ON PRIMITIVE ELEMENTS IN DIFFERENTIALLY
ALGEBRAIC EXTENSION FIELDS

BY
A. BABAKHANIAN

It is well known that if Fis a field of characteristic zero and K=F(ay, ..., a,)is a
finite algebraic extension of F, then K contains a primitive element, i.e. an element
a such that F(ay, . . ., «,) = F(«). Moreover, by means of Galois theory, it is possible
to characterize those elements of the extension field which are primitive.

In the case of finite differentially algebraic extensions the theorem without
further restrictions is false. Let Q be the field of rational numbers and 8 the usual
derivation, i.e., 8¢=0 for every g€ Q. Let ¢y, . . ., ¢, be algebraically independent
complex numbers over Q. If (Q<cy,..., ¢, 8) is the differentially algebraic
extension of Q where dc=0 for every c € 0{c,, . . ., C,», then the underlying set of
0<cy, - . ., ¢, is identical with that of Q(c,, . . ., ¢,), whence it is clear that there is
no element c € Q<cy,..., ¢,y such that Q<cy,..., c,y=0<(c>. Kolchin [2] (also
[5, p. 52]) has shown the existence of primitive elements in the case where the
differential field F{«,, ..., «,> has one derivation operator and the field F has an
element f such that 8f#0(*). The differential fields (F(x,, ..., x,), D) considered
in this paper are differentially algebraic over F, but F does not contain nonconstant
elements. We prove the existence of primitive elements in the case where the
derivation operator satisfies the conditions

Df =0 forevery feF, Dxy, =1,
xo'x1°----xk_1ka=l f0r0<k§p.

(M

An example of such a differential field is (C<e?, z, log z, log log z), 8) where C is
the field of complex numbers, §=e~2D and D is the usual derivation of functions
of a complex variable, i.e., de*=e " 2De*=1, Slogz=e 2Dlogz=(e*-2)71,
dloglogz=e~2Dloglog z=(e*-z-log z)~1.

In the sequel, for differentially algebraic extension fields which satisfy conditions
(1) not only do we establish the existence of primitive elements, but we give explicit
formulas for such elements. In §§7 and 8 we apply these formulas to the asymptotic
theory of ordinary differential equations. More precisely, in [6] W. Strodt intro-
duced the concept of the “principal monomials” and “principal solutions” for a
certain class of differential equations whose coefficients belong to a logarithmic
domain. In [8] Strodt characterized the principal monomials by the concept of

Received by the editors February 21, 1967 and, in revised form, June 19, 1967.
(*) In the partial case (more than one derivation operator) F must contain a set of elements
whose Jacobian does not vanish (Kolchin [2, §4]).
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stability. S. Bank [1] investigated all the logarithmic monomials at which an nth
order differential polynomial of a certain class is unstable; such logarithmic
monomials were called “critical monomials”™ of the differential polynomial. The
algorithm which produced the principal monomials in [6] and the critical mo-
nomials in [1] consists essentially of the repeated applications of the transformation
x=¢* y=ve™. The effectiveness of this transformation depends upon two crucial
lemmas ([6, Lemma 61] and [I, Lemma 13]), to the effect that whenever a trans-
formation x=e*, y=ve™ is applied to a homogeneous, isobaric differential poly-
nomial of positive weight W, with constant coefficients, the transformed differential
polynomial always effectively involves at least one term whose weight is less than W,
unless the differential polynomial is of the form ¢ Y¢~%- Y'% and m=0. In this note
we generalize these lemmas and prove them with the aid of a result on the tran-
scendence degree of differential field extensions (Theorem 7.1 below)(?).
I am grateful to W. Strodt for his help in the preparation of this manuscript.

1. Preliminaries. This section contains some elementary results on differential
field extensions. All differential fields considered here are of characteristic zero.
The notations are the same as in [3), [4], and [5]. The differential field defined over a
field G by a derivation & will be denoted by (G, 6).

LemMA 1.1. Let (H, 8) be a subdifferential field of (G, 8). Suppose the subfield C
of elements of G annihilated by 8 is contained in H. If o € G is such that 8o € H, then
either o is transcendental over H or « € H.

Proof. Follows along the same lines as the proof of Lemma 3.9, Kaplansky [4].

LeEMMA 1.2. Let (H, 8) be a differential field and (H{«), 8) a differential extension
field of (H, 8) such that o is transcendental over H and 8«=1(%). Then there is no
element in H a) whose derivative is o~ 1.

Proof. Since da=1 € H, the underlying sets of H{a) and H(x) are identical.
Thus every g € H{«), g#0, can be written in the form «"(P/Q) where n is an integer,
and P and Q are polynomials in « with coefficients in H such that P(0)#0, Q(0)#0.
The integer n is uniquely determined by g; by direct calculation 8(c"(P/Q)) #o 1.

We will need the following well-known lemma:

LeMMA 1.3. Let (C{c), 8) be a differential field where C is the subfield of elements
of C{) annihilated by 8. If C{o) has transcendence degree p+1 over C, then
«, 8¢, . . ., 8%a are algebraically independent over C. Moreover

Cle) = C(e, da, . . ., 67 *1ax).

(2) A proof of the case m#0 in the setting of graduated logarithmic fields, independently
of ours, is given by Strodt [8].

(®) Such a differential field extension can always be constructed. See Corollary 1 of Theorem
39, page 124, Vol. 1 of [9].
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2. The logarithmic differential fields. In this section K is a differential field with
derivation D. K contains a distinguished sequence x,, x;, ... of elements called a
logarithmic sequence such that Dx,=1 and xg<x;+ -« X,_1Dx,=1 for p=
1,2,...(%). C={c: ce K, Dc=0}. For any p=0 the subdifferential field

(C(x0, X35 - - -5 Xp), D)
will be called a logarithmic differential field.

Lemma 2.1. Let F,=C(xq, x1, ..., X,) for each nonnegative integer p, and
F_;=C. Then for p=0,1,2,...,x,¢ F,_,.

Proof. By induction on p. Since Dx,=1#0, for p=0 we have x,=x,¢ C=F,_,.
Suppose for the nonnegative integer g, x, ¢ F,_,. Since (F,_,, D) is a differential
field and Dx,=(xp+x;+-- -+ X4-1)"* e F,_;, by Lemma 1.1, x, is transcendental
over F,_,. Let 8,=xp-xy+---+x,_,D, then (F,-,, §,) is also a differential field.
Since x, is transcendental over F,_; and 8,x,=1, by Lemma 1.2, there is no
element y in (F,-,{x,>, 8,) such that §;y=x71. Since 8,x,+;=x71, X,41 & Fy_1{x¢)
= F,. This completes the induction.

LEMMA 2.2. x,, x;, . .. are algebraically independent over C.
Proof. Follows from Lemmas 1.1 and 2.1.

3. Partial order in (C(xo, X;,...,X,), D). Let K,C, and the sequence
Xg, X1,... be as in §2. We will introduce a partial order in the subfield
F,=C(xq, X1, . . ., Xp) Of K as follows. Let

Vp = {xQexe- - oxlt : (g, iy . .., 1) €Z7}

where Z is the ring of integers. ¥, is a subgroup of the multiplicative group of F,,.
Let #,={cv:ceC—{0},veV,}. Let M=axFo-xT1+--..x"» and N=bxBo.xM.
- - -+ Xz be elements of A,. We will write M < N if my<n,, or for some natural
number g, 0<g<p, m,=n, for k=0,1,...,9—1 and m <n,. If (my, my, ..., m,)
=(no, ny, ..., ny) we write M N. If fe C[x,, x,, .. ., x,], f#0, it can be written
in the form =37, c;M; where ¢; e C—{0} and M;e V, such that M;#M; if
i#j. For some positive integer s, 1 S s=n, ¢;M; < c,M; for i#s. We will call ¢, M, the
dominating monomial of f. If g € F,—{0} then g can be written g=> ¢,M,/Y b,N,
where ¢;, b;e C—{0} and M, N;e V,. If ¢, M, is the dominating monomial of
> ¢;M; and b,N, is the dominating monomial of 3 b,N; we say g* = (c,M,)(b,N;)~*
is the dominating monomial of g. If g, h € F,—{0} we write g <h if g* <h*, and
g~h if g*=h*. We extend this definition of order to F, by setting 0 < g for every
g € F,—{0}(°). It is clear now that if f, g, h, k € F,,

(*) The notion of logarithmic sequences was introduced by Strodt (cf. [6] and [8]).
(%) F, with the partial order < is a field with asymptotic order (cf. Strodt [7]).
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(i) if f<g, then f#g;

(i) 0<1;

(iii) if f<g and h+#0, then fh<gh;

(iv) if f<g and h<k, then fh<gk;

(v) if f<g and h<g, then f+h<g;

(vi) if f<gand h<g, then f<g+h;
(vii) if f~g then f—g<g and conversely;
(viii) if f~g and g~h, then f~h;
(ix) if f~g and h~k, then fh~gk;

(x) if f~g then f#0 and g+0.
DEFINITION 3.1. Let

Zbix‘o%xi‘. . .x;,”

= F,.
f zClx?.xi‘.....x;'e P
Define Efe€ F, ., to be
> b‘x?.x‘zl ..... XZvq
Ef =
f zc 100 21 ..... x:,’+1
LEMMA 3.1. Let f, g € F,, then
(i) f<g implies Ef< Eg.
(ii) f~g implies Ef~ Eg.

Proof. Follows from the definitions.

4. The functions S; /(m).
DEFINITION 4.1. Let m be a variable; define

Six(m) = mm—1)Y(m—-2)---(m—k+1) ifk >0,

Sie,k-1m) = (1/j)SH(m) ifj >0,

where S%(m) is the jth derivative of S ,(m). We will make the convention that
So,o(m)=1.

It is clear that S; ,(m) is the elementary symmetric function of degree jinm, m—1,
...,m—i+1. Thus

(1) i X' S e-sm) = (x+m)(x+m—1)-- - (x+m—k+1)

i=0
(cf. [6, §58]). We remark that S o(m)=1 and S, (m)=0 if j<O.

LeMMA 4.1 IF k21, m=(—1)**1-k- S 1(m) — (= 1)*-m-3523 (= 1S e Am).
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Proof. By (1) above >¥_ o (—1)Sy, k- j(m)=(m—1)(m—2)- - -(m—k). Therefore

m kZ: (= 1YSkk-Am) = ml(m—1)(m—2)- - -(m—k) = S i(m) — (— 1)*Si, o(m)]
’ = m[m—-1)---(m—k)—m(m—1)- - -(m—k+1)+(—1)¥*+1]
=m[m—1)---(m—k+1)(m—k—m)+(—=1)¢*]
= —kS; i (m)+(=1)**m.
S. The elements (xpxy+-- -« x)™ of (C(xo, X3, - - -, Xp), D). Here and in the
next section m is a nonzero integer.

DEFINITION 5.1. Let Ey=E where E is as in Definition 3.1, and for the positive
integer p, E,=[(m—p+1)+x,D]E, ;.

LEMMA 5.1. Let V=V(xo, X1, ..., X)) € C(Xo, X1, - . ., Xp), k<p. Then x,DEV
=EDV.

Proof.

XoDEV(x, X1, - - -5 Xi) = XoDV(Xy, X3, . . ., Xic 1)

1 0EV 1 OEV 1 aEV]
= Xo|— cee
Xo 0Xy  XoX; 0X, XoX1 -+ X Oy 41
_QEV 10EV 1 9EV
T0x,  x; 0x, XpeXge o+ o Xy OXyq
= EDV.
Let T,.=(xqeXxy+---+ X,.)™ where m is a nonzero integer, then:

COROLLARY.

E, T, = (m—p+1+x,D)(m—p+2+x,D)- - -(m—1+x,D)(m+ x,D)ET,
yd
= > S, (m)ED*~'T..
i=0

Proof. By straightforward calculation and Lemma 5.1.

LeMMA 5.2(%). DPTo=S, ,(m)xg > and for positive integers p and k, D’T,
=x'6"pE,,Tk-1.

Proof. By induction on p. D°T}, =T, =x3E,T,. -, by the definitions of T} and E,.
Suppose D*~'T,,=xg~?**.E,_,T,_,. Then

DTy = xg~?[(m—p+1)+xoD)E, 1 Ty_y = x5 ?E,T_,
by the definition of E, T} _;.

(%) This is a special case of [8, Lemma 66(c)]).
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LEMMA 5.3. For any pair of integers (p, q) such that 0=p<gq, DT, < DT, if
DrT, #0.

Proof. If DT, =0, then DT, < D*T,. Suppose DT, .#0. By Lemma 5.2,
Dka = xﬁ"”Eka_l and Dqu = x’onanqu_l.

Since E,T,_, and E,T,_, are elements of C(x,, X, ..., Xx) and m—g<m—p, it
follows from the definition of < that DT, < D*T,.

NoTATION. For fe C(xq, X3, - .., Xx), by &;f we will mean the formal partial
derivative of f with respect to x;.

LEMMA 5.4. For any pair of integers (p, q) such that 0<p<gq, 0,D°T, < 0,D"T,
if 0,D°T,,#0 and 0<n=<k.

Proof. Similar to the proof of Lemma 5.3.

6. The differential field (C<{T,), D). In this section we will show that the

transcendence degree of (C{T,), D) is p+1 over C.
NoTATION. In the sequel the minor of 8,D'T,_, in the Jacobian determinant

oT,_,, DT, _,, ..., D°T,_;)
A(Xgy X1 - - -5 Xp)

will be denoted by 4.
LEMMA 6.1. Suppose the Jacobian determinant

(T, DTy yy..., DP~'T, )
Jo-1 = O(Xgy X1s + - -5 Xp_1) #0

then A;<J,_, for i=0,1,2,...,p—1.

Proof. Write D'T,_, =x5 ~'E;T,_,, by Lemma 5.2, and write J,_; and 4; in the
determinant form. By direct calculation

3) Jpy ~ dxBm=G=DI2=1, xk xkas . xkeos with de C—{0,

bl

and either 4,=0 or
@) A; ~ cxXBm=(p-DI2I-1-G=D y iz, o2

where ky, ko, .. ., Kp_15 j1s Jas - - -5 Jp-1 are integers. 4;<J,_, for i=0,1,...,p—1
by comparing the right sides of (3) and (4).

COROLLARY. I_pr aF 0, Zf= 1 mEoAi ~ mEon_ 1.
Proof. Follows from Lemma 6.1 and the identity 4,=J,_;.

LemMma 6.2. If J,_, #O0, then

P
A= (~)DT, 14 < T,y Jp s

i=0
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Proof. By the properties (iii) and (iv) of §3, and Lemmas 5.3 and 6.1,
(-1yD'T,_1A; < Ty_yJ,., fori=0,...,p—1
and
(=1)PD°T,_ A, = (=1)°D?T, - Jpy < Tpo1-Jpy

by Lemma 5.3 and the property (iv) of §3. Therefore by (v) of §3, A<T,_,-J,_,.
COROLLARY. EqA<EyT,_,-EoJ,_;.
Proof. By Lemma 3.1.

LEMMA 6.3. Let Bp= Zf,—_ 1 mEoA( and E= Z?=1 (— l)i‘ i Si'i(m)Bi Where Bi is the
minor of 0,ET,_, in the Jacobian determinant

NEoTp-1, ExTp_sy ... E,T,_4)
(X0, X1y - . .5 Xp)

then B,=B.

Proof. B, and B may be viewed as the expansions of two (p+1)x(p+1)
determinants by the minors of the first columns. These first columns are respectively
©, —m, +m,...,(=1)’m)* and (0, —S,,,(m), —2S; 5(m), ..., —pS, ;(m))\. We
introduce the (p+1) x(p+1) determinants C,, C,, ..., C, recursively as follows.
Define C,=B and define Cy., as the determinant obtained from C, by adding
— Sk +1.k+2-;(m) times the jth row of C,, j=1, 2, ..., k+1, to the (k+2)th row of
Cy. Obviously B=Cy=C, = - - =C,. Evidently C, has the form of B, in the first
row, and the form of B in the remaining rows. Suppose now that for some & in
{0, 1,..., p—1}, C; has the form of B, in the first k+1 rows and the form of B
in the remaining rows. By the above construction C, ., has the form of B, in the
first k+2 rows. In fact, the (k+2)th row of Cy,, is

k
({-(k+ DSisrisr(m)—m Y (- l)isk+1.k+1-i(m)}a OED Ty, ..,
i=1

3pEoDk+1Tp_1)°

Hence the first entry in this row is

(D (Dt DSt )= (= D5 S (= DS}
= (—D¥*'m by Lemma 4.1.

The remaining entries of this row have the asserted form by the Corollary of Lemma
5.1.

COROLLARY. Suppose J,,_,#0, then B~mEyJ,_;.
Proof. Follows from the Corollary of Lemma 6.1 and Lemma 6.3.
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LemMma 6.4. If J,_,#0, then

_ T, DT,, ..., D°T,) _
a(x07 X1y« e ey xp)

1 -p/2)-1
Jp mxg’+ Yim - pI2] 'EOTp-l‘EOJp-l'

Proof. Write the Jacobian J, in the determinant form, then
J, = xg”“)f”"‘””]'1~{m§+6}

where B and € are (p+1) x (p + 1) determinants whose expansions in the minors ‘of
the first columns are respectively 7. (— 1)'E;T, .1 B;and >7_o (= 1)!*1-i- BT, _,B;.
We assert that

P
®) B=E 2 (-1)DT,-14:
i=0

This can be verified by applying to B the same row operations as were applied to B
in Lemma 6.3. Each column of B, except the first, is thereby transformed into the
corresponding column of a determinant E,4 whose expansion in the minors of the
first column is the right side of (5). The verification that the first column of B is
transformed into the first column of Ey4 is done inductively as in Lemma 6.3 and
turns upon the identity

k+1

E T, ,— z Siesrk+2-,MED T, = EcD**'T,_,
i=1
which follows from the Corollary of Lemma 5.1. As for C, C can be written
- 2 i
©) C = (BoT,-1)B+ 2 (=1)**-i- 2 S (m)EoD'~'T,,)B.
i=0 i=0

It can be shown by the same reduction as employed in Lemma 6.3 that the second
term in the right side of (6) is < EyT,_;EsJ,-;1. It now follows from the Corollary
of Lemma 6.3 that C~mE,T,_,E,J,_,. Thus, by the Corollary of Lemma 6.2,
mB+ C~mE,T,_,-EyJ,_,. This establishes the lemma.

COROLLARY. If J,_,#0, then J,#0.

THEOREM 6.1. The differential field (C{T,», D) is of transcendence degree p+1
over C.

Proof. Since (C{T,), D) as a field is contained in the field C(x,, x, . . ., X;), the
transcendence degree of C{T,) over C is at most p+ 1. It is enough, therefore, to
show that T,, DT,, ..., D*T, are algebraically independent over C. By induction
on p and the Corollary of Lemma 6.4, it is enough to show that the Jacobian
Jo#0. This by direct calculation is mxj ~*#0.

THEOREM 6.2. (i) (C(Xo, X1, . - -, Xp), D)=(ClxgeXy+- -+ x,>, D),
(i) (C(xo, X3, - - 5 Xp), D)=(C<x,), D).
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Proof of (). By Theorem 6.1, (C{xo+X;+- - -+X,», D) is of transcendence degree
p+1 over C. Thus (C(xo, X3, - . ., Xp), D) is an algebraic extension of

(C<xo.x1 ..... xp>’ D)
By Lemma 1.1, it is enough to show Dx,, Dx,, ..., Dx, are in

(C<x0, xl, ceey xp>, D)

Dx,=1; therefore x, € (C{xq*Xy*- -+ x,>, D). Suppose
X0y X35 - oy Xg—1 € (C{Xge Xye -+ Xy, D).
Since Dx;=(xq*Xy+-- -+ Xi-1)" %, then x, € (C{xgexy+-- -+ x>, D).
Proof of (ii). Since Dx,=(xq+x;+---- Xp-1) "L, XgeXye oo Xp-1 € (C{x,>, D).
Thus xgexy-- -+ x, € (C{x,), D). Therefore
(C<x0'x1 """ xp>’ D) < (C<xp>, D) < (C(an Xiyeees xﬁ)3 D)'

7. Imbedding of (C(xo, X3,..., X;), D) in a graduated logarithmic field(").
Let K, C, D and the logarithmic sequence x,, X, . .. be as in §2. Recall that Kis a
differential field with derivative D, C is the subfield of constants: C={c: c€e K
such that Dc=0}, and x,, x;, . .. is a logarithmic sequence in K. Suppose further
that X contains a multiplicative subgroup U’ such that for every fe U’ and every
integer r=1 there is a unique g € U’ such that g'=f; we will denote g by f*.
Furthermore, suppose U’ contains the set {x,, x;, . . .}. Let U, be the subgroup of
U’ generated by the elements of the form x[* € U’, where m is rational and 0<i<p.
Let G, be the differential subfield of K generated by U, over C. We observe that
(C(xg, X3, - . ., Xp), D) is a differential subfield of (G,, D). Moreover, (G,, D) is an
algebraic extension of (C(xo, X3, . . ., Xp), D). Since the transcendence degree of
(C(xg; X1, . .., Xp), D) over Cis p+1 by Lemma 2.2, the transcendence degree of
(G,, D)isp+1over C. Let (G, U, D)=lim,_, , (G, U,, D). It is clear that (G, D) is
a differential field.

We will introduce for the differential field (G,, D) a partial order <, whose
restriction to the differential subfield (C(xo, X3, ..., X,), D) coincides with the
partial order < defined on (C(x,, X, . . ., X,), D) in §3, and which is such that the
quadruple (G,, <, U,, C) is a graduated field as defined in [7]. Define the order
relation < in U, as follows. Let {M, N}<U,, then M=x%Fo+xT1¢---. x"» and
N=xGoexhre-.- x3» where the exponents are rational numbers. Set M <N if
mq <ny, or if for some natural number ¢, 0<g=<p, m.=n, fork=0,1,...,q—1and
my<n, Let # =C*.U, where C*=C—{0}. Define the order relation in .# as
follows. If {g*, h*} < .# then g* =cM and h* =dN for some M and N in U, such that
c,de C*. Set g*<h* if M<N and g*~h* if M=N. It is clear that the order

(") The graduated differential field (X, D) (see Lemma 7.3) is a graduated logarithmic
field if U contains a logarithmic sequence (see also [8, p. 14]).
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relation < in 4 is compatible with the order relation < in U,. We now define an
order relation < in G,—{0}. Suppose first that fe G,—{0} and f=37_, ¢;N; with
¢;€ C* and N; € U, (with i#j = N;#N;), then for some r, ¢;N;Sc, N, for i=1,
2, ..., n, with strict inequality if i#r. The representation f=>7_, ¢;N; is unique. In
fact for an arbitrary nonzero p+1-tuple (ro,ry,...,r,) of rational numbers,
xg, X3, ..., X7 are algebraically independent over C. In this case we write
f~c,N,, and we say c, N, is the dominating monomial of £. If now fis any element
of G,—{0}, then f=3 ¢;M,/> d;N,. Let g* and h* be the dominating monomials of
the numerator and the denominator respectively. We write g*-h*~*~f, and call
g*-h*~! the dominating monomial of f. Let (c, ) be the unique element of C x U,
such that g*-h*~1=cu. Then u is called the gauge of f'and is denoted by ]/[(?). If
f1 and f; belong to G,—{0}, we say f; </, if and onlyif ] f;[ <1f2[. If /i* and f3* are
the dominating monomials of f; and f, respectively and f*=f.*, then we write
Ji~f2 It is clear that this order relation in G,—{0} is compatible with the order
relation in .#. We extend this definition of order by setting 0<f for every
f€G,—{0}, and ]0[=0. Thus f; ~f; if and only if /¥ =£3, and hence if and only if
Si—fa<fs. It is now clear that the partial order < defined here restricted to the
subfield C(xo, x3, . . ., x,) of G, coincides with the partial order < defined in §3.
We observe that this partial order can be extended to the differential field (G, D).

LemMa 7.1. If M € U,—{1} and e € U,, such that e <1, then MDe < DM.

Proof. If M=x7.xT1 ... xpe-n with m#0, then by routine calculations
m(xgeXye---+ X,)"*~M -DM. On the other hand e=x% x5, ;+ -« xor-™ with
b<0. Then De~b(xgexy---- Xm)~'-e<M~1DM by lexicographic comparison

of exponents. Thus MDe < DM.
Lemma 7.2. If {M, N}< U,, N#1, such that M < N, then DM < DN.

Proof. M <N implies M= Ne for some ee U, with e<1. Hence DM=eDN
+ NDe. Now eDN < DN since e< 1 and NDe< DN by Lemma 7.1. Thus DM < DN.

Lemma 7.3. Let G,, G, D, C, U, U, < and the logarithmic sequence {xo, x,, ...}

be as defined above, then
(i) the ordered pairs (G,, <), (G, <) are fields with asymptotic order (for the

definition of asymptotic order (see [7, p. 231])).

(ii) the ordered quadruples X,=(G,, <, U, C) and X=(G, <, U, C) are
graduated fields (see [7, p. 231)).

(iii) (X}, D) is a graduated differential field. This means DC={0} and D is stable
at U,—{1}(°). (See also [8, Definition 20].)

(iv) (X, D) is a graduated logarithmic field.

(®) See Definition 17 of [7].
(®) D is stable at U,—{1} if M <N implies DM < DN whenever M€ G, and N e U,—{l1}
(see also [8, Definition 18]).
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Proof. (i) and (ii) follow from the order relation defined in G,. To show (iii) it is
enough to show D is stable on U,—{1}(®). This follows from Lemma 7.2. (iv) is
obvious.

LemMma 7.4. Let y € (C(xo, X1, - - -, Xp), D). Let m be a nonzero rational number.
Then (C{y), D) and (C{y™), D) have the same transcendence degree over C.

Proof. Suppose m=a/b with a and b integers, b>0. Then (C{y), D) is an
algebraic extension of (C{y*), D). Hence the transcendence degree of (C{y*), D)
is same as the transcendence degree of (C{y), D). Similarly (C{y**), D) is an
algebraic extension of (C{y*>, D). Thus (C{y™), D), (C{y*>, D) and (C{y), D)
have the same transcendence degree over C.

THEOREM 7.1. Let m be a nonzero rational number, then
(i) the transcendence degree of (C{(xq*Xy+-- -+ Xp)™>, D) is p+1 over C.
(ii) the transcendence degree of (C{x2>, D) is p+1 over C.
(iii) let Vo,=(xg+Xxy+--++x,)", then V,, DV,, ..., DV, are algebraically in-
dependent over C. A
(iv) x3, Dx3, ..., D°x} are algebraically independent over C.
(v) V, and x3 satisfy no algebraic differential equation of order less than p+1.

Proof. (i) and (ii) follow from Theorems 6.1 and 6.2 and Lemma 7.4 above.
(iit) and (iv) follow from (i) and (ii). (v) follows from (iii) and (iv).

8. Applications.
DEFINITION 8.1(3°). Let P be the algebraic differential operator defined by

0)) P(p) = 2 ay'o(Dy)s-----(D?p)», aeC.

We say P is homogeneous of degree d if iy +i,+ - - - +i,=d, and is isobaric of weight
W if iy +2iy+ - - - +pi,= W for every monomial effectively present in the right side
of formula (1).

LemMMA 8.1. Let P be the algebraic differential operator given by formula (I)
above. Let d and W be positive integers. Let P be homogeneous of degree d and
isobaric of weight W. Let m be a rational number and q=dm— W. Then under
the substitution y=xg -z, the expression x5 *-P(y) is transformed into

0@z) = X bizio(xoDz)ir+ - - -+ ((x DY?zY
where b; € C.

Proof. By formula 66(c) of [8], or induction on k

an DRz = 5375 . Seu(m)(xoDY 2

(2°) See §§2-4 of [8].
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for any positive integer k. Substitution of y=x§z in P(y) with the aid of formula
(II) establishes the Lemma.

DEFINITION 8.2. The operator Q of Lemma 8.1 will be called the m-image of the
operator P given by the formula (1).

THEOREM 8.1 (STRODT). Under the hypotheses of Lemma 8.1, if m is nonzero
(rational), then Q effectively involves terms of weight less than W.

Note. This theorem was proven by W. Strodt in the general context of a
graduated logarithmic field (cf. [8, §69]). The proof in [8] depends upon the
analytic proof of a special case of this theorem [6, §61]. We eliminate here this
dependence upon the analytic proof.

Proof of Theorem 8.1. P(Y)=3 q;Y'o(DY)4.---+(D?Y)» and

oY) = Z a; Y -(xoDY+S;,(m)Y)s.-- - (["ol)]lp Y+ Zsp.t(m)[xoD]p_iY)i’

= P(Y, XODY, ey [xoD]pY)+H(K xODY, ey [xOD]PY)
where
P(Y, DY, ..., [%DFY) = 3 a,¥'o(xoD¥)s- -+ ([xoDP Y.

It is clear that all the terms of H(Y, x,DY, ..., [x,D]?Y) have coefficients in C and
are of weight less than W. Suppose H(Y, x,D7Y, ..., [xoD]?Y)=0, then

(1) o(Y) = P(Y, x,DY,..., [x,.DFY).
If y e C(xq, X1, . . ., Xx), K<p, then

(IV) P(Ey, xODEy9 LRI ] [xOD]pEy) = P(Ey, ED}’, RS ] EDpy)
= EP(y) by Lemma 5.1,

where Ey(xo, X1, . .., X)) =Y(X1, X, . . ., Xx+1), (Definition 3.1). Since W>0,
P(1)=0 hence

0(1) = x5+ WP(xZ) = P(l, x,D1, ..., [x,D]’1) by (III)

= 0.
Thus P(xg)=0. Now suppose that for k>0, P((xo* X+ -+ X, -1)™)=0. Then
xg MmMHWP((xge Xy o X)) = Q((xyexge- -+ x)™)
= P((xyoxg+- -+ Xie)™s XoD(Xy+ Xge - -0 X"y
[xoD?)(x1 x5+ - - -+ x)™) by (III)
= EP((xo" Xy """ xe-1)") by (IV)
It thus follows by induction that P((xg<x;+- - - x,)™)=0. This contradicts Theorem

7.1(v) and completes the proof.
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THEOREM 8.2 (S. BANK). Under the hypothesis of Lemma 8.1 if m=0 and
P(Y)#cY* V. (DY)V, ce C—{0}, then Q effectively involves terms of weight less
than W.

Note. In the case where C is the field of complex numbers and x,=x, x;
=log x, . . ., x,=log x, _,, this theorem has been proven by S. Bank [1, Lemma 13].
Proof of Theorem 8.2. As in the proof of the previous theorem

O(Y) = P(Y, x,DY, ..., [xDPY)+H(Y, x,DY, ..., [x DI Y).

If we suppose P(Y)=cY¢ ¥-(DY)¥+T(Y) where T(Y)#0 and has its co-
efficients in C and is homogeneous of degree d, isobaric of weight W and is of order
22, then Q(Y)=cY¢ V-(x(DY)*+R(Y, x,DY,..., [xoD]’Y) where R is the
0-image of T(Y) (see Definition 8.2). If the conclusion of the theorem is assumed
false, then H(Y, x,DY,.. ., [xoD]?Y)=0. Thus

) T(Y, x,DY, ..., [xoDPY) = R(Y, x,DY, ..., [x,DPY).

Since every term of T(Y) is of order =2, T(x,)=0. Now suppose that for k>0,
T(xk_1)=0. Then

x0T(xi) = R(xy, XoDxy, - - -, [%0 D))
= T(xy, xoDxy, . . ., [xeDIPx,) by (V)
= ET(x,-,) by (V)
= 0.

It follows by induction that T'(x,)=0. This contradicts Theorem 7.1(v) and
establishes the theorem.
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