ON THE DISTRIBUTION OF VALUES OF
MEROMORPHIC FUNCTIONS

BY
FRED GROSS

1. Introduction. It is well known that the growth of a meromorphic function is
closely related to the distribution of its poles and zeros. One would, therefore,
expect that two meromorphic functions f(z) and g(z) would have the same growth
if for certain appropriate sets S;, f€ S;if and only if ge S;, i=1, 2,..., k; k some
positive integer. It was proven by Nevanlinna (see Hayman [1]), for example,
that for any two meromorphic functions fi(z) and f3(2), if the zeros of fi(z)—a
are the same as the zeros of f5(z) —a for five distinct values of a, then f;(z)=/5(z)
or f,, f, are both constant. In this paper we shall consider pairs of meromorphic
functions f, g such that fe S iff g € S for certain sets S of complex numbers and
see how these functions fand g must be related.

2. Preliminaries. We begin with some of the theorems needed in the proof of
our main results.

It is assumed that the reader is familiar with the definitions and basic properties
of the quantities 7(r, f), N(r, f), log*, etc.

THEOREM 1. Let ¢1(2), $2(2), . . ., $.(2) be n entire functions with ¢,—¢; non-
constant for i#j; and let g,(2), g2(2), . . ., g.(2) be n meromorphic functions of finite
order such that the order of g:(2)<p, i=1,2,...,n, where p is the minimum of the
orders of the functions exp ($s— ;) (s#£¢t) s=1,...,n;t=1,...,n

If 3% 8u(2) exp ($4(2)) =0, then g, =g5= - - =g, =0.

In order to state Theorem 2 we need

DEerINITION 1. To each function A(r), positive, continuous and nondecreasing on
0<r<R, where R< +00, we associate the class A of functions f satisfying

(i) fis meromorphic in |z| <R,

@ii) T(r,f)=0(X(r)) as r — R.

It is easily verified that A is a field, and we call any such field a A-field.

THEOREM 2. Each A-field is algebraically closed in the field of all functions mero-
morphic in |z| < R.

Theorem 1 follows from a more general result of Nevanlinna [7]. Theorem 2

is due to Rubel and Hellerstein [3].
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We shall also need

LeMMA 1. Let Fi(xy, ..., X, yi)=0;i=1,...,n+1, where F;#0 are polynomials
in n+ 1 variables. There exists a polynomial, P#0 such that P(y,, ..., Yn+1)=0.

This can easily be proved by induction.

LEMMA 2. The characteristic function T(r,f) is continuous in r for every mero-
morphic function f(z).

Proof. This follows from an argument which can be found in Titchmarsh [6,
p. 127, line 5].

LeEMMA 3. T(r, f) is an increasing convex function of log r for any meromorphic
Sfunction f(2).

Proof. See Titchmarsh [6, p. 284d].

DErFINITION 2. Given any two meromorphic functions f(z) and g(z) we shall say
that the growth of f(2) is greater than the growth of g(z), denoted by G(f)> G(g),
if and only if T(r, g)=O(T(r, f)).

DEerNITION 3. Two entire functions f(z) and g(z) are said to have the same
growth, denoted by G(f)=G(g), if and only if G(f)> G(g) and G(g) > G(f).

Note. According to this definition two functions of a given order and different
types may be of the same growth.

3. Two functions attaining certain values at same points.
DerFINITION 4. For any set S and any function g let

Eg(S) = U {§;8(6)—a = 0},
aes
where any £ which is a zero of multiplicity m is included in Eg(S) m times.

THEOREM 3. Let S;, i=1, 2, 3 be distinct finite sets of complex numbers such that
no one of them is equal to the union of the other two and let T;, be any finite sets of
complex numbers having the same number of elements as S;; i=1, 2, 3. Let f(z) and
&(2) be two meromorphic functions such that E.(S;)=E/T;) and E,;;{0}=E, {0} for
i=1, 2, 3. Then f(2) and g(z) are algebraically dependent.

(Notke. In this and in the following theorems S; and 7; need not have the same
number of elements if f and g are assumed to be entire.)
Proof. Let z;;, j=1,.. ., n; be the elements of S; and z;;, j=1, ..., n; be those of

T, for i=1, 2, 3.
Let
pi(w) = 1_[1 w—2z;)
j=
and

ng

qw) = [ [ w—2z)).

i=1
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We have

2D _ exp 32

where ¢,(2) is entire for i=1, 2, 3.

It follows from Lemma 1 that exp (¢,(2)), exp (¢2(2)) and exp (¢3(z)) are alge-
braically dependent. Hence, there exists a relation of the form
M >, dume €XP (ny +my+ 1) = 0,

n,m,t

where A, are complex numbers and not all constant.

Applying Theorem 1 to (1) we find that there exist integers a, b and c¢ such that
ad1(z)+ bpo(2) + chs(z) =k, where k is some constant.

Hence

(P1(N19:(8))* (P2()/92(8))° - (Ps(f)/q(2))° = constant.

Thus either f(z) and g(z) are algebraically dependent or (p,(w))*(po(W))°(ps(w))°
is equal to some constant k’. The latter statement, however, implies that

(P1(W)*(P2(W))" = (Pa(W))~¢-K’

and consequently that
Sl U S2 = S3

contrary to our hypothesis and our theorem follows.

COROLLARY TO THEOREM 3. Let S, T}, fand g, i=1, 2, 3 be as in Theorem 3, then
f(2) and g(z) have the same growth.

Proof. Since T(r, f) is positive, continuous, and nondecreasing (Lemmas 2 and
3) for any meromorphic function f, we can apply Theorem 2 to the algebraically
dependent functions fand g and we get T(r, g)=0T(r, f)) and T(r, )= O(T(r, g)).
Hence G(f)=G(g).

In what follows f‘®(z) denotes f(z).

THEOREM 4. Let S; and T, be as in Theorem 3. Let f(2) and g(z) be any two mero-
morphic functions of finite order. If for some nth derivative f™(z) of f(z) and some
mth derivative g™(z) of g(z), E;m(S)=E;(T}) and Ey;;»({0})=E,,m({0}),
i=1, 2, 3, then f(z) and g(z) have the san:e order.

Proof. Let the order of /™ be p; and that of g™ be p,. Since

(n) (m)
log T, f™) . _ Jim sup 28 T¢> &™)

Pr= mrr-l.usoul) log r © log r

and
G(f(n)) — G’( g(m))

it follows that p, = p,. Furthermore, it is known (see Hayman [1, p. 104]) that the
order of the derivative f’(z) is the same as the order of f(z) and our theorem follows.
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THEOREM 5. Let S; and T;, i=1, 2, be any two distinct finite sets of complex
numbers where S; and T, have the same number of elements. Let f(z) and g(z) be a
pair of meromorphic functions of order less than 2. If for some integers m=0 and
120, Ex(S)=Egm(Ty) and Ey o ({0) = Eygm({0}) for i=1, 2, then f(z) and g(2)
have the same order.

Proof. As in the proof of Theorem 3, let p;(w) and g;(w) correspond to S; and
T;, respectively, for i=1, 2.

It suffices to assume that the hypotheses hold for f'and g (see Hayman [1, p. 104;).

We have

@ p(f(2)/9:(g(2) = exp ($:(2)) and pa(f(2))/q(8(2)) = exp ($2(2)),

where ¢,(z) and ¢4(z) are polynomials.

It follows from Lemma 1 that g(z), exp (¢.(z)) and exp (¢4(2)) as well as f(2),
exp (¢,(2)) and exp (¢.(z)) are algebraically dependent.

Assume that our theorem is false and that f(z) is of greater order than g(z).
One can easily verify that for any polynomial p(w) and any meromorphic function
f(2) of finite order, the order of f(z)=order of p(f(2)). It follows that the orders of
exp (4.(2)), exp (#2(2)) and f(2) are all equal. Hence, f(z) must be of integral order.
Since by hypothesis the order of f(z) is less than 2, it can be at most of order 1.
Thus, g(z) must be of order less than 1. Since g(z), exp (¢:(z)) and exp (¢2(2)) are
algebraically dependent we must have a relation of the form

€)) Zt Aume8" €XP (b + th3) = O.

One can now apply Theorem 1 and arrive at jé,(z) + k¢o(z) =constant, for some
integers j and k with j or k different from zero. Hence we get

~(f@Yp(f(2))* = 9:(8(2))q2(8(2))",

where g,(w) are polynomials. Hence, either f(z) and g(z) are algebraically dependent
and hence of the same order or p,(w)’p,(w)*=constant, in which case S;=3S,. In
any case we get a contradiction. Thus, f(z) and g(z) must be of the same order.

4. A specific case. In this section we illustrate how additional information
about the sets S, i=1, 2, 3 may enable one to completely determine f(z) and g(z).

THEOREM 6. Let f and g be nonconstant entire functions such that f € S if and only
ifg € S, fori=1, 2, and 3 with the same multiplicities, where S;={1}, So={—1} and
Ss={as, a5}, S;-S;= @ for i#j. Then f and g must satisfy one of the following
relations:

@ f=g fe=1 o (f-D(g-1)=4

Since the proof of this theorem is quite lengthy, we shall give only an outline
of the proof.
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SKETCH OF PROOF. From the hypotheses of the theorem, one obtains

® S =exp($)g+(1 — exp ($1),

O] f = exp ($2)g+exp ($2)—1

and

)] f2—(as+ag)f+asa, = exp ($3)(g°—(as+as)g + aza.),

where ¢, are entire functions. Eliminating f and g above we get

—4 exp (341) + (3 —(as+as) —asa,) exp (241) + (1 — (a5 +a,) +aza,) exp (24,)
+4 exp 3¢y +¢2) +(—4+2(as+a,)) exp (24, +¢5)

® +(—4+2(as+ay)) exp (41 +245)
+(4—2(az+ay)) exp (¢1+¢2) + (1 — (a5 +as) + asa,) exp (43 +241)
+(2(as+ay)) exp (¢ +¢1) + (3 —asas — (a3 +ay)) exp (s +245)
+(—4+2(as+a,)) exp ($s+¢5) — (2(as +4as)) exp (1 +¢2+¢3) = 0.

In the following, two terms will be said to cancel if their exponents differ by a
constant. We now apply Theorem 1 to (8). The first seven terms of the left side of
equation (8) do not involve exp (¢3), while the last five do. If any two nonvanishing
terms in either of these two groups cancel with each other we get a relation of the
form exp (¢,) =k exp (cé.) (c rational). If no cancellation occurs in the first group,
then two of these first seven terms must vanish identically.

Thus we have the following identity

—4 exp (34,)+ (1 —aza,) exp (241) +(asas — 1) exp (2¢2) + 4 exp (3¢ +¢2)
+(asa;—1) exp ($3+2¢41)+4 exp ($s+¢1)+(1—asas) exp (¢s+245)
—4exp (p1+da+¢s) =0

and since a3 # 1 by hypothesis, none of the coefficients are zero.

Now exp (3¢,) can cancel with one of 4 terms and we have

(@) 3¢1=¢3+24, or ¢3=¢,,

(b) 3¢1=¢s+¢; or p3=24,,

(©) 3¢1=¢3+2¢; or $g=3b, —2¢,,

(@) 3¢1=¢1+¢s+¢3 or $3=2¢,—¢s.
(For convenience the constants of these equalities are omitted.)

Careful analysis of the various cases which arise leads to the conclusion that
either fand g satisfy one of the equations (4) or

exp (¢1) = k exp (c¢s)

where c is one of the numbers 2, —1, 2/3, 1 and 1/2.
This takes care of the situation when no cancellation occurs in the first group of
seven or in the second group of five terms.



204 FRED GROSS [April

When cancellation occurs within the first group a somewhat similar analysis leads
to the possible relations exp (¢,)=k exp (c$;) where ¢ is one of the numbers
2/3,1/2,2,1and —1.

Further investigation shows that ¢ cannot equal 2/3. The remaining possibilities
lead to one of the equations (4).

COROLLARY. Let Sl ={1}, S2={— l}, Sg={a3, 04}, S4={b1, P bn} be Such that
S;-S;= & for i#j where n is an odd integer. If f€ S, if and only if g € S; with the
same multiplicities for i=1, 2, 3 and 4 and if b;#0 or 3 for j=1,2, ..., n then f=g.

Proof. Assume that f#g. Looking at the remaining possibilities we find that if
some b; is not attained then b; must be 0 and if all are attained then some b;
must be 3.

This result can be generalized to functions of several complex variables. Once the
following definition is introduced the proof remains the same.

Let fand g be entire functions of two (or more) complex variables. If f vanishes
at the origin, then by virtue of the Weierstrass preparation theorem f(z, w)=
I1,(z, w)Q,(z, w) in a neighborhood U of the origin, where II; is a polynomial in
w with functions of z, analytic on U, as coefficients and where Q; is nonvanishing
and analytic on U.

DEFINITION 5. Let f(z, w) and g(z, w) be two entire functions such that f=0 if
and only if g=0. A common zero (¢;, &) of fand g is said to be a zero of the same
multiplicity with respect to both functions f and g if and only if II, =II,, where

@+ €, wtEy) = (24 €, wH o) Qz+ €1, w+ &)
and

gz+ &, w &) = My(z+ &5, wH£)Qu(z+ &1, w&o).

An equivalent definition to Definition 5 is
DEerFINITION 6. Two entire functions f and g have the same zeros with the same
multiplicities if and only if f/g =exp (¢), where ¢ is entire.

5. Images and pre-images of certain sets. In this section we give some appli-
cations of the results of §3. Though these applications, as we shall see, yield much
weaker results about reduced sets (defined below) than the direct application of
Nevanlinna’s second fundamental theorem, nevertheless the methods used and the
intermediate theorems are interesting in themselves and hence have been included
in this paper. Certain generalizations of reduced sets are also discussed.

DEFINITION 7. A set S of complex numbers is a simply attained set of an entire
function f(z) iff, for every s € S, f—s has only simple zeros.

DEFINITION 8. Let f(z) be meromorphic and S be a set of complex numbers such
that f(S)=S. Then S is said to be a reduced set of f(z) iff it is a simply attained set
of f(z) and f(z) € S implies that z € S.

THEOREM 7. Let f(z) be a transcendental entire function. Let S, S;, and S be
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finite sets of complex numbers such that no one is the union of the other two. If
Si1, Sz, and S are simply attained sets of f(z), then f~*(Sy), f~1(S2) and f~(Ss)
cannot all be reduced sets of any transcendental entire function g(z).

Proof. Assume that the theorem is false. It then follows that E;(S))=E;,(S;)
for i=1, 2, 3. Hence by the corollary to Theorem 3 it follows that f(z) and f(g(z))
must have the same growth. It is well known (Hayman [1]), however, that
T, f(@)T(r,f) — o as r— oo, so that the growth of f(g(z)) must be greater
than the growth of f.

THEOREM 8. Let f(z) and g(z) be two nonconstant entire functions with a common
Picard exceptional point a. If S, #\a}, is any finite set of complex numbers and
E/(S)=E,(S), then f(z)=e%?+a and g(z) is either of the form ce®®+a with c"=1
for some integer n, or of the form ke~ %®®+a, where k is a constant and ¢(z) is an
entire function.

Proof. We may assume without any loss of generality that a=0, so that
f(2)=e*® and g(z) =e"?; ¢(z) and y(z) entire. As in Theorem 5 we find a polynomial
pwW)y=wr+ w1+ ... +¢ (we may assume c#0) such that

p(e®*?)[p(e"®)=e"?; n(z) some entire function.
Thus we get

’ e e o= @M N IV L g,

By virtue of Theorem 1 we conclude that n¢ =jy+n+c, and ty+n=c,, where ¢,
and c, are constants. Hence ¢=cy+ c3, where c is a rational number and c; is a
constant.

Thus e?=exp (cy+c3). By our hypotheses, however, exp (y(x,)) € S implies that
exp (#(xo)) =exp (cy(xo)+ ¢3) is also in S. Thus

exp (c"y(xo)+cs(l+c+c%+---+c""))eS
for all n. If || #1 then we may assume that |¢| <1 and we get
¢"y(Xo) +¢ca((c"—1)/(c - 1))
"(y(xo) +¢s/(c— 1)) = ¢s/(c = 1).

If y(xo)= —c3/(c—1), then we may .z2place ¢z by c3+ 2w, so that we may assume
y(xo)# —c3/(c—1). Hence we get an infinite sequence of complex numbers
approaching a constant as n approaches infinity. Consequently the numbers

cy(xo)+es(l+c+c?+ - +cmh)

exp (C"y(x0)+c3(1 +ec+c2+ .- +cn—1))

are distinct for infinitely many »# which is impossible since S is finite.

It follows that |c¢|=1 and, since c is rational, c= +1.

When c=1, we get f=kg where k is a constant. When g(x) € S, so is f(x)=kg(x)
and hence k"g(x) € S for every n. Thus £ must be a root of unity. Our proof is
complete.
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One can easily find a number of sets S for which f(z) and g(z), with c= +1,
have the desired property.

As an application of Theorem 8 we give an alternate proof of the well-known
fact:

THEOREM 9. Let f(z) be any entire function and let I denote the set of all rational
integers. If E,(I)=1, then f(z) must be of the form Az+ B, where A is +1 and B is
an integer.

Proof. 2™ is never zero, is equal to 1 if and only if z € I, and all the roots of
e2™2=1 are simple roots. Let f(z) be an entire function such that E,(I)=1I. Then
e?™/®@ js equal to 1 if and only if f(z) € I and hence if and only if z € I. Thus 22
and e?™/® gatisfy the hypotheses of Theorem 8 and hence 2™/ must have either
the form ce™ 2% or ce?™?, so that f(z) must be of the form +z+ B. Since this has
integral values at the integers, B must be an integer and our theorem follows.

We now prove a generalization of Theorem 9. The author is indebted to E. G.
Straus for suggesting the proof of the following theorem.

THEOREM 10. Let F(z)=c, exp (@;2)+ - - - + ¢, exp (a,2) with a;#a; (n=2) for
i#j, where c; are constant for i=1,2,...,n Let Z={z,, z,,...} be the zeros of
F(2). If all the zeros of F(2) are simple zeros and E(Z)=E/(Z) for any two entire
Sfunctions f(2) and g(z) then f(z)= Ag(z)+ B where A is a certain root of unity and B
an appropriate constant.

Proof. From our hypotheses it follows that F(f(z))/F(g(z)) is entire and has no
zeros so that we have

F(f(2)) = F(g(2))e*®,
where ¢(z) is entire. By Theorem 1,
a,f(2) = a,g(2)+(2)+ b, fori=1,...,n

Since n=2 we get at least two such equations and it follows that f(z)=Ag(z)+ B
and ¢(z)=Cg(z)+ D for some constants 4, B, C, and D. We may assume A# 1.
Substituting we get

21 C,exp (ai(Ag+ B)) = i Ciexp ((a;+C)g+ D).
i= i=1

We now introduce vector notation using inner product multiplication. Let
a={a,,...,a,yand 1*=(1, 1,...,1). We have ad=a+C-1*,
aA? = aA+CA-1* = a+C-1*4+CA-1* = a+(1+ A)C-1*,
and in general
aA™ = a+(1+ A+ 4%+ - -+ A" Y)C- 1%,
so that
a=alA"+1*-(A"— D/(A—1)A")C — 0+ (C/(A-1))- 1* as n— o,
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unless |4|=1. Here 0 denotes the 0 vector. Since this is impossible by our hy-
pothesis, we must have |4|=1.
Assume that A4 is not a root of unity. Then the expression for a, namely
1—A4" C C
-n 1* = -n 1% —
@A™+ T 1% = (a+ 75 17) -
attains infinitely many values unless
a=—(C/(1-A4))-1* or a = —C/(1-A4) fori=1,...,n,
which is contrary to our hypothesis in any case. Thus 4 must be some root of
unity.
We note that any F(z) with n=2 can have only simple zeros. Hence applying
Theorem 10 to sin 7z one can easily derive Theorem 9.
We now proceed to develop an extension of Nevanlinna’s second fundamental
theorem and to apply the result to a number of problems involving reduced sets.
Consider the polynomials n(w)=[F., (w—a,), a, distinct. Let A =max;<, {|a], 1}.
The polynomials

L1*

L 1
PE) = 1) 2 raPe=a)

and

@-7®)
o) = Z . - @) @)’

satisfy Pp’'+ QOn=1. When |x| £24 one can show after some calculations that
max (|P(x)|, |Q(¥)|) £ k(BA)~2/8(k)2*-V = k,,

where 8(k) is the minimum of the distances between the points a;.

Let f be a meromorphic function such that f(0)#a;, 0, co.

Let S(k)={r; r> A4}.

When x>2A4|n(x)| = |x/2|%, so that if |p(x)|<1, then |x|<24. Thus when
[9(f)| £1 one easily verifies that

m(r, (—;3) < 2log* k,+log 2+m(r, %)
4l ff) +NC.f)=N(r. 7) +m(o, )= log |,

where f'(z)=Cyz*+ - - - ; C; #0.
Thus
LEMMA 4.

m(r, ;(l—f;) < 2log* k,+log 2+m(r, i%)
+m(r, %) +N(r,f’)—N(r,j17,) +m(r, f)—log |Cy|
for all r in S(k).
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LEMMA 5.

m("’j%) < 4log* T(R,f)+4log* log* If(IO)I
1

+5log * r+14’

R>r for all r.
Proof. Hayman [1}].
LEMMA 6. m(r, f'[f)=0(og rT(r, f)) for all r outside a set, E,, of finite measure.

Proof. Hayman [1].
Using Lemma 5, some standard Nevanlinna arguments and the fact that

()] = > C¥,

where C is a positive constant, one easily verifies

LEMMA 7.

m( n({f){) < Clog* k+O(log rT(r, f)),

C a constant, for all r in S(k) except a set E, of finite measure. E, and O(log rT(r, f))
are independent of k.

Also one verifies easily
LeEMMA 8. T(r, n(f)) Z kT(r,f)— k log 4A.
LEMMA 9. T(r, n(f))=T(r, 1/9(f))+log k(A B)*, where B=max |b;|, f(z)=2:2 0 bi2".

Proof. T(r, n(f))=T(r, 1/9(f))+log |C.|, where n(f)=Cz"+ - - -, C,#0. Clearly
|Cy| S k(AB)~.
As an immediate consequence of the above lemmas we have

THEOREM 11. Suppose f(z) is a nonconstant meromorphic function with f(0) #0, co.
For any sequence ay, as, . . ., |a| < |a; 4|, with a;#f(0), let 8(k)=minimum of the
distances between the first k points of the sequence. Then for every k22,

(k=1D)T(r, ) < N(» f)+ 2 N(r, {2N(r )+N(r, f) NG, f’)}

+C'k log r+4(k—1) log %k)““ O(log (rT(r, 1))

for all r in S(k) outside a set ", of finite measure. £, and O(log rT(r, f)) do not
depend on k.
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REMARK. The above proof is a refinement of an unpublished proof of Nevan-
linna’s second fundamental theorem given by P. C. Rosenbloom during a series of
lectures at Syracuse University a few years ago.

DEFINITION. Let f(2z) and g(z) be any two meromorphic functions. We shall say
that f(z) grows faster than g(z) almost everywhere, denoted by G(f)>a.e. G(g),

if and only if
lim _T(,/)/T(r, 8) = o

where E is the complement of a set of finite measure.

THEOREM 12. Let f(z) and g(z) be any two meromorphic functions and let S and
T be any finite sets containing three or more points of the extended plane. If f(z) € S

iff g(z) € T then G(f)* a.e. G(g).

Proof. Let a,, a,, and a; be distinct elements of S and b,, i=1,..., k be the
elements of T. We use the definition of N(r, 1/(f—a)) with multiple poles being
counted only once.

Assume that G(f)>a.e. G(g). Thus we have

hm - T(r,f)/T(r’ g) =

T(r72a) = 250 25)

for each i=1, 2, 3. Thus for any ¢>0,
N 1(f-a)) i N(r, 1/(g—b)))
I(r, f) A TnhH

for sufficiently large r in E. This, however, contradicts Nevanlinna’s second funda-
mental theorem.

We have

<e¢

THEOREM 13. If fis transcendental meromorphic and of finite order and g is entire
of positive lower order, then

T(r, f(g(N/T(r, f) — o

outside a set of finite measure.

Proof. We first note that for any transcendental entire g and f as above

® I(r, f(&)/T(r, &) > ©
as r — oo (see Hayman, p. 54). Though Hayman stated (9) for entire £, it remains
valid for meromorphic f as well.
It is well known, however, that since g is of positive lower order, gg must be of
infinite lower order, i.e. for any constant C
lim inf log T(r, g2)

> ¢
r— o 1 r

or T(r, gg) > r° for sufficiently large r.
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Since fis of finite order we also have for some ¢’ < c that

@, f) < r®
for sufficiently large r.
Thus
TI(r, g8)/T(r, f) > r*~¢ »> 0
with r. Thus
T(r, f(g(@N/T(r, /) - ©
with r — co.

THEOREM 14. If f(2) is any transcendental entire function and S is any finite set
containing three or more elements, then f~(S) is not a reduced set of any entire
Sfunction g(z).

Proof. Assume that f~%(S) is a reduced set of g(z). Then g(f~*(S))=f"(S)
and f(g(f~%(S))=f(f"1(S))=S. On the other hand, if f(g(x))=se S, then
g(x) e f~%(S) and hence x € f~*(S). Hence f(g(2)) € S if and only if f(z) € S and
by virtue of Theorem 12 G(f(g))* a.e. G(f). But by Theorem 13, G(f(g)) >a.e. G(f)
so that our theorem follows.

In a similar manner one proves

THEOREM 15. If f(2) is transcendental and meromorphic of finite order and S is
any finite set with 3 or more elements, then f~*(S) is not a reduced set of any entire
Sunction g(z) of positive lower order.

The argument is the same as before once we note that S is a reduced set of gg
whenever it is a reduced set of g.

NoTE. We have actually proved more than is stated in Theorems 14 and 15
since no assumption need be made about the multiplicity of the roots of g(z)—¢,
where ¢ € f~1(S).

COROLLARY 1. The set of rational integers is not a reduced set of any transcen-
dental entire functions.

COROLLARY 2. A point lattice is not a reduced set of any transcendental entire
function.

Proof. One can easily construct a Weierstrass p-function f which maps a given
point lattice into a finite set {a,, a,, as, . . .} having more than two points such that
no other complex numbers go into these points.

THEOREM 16. Let S={a}, i=1,2,..., be a discrete set, |aj|<|a,,,|. If S is a
reduced set of a transcendental entire function f, then for every t, 8(n,(r, S))<r~*
for all r outside a set of finite measure. If in addition f is of lower order <1/2, then S
cannot be a reduced set of f. Here n/(r, S) is the number of elements of S in |z| <r
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and for any positive integer k, 8(k)=minimum of the distances between the first k
elements of the sequence S.

Proof. First assume that f has positive lower order. Then g = fo f has infinite
lower order and S is also a reduced set for g. Let ay, a; € S (a, a, finite), then it
follows from the standard form of the Second Fundamental Theorem that

N(r, 1/(g—a))+N(r, 1/(g—a2)) _

lim inf =
r

400

for every finite A, provided r ¢ E,, E, of finite measure. Since N(r, 1/(g—a))
£n(r, 1/(g—a)) log r, it is immediate that for every finite A

n(r, 1/(g—a) +n(r, 1(g=a5) _

lim inf a
r

+0o0 (r ¢ Eo).

Hence for any real A and all r sufficiently large (r¢ E,), n(r, S)=r* (since
g ({ay, az})S). If 8(n(r, S))>1/r*~* for some A and r; then n(r, S)<r/d(n(r, S))<r.
In view of the preceding, this is only possible if r<ry(A) for a suitable 7, or if
re E,.

For f of lower order <1/2, denoting by u(r, f) the minimum modulus of f on
|z| =r, Kjellberg [2] has extended Wiman’s Theorem and has shown that

lim sup {log u(r, f)/log M(r, )} 2 ¢ > 0,

where ¢ depends only on the lower order. Let {r,} be an increasing unbounded
sequence for which this inequality holds. Since f transcendental implies that
lim inf, . ,, {log M(r, f)/log r}= +0; choosing any A> 1, there exists k, so that for
k> ko, u(re, f)=rj. Let S consist of the sequence {c;} and denote by D, the open
disc centered at the origin of radius r. Since a nonconstant entire function of lower
order < 1/2 has no finite Picard exceptional value, for all sufficiently large & > k,,
0 € f(D,,). But u(ry, f)=ri for k>ky Hence for k>max (ko, k;), we must have
D, =f(D,,) and in particular D, <f(D,). Since S is a reduced set for f each ¢,
with |¢;| <r, must have a pre-image among the ¢,’s in D,,, i.e. f~Xc)=c;€ D,,.
Hence each ¢; € D, has one and only one pre-image in D, . Keeping ¢, fixed and
' letting k — oo, we see that ¢; has exactly one pre-image in the plane. Thus f must

be a linear polynomial by Picard’s Theorem.

It is worth noting that if S is a discrete infinite set, then S cannot be a reduced
set of a meromorphic function which is not entire.

This clearly gives us another proof of the fact that a point lattice is not a reduced
set of any transcendental entire function.

If fis transcendental entire and S is a finite set with two or more elements, say
{a,, a,, . ..} then it follows from the standard form of Nevanlinna’s second funda-
mental theorem that for every e>0

(10) n(r, f~1(8)) 2 (1—-e)n(r, $)—2)T(r, f)log r
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one can easily verify that (10) remains valid if f is transcendental meromorphic
and not entire and S is an infinite discrete set.
Actually more is true.

THEOREM 17. Let f(z) be a transcendental meromorphic function f(0)#0, . If a
discrete set S={a,, a,, . . .}, a;#f(0), with three or more elements, satisfies for some t,

n(r,S) =z rt
for a set, E, of r of infinite measure, then for every ¢>0

n(r, f71(S)) 2 (1=&)(n(r, S)—2T(r, f)/log r
for all r in E outside a set of finite measure. Here n(r, S) denotes the number of
elements of S in |z| Zr.
Proof. One easily verifies

n(r, - 1(S)

nr.s) r
Z N, f,a) = log —+A4logr,
it | by

i=1

where b, are the totality of a;-points of f (i=1, 2,...).
Thus

(n(r, S)=2)T(r, f) < n(r, f~1(S))(log r+ A")+ Cn(r, s) log r+ O(log rT(r, f))
for all r in E outside of finite measure; C, 4’ constant. Our theorem follows.

COROLLARY 1. If f(z) and S are as in Theorem 17, then for any constant k
n(r, £~X(S)) > kn(r, S) for all r in E outside a set of finite measure.

COROLLARY 2. If f(2) is a transcendental meromorphic function and S is any
lattice, then f~1(S) is not a lattice.

Proof. Choose A such that f(4)#0, o, a, i=1,2,..., where S={a,, a,, .. .}.
f(z+ A) satisfies the hypotheses of the above corollary and our assertion follows.

COROLLARY 3. Let a;, i=1, 2, 3 be any three numbers in the extended complex plane.
For any positive real numbers n and m let
Sum = {A"+iB™; A and B any integers).
If f(2) is a meromorphic function such that its only ai-points for i=1, 2, 3 are in
Sum, then f(2) is at most of lower order 1/n+1/m.

COROLLARY 4. If for any meromorphic function, f, there exist a;; i = 1, 2, 3, satis-
[fying the hypotheses of Corollary 2 and a point a such that f ~*(a) € Sy, B, m’ positive
reals, then
1’ +1/m" £ pp < 1/n+1/m,

where p; denotes the lower order of f. In particular when n=n" and m=m’, f must be
of lower order 1/n+1/m.



1968] DISTRIBUTION OF VALUES OF MEROMORPHIC FUNCTIONS 213

We note that for n=1 and m=1 this corollary is sharp as illustrated by the
Weierstrass p-function.
As an extension of Theorem 16 we state

THEOREM 18. A finite set is not a reduced set of any rational function other than a
linear transformation.

The proof is trivial.

THEOREM 19. Let f(z) be a meromorphic function and let S be any set containing
three or more points. If the infimum of the distances between points of f ~1(S) is nonzero
then f(z) is of lower order less than or equal to 2.

Proof. We may assume that f and S satisfy the hypotheses of Theorem 17.
The theorem follows by noting that n(r, f~(S)) < Cr?; C a constant.

The Weierstrass p-function illustrates the sharpness of this theorem also.

As we have indicated in Corollary 4, one can also get lower bounds for the
lower order of meromorphic functions, provided that the poles of a point are at
least of a certain density. Much more is known about lower bounds for order and
lower order in the case of entire functions (see [4], [5]). One could easily state
theorems of the same type as Corollary 4, which satisfy somewhat different con-
ditions. As an illustration we prove

THEOREM 20. If for any entire function, f, there exist a;, i=1, 2, 3, satisfying the
hypotheses of Corollary 3, with n and m greater than 2 and if for some number a
f®(a) is a Gaussian integer for sufficiently large k, then f is a polynomial.

Proof. One need only note that by the first hypothesis f is at most of lower
order less than 1, while by the second hypothesis f must be at least of lower order
1 unless it is a polynomial.

A number of questions remain open. Do there exist discrete sets S containing
three or more elements which are reduced sets of a transcendental meromorphic
function? Can nonlinear polynomials have discrete reduced sets?

One could also ask questions about nondiscrete denumerable sets. However,
the methods of this paper could not be used to deal with such problems.

ReMARK. For any entire function f, the sets .S formed by taking all combinations
of images and pre-images of a denumerable set, T, i.e. f,fn'---f(T) certainly
satisfies f~1(S)=S. It is difficult to determine, however, whether or not S is
discrete. E. G. Straus suggested that S is even dense.

The author is indebted to the referee for useful remarks and for the statement
and proof of the second half of Theorem 16.
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