
A SUFFICIENT CONDITION FOR TOTAL
MONOTONICITY: CORRECTIONS

BY

B. E. RHOADES

In the expression for pn in the proof of Theorem 5 [2, p. 315] the term T(n + b)

was incorrectly written as T(n + a). This paper corrects that mistake. I am indebted

to Dr. S. K. Basu for bringing the error to my attention. The reader is referred to

[2] for pertinent notation and definitions. Theorem 1 of this paper replaces Theorem

5 of [2].

Theorem 1. (i) For - 1 < a < 0,   2b è 3 - a,   C¿" t.s. H".

(ii) For -l<a<0,    l<ftSl-a,    H" t.s. C?.

(iii) For 0 < a < 1,   2b ̂  3 - a,   Ha t.s. C?.

(iv) For a > 1,   0 < a g (3 - a)/2,    Caa t.s. //a.

Lei

_ r(b+a)r(t+b)(t+\y _
W}       r(b)r(t+b+a)    ~e  ■

Using the series expansion for the logarithmic derivative of the gamma function,

= r'(t + b + a)    r'(t + b)       a
K    WV)       Y(t + b + a)     F(t + b)     t+\

= y (—i_1_)
¿olm + i+l    m + t + b + aj

(i) _ y (—i_L_\__í_
w £0\m + t+l    m + t + bj    t+l

~ ¿o \m + t + b~m + t + b + aj~a ¿>0 \m + t+\ ~m + t + 2)

(-\)o'(t) = a ZMt)gm(t),
m = 0

where

(2) l/gm(0 = (m + t + b)(m + t+b + a)(m + t+l)(m + t+2),

and

(3)
MO = (/íi + í+l)(m + / + 2)-(m-l-í-l-¿)(w-l-í-|-e + <x)

= (3-2¿>-a)(/n + í) + 2-A(6 + a).
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Replacing b in (3) by (3-a)/2, then, from (1),

(4) (-1K(0 = ̂ ÍU(0.

From (2) it is clear that sgn g%\t) = (-l)n for all r^O. From (4) we have, for

all i^O,

(_1)V»(í) ^ 0   for    -1 < a < 0 or a > 1,

(_ l)n + la(n + !>(,) g 0     for 0 <  a <  1,

and (i), (iii), and (iv) have been proved for equality.

To finish the proof of (i), for -1 <a<0, c^b, Cac t.s. Cf [2, p. 313, Theorem

2(ii)]. Since t.s. is transitive, (i) is now proved. The proofs of (iii) and (iv) are

completed using [2, p. 313, Theorem 2(iii)].

To prove (ii), let b = 1 — a in (3). Then (4) becomes

(5) i-\)o\t) = ai\+a)  J  Kit),
m = 0

where hmit) = im + t+ \)gmit).  Clearly sgn h^\t) = i-l)n for r^O.  Therefore,

from (5),

(_!)*+V»)(,) go   for all   t à 0, -1 < a < 0;

i.e., H" t.s. Cf for b=l—a. The proof is completed by again using [2, p. 313,

Theorem 2(ii)].

Theorem 1 leaves unanswered the question of other comparisons for the re-

maining parameter values of a and b. This question is settled by the negative

results of the following theorem.

Theorem 2. (i) For -1 < a < 0,    1 < b < (3 - «)/2,   Cf n.t.s. H".

(ii) For -l<a^y<0,   b>\-a,    W n.t.s. Cf.

(iii) For 0<a<l,    l<¿»<(3-a)/2,    H" n.t.s. Cf.

(iv) For 0<a^J8<l,    b>\,    Ci n.t.s. Ha.

(v) For a>l,    (3-a)/2<c7<l,    Cn.t.s. Ha.

ivi) For l<a^ß,   0<a<l,   H" n.t.s. Cf.

We shall first prove (i), (iii), and (v). From (2), gm(i)>0 for all i^O, m = 0, 1,

2,.... If we let c = 3 — 26 — a, then c>0 for the values of b stated in (i) and (iii)

and c<0 for the values stated in (v), with b replaced by a. From (3), for all t

sufficiently large,/n(/)>0 for |a| < 1 and/n(i)<0 for a> 1; «=0, 1, 2,_There-

fore (-l)tr'(O in (1) is negative for — 1 <a<0 or a> 1 and positive for 0<a<l.

To prove the remaining parts we shall show that there exists a positive integer k

for which i-l)kpik\t)<0 for the moment function under consideration. The

procedure will be to examine the coefficient of tk in an infinite series expansion for

pit) that is valid for 0< t< 1, and to use the fact that the sign of the kth derivative
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of p(t) is determined by the sign of the coefficient of tk for values of í sufficiently

small.

Proof of (ii). Let ß=-a, S = — y, 0</<l, and define

p(t) = T(b)px(t)p2(t)ir(ß)T(b-ß),

where p2(t) = (i + 0*. and

"W-^rfcfl™- />'••-''■-<- *
=  í1íuí + 1,-á-1-(i8-l)Mt + i'-^+---

|(j3-l)(^-2)---(J8-ny + '-+"-^-1|       \A

n! /

(l-jSX2-jB)---(«-j8)
lit+b-ß+n)

the term by term integration being justified as in [1].

Expanding (t+b-ß+n)'1 in powers of t we have

_ 1 v (l-ßX2-ß)---(n-ß) $      (-l)ktk

Wt      ,+t-ß+H+¿i »! eoib-ß + nf + i

= 1 ,   V f_m* f (l-fl(2-fl-••(«-/?)

The inversion of the order of summation can be justified as in [1, p. 455].

Now let

c     (ff] _  y (l-ß)(2-ß)-..(n-ß) ,
Ck + X(ß) - ¿^      n](b_ß + n)k + i ik-0,1,2,...),

and expand (t + b-ß)'1 in powers of t to obtain

f*i(0= 2 (-^[(¿-Ä^-' + c^iGS)]^.
fc = 0

If we expand ct2(?) in powers of t, then the coefficients of tk in the power series

expansion for the product is

(-l)fc[(è-J8)-k-1 + Ck + 1(i3)] + (-l)k-1[(è-)8)-'c + Q(J8)]8

= (-i)fc(¿-^)-fc-1

r!

I-fr-fl-i 2 (l-«X2-8)-(r-l-8X¿-^
r = 2

+ (è-^-{cf£ + 1(«-8Cfc(/3)-3 2 a-3)-"fr-l-*)C*-r+x(flj-
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Since b-ß=b+a>\ by hypothesis, the first series diverges. Since 0</?<l,

ib-ß)k+1Ck + 1iß) is uniformly bounded in k. If the second series converges, then

the quantity in brackets is negative for all k sufficiently large. If the second series

diverges then, a fortiori, the quantity in brackets is negative for all k sufficiently

large.

Proof of (iv). For 0 < t < 1 now define

_ nb+ß)rit+b)it+ir _ nb+ñ H (t, (t)
M0_   ribwu+b+ß)   - rib) fw^a

where

/*2(0 = (l + 0"

and

Using the same procedure as in the proof of (ii), we may write

/*i(0 = 2 (-l)k[6-fc-1 + 4 + i(j3)]ik,
k = 0

where

Ä (l-ß)(2-ß)-..(n-ß)
fc+lW      èx «!(è+«)k+1

Expanding p.2(t) in powers of t, the coefficient of tk in the power series expansion

for the product can be written in the form

(-l)kb-k-i\l-ba-a ¿ (l-«X2-)-(r-l-)y
r = 2 "•

+y"{<4+xffl-«^-«r^(1""^"a);,"(r-1"gU-,,iw}'-

Since ¿>>1, the first series diverges. Since 1-j8>0, bk+1dk+1(ß) is uniformly

bounded in k. Whether or not the second series converges or diverges the quantity

in brackets will be negative for all values of k sufficiently large.

Proof of (vi). We first prove that //" n.t.s. C\ for ß>\, 0<a<l. Note that

C¿ = TiLet

m = it+aMt+iy.
Then, for 0<r<l,

p.(t) = (l + tla)(l+t)-°

i-l)kßiß+\)---(ß + k-\)tk-]
= ü+tla) 1+2

kl
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For k > 1, the coefficient of r" is

(-l)«ß(ß+l)...(ß+k-2)
k\

[ß+k-1-kla].

Since ß> 1, a<\, the quantity in brackets will be negative for all k sufficiently

large, and p,(t) is not totally monotone.

Now suppose Hs t.s. Cf for 1 <auß- From [2, p. 313, Theorem 2(i)], Cf t.s. C¿

for a > 1. Since t.s. is transitive, He t.s. C\, a contradiction.

We conclude by listing a new total comparison table to replace the one on p. 316

of [2]. The arrow points toward the weaker method. Let — 1 <a<0, 0<a<l and

such that a + a>0, 0<a"e(a+ l)/2< l+a^a'< 1, 1 <b^ 1 - « < (3 - a)/2 = ¿>'.

Then

r;< + a -*- H°- c; -►C?: -*■ r°..

\f a"^a, then, of course Ytta» t.s. Cf. If a"<a, then T*a. and Cf are not totally

comparable.

Let0<a<l, 0<a^(a+l)/2<l<(3-a)/2^o. Then

C->Tl->C¡->H'

Cl-► TÎ

Let a>l,0<a^(3-a)/2<l<a+1^26. Then

-+H ->c,—*-r%—>ci
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