RECURSIVE PSEUDO-WELL-ORDERINGS

BY
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Introduction. This paper is devoted to a study of recursive linear orderings
which have no hyperarithmetic descending sequences and hierarchies on these
orderings. In the first section we discuss a method for generalizing certain results
on recursive-well-orderings to such recursive pseudo-well-orderings. We prove
that if < is any such ordering, then transfinite induction holds on <j for =}
formulae. This permits one to extend several other results for recursive well-
orderings to such <. The possible order types of such relations is completely
characterized by the result that, for some «<w;, <j has order type w,-(1+7)+«
where 7 is the order type of the rationals in the open interval (0, 1).

In the second section we define a hierarchy on a recursive pseudo-well-ordering
to be essentially a sequence of functions associated with each element of the field of
< and satisfying the same inductive conditions at successors and limits as the
functions of the hyperarithmetic hierarchy. We obtain various results which show
how the relation < induces certain structures on the relations of recursive and
hyperarithmetic reducibility between functions of the hierarchy. The most impor-
tant of these is that if «, and «, are the functions associated with a and b in some
hierarchy on < z;andif a <z b, and the segment between a and b is not well ordered,
then everything hyperarithmetic in «, is recursive «,. These facts can be applied to
obtain a number of new results of interest in the study of hyperdegrees. These
include the existence of pairs of hyperdegrees without a greatest lower bound; the
existence, for a given hyperdegree, of an infinite descending sequence of hyper-
degrees having the given one as a greatest lower bound; the existence of maximal
densely ordered sets of hyperdegrees; the existence, for a given X} set .S containing
a nonhyperarithmetic function, of a subset of the hyperdegrees of S having the
cardinality of the continuum and consisting of mutually incomparable hyper-
degrees; the existence of a pair of hyperdegrees [«], [8] such that 0<[«], [8] <O’
(the hyperdegree of Kleene’s 0), with [«] N [8]=0 and [«] U [f]=0". In addition,
our methods also yield the basic results on the existence of incomparable hyper-
degree obtained in recent years via the methods of forcing and measure theory
(see for example, Feferman [4], Spector [16], and Thomason [18]).

In the text much use is made of O*, the set of notations for recursive linear
orderings with no hyperarithmetic descending sequences which was introduced in
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Feferman and Spector [S]. This is partly because it is convenient to have the
function, *“predecessor of ’, recursive on our orderings, but also because our work
begins by solving some problems concerning O* that are implicit in Feferman [2].

The results reported in this paper were obtained while the author was a student
of Professor Solomon Feferman at Stanford University. A more complete pre-
sentation of them has been given in the author’s doctoral thesis [11]. Announce-
ment of the results has also been made in [8], [9], and [10].

The author is indebted to Professor Feferman for his guidance during the re-
search and preparation of this paper as well as for providing a new and fruitful
notion (the predicate *“ Q(«, a)” of the second part). He is also indebted to Professor
Joseph Schoenfield of Duke University who helped guide the research during
1964-1965 when Professor Feferman was on leave. He also had some helpful
conversations with Professors Georg Kreisel and Dana Scott.

1. In this first section we derive some general properties of O*. Some, although
not all of these properties, are generalizations to O* of familiar properties of O.
Let us recall the principal facts about O* from Feferman and Spector [5].

DEFINITION. O*=(\ X(Xe HAAN[le XAze X — 2% XA ((Vn)({e}(n) € X A {e}(n)
<{e}(n+1)) > 3-5° € X)]). <is the recursively enumerable relation satisfying
the conditions: (i) 1<x if x#1, (i) z<2?, (iii) {e}(n)<3-5°, (iv) a<bAb<c—
a<c.

Fact 1. O* consists of integers n for which {u : u<Xn} is well-ordered with
respect to hyperarithmetic sequences and {u : u=<n} only contains 1, and u of the
form 2™°, and 3-5®z where (Vn)({(u).}(n) <{(@)}(n+1)).

Fact 2. 0Z0*, O*eZl.

Fact 3. If ne 0*—0, {u : u<Xn} N O is a II} path through O. Conversely, if P
is a I1} path through O, then for some ne O*— 0, {u : u<Xn} N O=P.

Although one can attack problems about O* directly, it seems more natural to
exploit the similarity in the definitions of O and O* in the following way as sug-
gested by Kreisel: since the definition of O* may be obtained from that of O by
restricting the function quantifier to range over the hyperarithmetic functions, the
statement and proof of a result about O can be translated into the statement and
proof of a result about O* simply by relativizing the function quantifiers to the
class of hyperarithmetic functions provided, of course, that all axioms and prin-
ciples of proof remain valid in the class of hyperarithmetic functions. For example,
a proof using only the Z] axiom of choice would remain valid under this trans-
lation since the X} axiom of choice was verified to hold in the class of hyper-
arithmetic functions by Kreisel in [14].

We can also show that the stronger X1 axiom of dependent choices is valid in the
class of hyperarithmetic functions. This axiom follows from: if

(Ve)(@B)(Vx)R(&(x), B(x))
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where R is recursive, then

(Yn)@)(Vr)(¥x)((1, x) = n(x) A R(a(n, x), a(n+1, x))).

To verify this axiom for the class of hyperarithmetic functions we prove first the
following theorem.

THEOREM 1.1. Suppose X, K € I}, X#¢, and (Vx)(x € X - (3y)(y € XA K(x, y)))
then

(VX)(x € X = Qo) ua(e(0) = x A (¥n)(a(n) € X A K(o(n), o(n+ 1))).

For the proof we need the following lemma whose proof is adapted from Kreisel
[14].

LEMMA (UNIFORMIZATION THEOREM FOR Il} RELATIONS). If P(x, y) is I1 then
there exists P'(x, y), I11 such that

@ P'(x, »)—> P(x, ),

(®) (VX)(@EV)P(x, y) = @y)P'(x, y)).

Proof. Since P(x, y) is I1}, there exists R primitive recursive such that P(x, y)
— (Vo)(3A2)R(a(2), x, y). Following Kleene [12], (Ve)(Iz)R(d@(2), x, y) <> the
unsecured sequences of R(a(z), x, y) are well ordered. Let P'(x,y)« P(x,y)
A (Yu)(Ver) (o is not an isomorphism of the unsecured sequences of R(&(z), x, u)
onto a proper initial segment of those of R(a(z), x, ¥)) A (Yw)(w<y — (VB) (8 is not
an isomorphism of the unsecured sequences of R(a(z), x, w) into those of
R(a(2), x, y)))-

It is easy to see that P’(x, y) has the properties (a) and (b).

Proof of theorem. Let P(x, y) be the predicate K(x, y) Ay € X. Then P(x, y) € I1}
and by hypothesis (Vx)(x € X — 3y)P(x, »)). Choose P'(x, y) as in the lemma.
Then (Vx)(xe X— 3y)P'(x,y)) and P'(x,y)— K(x,y)Aye€ X. Define « as
follows:

@0) =a, oalx+1) = yP'(e(x),y)
is always defined and « € I1} since
o(x) = ye>(3s)(Seq (s) A Lh(s) = x+1 A@)(E < Lh(s)
—>@=0A(h=avVvi#0AP(s)-1, ()

Hence also « € HA, so « has the required properties.
Now we can show

THEOREM 1.2. (£1 AXIOM OF DEPENDENT CHOICES FOR HYPERARITHMETIC
FUNCTIONS). If (Vo)1 4(3B) a(VX)R(c(x), B(x)), where R is recursive, then

(")4@0) 5 (VX)(Vr)(R(@&(n, x), a(n+1, x)) A a(l, x) = v(x)).
Proof. Let X={2°-3" : y € O A{e}"s is total}. Let K(u, v) be the predicate
(V) R({()o}"w1(x), {(v)o} 1 1(x)).
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Using the standard techniques of Kleene, we see that X, KeIlj, and the
hypothesis of the theorem implies (Vu)(u € X — (3v)(v € X A K(u, v)).

Let ve HA. Then for some 27-3% in X, v={p}s. By Theorem 1.1, there is a
hyperarithmetic f such that f(0)=27-3%, (Vn)K(f(n), f(n+1))Af(n) € X). Let

a(n, x) = {(f(m)o} ().

Then « is hyperarithmetic and satisfies the conclusion of Theorem 1.2.

Kreisel observed that several of the results which we had obtained earlier
about O*, in particular Theorems 1.3, 1.4, and 1.5 below, could be subsumed
under the general principle discussed above by verifying that the proofs of the
corresponding results about O made use at most of the =1 axiom of dependent
choices. Three such results are as follows: first, the II} completeness of O which
requires only the arithmetic comprehension axiom. Second is the uniqueness of
any isomorphism between an initial segment of {y : y<Xa} and an initial segment of
{y : y<b} for a, b € 0. The proof of this also requires only the arithmetic com-
prehension axiom. Third is the least element principle for £i subsets of {y : y<a}
where a € O. This can be proved from the definition of O using the X} axiom of
dependent choices as follows: suppose X={n : (IB)(Vu)R(n, f(u))} where R is
recursive. X<{y : y<a}, and (Vx)(x€ X— (y)(y € XAy<x). We will show
a ¢ 0. By assumption

(Vx)(Ye) (V) R(x, &(u)) = (3B)E»)(VU)R(y, B)) A y < x),
(Ve)@B)Y(R((0), Ayer(y + 1)()) = (Vu)R(B(0), AyB(y+ 1)(®)) A B(0) < «(0)).
Choose « so that (Vu) R(«(0), Aya(y+ 1)(w)). By the =1 axiom of dependent choices,
@)((Vr)Y((Yu)R(v(n, 0), Apv(n, y+ 1)) = (V) R(n+ 1, 0), Ayv(n+1, y+ (W)

A v(n+1,0) <v(n, 0))) A (Vu)((1, u) = «(w)).

Hence (1, 0)=a(0)<<a by choice of «, and (Va)(x(n+1, 0)<v(n, 0)). So a ¢ O.
It follows from our earlier remarks that these results remain valid when rel-
ativized to the class of hyperarithmetic functions. The relativization of the first is

THEOREM 1.3. Suppose R(a(x), n) is recursive. Let ¢ be the function defined in
Kleene [12] which reduces (Ve)(3x)R(c(x), n) to O. Then

(Vo) a(@x)R(&(x), n) > $(n) € O*.
Hence O* is £} complete.

The last remark follows by Spector’s Theorem [15] which shows that the class of
predicates of the form (V&) 4(3x)R(a(x), n), where R is recursive, is just the class of
31 predicates. Theorem 1.3 was first obtained by Feferman [3]. The relativization
of the second result is

THEOREM 1.4. If a, b€ O* then any hyperarithmetic isomorphism between an
initial segment of {y : y<Xa} and an initial segment of {y : y<Xb} is unique.
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It follows immediately from this theorem that if {y : y=<Xa} is hyperarithmetically
isomorphic to an initial segment of {y : y=<Xb} and vice versa, then the composition
of the two maps must be the identity, and both maps are isomorphisms onto.

By Spector’s Theorem, the class of sets expressible in the form

{n : A)ua(VX)R(&(x), m)}

where R is recursive, is just the class of I1} sets. By relativizing the third result and
applying this fact we obtain

THEOREM 1.5. Suppose ac0* X e Il}, X<{y: y<a}, X#¢. Then X has a least
element with respect to <.

COROLLARY 1.6. (i) Supposea € O*, X<{y : y<a}, X € 2} and X is inductive, i.e.,
M)O<z—>yeX)—>zeX provided z<a. Then X={y:y=<a}. (i) O*=
NX(XeZin[le XAnze X — 22 XA ((Yn)({e}(n) € X A {e}(n) <{e}n + 1))
— 3.5 € X))).

Proof. (i) is immediate from the theorem. Feferman and Spector prove

O* =N XXeHAAN[leXAzeX—>22eX A (Vn)({e}(n)e X
A {e}(n) < {e}(n+1))— 3-5° € X))).

Hence O* includes the intersection given in (ii). Suppose X € Z} has the closure
property given in square brackets and ae€ O*. We want to show ae X. Let
Z={y : y<a}n X. It follows from the bracketed condition that Z is inductive
and clearly Z e X} if XeZXl. Hence Z={y : y<a}andae X. So O*< X and O* is
included in the intersection given in (ii). Having proven both inclusions, we have
proven (ii).

COROLLARY 1.7. All theorems on +, -, in Kleene [12] continue to hold when O is
replaced by O*. (These theorems include the closure of O* under notation arithmetic
and the basic properties of these operations.)

Proof. All of these theorems are proved by induction on a predicate of the form
¢é(b) € O, or R(b) where ¢ and R are hyperarithmetic. Any proof involving such
R(b) also works for O*. If we replace the predicate “$(b) € O by “$(b) € O*”, we
obtain a X} predicate and the inductive arguments remain valid. Closure of O
under +, and -, was first proved by Feferman in [2] using rather elaborate
arguments. They are now superseded by the foregoing.

The reverse side of the coin is that, in the case of a result about O which does
not relativize to O*, we have the corollary that it could not have been proven solely
by means of the X1 axiom of dependent choices.

As an example, consider the least element principle for II} subsets of {y : y<a}
where a € O. Its relativization to the class of hyperarithmetic functions is the least
element principle for IT}#4 =X} subsets of {y : y<Xa} where a € O*. This is false
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since if ae 0*—0, {y : y<a} N 0*—0 is a X} subset of {y : y<Xa} with no least
element.

We now turn to an analysis of the order type of {y : y<Xa} where a e 0*—0.
In [2] Feferman proved that, for a € O*, one could define a function P(a) having
the essential properties of ordinal exponentiation 2< and such that if a € 0* -0,
then {y : y<XP(a)} has a subset which is densely ordered. The proof is based on the
fact that if < is any linear ordering which is not a well-ordering, 2< contains a
subset which is densely ordered.

Proceeding along somewhat different lines, we have obtained the following
more general and informative theorem.

THEOREM 1.8. Suppose a € O*— 0. Let 1+n be the order type of the rationals in
[0, 1). Then there exists a unique a«<w, such that {y : y<Xa} has order type
w;y-(14+7)+a. (Here “-” and “+ denote the product and sum of order types.)

Proof. If y,, y,<Xa say y, ~y, iff the segment determined by <X between y, and
yg is well ordered. ~ is clearly an equivalence relation. Moreover, the equivalence
classes are segments since y; ~ y,, y1XYVa=< )z clearly implies y; ~y;~y,. Let E(y)
be the equivalence class determined by y. Then

E(y)={z:z<a A (Vo)((")z < o)) <) vV (VD)(y < o)) < 2))
= (3x)(ox+1) K o(x)))}-

So E(y) is I} and has a least element by Theorem 1.5. E(a) is clearly the last
equivalence class. Let b be its first element. Then E(a)={y : bxXy=<aj} is recursively
enumerable and is well ordered by the recursively enumerable relation <. Hence
E(a) has order type e < w;.

The statement of the theorem will follow if we can show (a) each equivalence
class except the last has order type w, ; (b) between any two equivalence classes there
is a third. The proof of (a) is exactly like the proof in [5] of the first part of Fact 3
given above.

Proof of (b). Suppose E(y,) and E(y,) are distinct equivalence classes, yo<yi,
and y, is the first element of its equivalence class. Note that if y<(a then E(y) is
inductive. Hence if for all u, y,<Xu<y;, u € E(y,), then y; € E(y,) which contra-
dicts the choice of y, and y,. Hence there exists y,, yo <y <1, such that y, ¢ E(»,).
Since y, is the first element of its equivalence class we also have y, ¢ E(y,). Thus
E(y,) is a distinct equivalence class between E(y,) and E(y;,).

It follows from Theorem 1.8 that if a, b€ O*— 0, {y : y<Xa} is isomorphic to an
initial segment of {y : y<Xb} and conversely. It is natural to ask whether one of
these isomorphisms can be chosen to be hyperarithmetic. This is equivalent to
asking whether the following theorem about O relativizes to O*: a, b€ O — ()
(e is an isomorphism of {y : y<Xa} onto an initial segment of {y : y<b} or con-
versely). The answer is negative. In [13] Kreisel proves the existence of two
recursive linear orderings without hyperarithmetic descending sequences which
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are not comparable in this sense by a hyperarithmetic function. One can show that
the Markwald-Spector reduction of W to O also reduces W* to O*, and one can
use this reduction to obtain hyperarithmetically incomparable elements of O*
Actually one can prove a mildly stronger result directly.

THEOREM 1.9. Suppose ac O*—0, 0= S<O*, SeZi. There exists be S such
that {y : y<Xa} is not hyperarithmetically isomorphic to an initial segment of
{y : y<Xb} and conversely.

Proof. We need two lemmas.

LeEMMA 1. Suppose (Vy)( )y 4(Vx)P(y, &(x)) where P € I11. Then

3 ua(VV)X)P(y, a(y, x)).

Proof. One writes P(y, ¢(x)) in the form (Iv)4,(Vu)R(y, &(x), #(#)) and applies
the X1 axiom of choice for hyperarithmetic functions.

LEMMA 2. If y € O, then there exist z,, z, € O depending on y, such that |zo| =|z,|
but {u : u<Xzo} and {u : u<Xz,} are not isomorphic by any function recursive in H,.

Proof. If not, then for some y € O, if u, v € O and |u|=|v| then {z : z<Xu} and
{z : z<Xv} are isomorphic by a function recursive in H,. Hence for u€ O, n€ Oy,
> ({z : z<Xn} is linearly ordered A (3«) (« is recursive in H, A « is an isomorphism
of {z : z<Xn} onto an initial segment of {z : z<Xu})). So u € O implies that O,
is arithmetic in H,. This contradicts the results of Spector [17].

Proof of Theorem 1.9. Suppose the theorem is false. Then (Vb) (b€ S— (Jc)y,
((« maps {y : y<Xb} isomorphically onto an initial segment of {y : y<Xa}) or
(¢ maps {y : y<Xa} isomorphically onto an initial segment of {y : y<b}))). By
standard manipulations of quantifiers using the fact S € X} this can be put in the
form

(V0)E)ua(VX)P(b, a, &(x)),
where P is I11. Hence by Lemma 1,

Q)uA(V)(VX)P(b, a, &(b, x)).

Reversing the quantifier manipulations, we find (3&);,4(Vb) (b € S — Axa(b, x) is an
isomorphism of {y : y<Xa} onto an initial segment of {y : y<Xb} or it is an iso-
morphism of {y : y<Xb} onto an initial segment of {y : y<Xa}). Let « € HA have
this property. Then for b € O0< S, we must have that Axa(b, x) is an isomorphism
of {y : y<Xb} onto an initial segment of {y : y<Xa}. Let «,(x)=«(b, x). Then if
by, by €0, and |b,|=|b,|, o5,* -, is an isomorphism between {y : y<Xb,} and
{y : y<Xby} recursive in « and hence in some fixed H,. This contradicts Lemma 2,
so the theorem is established.

COROLLARY 1.10. The following statement is not provable solely by means of
the £} axiom of dependent choices: a, b € O — (3«) (« is an isomorphism of {y : y<Xa}
onto an initial segment of {y : y<Xb} or vice versa).
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We conclude this section with an interesting open question about O*. Given
P,, P,, 117 paths through O, does there exist a total hyperarithmetic function f
which maps P, isomorphically on P,? Let a, and a, € O*— O be chosen so that
{y :y<a,} N O0=Py, {y: y<a,} " O=P,. If f has the required property and
S={y : y<a;Af is an isomorphism of {z : zxy} onto {z : z<f(»)}}, then S is
hyperarithmetic and S2P,. S# P, since P; is not hyperarithmetic. Hence there
exists y<Xa;, y ¢ O such that {z : z<Xy} and {z : z<f(y)} are isomorphic by f.
Conversely, if there exist by, b, € O*— 0, b, <a,, b,<a, such that {z : z<<b,} and
{z : zXb,} are hyperarithmetically isomorphic, so are P, and P,.

Hence, there exist II} paths through O which are not hyperarithmetically
isomorphic iff there exist @, b € O* — O such that for all ag<Xa, by<Xb, a,, by € O* -0,
{z : zao} and {z: z<Xb,} are not hyperarithmetically isomorphic. This last
condition is prima facie stronger than saying that {z : z<{a} is not hyperarithmeti-
cally isomorphic to an initial segment of {z : z<Xb} and conversely(?).

2. In this section we investigate hierarchies on elements of O*. By a hierarchy
for a € O* we mean a function of two variables «( y, z) which satisfies the following
arithmetic condition:

M) Ka—>ap,2) = DA (y =2 Ay<a—>((y,2) =0
< @THEA(Do Wh 2, 2,W) A (¥ =352 A y<Sa—> oy, 2)
= o{(1)2}((2)o); ()1))-

We abbreviate this condition “ H(e, @)”. If H(e, a), let o,=Aza(y, z). Then the
sequence {o,},<, has the property that if y=2%0=<a, then o, =(,,)". If y=3-5®2
<a, then

a3.592(1) = &peme M1

Conversely, given a sequence {«,},<, With these properties, define « by oy, z) =a,(2)
if y<a, «(y, z)=1 otherwise. Then H(«, a).

Hierarchies with «; =1 were first implicitly used in Gandy’s proof of Spector’s
Theorem in [7]. This can be expressed in terms of H roughly as follows: let
ae 0*—0 be fixed. Then ne O (3a) 4GBy H (e, )Ny =1APB is an isomor-
phism of {y : y<Xn} onto an initial segment of ({y : y<Xa}) A A(n), where A(n) is
arithmetic. No other applications of such hierarchies seem to have been known.
We began a systematic study of hierarchies on a € O* with work that was announced
in [8] and [9]. During that period Feferman realized that hierarchies with «; =1
satisfying a certain predicate Q(«, @) involving a strong additional inductive
condition could be used to prove the independence of the £} axiom of choice from
the hyperarithmetic comprehension axiom. This result was announced in [1]. We
were then able to use the predicate Q to strengthen certain of our earlier results
(notably Theorems 2.6, 2.8, and 2.9 below) and to obtain a new result about

(®) The author has learned recently that R. M. Solovay has proven the existence of II} paths
through O which are not hyperarithmetically isomorphic.
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hyperarithmetic reducibility (Theorem 2.11 below). We modify the definition of
QO(e, @) given in [1] slightly by now allowing «; to be arbitrary, i.e., we take
Q(a, a) > H(x, a) A (VB) (B is hyperarithmetic in « AB<{y : y<Xa} then B8 has a
least element). The basic existence theorem for this predicate is now given by the
following theorem. As we shall see later, essentially new considerations beyond the
axiomatic ones discussed in section one are needed here.

THEOREM 2.1. Suppose a € O*— 0, w}=w,. Then there exists b<Xa, be 0*—0
and o such that Q(«, b) A a;=v.

Proof. Let S,,={b:bxaA@e)(Q(«, b)A;=v)}. S,,€Z}*’ and S,,20
N {y : y<a}=P which is a I1} path through O. P € I1}, therefore, P € I1}**. Since
!> w;, but w}=w}, it follows that P ¢ Z1'*. Hence there exists be S, ,—P, i.e.,
there exists b € O*— 0, b<Xa and « such that Q(e, b) A «; =v.

We now present three theorems relating the complexity of the functions {e,}, <,
in a hierarchy to the ordering of {y : y<Xa}. The third, and most important depends
essentially on Theorem 1.8.

THEOREM 2.2. There exists a partial recursive function f such that if a € O* and
H(e, a), by<xby<Xa, then f(by, by) is a Godel number of ,, to be recursive in ay,.

Proof. b,<b, implies that there exist sequence numbers s and m with the follow-
ing properties:

(@) b1=()o<(8)1=<(8)z2" * * <(S)Ln(sr-1=b2;

(b) For each i<Lh(s)—1, (8)i+1 =2 or (8);41=3-5+12 and {(s)s+1,2}(m;+1)

=(8)s.
We can express these properties of b,, b,, s, m by S(b,, by, s, m) where S is recur-
sively enumerable. Hence there exist g, 4 partial recursive such that b;<Xb,
— S(by, bs, g(by, by), h(b,, by)). This last remark follows by the usual uniformiza-
tion argument for recursively enumerable sets. Now suppose b, <b,, s=g(b,, b,),
m=h(b,, bg). Let «, =«;. It is sufficient to show how to find recursively a Godel
number of «; in «; ;. If (§);4,=2®" then o;={k}*+: where k is a uniform Godel
number of A4 in A If (8)i+1={(8)i+1,2}(M)i+1), then «y(n)=c;,,(2™+1-3") so
o;={j(m;,,)}*+: where j is a recursive function such that j(m) is a uniform Gdodel
number of {n : 2™-3" € A} in A. In either case we can recursively determine a
Godel number of «; in «;,,. This proves the theorem.

In the following we write ‘<p’ for ‘is recursive in’, ‘=,’ for ‘has the same
recursive degree as’, ‘<’ for ‘has lower recursive degree than’. Similarly, we use
‘<y’ for ‘hyperarithmetic in’, ‘=, for ‘has the same hyperdegree as’, and
‘< g for ‘has lower hyperdegree than’.

3

COROLLARY 2.3. Ifa e O* and H(«, a), then a =y «,.

Proof. Obviously o, <, «. Let f be partial recursive and satisfy the conclusion of
Theorem 2.2. Then oy, z)=1 if yKa. a(y, 2)={f(y, @)}*(2) if y<a. Hence « is
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recursive in {y : y<a} U o, = o, since every recursively enumerable set is recursive
in o, if 2<Xa, while if a=1, {y : y<Xa} is recursive.

THEOREM 2.4. If ae O*, H(x, a), p, g<a, {y : pxXy=q} has order type r<w,
say v=|n|,, where n€ O%. Then Hy»=j a,.

Proof. This is proved by induction on r as in the uniqueness proof of Spector
[17]. We omit the details.

THEOREM 2.5. Suppose ae O*—0, H(e, a), p, q<a, and {y : p<Xy=<q} is not
well ordered. Then everything hyperarithmetic in o, is recursive in o,

Proof. We use a lemma due to Enderton and Putnam. We outline the proof, as it
has not appeared.

LeMMA Suppose 3-5¢ € O, (Yn) (H ey, is recursive in S). Then H, s is recursive
in §".

Proof. Let " be the unique hierarchy for {e}(n) with «f=1. Note that o), is
the characteristic function of Hy,,, and that «"=j o}, by Corollary 2.3. Hence,
for each n, Hipyny<p S iff "<y S.

If, for all n, Higny <i S, then

n € Hy se > (1)1 € Hieyny,

o (Va)(H (e, {e}((n)o) A &1 = 1— o({e}(n)o), (n),) = 0)

o (Ao)(H(, {e}((n0) A @1 = 1 A a({e}(n)o), (n);) = 0)

o (Vo)(@ =z S A H(x {e}((n)o) A oy = 1 o({e}((n)o), (n)1) = 0)
© (@o)(« =z S A H(, {e}((n)o) A oy =1 A efe}(n)o), (n),) = 0).

By writing (Vo)(« <, SA H(e, {€}((n),)) etc.) as (Ve) ({e}® is total etc.), one obtains
one four-quantifier form of Hj s relative to S. The other is obtained similarly from
the expression (Fe)(e=p SA H(e, {e}((n)o), etc.). Hence Hjsc<,S” by Post’s
Theorem.

Proof of theorem. Let «,=v. Suppose ne€ O". We prove by induction on |n|
that Hy is recursive in «, for all ¢ such that p<Xe<xq and {y : p<Xy=<q} is not well
ordered. For n=1 this is true by Theorem 2.2 since H}=v. Suppose it is true for n.
We will show that it is true for m=2". Given c such that p<c<Xgand {y : p<y<c}
is not well ordered, we must show that H)), is recursive in e,.

If {y : p<Xy=<c} is not well ordered, then it has order type w,-(1+%)+«  where
o' <w;. Choose d<c such that {y: p<y<Xd} and {y : d<<y=<c} are not well
ordered. Then by the hypothesis for n, Hy is recursive in «y. Hence Hy,=(H}) is
recursive in (eg)' =oq4. Since 2¢<c, ay is recursive in e,. Using the transitivity of
recursiveness we obtain that H}, is recursive in «,.

Now suppose n=3-5° € O". Let f(i)={e}"(i) and suppose that for each i, H}, is
recursive in o, for each ¢ such that p<Xe<Xgand {y : p<y=<c} is not well ordered.
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Given ¢ such that p<c<<q and {y : p<Xy=<c} is not well ordered, we must show
that Hj s is recursive in c.

Pick d such that d<c and {y : p<Xy=<d} is not well ordered and {y : d<y<c}
is not well ordered. Then for each i, H};, is recursive in «y; so by the relativization
of Enderton’s lemma to v, H§ 5 is recursive in («g)" = «, Where d<g<c, |g| =|d+4]|.
Since g<c, it follows that Hj e is recursive in c..

By induction on |n| it follows that for any ¢, p<Xe<Xq with {y : p<y=<(q} not
well ordered, H, is recursive in o, for all n € 0. Hence everything hyperarithmetic
in «, is recursive in o, which proves the theorem.

Note that Theorem 2.5 is also a consequence of Theorems 2.2 and 2.4 if w} =w,.
For the case where w} > w, we need the proof given.

A particular consequence of Theorem 2.5 is that if ae O*— 0 and H(e, a)
Aoy =1, then every hyperarithmetic set is recursive in «, and so « is not hyper-
arithmetic. Hence the statement ‘(Va)(a € O) — (3)(H(«, @) A «; =1))’ cannot be
proved solely by the 2} axiom of dependent choices, for it does not relativize to O*.
This explains the earlier remark about the difference between this section and
section one.

We now consider a completeness property of functions in a hierarchy. Suppose
ae€ 0*—0 and H(«, a). Say that « has a gap if there exists a function 8 with the
following properties: (a) for all y<<a, «, <y B or By «,; (b) for all y<a, B# 4 «y;
(C) B$H L50) aa$HB'

Note that if B has these properties with respect to «, then either (1)
{yiy<anBspo}t=4

is nonempty and has no least element, or (2) 4 is nonempty and has a least element
3.5 which is the first element of its equivalence class. If (2) is the case we have that
for each n, cpymy Sy B, B Sk a3.5°, but ase £y .

Now we show

THEOREM 2.6. If a€ O*—0, Q(«, a) and (Vy)(y<a— B=ya, or o, <y B), then
either o, 2y B, or oy <y B, or B=y «, for some y<Xa. Hence o has no gaps.

Proof. It is sufficient to show that (1) — — Q(e, a), and (2) - —Q(«, a).
Suppose (1) holds. We claim 4={y : y<aA B = «,}. Clearly

A2{y:y<aArB Spe}

Suppose y € A. Since 4 has no least element, by Theorem 1.8 we can choose
y' <y, y' € A, sothat {u : y’<Xuxxy}is not well ordered. Since y’ € 4, it follows that
B=4y o, By Theorem 2.5 and the choice of y’, everything is hyperarithmetic in «,.
and hence B is recursive in «,. This shows A={y : y<aAB =y «,} and so

A={y:y<anpBspo}={y:yxan{e spa),

where e is some Godel number of 8 in «. This shows that A is arithmetic, a fortiori
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hyperarithmetic in «. Since 4 has no least element and A<{y : y<Xa} we have
—0Q(«, a).

Suppose (2) holds. Note that if H(«, a), b<Xa and we let «®(x, y)=«(x, y) for
x=<Xb, o(x, y)=1 for xKb, then H(«?, b) and «® <y a. If «® is the only hierarchy for
b with «!=«; and a? £, « we would have

(va.se(n) = 0> @)@ =u B A H, {e}((mo) A vi = o A v({e}(n)o), (n)) = 0))
(W) 2x B A H(, {e}()o) A vi = oy —v({e}(n)o), ():) = 0)).

Since oy <y a0, Sy B, the above equivalences show that ogge € [T} and that
ag.5¢ € 219, respectively, i.e. a5 <y B which contradicts (2). Hence there exist
v, 8 such that v=<y «, 8 <y « for some b=<a, H(v, b), H(S, b), and v, =8, =«,, but
v#38. Let D, ;={y : y<bAv,#8,}. D, ; has no least element since v and 8 are
hierarchies with the same initial function, and the least element of D, ; could not
be a successor or a limit. D, ,<{y : y<Xa} and D, ;<y «. This shows —Q(q, «).
So (2) - — Q(«, a), and the proof of the theorem is complete.

COROLLARY 2.7. lf Q(a’ a)’ Q(B, a)a alzﬁl’ b<a, and ab#lgb’ then O‘b$H /3)
ByS e

Proof. We have seen that «® (respectively B°) is the only hierarchy for » which is
hyperarithmetic in « (respectively B). Since «, =3 b, B, =z B8°, and «, # B, — a® #B°,
it follows that B,K i «, &K B. We will use this corollary in the proof of Theorem
2.11.

COROLLARY 2.8. If Q(«, a) then (i) if b<a, b ¢ E(a) then o, is a greatest lower bound
in hyperdegree for the hyperdegrees of the functions of the set {c, : b<Xy<Xa and
{u : bXux\y} is not well ordered}; (ii) if 3-5°<Xa and 3-5° is the first element of its
equivalence class, then og s is a minimal upper bound in hyperdegree for the hyper-
degrees of the functions in the set {oym) : n € w}; (iii) suppose that A<{y : y<a}
has no least element, that y€ ANy<z<a—>z€ A and that B={y : y<a}—A has
no greatest equivalence class (one might say in this case that the sets A and B define
an irrational cut in {y : y<Xa}), then the hyperdegrees of the functions in the set
{ay : y € A} have no greatest lower bound, and the hyperdegrees of the functions in the
set {«, : y € B} have no least upper bound.

Proof. (i) Suppose thatif b<Xy and {u : b<Xu=<y} is not well ordered then B =< «,.
The first assertion will follow if we can show that B<y «,. If B={y : y<aAB=Zy o},
then B2{y : bxy<aA{u : b<<uxy} is not well ordered}. If equality holds then
B has no least element and by the argument of the theorem, B=<, «. Hence
— Q(e, a). Therefore the inclusion is strict and so there must exist c<Xa such that
B =g o, and either ¢<Xb or {u : bxu=xc} is well ordered. In either case it follows
that 8 <y . (ii) This result is the contrapositive of the implication ‘ (2) - — O(«, a)’.
(iii) If v is a greatest lower bound in hyperdegree for the hyperdegrees of the
functions of the set {«, : y € 4} or a least upper bound in hyperdegree for the
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hyperdegrees of the functions of the set {«, : y ¢ A}, then A={y : y<aAB=y o}
which the proof of the theorem shows is impossible.

The following extracts a hierarchy free statement from this result. We here
abbreviate ‘hyperdegree’ by ‘h-deg’.

COROLLARY 2.9. Suppose w§=w, and all hyperarithmetic sets are recursive in .
Then there exists a densely ordered set of h-degs C all less than the h-deg of « and
such that the h-deg of the hyperarithmetic sets is in C, and any h-deg less than some
h-deg in C and comparable to each member of C is equal to some member of C.

Proof. Let S,={b: b<<aA(@B)(Q(B, b)AB,=1AB is recursive in o)}. Since
all hyperarithmetic sets are recursive in «, it follows that S,=>{b : b<Xa} N O. By
the argument of Theorem 2.1, there exists b€ O*—0 N S,. The corollary follows
immediately from this and Corollary 2.8.

CoROLLARY 2.10. Suppose « has minimal hyperdegree. Then if y € O not all
hyperarithmetic sets are recursive in H§.

Proof. If « has minimal hyperdegree then certainly w}=w;. Hence Corollary
2.10 follows from Corollary 2.9 applied to Hy.

The hypothesis in the preceding is known to be nonvacuous according to a
result of Gandy and Sacks (informally circulated notes).

So far we have concentrated attention on properties of individual solutions of

O(«, a) for a e O*— 0. We now study pairs of solutions «, 8 of such. Let (« U 8)(x)
= a(x), 3B(x),

THEOREM 2.11. (i) Suppose a € O*— O and (3o)(Q(x, a) A «y =1). Then
@F)EBNQ(e, @) A OB, ) Ay =Br =1 A e # B A i =)
(ii) Suppose Q(e, A)A Q(B, ) Ay =By =1, a#BA Wi’ =w,. Let
Doy ={y:y<ano#B}

Then for no function v do we have (1) y<aAy ¢ Dy s —> oy <y v, and (2) v=y «, and

(3) v=4 B. Hence o and B have no greatest lower bound in hyperdegree.

Proof. (i) If 3! «)(O(«, a) A a, =1) then this « is hyperarithmetic. So ifa e 0* — O
and (Ae)(Q(e, a)Acy;=1) then (B)EB)(Q(x, a)A Q(B, a)A ey =B;=1Aa#B). By
Gandy’s Basis Result [6] we can choose « and B so that « U B<y O and hence
w8 =w,. (ii) Suppose v has the property that v<, «, and if y<Xa and y ¢ D, g,
then o, <, v. We will show that for some z€ D, s, «,<yv. This shows vy B
since, by Corollary 2.7, e, £ 4 Bif z€ Dy 4.

To prove that such a z exists it is sufficient to show that there exists +' <4 v such
that if y<a and y ¢ D, ; then «,<pv'. For if ' has this property and for no
z€ D, pis @, Spv' Syv, then D, s={y : y<aA e, <z v'} and hence D, ;<ya, and
—Q(e, a), since D, ; has no least element. Hence if such a »' exists, then there exists
a z with the desired property.
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To prove the existence of v’ we proceed as follows. Since (Vy)(y<taAy¢ D,
—> oy Sy v),

D) (MO <any¢Dus—@)EFu)ue 0 A{e}’ = o)), = H.
D, 5=y eUB, and v=y « U B; so we can write (1) in the form

@ (V»)@)@EWP(p, e, u, « U B),

where the expression P(y, e, u, « U B) is I1}:4, Hence

©) BOE = eV B A (WP, L¥)o L)1, ¢ Y B)),

AOC s UBANY<aAYEDes—>Loe0 ALV} =),
8= Hcvw)o-

We claim that for some «’ € 0", if y<a and y ¢ D, , then |{(y),| £ |u'|. Otherwise
0" =<y a U B which contradicts the fact that wi“#=w,. For 0" is trivially IT1}-*v#

since v<y o U B. If the range of { is unbounded in O” then we would also have
0Y € T}2Y8 for then

Q)

(5) ne 0’ ({z: z X, n}is linearly ordered by <o A ) )(y X a
Ay & D, g A fis an isomorphism of {z : z <o¥ n} into {z : z <o L(¥)o})).

So for some u’ € 0%, if y<aand y ¢ D, ,then |{(y)o| <|u'|. Hence by the property
4) of {,if y<aand y ¢ D, 5, o, < H} so we can take v'= H}.. This completes the
proof.

Our next theorem is related to the classical result that any uncountable analytic
set of real numbers contains a perfect subset. For a given X! set S of number-
theoretic functions containing a nonhyperarithmetic function, we obtain the
existence of a subset T of S which has the cardinality of the continuum and such
that any two distinct members of T are hyperarithmetically incomparable. Let
aNgB={v:vSganv=Sy B} Let a NpB={v : vSpaAvZ, B}

THEOREM 2.12. Let R be recursive. Suppose (IB)(Iv)(Vx)(R(B(x), #(x)) A B ¢ HA).
Then there exists D<{B : ()(VX)R(B(x), #(x))AB ¢ HA}, such that D=2%o, and
o,BeD, a#£B—>aNyBSHA. If « ¢ HA, there exists Be D, such that B< , O®
ANeNygBSHA.

Proof. First we prove a slightly weaker result. Then we strengthen it to the
conclusion of Theorem 2.12. The proof makes no use of hierarchies.

THEOREM 2.12". Let R be recursive. Suppose (3B)(Yx)R(B(x)), —(38)x4(¥x)R(B(x)).
Then there exists a set C<{B: (Vx)R(B(x))} such that C=2%, and «, BeC,
aEB—>aNzgBS HA.

Proof. Let Tp={s : 3B)(B>sA (VX)R(B(x)))}. Note that for any function B,
(VX)R(B(x)) > (Vx)(B(x) € T). We will construct a subset T of Ty such that
C={B : (Vx)(B(x) € Ty)} satisfies the conclusion of Theorem 2.12". We will define
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Tr-={s : (3n)(3t)(t € T,As<1)}. The sets T, will have the following properties:
(i) To={1}. (ii) T,=2"; t € T, implies there exist ty, t5 € Tpiy1, Ly # 1y, 1121, 1,21
T,<Tg. (iii) If 5, t € T,,, s#t, and n=m then

(Ve)(VB)(@ = sAB = t A (VX)R(B(x))
A (V)R(@(x)) A {(m)o}* = {(m)1}* — {(m)o}* € HA.

Suppose we have constructed the sets T, with these properties and defined C as
above. Clearly C=2% by (ii), and C<{B: (VX)R(B(x))}. Suppose «, B€ C znd
a#B. Let m be an arbitrary integer. Let n=max (m+ 1, uk(a(k)#B(k))). Then by
(i) and choice of n, there exist s, ¢ € T, such that s#¢ and a(lh(s))=s, B(Ih(t))=1.
Hence by (iii), {(m)o}*={(m).}® — {(m)o}* € HA. Since m was arbitrary we must
have « Ny BS HA.

The sets T, are defined inductively. For each ¢ € T,, we choose ¢,, ¢, € Ty such that
t,Dt, t,°t, and t, #t,. This is always possible since R has no hyperarithmetic
solutions. Call the resulting set 7,. We now need the following lemma.

LEMMA. Given a triple of integers (s, t, m)» where s, t € Ty and m is arbitrary, we
can find a triple {s', t', m) such that s<s' € Ty, t<t' € Ty, and

(Vo)(VB)(@ = 5" A B2 ' A (VX)(R(E(x)) A R(B(x))
A {(m)o}* = {(m)1}* — {(m)o}* € HA).

Assume the lemma holds. Fix some list of the triples {s, ¢, m) with s, t € T, and
m=n+1, and apply the lemma to the first triple in the list {u, v, k) to obtain a
new triple <u’, v’, k) satisfying the underlined property with respect to <u, v, k.
Then replace all occurrences of u and v in triples in the list by #” and v’ respectively.
Now apply the lemma to the second triple in the modified list and make the
corresponding replacements. If we repeat this process until we have come to the
end of the list, the set of sequences obtained will form a set 7, ,, with the required
properties (ii) and (iii).

Proof of Lemma.

Case 1. (Va)(Vv)(@2sAv2sA (Vx)(R(&(x)) A RFE(x)H(m)o}%, {(n)o}* are total
—{(M)o}*={(n)o}*). Then if a>sA(Vx)R(@(x))A{(n)o}* is total, then {(n)o}* is
hyperarithmetic since

{(Mo}*(x) = y > (W) > s A (VX)RE(x)) A {(n)o}’ is total — {(n)o}"(x) = y).
Let s'=py(y e TeAyDs), t'=pz(ze Ty AzDt).
Case 2.
@)@ = s A B2 s A (YX)(R@(x)) A REX)) A {(m)o}* ) # {(m)o}*(w)))-

Choose u with this property. If for all t">1¢, t" € Ty, {(n)}*' (%) is undefined, then
define s’ and ¢’ as in Case 1. Otherwise choose p, q € T so that s<p, s<q, and
{(MWo}P@) #{(M)o}(u). Let t' =py(y>tAy e TpA{(n),}*(w) is defined). Let s'=p if
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{(n)o}"(w) #{(n),}* (u); otherwise let s’ =q. In either Cases 1 or 2, s and ¢’ satisfy the
conclusion of the lemma.

This completes the proof of Theorem 2.12'.

We now complete the proof of Theorem 2.12. Write

«¢ HAo @)(VX)N@E(x), a(x);  H(e, @) ()X H(a(x), 7(x), a)

whence H and N are recursive.
Fix ae O*—0. Let

B ={y:y=<an @)3B)@)E8)(Vx)(Vu)(Vo)H (a(x), B(x), y)
A N(&(1, u), ) A R(&(1, v), S(@)).

BeZX}, and B> O N {y : y<a} which is a II} path through O and so a proper I1}
set. Hence there exists be BN 0*—0.
Let

F ={f: (V)H(f(x)o, f(x)1, b) A N(F(1, x)o, f(x)2) A R(F(L, X)o, F(x)a))}-

By Theorem 2.12' we can choose C<F, C=2%, with the property that f, g€ C,
f#g—f0rgSHA. Let D={h : Qf)(fe CAh=Xxf(1, x),)}. Clearly

D < {h: GNHX)R(MA(x), f(x)) A h¢ HA}

We will show that D=2%, and that h, je D, h#j— h Ny j< HA.

First note that if f, g € C, f#g, then Axf(1, x)o7 Axg(1, x)o. For if Axf(1, x),
=Axg(1, x)o then Axf(1, x)o < g and hence Axf(1, x), € HA since f, g e Cand f#g.
But fe C implies Axf(1, x), ¢ HA, so we must have Axf(l, x),# Axg(1, x)o. Thus
C=D=2%,

Suppose h, je D, h#j. Choose f, g € C such that Axf(l, x)o=h, Axg(l, x),=j.
Since Axf(x), and Axg(x), are hierarchies on b€ O*— O with initial functions
Axf(1, x)o and Axg(l, x), respectively, it follows that everything hyperarithmetic in
Axf(1, x), is recursive in f, and everything hyperarithmetic in Axg(1, x), is recursive
in g. Since f,ge C and f#g (else h=j), it follows that fN,g< HA. Hence
Axf(1, x)o Ny Axg(1, x)oS HA, ie., h Ny jS HA as desired. Thus D satisfies the
first part of the conclusion of the theorem.

Proof of second part. Suppose v¢ HA. Let Ty, be defined as in the proof of
Theorem 2.12". Let t,=1. Given t,_, € Ty, we let t,=pp(y € Te- Ay>t,_, A(Qu)
(Mo} #{(m):}"(w))) if such a y exists, otherwise t,=up(y € Ta Ay>t,_,).
Under the first alternative, {(n)o}°#{(n),}’ if B>¢,. Under the second, if 8>t,,
and 8 is a path through T then, by the argument of Case 1 of the Lemma of
Theorem 2.12’, {(n),}? is hyperarithmetic if it is total, or {(n),}" is not total.

Define 8 by the conditions 8(/h(t,)) =1, for each n. & is arithmetic in Ty U v,
and § is a path through T.. Moreover, for each n, {(n)o}°={(n).}* — {(n)o}° € HA.
Hence § n,vS HA.

Let v=0¢ and apply this construction to the set F defined in the proof of the
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first part of the theorem. One obtains fe C<F such that fNz O*< HA and
f=<u Tr U 0% We will show that Axf(1, x), satisfies the second part of the conclusion
of Theorem 2.12.

Since everything hyperarithmetic in Axf(1, x), (resp. «) is recursive in f (resp. 0%),
and fN; O°<HA, it follows that Axf(l, x), Ny o< HA. Since fe C, it follows
that Axf(l, x), € D. It is not hard to show T% can be defined recursively in O.
Using this fact we obtain Axf(l, x)o<py fSyp Tp U O°=4 0 U 0%=4 0% This
completes the proof(®).

COROLLARY 2.13. If [«] is any hyperdegree which contains some function o« in
which all hyperarithmetic sets are recursive, and, in addition, 0 < [¢] <0’, then we can
find a hyperdegree [B] with 0 < [B] <0’ and [e] N [8]=0, [«] U [B]=0".

Proof. Choose a € O*—0 such that (38)@Ev)(Vx)(H(B(x), #(x), @) A B(1, x)o=1).
By Theorem 2.12 we can choose a 8 with this property, and, in addition, « Ny 8
S HA, B<y 0%=4 O (since a< 4 0). Since a € O*— 0 and B is a hierarchy for a
with initial function identically one, all hyperarithmetic sets are recursive in B.
Hence HASae NgBSa Ny BS HA, ie, a Ny B=HA. But then it follows that
O =4 « U B since by Spector’s Theorem [15] we have for suitably chosen recursive
S: ne 0o (38 (VX)S(n, 8(x)) — Am)(3k)({m}*, {k}¥) are total and {m}*={k}*
A (Vx)S (n, {m}*(x)). This shows O is arithmetic in o U B. Since «, 8 < 5 O, we must
have O=4 « U B. Hence the hyperdegree of the function B has the properties
required by the theorem.

This corollary answers a question of Sacks and Thomason.

We conclude with two disparate remarks. First, all results in this paper relativize
to pseudo-e-well-orderings, where o« is an arbitrary function. In particular, by
relativization we obtain for each hyperdegree o the existence of a densely ordered
set of hyperdegrees whose first element is « and which has the maximality property
of Corollary 2.9 so that « is the greatest lower bound of the hyperdegrees of this set.

Second, the main open question on hierarchies is whether (Va)(a € O*
—> (3)H((«, a)). By our remark following Theorem 2.5 this result cannot be proved
solely by means of the 21 axiom of dependent choices even for O. Hence, a solution
to this question would probably require an interesting new method(%).
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