ON THE EQUATION n=p+x* (!

BY
R. J. MIECH

Let n and x be positive integers, p be a prime, (n/p) be the Legendre symbol, and

200 - T] [1-¢2)]

Let Q(n) denote the number of solutions of the equation n=p+x2. Hardy and
Littlewood conjectured that if » is not a square then

Q(n) ~ P(n)n*'2/log n

as n — 0. [3, Conjecture H]. The purpose of this paper is to show that the con-
jecture holds for nearly every integer n.
To be specific we have the

THEOREM. Let n, x, p, Z(n) and Cn) be defined as above. Let N be a positive param-
eter and let A, and A, be any fixed positive numbers. Then the equation

J(n—3) dt ’\/n
(1) Qn) = P(n) J log (n—t2)+Bl (log )™

holds for all but B,N(log N)*z positive integers n< N. B, and B, are numbers whose
absolute value is bounded above by some constant that is independent of n and N.

It will be evident later that the Hardy-Littlewood conjecture holds for those
integers n which are not exceptions to this theorem.

The proof of (1), given the methods employed by Tschudakoff in [11], follows
from Bombieri’s recent theorem on the density of the zeroes of the L-functions.
This latter result is employed to show that the truncated singular series associated
with our problem is asymptotically equal to the product Z(n).

The equation n=p+ x? is, of course, a special case of the general equation

n=p+-+p+xi+-+x7

and if we view it as such the theorem of this paper can be considered as an exten-
sion of the work of several individuals who proved, under various conditions, that
the number of solutions of the general equation satisfies a specific asymptotic
equation for all large n if r+2s>4, [9], [4]; for almost all even n if s=2 [11], for
almost all n if r=2, s=1, [9]; and for all large n if r=2 and s=1, [5], [7].
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1. Several definitions are in order at this point. Suppose that N is an integer and
let, for 4 <n<2N,
Q(n, N) = I{(msp) imP+p=mn1s=ms VvVN,3=sps N}l,
where |[{ }| denotes the number of elements in the set { }. Let e(x)=exp (2mix),
y=[+/N], where [x] is the integral part of x,

v

Fl@) = D e(m’a),

and "
P(e) = mzﬂ e(pa).
Note that
) F(0)P(a) = "21 3§2§Ne[(m2 +p)a] = 2 Q(n, N)e(na).

Suppose next that a/g is a rational number with a/g=>0 and (a,q)=1. Let

Wi, q) = Z e(malg),

Fule) = 220 ze m3(a—alg)]
and

_ M) S elula—alg)]
Pl = 5@ ,Za log u

where p(n) is the M&bius function and ¢(n) is Euler’s function. The sums F,,(«)
and P,,(o) are, as we shall see later, approximations to F(e) and P(a) at the point

alq. Finally, let
©n 4

0 = Zl D" Fa@)- Po(e)

where A=[exp (log N)*]+4 and the prime (') indicates the inner summation is
taken over the set of integers {a} satisfying the conditions: 0<a<¢, (a, g)=1.

If we substitute the defining sums for F,,(«) and P,,(c) in this last equation and
make several rearrangements we have

3 Q) = ; W(n, Ne(no)
where

lP‘(na N) = L(ns N)H(ns N)’

L(n, N) = > L

1=msy,3SusN:m2+u=n 10g u
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and

Al g
o) = 3, 3G 4 el

Equations (2) and (3) give us
F@)P(@)— () = > (Q(n, N)—=¥(n, N))e(ne).

n=4

Consequently, it follows that

@) 2, 1961, ) =¥ N)J* = L " | F()P(o) — Q()|? do.

For the balance of this paper the symbol B will denote a number whose absolute
value is bounded by a constant that does not depend on N or n; its value will
usually be different each time it occurs. The symbol FKG, i.e. F=BG, will also be
employed from time to time.

2. The main result of this section is

LEMMA A. Ift is any fixed positive number then
2N
> 1Q(n, N)—¥(n, N)|?> = BN?*(log N)™,
n=4

where B depends on t.

Following Tschudakoff, [11], we shall prove this lemma by finding an appro-
priate bound for the integral in (4). To this end, let 7=N exp (—9(log N)'/*),

a=—r"1, b=l—1"1,

: |a—alq| < 1/7q},
My = {I‘aq :02a<gq,(aq) =11=q = (logN)*},
My ={Ts:0<a<gq,(aqg)=1(IogN)* <q = 7},

and . be the union of A, and #,. Then, by the periodicity of the integrand and
by the well-known properties associated with the Farey dissection of the unit
interval,

[} 1F@P@ - 0@ ds = [ 1F@P@- 0@ de

<3 fr“ | F@)P(o) — Q(a)|? dor

Furthermore since

|F()P(e) = Q(@)| = |F()P(e) = Fae@)Pag@)| + | Far@)Pao() — Q(e) 5
| Far(@)Pag(@) — Q()| = Zl Z' For(@) Pon()

bg—ar#0
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ifg<[A], and
[ﬁ

|FadPad@) — 0@)| S |Fa@)Poe)] + Z Fo0)Por(@)

bg—-ar#0

for g> A, we have

LEMMA 1.

[} 1F@PE- 0@ ds = B 3 20)
where
(1) = ; J'r |F(@)P(e) = Foo)Pog(@)| doc for i=1,2,
[A] r , 2
20 =3[ |33 F@Pu)| de,
W3 ae |r=1 b
bg-ar#0
and

S = 3 Y FudePede)]® d

A<gqst
The next few lemmas deal with approximations for F(«) and P(c).

LemMA 2. If z is a positive integer then

2 .
2. e(m?alq) = g W(a, q)+Bg“**

m=1

where ¢ is any fixed positive number and B is a constant that depends only on e. Further-
more if 1 £z<q then

2
z e(m?alq) = Bq@>+e,
m=1

See Theorem 2, p. 10 of [6].
LemMma 3. If

}q, r = Nexp[~9(og N)**], and y = [v/N]

then
vy Y
Z e(me) = W(;” 9) Z e(m?B)+ Blg~“/»+¢ exp [9(log N)!/4]+q¥/»+¢]
m=1 m=1

where B=«—(a/q).
Proof. Set

S(m) = i e(j%alq) and T = i e(m?a).
o=

m=1
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Then, for B=«—(a/q),

T= 21 e(mzﬁ)e(m2a/q) = 21 e(m2/3)( S(m)— S(m—1)).

Rearranging in the usual way we get

T= 2 S(m)[e[m?B] —el(m+1)*B1]+ S(p)el(y +1)*B].
If we now apply Lemma 2 we find that T is equal to

W(Z, 9) 21 mle[m?B]—e[(m+1)?8]] +’$ W(a, 9)el(y+1)?B]

v

+BgR e D lelm?B]—el(m+1)%6]| + Bgi+e.

m=1

The main term of this last quantity is equal to
Wa,q < 0 2
— e(m?B).
. 2 e

As for the sum appearing in the error term, we have,

Yy

> lelnEl=el(n+178]] = 3. [1=el@m-+ D]

m=1

_ exp [9(log N)™™],

v
N
< ,..Zl Cm+1)B « y2B « o P

If we bring these results together we have Lemma 3.
LemMma 4. If
le—alq| < 1/7q, (a,9) =1, (log N)* <q < N, and y = [y/N]
then
zy:l e(m?e) = By/N(log N)~t2,
o
This follows from Lemmas 2 and 3 with e=31.
LEMMA 5. If
le—alq| < 1/7q, (@,q) =1, N <qs, and y=[vN]
then

i e(m?«c) = B+/N exp (—(log N)¥'%).
m=1

We shall first prove the following:
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Let
P and Y be integral parameters with 1< Y<P;
a and g be any two integers such that 0<a<gq, (a,q)=1 and 1 =¢g=<P?;
oy be any real number such that |, —a/g| <1/g%,

and
o, be any real number.

Set

F(x) = apx?+oyx
and

P

S = Zl e(F(x)).

Then

|S|?2 « P3[Y2+P3Yq+Pq|Y+ Y2
We can obtain Lemma 5 from this result by taking
P =[+/N] and Y = [vNexp(—(log N)'*)].
The scheme we shall use to obtain the stated bound for |S| is a simple version of

the proof of Lemma 5.10 of [6]. We begin by setting

So(y) = Z e(F(x+y)—F(»)) = ; e($(x))

where
(2),
$x) = F ‘1’(y)x+FT(y) X% FO(p) = 2a9y+a,
and
F(2)
2(y) .
Since we also have
P+y
So(y) = . e(F(m)—F(y))
m=y+

it follows that
1Se()| = |S]+29y
where |[#| =1. Adding, we find that
1 Y
S| = 3 2, 1Ss(»)|+BY.
y=1
Thus

1 Y 2 l Y
IS|? « [? S |So(y)|] TV g > SO+ T2,
y=1 y=1



500 R. J. MIECH [March
Next, let .
Si(B) = D e(Bx+azx?)
x=1

and
Qy)={B:0=B=1,<B-FP(y) = Y/(2P?}

where (z) is the distance from z to the nearest integer to z. Now if 8 is in Q(y)
then

B = I+FY(y)+8Y/(2P?)

where I is an integer and || <1. Hence, since ay=F®(y)/2!,

Si(B) = D, el(FO()+8Y2PH)x+F(y)[21)x*]

x=

[

x=1

= 21 e(@(x)+B D (Yx)[P? = Sy(y)+BY.
That is, ‘
[Se(MI? < [S1(B)>+ Y2

if the B appearing in the definition of S;(B) is in Q(y). If we integrate over Q(y)
we have

0 <% [ Is@p ey

since the measure of Q(y) is greater than Y/(2P?).
At this point we have

P2 <
S|? < 53 f Si(B)|* dB+ Y2
ISP <32 2, | 15O a8

We must now find a bound for the number of times any point in the unit interval
is covered by an Q(y). Let y, be a fixed integer and suppose B € Q(y,). Then if
B € Q(y) N Q(y,) we have

B—FP(yo)y £ Y[2P? and {(B—FP(y)) £ Y[2P2.
Thus, since FO(y)—FY(y,) =209(y—,), it follows that
{a2(y—yo)> £ Y[P2.

According to Lemma 5.7 of [6, p. 56] the number of y that satisfy this inequality
does not exceed

2(Yq/P2+1)(Y/q+1).

In short, the number of Q(y) that cover any given point of the unit interval is
bounded above by a number of order

1+ Y/q+ Yq|P2.
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The results of the preceding paragraph give us:

]2« 22 (1+ Y Y") f I1S:B)| B+ Y*.
But
1 P 2
J S e(fx+agx?)| df = P.
0 =1
Consequently,

|S|?2 « P3/Y2+P3/Yq+Pq|Y+ Y2
This is the result we set out to prove.

LemMma 6. If

|e—alq| < 1/7q, (a,q) =1 and 1 =g < (log N)*
then

aszsu elpe) = Zg; Za leg;ﬁz"'BN exp (—y+/(log N))

where B=a—(a/q) and y is some positive constant.

See [8, Theorem 31, p. 180] for a proof.

From this point on the symbol y will denote a positive constant that is bounded
below by a positive number that is independent of N; its value will usually be
different each time it appears.

LeMMA 7. Let Z,(I) be defined as in Lemma 1. Then

Z,(I) = BN? exp (—y+/(log N)).
Proof. We have

| F(@)P() = Fag@)Poo(@)|* < | P(e)|? [Fle) = Foo(®)|* + | Fag(@)|? | P(e) = Py @) ]
By Lemma 3, with e=},

3 |, @I 1F@) = Futo)? e
« 3 [ 1P@I* @ exp (O(log N)!)+474Y: de
My YTaq

1
« exp (18(log N)/%) f |P(o)[? da <« exp (18(log N)*4) 10%1'
0

Moreover, by Lemma 6,

S 1@l 1P P de
My YTaq
« 2 N{N2 exp [—2y+/(log N)]} Tl

« 2 exp [—yy/(log N)log N)* = N?exp [—y+/(log N)].
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The lemma follows from these results.

LeEmMMA 8.
Z,(I) = BN%(log N)~.
Proof. We have

() « z f | F()P()|? dex+ Z f | Fag(e)Poq(@)|? de.
My YTag Mo YTaa
By Lemmas 4 and 5,

2 N o 2 o
> [ 1Fep@R de < > J.. wamy P@L

« NZ%(log N)~t.
Furthermore, if B=c—a/q and y=[+/N],

S=3 [ IFul@Pu@® de
My JTaq

=,;2J;a q ¢>(q) 5 log

W@, 9 @] [* < S N el(m®—j2+u—k)B]

AT GDY e 2B 2 Topulogh

g+ |u(g)|

« 2wy T
where ¢ is the constant of Lemma 2, and T(N) is the number of solutions of the
equation m?—j2+u—k =0, subject to the conditions 1 =m, j<+/Nand 1 Su, kS N.
Since for any arbitrary choice of m, j and u there is at most one possible choice of
k it is clear that T(N) S N¥2N'2N= N2, Thus if £=1/10, then

1 1
S« N2 ) —
;,q*"’«ﬁ”(q)
1 N2

oo s T < T
This completes the proof of Lemma 8.

W(“a‘])l-"(q) i e(m ZB i e(y, )

&« N2

LEMMA 9.
Z,(I) = BN2A2,

Proof. We have, if B=a—a/q,
Z(0) = Z il J; | Fag(e) Pay(e)|? dex

A<g=t a

L, |[W(a, q)|? |1(q)|
<« 2 2 =dar N f

<q=t a
L, 1 N2
Z T EHQ) N2« AT

ep)[*

= alogu

A<q$t
provided we set e=1/10.
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Lemma 10. If

|«—alg| < 1/7q, alq # blr, (a,q) =((b,r)=1, and r 2 A
then there is an integer b’, which is equal to one of the numbers b—r, b, or b+r, such
that ar—b'q+#0 and
P, () = Bloglog A gf|ar—bq|.
Proof. First of all there is a " such that P,,(«)=P,() and
alg—=b'[r| < |a=b|r| £ 3.

To see this set b'=b if |a—bfr|<4. If a—b[r>% set b'=b+r. Then |e—b'[r| <}
and a/q#b’[r, for alq=0b'|r implies that a/g=b[r+1, or a/g=1. Similarly if
blr—a«>1% set b'=b—r. Moreover, since a=a/q+ 0/rq where || <1, we have
b'| a b > |2 b 1>1a b'l-

o —— - — cann - ——

q r ‘rq q r

Next, set B=a—b'[r and

Note that
|S@)| =

= Simp = Tar—b4q]
since, by the previous inequalities,

Isin=g| = 28 = |alg—b'Jr].
Applying these results, we have,

) 1 1\ 4D SO
= &0 za 50(ogaTog@Tm) *6() g (V+ 1)

< cﬁ(Lr)I—a;—:]'b'_cﬂ « loglog A —5— = b 7k
LemMma 11.
23(I) = BA3(log log A)>NZ2 exp (—9(log N)*/*).
Proof. Set
KW = 3 3 IR
and

[A r,
MBaq) = 3, 3 P

r=1

ar-bg#0
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Then, by the Cauchy-Schwarz inequality,
OEDS LM KM, a, ) de.
By Lemma 2,
K(A) « i rz IW(b nl* N

r=1
Al 1+2¢
<N plr)rrr= )r « NA'*26 = NA2,
r=1
if we take e=3. By Lemma 10,

1

2 24 1
J;N | Por(e)|? do < (log log A) lar—bqP w4

Consequently,

q
L g
2 ; lar—b'q[*

() « = (A loglog Ay >
q=1

Fix q and r. Then since 1 <a<gq, (a,g9)=1, |b’| <2r, and since the set {b'} forms a
reduced residue class modulo r we have

Hence

() « = (A log log A)? Z q i 1

q=1 r=1
« N7A%(log log A)?
= N2A3%(log log A)® exp (—9(log N)/%).
This completes the proof of Lemma 11.
Since A= [exp (log N)**]+1%, Lemma A follows from (4) and Lemmas 1, 7, 8,

9, and 11.
Suppose now that N(log N)~42<n=< N and that

©) |Q(n, N)=¥(n, N)| > +/n(log n)~*s.
Then
© |Q(n, N)—¥(n, N)|> > n(log n)=241 > N(log N)=2414s,

Let E(N) be the number of integers n, with N(log N)~42<n=< N, for which (5)
holds. Then by Lemma A and (6)

E(N) < BN/(log N)! =241~ 43,
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Hence if we set t=24;+2A4, we can conclude that the equation

@) Q(n, N) = ¥(n, N)+ B+/n/(log n)*1

holds for all but BN(log N)~“: integers n< N.

3. The purpose of this section is to show that if A3 is any fixed positive number
then

J/(n-3) dx
1 log (n—x%)
for all but BN(log N)~“s integers n< N.

8) Y¥(n, N) = #(n) + By/n exp (—y(log n)*/®)

By definition,
W¥(n, N) = L(n, N)H(n, N)
where
1
L(n,N) = —
( ) 1Sm=<y,3SusSN;m2+u=n IOg u
and
& & Wa, q) g)
H(n, N) = —=2 =X e(—nalq).
00 - 85 PO (g
As for L(n, N), since u=n—m?=3, we have
1 J(n=3) dx
9 L(n, N) = —_— = f —————+B.
©) @M= nBunlog=r®) =), Tog—o)

A large part of the balance of this paper is devoted to proving:

LEMMA B. Let A; be any fixed positive number. Then there is a positive constant y
such that the relation

(10) H(n, N) = #(n)+ B exp (—y (log n)'/®)
holds for all but BN(log N)~“s positive integers n< N.
We begin with

LemMA 12. If n is any fixed integer then
q
6(ng) = 58 5" W, e(~nalg)

is a multiplicative function of q; that is, if (q, r)=1 then G(n, gr)=G(n, q)G(n, r).
This is a straightforward consequence of the Chinese remainder theorem.

LeEMMA 13. Let p be a prime and «(p, n) be the number of solutions of the congruence
x2=nmod p. Then

G(n, p) = (1—w(p, n)[(p-1).



506 R. J. MIECH [March
Proof. By the definition of W(a, p)

Gt p) = 35 39, elln~nalp]

- i {p—lifmzanmodp 1-w(p,n)
=1 L —1 otherwise - 4

Set
a, = wg) [ [ (w(p, m)-1).

rlq

Then, by the definition of H(n, N) and Lemmas 12 and 13, we have
[A] A
H(n, N G(n, zf
(n, N) = Z (nq) = P ¢(q)
We shall evaluate H(n, N) by considering the properties of the function
= S O
2 = Zs,m = 2, gonte
LEMMA 14. Suppose that n=(n*)(n")? where n* is square free and n* > 1. Set
d=d@n) =n* if n* =1mod4,
= 4n* if n* = 2 or 3 mod 4,

xa(m)=(d|m) where (d|m) is the Kronecker symbol, and let L(s, x ) be the L-function
defined by the character x,(m). Let

o= TL(142)” T1 (1~

Then, if Re(s)=o0> % and L(s, x4) #0,
Z(S) = J(s9 n)/L(s, Xd)'

Proof. Since w(2, n)=1 for all n, w(p, n)=1 if p|n, w(p, n)=2 or 0 if (p, 2n)=1,
and since a,, is a multiplicative function we have, for ¢>1,

2= IL, (-56)

(r,2n)=1

Moreover if (p, 2n)=1 then [1, Chapter V],
(w(p, m)—1) = (n/p) = (n*|p) = (d[p) = xu(p).

Hence, if 0> 1
Z(s) = J(s, n)(L(s, xa))~*.

This equation also holds at the points in the half-plane o> 4 for which L(s, x,) #0
since the product representing J(s, n) converges for any ¢> 1.
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LemmA 15. If b>1 and T>1 then

a, _ _l- b+ 1T Z(S)As—l
m=A ¢(m) 2mi b-iT (S—])

ds+EA, T)

where

E(A,T) = B[ At Qog A)z].

To-D'T T

The methods employed to prove this type of result are well known; see, for
example, the proof of Theorem 3.1 in the appendix of [8].

LEMMA 16. There are absolute positive constants c,, o, and ¢y such that
J(1,n) > ¢, exp (—c; loglog log n)

Jor n=cg. Furthermore, if v(n) < A4 log log n, where v(n) is the number of distinct
prime divisors and A is any fixed positive constant, and if Re(s) = o = 3/4 then there are
positive constants B, and B,, which depend on A,, such that

|J(s, n)| < B, exp (By(log log n)*'%).
Proof. First of all,

JLR)0520-5) " 2 T (-mmm)(-3)

Secondly, if g, is the ith prime,
1
g (1+7)
n o8 +P

[1(1-542) s o
< exp (c; log log log n),

p|2n

b
N

I\

] Mﬁ

exp 1
19
for n=c,. Hence

J(1,n) > c; exp (—c; log log log n).

The proof of the second part of the lemma is similar.

From this point on the symbols ¢4, ¢, ... will denote absolute positive con-
stants.

The evaluation of H(n, N) will be based on

LeMMA 17. Let x; and L(s, x,) be defined as in Lemma 14. Then the number of d,
with 1 <d<4N, for which L(s, xs) has a zero in the rectangle

(12) 1-1/loglog N =0 =1, |t| < exp(logN)’,
where 0< 8 < 1, does not exceed c,N3®.

The proof of this lemma is based on Bombieri’s recent density theorem. Several
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definitions are needed before his result can be stated. Let Q be any finite set of
positive integers. Set

M = M(Q) = maxgq
q€Q

and
D =D(Q) = max d(q)

where d(g) is the number of divisors of g. Let y be a character modulo ¢ and

) = Zx(a)e(a/q}

If x is a primitive character we have |7(x)|2=gq [1, Chapter V, §4]. Finally, let
N(e, T; x) denote the number of zeros of L(s, x) in the region o2e, |t|<T. We
then have

LeEMMA 18.

> L 2 17012 N(e, T; x) < DT(M?+ MT)*~2/3-30 |oglo (M +T).
q€Q ¢(q) x

See [2] for a proof.

In order to derive Lemma 17 from Lemma 18 let X be any number such that
exp (log N)’< X<4N; let Q be the set of integers d with X<d=2X. Let E(X)
denote the number of din Q for which L(s, x,) has a zero in (12). We apply Lemma
18 with M =2X, T=exp (log N)’ and «=1—(log log N)~*. As for D and |=(x,)|%:
since d(g)«gq° for any £>0 we can take D« X*; since x4, the character defined by
the Kronecker symbol, is a primitive character we have |r(x,)|2=d. Thus it follows
that

E(X) « X5-T(X?+ X-T)? log!® (X+7T),
where

’3=4(1—a)s 4 .
3—2¢ T loglog N

Since we are assuming that T=exp (log N)’ < X we have
E(X) « TX¢X8M0os 6N [og10 X & X2 exp (log N)°.
If we take
X = 2 exp (log N)°,
where 0<j<(log N)/log 2, it follows that there are at most

22¢1 exp (e+1) (log N)* < N3

j<log Nllog 2

integers d in the interval (exp (log N)?, 4N) for which L(s, x,) has a zero in (12).
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If we take e=1/8 those integers d<exp (log N)° can be absorbed by the bound
N?® This completes the proof of Lemma 17.

LEMMA 19. Let x be a nonprincipal character modulo k and suppose that L(s, x) #0
fora>1—B, |t|<T, where0<B<1/2and T>2/|B. Letlog L(s, x) be that branch of the
logarithm of L(s, x) that is zero at s=o=+00. Let 7 be any number such that
2/T<n<B. Then for
1-B+n <o =1+n and |t| £T)2
we have

log L(s, x) = (By/7*)(log k(1 +t]))*
where

a = (1-0)/B+By(n/B)
and B, and B, are constants that are independent of k, T, B, and .

This lemma is a refinement of Theorem 14.2 of [10].

Proof. Set oo=1/9; then 2=<0,<T/2. Let, for i=1,2,3,4, C; be the circle
centered at s, =0, +it of radius r, where r,=0o—(1+1), r;=0o—o0, r3=0,—(1—p5)
—n and ry=00—(1—B)—7/2.

Since y is not a principal character we have

L(s, x) = Bk(1+]¢t])
for 0= 1/2 [8, Chapter IV, Theorem 5.4]. Consequently on C,,
Re log L(s, x) = log |L(s, x)| < cslog k(1+[t|).
Hence on C; [8, A., Theorem 4.2]

o L, )1 L 1 2ZERL L)l L o=

That is, since g, =2
[log L(s, x)| = (Boo/n) log k(1 +t[)
for s on C3. On C;

llOg L(s, X)[ =

Stos(1-58) = 3 7w = 5
Now, let M; be the maximum of |log L(s, x)| on C,. We have
M, = By and M; = (Boo[n) log k(1+]t).
Thus, by the three-circle theorem
M; £ (Bln)' ~*((Boo/n) log k(1+¢]))* = (B[n*)log k(1+ )

_log(ry/ry) _1-0 7\,
“=Tog(ralr) - B T2 (ﬂ)

where
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This proves the lemma.

LeEMMA 20. Suppose that v(n) < A, log log N and that the d associated with n by
Lemma 14 is not an exception to Lemma 17. Then

H(n, N) = #(n)+ B exp (—y(log N)'/®)

where y is a positive constant that depends on A,.

Proof. By Lemmas 14 and 15 we have
1 [**T J(s,n) As-

Hen, N) = 27 Jyir ms 1ds+E(A &
where
Ab-1 log A)?
EA,T) < T(b—l)+( gT )
and
= [exp (log N)**]+1/2.

According to our assumptions we have L(s, ;) #0 for

¢ 2 1—1/loglog N, |t| < exp (log N)°.
Thus if we set
B =1/loglog N and 7 = 1/(loglog N)?

in Lemma 19 we have
log L(s, xs) < (loglog N)*(2 log N)*,

where h=(log log N)(1 —o), in the region

1 1 exp (log N)*
~Tlogiog N = ° = 1t {iogiogmr 12— 3
Let R be the rectangle with vertices a & iT, b +iT where:
___1 14t p_cxp(ogN)
(log log N)? b=1 +(log N)V# T= 2

Then we have
1 a +1T J(S n) As-1
2mi b+IT L(ss Xa) (s 1)

l a-iT J(S n) As 1 (log N)ll4)
i Jorr T, x) 6D & € e"p( ¥ {log log N)®

ds « exp (—y(log N)?),

and
E(A, T) « exp (—¢(log N)°).
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If we take 6=1/8 we have Lemma 20 since the residue of the integrand at s=1
is Z(n).

The exceptions to Lemma 20 occur if v(n) > A, log log N or if the d associated
with n is an exception to Lemma 17. It is known [8, I, Theorem 5.3] that the
number of positive integers n< N for which v(n) > 4, loglog N does not exceed
BN(log N)°* where g= — A, log 2+ 1= — A4;. As for the second type, if n=n*(n')?
then d=n* or 4n*. If we take d=n* we have n=d(n’)> < N that is there are at most
(N|d)*'?2 < N2 integers n associated with any given d. Since there are at most ¢, N8
exceptional integers d we have at most ¢, N7/ exceptions to Lemma 17. This com-
pletes the proof of Lemma B.

According to (9) and (10)

J/(n—3) dx

¥(n, N) = P(n) fl Tog (=55 + BP() + By/n exp (—Ylog n!*),

By Lemma 14
P(n) = Z(1) = J({1, n)/L(1, xa)-
By Lemma 16,
J(1, n) = B exp (B, (log log N)'%).
Furthermore if d is not an exception to Lemma 20 we have, from the proof of
Lemma 20,
log L(1, xs) = B(loglog N)*.

Hence, for all but N(log N)~“s positive integers n< N,

V/(n—3) dx

¥(n, N) = ﬂ(n)fl 5+ Bly/n exp (~log )]

log (n—x
This proves (8).
If we set A;=A, then our theorem follows from (7) and (8). Finally, since
J'ﬂ"'a’ dt S v({#n-3)—-1
1 log (n—1t2?) logn
P(n) = J(1, n)(L(1, xa))~*
0 < L(,xs) <cglogd < crlogn [8, 1V, 8.1]

and
J(1,n) > ¢, exp (—c; loglog log n)
it follows that

J(n-3) dt ,\/ n
2(n) J; Tog(n—r% ~ e (log n)%(log log n)°a’

That is, the main term in (1) dominates the error term, provided that 4, > 3.
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