,s,¢) and S(0,r,s,¢) < S'(r, s, ¢).
In addition we require that the components of A’ are all equal, the components of
B’ are all equal, the components of R’ are all equal, and that the components of S’
are all equal. Let Q'=Q'(r, ¢), dim Q' =dim Q, be the formal power series in (r, &)
defined by the functional equation

m d m 0 m
,erlez Q; = K[Y;-1Q:—1+ 121 31—1"1-13—” 05+ g

7
’
auele 5=
i W Br, 0y

1

n m
’ ’ I ’ a ’ 4 ’
3) + 2 B0+ 0,0 3 g O+ S )

< ’ ’ a ’ .
F IR0 O] =L
As in Theorem 1, with Lemmas 1 and 2 one establishes that

Q(o’ re) K Q'(ra e).

Let ¢ and 7 be one dimensional variables. When we put é=9=r,+--- +r,+e
it is clear that

Q(ry,....rme) < Q... &)
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Let (¢, 5, 7)=D'(¢,.. ., & 5,7) and similarly define R” and S” when we have
replaced r, (=1, ..., m) by { and e by 5 in ®’, R’, and S’. Define A" =A"(n)=A'(n)
and B"=B"(n)=B'(y) when we have replaced ¢ by n in 4’ and B’. Define
Q"=Q"(¢, 7), dim Q"=dim Q’, by the functional equation

£0:— Q" = 2K[A"€Q:+B Q"+ ®"(¢, Q", 1)€Q:
+8"(¢, Q", )+ Ri(¢, Q", 7)Q:].

Since the components of A” are all equal, and similarly for B”, R”, and S”; one
observes that the components of Q" are all equal. Hence, using the techniques of
Theorem 1, it follows that

g'¢. ... &) < Q).

Up to this point we have paralleled the arguments of Theorem 1, but to complete
our proof we must introduce a technique used by C. L. Siegel in [9]. From (44)
we write

CS) §0:— Q" = FQ:+G

where FQj represents all terms with Q; as a factor and G represents the remaining
terms. Let

(44)

Q:.s€%7".
a=2 =0
From (45) we have
(46) > D (a—1)Qh st = FZ 2 Qi 48 P +G.
a=28=0 a=28=0

If we equate the (u, v)th coefficient on both sides of (46), we obtain
I v 1
= |F b ” ga-1.8 ]
[ azz ﬁZO p—1 Qa,Bf K p—1 u,v
] v
< Z[F > > Q;,,fa-lnuG]
a=28=0

where [---],,, represents the coefficient of 5" of the total expansion (one must
expand F and G, multiply and collect terms) in the brackets. Therefore it follows
that

u,v

"¢, m) < (&, )

where ( is defined by the functional equation

0 = 4K[(4"+B) G+ (¢, G, n0+S"(¢ O, )+ Ri(¢, 0, nE Q).
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Let J=£Q*, then
Q% = 4K[(A"+B")Q*+ @"(§, £Q*, m)Q*+£718"(€, £0*, 1)
+£71R1(6, £0*, ) Q*]

Since S"(&, s, 1), Ri(¢, s, n) € T, s, ) N T3¢, s), the convergence of Q* in a
neighborhood of £=7=0 is an immediate consequence of the implicit function
theorem. This completes the proof of Theorem 6.

In order to develop a perturbation theory for systems of the type considered
in Theorem 3, we require periodicity in 6 and a restriction on the purely imaginary
eigenvalues. Consider the system

6=1+00,x,y,z¢)

x = Ax+X(, x, y, z, €)
47) )

y = By+ Y(0$ X, Vs 25 e)

2=Cz+Z(,x,y,2¢)

where O, X, Y, and Z have period w in 8; 4, B, and C are the matrices in (28)
with the additional property that no eigenvalue of B is equal to 2miw ~! x integer;
0 is a real scalar; x, y, and z are complex vectors; ¢ is a perturbation parameter;
0,X,Y,ZeTl(x,y,z¢); X, x, y,2,0), Y(8, x, y, 2, 0), Z(0, x, y, z, 0) € I'¥(x, y, z).

THEOREM 7. For system (47) there exists a change of variables
u=x—§0,e)—P0,x,y,zc¢)
) v=y-n0,—-0(0,x,,2¢)
w=z-{@,¢e)—R(,x,Y,ze¢)
such that
u = (A+ A%, &))u+ U0, u, v, w, €)
b = (B+B°(0, &))v+V(8, u, v, w, ¢)
w = (C+C°%0, e))w+ W(0, u, v, w, £)
U(,0,0,w,e) =0, U(8,u,0,0,¢ = 00, u, e
V(6,0,0,w,e) = V(6,u,0,0,¢) =0
W(,0,0,w,e) = W(O,w,¢), W0,u00¢=0
where £, &5, 1,14, {, Lo € T'Y(e); P, Py, Q, O, R, Rg € T%(x, y, 2, £); A°, B®, C° € I''(e);
U, V, WeT2(u, v, w, &) N\ T%(u, v, w); the components of U are polynomials. . ..

(The remainder of the statement of the theorem parallels the statement of Theorem 3
restricted to the periodic (or constant) case.)
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Proof. The change of variables (48) represents a composition of changes of
variables, the situation being somewhat more involved than in Theorem 3. How-
ever, only one technique is needed here which has not been discussed above. The
functions £, », and { in (48) satisfy the x, y, and z equations in (47). If we assume
that ¢, », and { are formal power series with undetermined coefficients, then from
the equations

fo—Af = X- @fo
n9—Bn = Y—On,
Co—cg =Z- Gco

one can compute the coefficients of £, 5, and { recursively. Since A has eigenvalues
with negative real parts and C has eigenvalues with positive real parts, the coeffi-
cients of ¢ and { can be computed as in Theorem 4. Let

n(6, ¢) = Z P O)e®.

By equating coefficients of ¢, one obtains equations of the form
49) on,[/00— By, = f, v=1,2...)

where f, is a known function of 8 with period w when all the coefficients £,, 7,
{., a<v, have been computed. The unique solution of (49) having period w in 6
is given by

7(0) = (e~B*—-I)"1 Jj e~ B f(0+0) do.

The hypothesis that no eigenvalue of B is equal to 27iw =1 x integer assures us that
(e~B%—1T) is nonsingular.

The convergence of the formal power series £, 7, { is accomplished along the
lines of Theorem 4. Using Theorem 5 and the techniques developed in the proof of
Theorem 6, one can now complete the proof of Theorem 7.
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