ON JACOBI SUMS OF CERTAIN COMPOSITE ORDERS(*)

BY
JOSEPH B. MUSKAT

The Jacobi sums play a fundamental role in the theory of cyclotomy. Some
criteria for power residuacity can be expressed in terms of them; e.g., [9]. Formulas
for the number of solutions (4, k), of

g=* " +1 =g***(modp), O0=s1<(p-1le,

-where p is a prime=1 (mod e) and g is a primitive root of p, can be expressed in
terms of the Jacobi sums of order e [12, (2.7)].

In 1935, L. E. Dickson published a series of three papers which reviewed and
extended the theory of cyclotomy. In the first he gave relationships between the
Jacobi sums of orders e, e<6, e=8, 10, and 12 [3]. He discussed the sums of prime
order and of order twice a prime, then treated explicitly e=14 and 22, in the
second paper [4]. In his final contribution he studied e=9 and 18. (Sign omissions
in formulas (37) were noted in [1]; an ambiguous sign in (44) was also resolved.)
The last part of this paper is entitled

THEORY FOR ¢(e) = 8, e = 15, 16, 20, 24, 30.

One relation associated with e=16 was omitted. The case e=15 was left with an
undetermined sign. Only sketchy discussions were given to e=20 and 24, while
e=130 was ignored completely [5].

In this paper the sign ambiguity for e=15 is resolved, and complete analyses
for e=24 and 30 are given. Progress is also made toward fixing the sign of a fourth
root of unity which arises in connection with the Jacobi sums of order 12. Complete
treatments of e=16 and 20 are found in [11] and [13], respectively.

The Jacobi sum R(m, n) of order e is defined by

a R(m, n) = pil Bmindga+nind; (1-a) B = exp (2wile).

a=2

Closely related to the Jacobi sum is the Gaussian sum

(¥))] 7(s) = pil peinds Kk, L = exp (2ip).

k=1
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The relation is
3 R(m, n) = v(m)7(n)/7(m+n),

provided e does not divide m, n, or m+n [2, (0.6)].
Let f=(p—1)/e. Consequences of these definitions are

@ 7(s)r(=s) = (=1)’p if efs,
® R(m, n) = R(n,m) = (—=1)R(—m~—n, n),
) R(m,n)R(m+n, r) = R(m, r)R(m+r, n).

(The use of (6) will be noted by displaying alongside the equation the bracketed
triple [m, n, r].)
By (3) and (4), if e does not divide m, n or m+n, then

U] R(m, m)R(—m, —n) = p.
If (j, )=1, let o, denote the automorphism which maps 8 onto 8. Then
®) o,R(m, n) = R(jm, jn),  o;7(s) = 7(js).
Let e=xy. If R,(m, n) denotes a Jacobi sum of order x,
€) Rm, n) = R(ym, yn) [5 3
Three special cases of the identity
:];:[: m(kx+1) = B~ Y7(zy) ﬁ 7(kx) [2,(0.9,)]

will be used, corresponding to y=2, 3, and 5:
(10) w(1)7(t+e[2) = B~2#%7(2t)7(e/2), where Z = ind, 2.
(11) 7(t)7(t+e/3)7(t+2¢/3) = B~3T+(3t)p, where T = ind, 3.

#(t)r(t+e[S)r(t +2e[5)7(t + 3e/5)r(t + 4e/5)

12
@ = B~5tF+(5¢)p?, where F = ind, 5.

In this study it is assumed that the R(m, n) for which the greatest common
divisor of m, n and e is greater than 1 are already known, as they are in fact Jacobi
sums of orders which are proper divisors of e, by (9). The remaining sums are
grouped into classes of conjugates, each class consisting of the automorphic
images of a single sum. Accordingly, relationships will be presented in terms of a
single representative of each conjugate class. By (5), a Jacobi sum may be expressible
in the form R(m, n) in several ways. Thus R(1, n) and R(1, e— 1 —n) would not both
be representatives.

If in a numbered formula a certain value of e is assumed, the value of e will
appear as a subscript to the formula number.
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The Jacobi sums of order 12 are conjugate to R(1, 1), R(1, 2), R(1, 3), R(1, 4),
R(1, 5), and Jacobi sums of lower orders. The following relations were determined

by Dickson: [3, pp. 417-418]

(13,2) R(1, 1) = B=22*3TR(3, 3),

(14;2) ¢R(1,2) = R(2, 4,

(15;2) cR(1, 3) = R(3, 3),

(1612) R(1,4) = (-1YB~*R(@2,4) = R(4,4),
(17:2) R(1, 5) = (-1YB*RG, 3),

where ¢=R(l, 3)/R(1, 5). He also showed that ¢?=(—1)’8%, so that c is a fourth
root of unity. More precise information is given by Theorem 1, and equations (28)

and (78).

The Jacobi sums of order 24 are conjugate to R(1, n), 1 =n =11, and Jacobi sums
of lower orders. All the Jacobi sums of order 12 must now be expressed as if

e=24; e.g., (13) becomes
R(2,2) = B~*Z+STR(6, 6).

The first two relations below were derived from (11) by Dickson (who omitted

the (— 1) factor from the former): [5, p. 200]
(1834 R(1, 6) = (—1YB~%R(, 6),
(1954) R(1,9) = B~3TayR(1, 2).
By (10), with =3,
7(3)7(15) = B~%2+(6)7(12).
R(3,15) = (=1)R(3, 6) = B~%2R(6, 12) = B~52R(6, 6),
by (3) and (5). Combine with (18):

(2024) R(1, 6) = B°~3TR(6,6),

since B*24=1. Also, B23T=1, so

(2144) asR(1, 6) = oy3R(1, 6) = 0,7R(1, 6) = R(l, 6).
R(1, 6)osR(1, 11) = osR(1, 6)R(1, 11)

(22;4) osR(1, 11) = R(1, 11),

by (21). Since o7 =050;,

(2354) o7R(1, 11) = R(1, 11).

By (10), with =1,

(2424) m(1)7(13) = B~*7(2)7(12).

(2524) R(1,1) = (-1YB~*R(1, 11),

6, 1, 5.
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by (3) and (5). By (23),
(2654) oR(1, 1) = R(Q, 1).

7(8)7(8) =p~(2)/+(10) follows from (16) and (4). Setting p=+(14)7(10) gives
7(8)7(8) =7(2)7(14). Then
(W7 WD) _ 7M)7(1) 7(N7(7)
8 (8 2  7(14)
R(1, 72 = R(1, 1)o-R(1, 1).

(2724) R(l’ = dR(l’ 1),
by (26), where d= + 1. d is specified completely in equation (94).
R(1, 1)R(2, 6) = R(1,6)R(1,7) [1,1,6).

R(6, 6)/c = B®2-3TR(6, 6)d,
by (15), (20), and (27). Thus
(2824) ¢ = dps?+3T,
From (24), with two applications of (5),
(—1YR(1, 10) = B~2ZR(2, 10).

(2924) R(1, 10) = (—1)’B~22+5TR(6, 6),
by (17). Combine with (20):
(302,) R(1, 10) = (—1)/B*2-3TR(1, 6).
R(1, 5)R(1, 6) = R(1, 1)asR(1, 10) [1, 5,1}

R(1, 5)osR(1, 6) = R(1, 1)osR(1, 10),
by (21). Divide by equation (30) to which o5 has been applied:
(3lz) R(1, 5) = (—1YB~*2-3TR(1, 1).
R(1, HR(1, 5) = R(1, )RR, 9 [1, 4,1}
R(1,4) = (- 1)B*2*3TR@, 8)/c,
by (31) and (14). By (28) and (16),

(32;) R(1,4) = (—1Y dB?2R(8, 8).

R(1, DR(, 8) = R(1, 1)(—1)e.R(1,9) [1,7,1]
(3324) R(1, 8) = d(-1)Ye,R(1,9),
by (27).

R(1, 3)R@4, 4) = R(1, 4)(—1YosR(1, 8) (1, 3, 4].
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Since

R(@4,4) = B~*?R(8, 8) 3, (84)),
(34.,) R(1, 3) = dB%?a5R(1, 8),
by (32).

For e=15, Jacobi sums are conjugate to R(1, 1), R(1, 2), R(1, 3), R(1, 4), R(1, 5),
and Jacobi sums of lower orders, for by (5) and (8)

(3515) R(1, 6) = R(1, 8) = ogR(1, 2),

(3615) R(1,7) = R(7,7) = o;R(1, 1).
Dickson showed [5, pp. 198-199] that

(3715) R(1,3) = B~*TRG, 3),

(3815) o2R(1,2) = B**R(1, 2),

(39:5) RQ, 5) = bpET-3FR(1, 1),

(40,5) R(1,4) = bB™3T*°FR(1, 2),

where b= + 1. b is specified completely by equation (102).
Now let e=30. Since

(4150 o7R(1,13) = R(1,7), 02sR(1, 12) = R(1, 6),

the Jacobi sums of order 30 are conjugate to R(1, n), 1=n=<11, R(1, 14), R(2, 3),
and Jacobi sums of lower orders.
From (10), with =1,

(4230) 7(1)7(16) = B~227(2)7(15).
(4330) R(1, 1) = (—=1YB~%2R(1, 14),
by (3) and (5). Also from (42),
7(1)7(14)/7(15) = B~22+(2)7(14)/+(16).
R(1, 14) = B~22R(2, 14).
(4450) R(1, 14) = B~*?0;R(2, 2),

by (36).
o1sR(1, R(, 14) = R(l, D)o;sR(1, 14) 1, 13, 1).

013R(1, 7) = (—1YB~%20y5R(], 14),
by (43). Apply the automorphism o,:

(4530) RQ,7) = (-1YB~***R(1, 14).
R(1, DR(1, 8) = R(1, 1)(—1)'e:R(1, 3) 1,7, 1}
(4630) R(1, 8) = (—1Yp**2e:R(1, 3),

by (43) and (45).
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From (11) with =1 and p=7(22)+(8),
R(1, 21) = B~%TR(3, 8).

(4750 R(l, 8) = (=1YB~%Ta1R(, 2).
R(1, 6)R(1, 7) = R(1, DR(2, 6) 1,6, 1].
(4850 R(l, 6) = B**2R(2, 6),
(4940) R(l, 6) = B*22-STR(6, 6),
by (37).
R(1, 3)01,R(2, 6) = R(l, 14)(— 1Y R, 12) 1, 3, 14].

R(1, 3)B~**T01,R(6, 6) = R(1, 14)(—1)/B~°2R(12, 12),
by (37) and [12, (2.24)]. Hence

(5030) R(1, 3) = (= 1YB~%2+12TR(1, 14).
R(1, DR(2, 3) = R(1, 3)R(1, 4) [1, 1, 3].
By (43) and (50),
(5130) R(Q2, 3) = B~*2+12TR(1, 4).
Combine (39) with (44): Since g**F =1,
(5230) o7R(2, 10) = bp?2-6T+5FR(1, 14).
R(1, 9)0,R(2, 10) = R(1, 6)(—1)Ye,R(1, 2) [1,9, 6].
(5330) ‘R(1,9) = bB~22-3T-5FR(1, 6),
by (52), (47), (46), and (50).
R(1, 6)o,R(1, 5) = R(1, 5)R(6, 6) (1,6, 5]
(5430) o7 R(1, 5) = B~122+6TR(1, 5),
by (49).
R(1, 11)(—1)Yey3R(1, 5) = R(1, 5)ey,R(1, 6) [1, 11, 5].
Divide by equation (54) to which o,3 has been applied; then apply o;;:
(5530) R(1, 11) = (—1YB~82-12TR(1, 6).
R(1, 5)07R(2, 10) = R(1, 14)R(5, 15) [1, 5, 14].

By (10), with =5,
R(5, 5) = B~192R(S, 15) = (—1)B*%R(10, 10).
Hence by (52),
(5630) R(1, 5) = bp®Z+6T-SFR(5, 5) = (—1)/bB~122+6T-5FR(10, 10).
a,1R(1, 4oy, R(5, 5) = 6,3 R(1, 5)07R(2, 10) [11, 14, 25].
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By (52), and with o;, applied to (56),

(5730) 011 R(1, 4) = B~°FR(1, 14).

R(1, 10)(=1Y 0y, R(1, 4) = R(1, S)o7R(2, 10) [1, 10, 5].
(5830) R(1, 10) = (—1)bp?2-°T=%FR(L, 5),
by (57) and (52).

More information about the incompletely determined factors ¢, d, and b,
defined by (15), (27), and (40), respectively, can be gained from further investigation
of the theory of cyclotomy of orders 12, 24, and 15, respectively. Since in each case
e has two distinct prime factors, each Jacobi sum of order e has a representation
of the form R(n, vn), v an integer. (By contrast, this is not true for R(2, 3), e=30.)
Collecting the exponents of 8 in (1) which are in the same residue class (mod e)
yields the following expansion of R(n, vn) in a finite Fourier series:

e=1

(59) R(n, vn) = (=)™ > B(, v)B™ [10, (2.6)].
i=0
Let (h, k), denote the number of solutions of

g5 41 =gt (modp), 0=s,¢=5f-1.

The (h, k). are called cyclotomic numbers. The coefficients B(i, v) in (59) are
Dickson-Hurwitz sums [10, (2.7)] defined by

(©0) BG,o) = > (b i=oh),

It follows that if e=xy, and if B,(i, v) denotes a Dickson-Hurwitz sum of order x,

y-1
61) B.(i,v) = > B(i+jx,v).
i=0
A. L. Whiteman proved that if (v, ¢)=1, then
(62) B(i, v) = B(iv', v"), where vv’ = 1 (mod e) [12, Lemma 1].
The cyclotomic numbers satisfy [3, p. 394]
(63) (h, k). = (e—h, k—h).,
(64) (B, K)e = (k, h)., feven,
= (k+%e, h+4e),, fodd,
e=1 "~
> (h k). =f-1, iffisevenand h = 0 (mod e),
k=0

(65) =f—1, if fis odd and h = Le (mod e),
=f, otherwise.
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An immediate consequence is

e—-1

©6) ;.Zo (h k) =f-1, ifk = 0(mode),
=, otherwise.
It follows that
67) B, 0) = f—1, el
=f, efi.
From (60) and (63),
(68) B(i, v) = B(i, e—v—1).
Combining (67) and (68) gives
(69) B(i,e—1) = f-1, el
=1, efi.
If e is even and E=e/2,
(70) (h, k)g = (b, k)e+(h+E, k).+(h, k+E).+(h+E,k+E), [11,(2.6)]

Let QO denote the field of rationals. Let e=12. Q(B) is a fourth-degree extension
of 0. {1, B, B B3} is a basis for Q(B) over Q. Let D(i, v)=B(i, v)— B(i+6, v). Then
D(i, v)= — D(i+6, v). Since 1+8*+88=0,

(= 1R(L, v) = z B, 08 = 3, DG, 98" = DO,9)-D(&, )
+ [D(la U)" D(S, U)]ﬁ"' [D(Z: U)+ D(4’ v)]ﬂ2+ [D(39 U)+ D(S, v)]ﬁs'

A column vector notation will be used to represent Jacobi sums in terms of the
basis to simplify visualizing the equating of coefficients of basis elements. The nth
component, 0 S n<¢(e)—1, will be the coefficient of g*. Thus

D(O’ U) -D (4’ v)

D(l’ v) - D(S’ v)

D2, v)+ D@, v) |
D(3, v)+ D(5, v)

(7112 D(0, 3)+ D(4, 3)+ D(8, 3) = D40, 3) = —1,
by (61) and (69). Similarly,

(7212) D(1, 3)+ D(5, 3)+ D(9, 3) = 0.

(-DYR(1,v) =
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Since c¢ is a fourth root of unity, it follows from (15) that R(1, 3) is invariant
under the automorphism os.

(7312) D(0, 3)— D4, 3) D(0, 3)— D(8, 3)
= D(5, D(5,3)-D(1, 3

(-1ykd,3) = -ﬁizlc: 2+§8, 2 (= DfosR(l, 3) = —D§4, 3;+ DE8, 3; '

- D(9, 3)+ D(5, 3) -D(9, 3)+ D(1, 3)
Equate coefficients of B:

(7412) D(1,3) = D(5, 3).

Combining with (72) shows that

(7512) —D(9, 3)+ D(1, 3) = 3D(1, 3).

Equate coefficients of p2:

(7612) D(4, 3) = D(8, 3).

Combine with (71):

(7712) D(0, 3)—D(4,3) = —1—-3D(4, 3).

Substituting (74), (75), (76), and (77) into (73) yields
(-1YR(1, 3) = —1-3D(4, 3)+3D(1, 3)i.
R3,3) = —X+2Yi, X=1(mod4), X2+4Y% = p [3, pp. 400-401].
By (15),
(78,2) c[-1-3D(4, 3)+3D(1, 3)i] = (-1)/(— X+2Yi).
If c=1, equating real parts in (78) gives
~1=(-1Y(—X)(mod 3); X = (-1) (mod 3).

Ife=-1, X=—(-1) (mod 3).
If ¢=i, equating imaginary parts in (78) yields

—1=(-1y2Y(mod 3); Y = (—1) (mod 3).

If c=—i, Y=—(—-1) (mod 3).
This proves that ¢= + 1 if and only if 3| Y, and also

THEOREM 1. Let p=1 (mod 12), p=X2%+4Y2, X=1(mod 4). If f is even and
X=1 (mod 12) or f is odd and X=5 (mod 12), then c=1. If f is even and X=5
(mod 12) or f is odd and X=1 (mod 12), then c=—1.

If ¢= +i, the analogue of Theorem 1 cannot be formulated without knowing
R(1, 1), or something equivalent, explicitly, because the sign of Y depends upon
the choice of the primitive root g.
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Let e=24. Q(B) is an eighth-degree extension of Q. Let D(i, v)=B(i, v)
— B(i+ 12, v). A basis representation for (— 1)’ R(1, v) is given in Figure 1. The fact
that 1+ 88+B6=0 is used in determining the components.

[ D0, v)— D( 8, v)]
D(1,v)—D( 9,v)
D(2, v)— D(10, v)
D(@3, v)— D(11, v)
D(4,v)+D( 8,v)
D(5, v)+ D( 9, v)
D(6, v)+ D(10, v)
D(7, v)+ D(11, v) |

FIGURE 1

(7924

Apply (62) to the D(i, 11):
D(1, 11) = D(11, 11), D(2, 11) = — D(10, 11), D(3, 11) = D(9, 11),
D(@4, 11) = —D(8, 11), D(5, 11) = D(7, 11), D(6, 11) = —D(6, 11) = 0.

Incorporating (80) into (79) gives the following representations for (—1)'R(1, 11)
and (—1)osR(1, 11) shown in Figure 2:

(8024)

(-1¥R(1,11) =

osR(1, 11)=R(1, 11), by (22), so coefficients may be equated. For 8¢, D(2,11)=0.

" D(0, 11)+ D(4, 11)7
D1, 11)- D@3, 11)
2D(2, 11)
D@3, 11)—-D(1, 11)
0
D(5, 11)+ D(3, 11)
- D2, 11)

| D, 11)+ D(5, 11)

Equate coefficients of 8:
D(1, 11)-D(3, 11) = D(3, 11)+ D(5, 11).

Then

Thus if

U = D(0, 11)+ D(4, 11),

(=1YesR(1,11) =

FIGURE 2

- D(0, 11)+ D4, 11)7

D(5, 11)+ D(3, 11)
-2D(2, 11)
-D@3, 11)- DG, 11)
0
D, 11)- D@, 11)

D(2,11)
D(5, 11)+ D1, 11) J

2[D(1, 11)— D@3, 11)] = D(1, 11)+ D(5, 11).

W = D(1, 11)— D3, 11),
(=1YR(1, 11) = U+ W(B—B>+B+287) = U+ W(—6)*2.
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By (7), U2+ 6W?2=p. Since p=U?=1 (mod 24), W is even. Hence if W=2V,
p=U2%+24V2, and
(8139 (=1YR(l, 11) = U+2(—6)*2¥, U = D(0, 11)+ D(4, 11),
vV = 3[D(1, 11)- D(3, 11)].
From (25) and (27),
B??(-1) dR(1,7) = R(1, 11).

RA, 11) = B=55(~ 1y dB=RQ, ) = 62 d > BG; T

R(1,11) = p¢2d § B(i—8Z, T)B.

D( —8Z,7)—D( 8—8Z,7)] T U]
D(1-8Z,7)—D(9-82,7) 2V
D(2-8Z,7) - D(10-8Z, 7) 0
go74 D(3-8Z,7)—-D(11-8Z,7) - RQ, 11) = (=1Y -2V
D(@4—-8Z,7)+D( 8—8Z,7) 0
D(5-8Z,7)+D( 9-8Z,7) 2V
D(6—-8Z,7)+ D(10-8Z,7) 0
| D(7-8Z, )+ D(11-8Z, 7) | | 4V
FIGURE 3

Equate coefficients of g*:
D(8-82,7) = —D(4—-8Z,7) = D(16—8Z, 7).
By (69) and (61),
(8254) —1 = Dg0,7) = D(—8Z,7)+ D(8—8Z, )+ D(16—8Z, 7)
= .D(-8Z,7)+2D(8—-8Z, 7).
Equate coefficients of 1:
B2 d[D(—8Z, T)— D(8—8Z, 7)] = (—1)YU.
B¢ d[D(—8Z, T)+2D(8—8Z, T)] = (—1)'U (mod 3).
By (82),
(8324) = —(—1)B%2U (mod 3).
If k is odd and (j, k)=1, let (j|k) denote the Jacobi symbol. If k is prime, let
(j|k)4 denote the quartic residue symbol:
(lk)s = 1if j is a quartic residue (mod k);
(jlk)e = —1if (jlk) = 1 but j is not a quartic residue (mod k).
The symbol (j|k), will not be used if (jjk)=—1.
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Since B%%=(2|p), and U=(U|3) (mod 3), (83) becomes
(84) d= —(=1)2|p)(U|3).

To simplify (84), further study of the cyclotomic numbers is necessary. The
following was proved by Emma Lehmer [6, Lemma I}:

LEMMA. Let Z=ind 2 (mod e). The cyclotomic number (0, Z), is odd. All other
cyclotomic numbers (0, k)., 0<k=<e—1, are even.

Now assume 4|e, and let e=2E. Let D(i, v)= B(i, v) — B(i+ E, v).
THEOREM 2.
D@, E) = 1+2 Z 0, 2h);—4 2 2, E)..

h=0

Proof. D(0, E)=3325 [(h, — ER).—(h, E-ER).], by (60). According to (66)
523 [(h, 0).—(h, E).]=—1. Thus

DO, E)-1 = eil (@, —Eh)e—(h, E—Eh).+(h, 0).—(h, E).]

E

[(21, 0).—(2), E).]

II
-,
T’n
- O

"
M

(@ 0). +(2), E).—2(2j, E).]

q. ol
I ]
g ©

]
iM

(2h 0)z—4 Z @), E)es
by (70), iE-1 E-1

=2 Z ©,2h);—4 ;o @), E)e,
by (64).

COROLLARY 1. Let 8|e. Then
$E-

D, E) = 1—-4f+2 2 (0, 2h)z (mod 8).

Proof. If fis even, by (63) and (64), (%), E)e=(E; 2j).=(E, 2j— E).=(2j—E, E)..
4 Z (2, E). =8 wzl(zh, E), = 0 = 4f(mod 8).

If £ is 0dd, by (64), (%, E)e=(0, 2j+E)..
421 (2), E)e = 4:2: (0, 2k), = 4 = 4f (mod 8),

for as (2| p)=1, exactly one of the terms in the last sum is odd, by the lemma.
COROLLARY 2. Let e=8. Then D(0,4)=7-2 ind 2 (mod 8).



1968] ON JACOBI SUMS OF CERTAIN COMPOSITE ORDERS 495
Proof. 2 35, (0, 2),=2[(0, 0),+(0, 2),]=2(0, 0), —4(0, 2),, by (63), (64), and
(70). By the lemma, as (2|p)=1,
2(0, 2), = ind 2 (mod 4).
20, 0); = 4f-2 B3, (18)]
By Corollary 1,

D@, 4) = 1+4f-2-2ind 2—4f = 7—2ind 2 (mod 8).
THEOREM 3. If p=1 (mod 24), p=U%+24V?2, then (6|U)=(U|p), (V|p)=1.
Proof. If g is a prime divisor of U,
p = 24V2(modq). 6p = 144V2 (mod q).
1 = (6plq) = (6lg)(plg) = (6lg)(qlp),
by the Law of Quadratic Reciprocity. Hence

6lU) = l;,[(6|q) = li_tl (4lp) = U|p).

Now let g be an odd prime divisor of V.
p=U?(modg). (plg)=1=(q/p) lI'I (glp = 1.
q

Viqodd

Since (2|p)=1, (V|p)=1.
(I am indebted to Professor Louis Sacks for suggesting the technique of this
proof.)

11
ind12 = — > (h, 0)35h (mod 12) (8, Theorem 1]
h=0
for e=12, p=1 (mod 24). Apply (64), then add (65) with ~=0:
11
(85) ind 4+ind 3 = (p-1)/12-1- z (h+1)0, k)5 (mod 12).
h=0

If (85) is taken (mod 4), ind 4 drops out. The terms containing (0, 4),,, # odd,
also drop out, for according to the lemma, they are even, and their coefficients
h+1 are even.

ind 3 = (p—1)/12=1-(0, 0);2—(0, 4),2—(0, 8)12+(0, 2),2
+(0, 6);2+(0, 10),, (mod 4).

Now let e=24. By Corollary 1,

(86)

(8730 D0, 12) = 1—4f+2 i (0, 2k),; (mod 8).
h=0
(8824) Dg(0, 4) = D(0, 12)+ D(8, 12)+ D(16, 12),

by (61). By (80) and (68), D(8, 12)=D(16, 12). Apply Corollary 2 to (88):
(8924) D(0, 12)+2D(8, 12) = 7—2 ind 2 (mod 8).
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Subtract (87) from (89) and divide by 2; then subtract (86):
(90,,) D(8,12)—ind 3 = —ind 2—2(0, 2);,—2(0, 6);,—2(0, 10),, (mod 4).

Since ind 2=2 (mod 4) if and only if one of the three cyclotomic numbers (0, 2),,,
(0’ 6)12’ or (0’ l0)].2 is Odda

(915,) D(8, 12) = ind 3 (mod 4).
U = D(0, 12)— D(8, 12) = Dg(0, 4)—3D(8, 12),
by (81), (80), (68), and (88). Apply Corollary 2 and (91):

92) U = 3-3ind 3 (mod 4),
—U = 1-ind 3 (mod 4),
93) = (=1]U) = @[p)s

Now apply (93) to (84):

= = (=1Y@2|p)s(U[3) = —(=1Y2|p)«@B|UX~-1|V)
= (=1YQ|p):BlU)3|p)s = (—1)(12|U)(6]p)s
= (=1YQU)E|U)6|p)s = (—=1)**~VI%(U| p)(6| p)a,
by Theorem 3,
= (= 1)+ @-1-2V2086U2| p), = (= 1) ¥ ~2"*(6(p—24V?)| p),
= (=D¥(=144V2|p)y = (= 1)(V?|p)s = (=1)'(V|p).
By Theorem 3,
(94) d=(-1)".
Equations (81) and (94) can be combined with equations (13)-(34) to give the
following summary of the relations between the Jacobi sums of order 24:
U+2(-6)2V = (—1YR(1, 11) = B%2R(1, 1)
= (=D"B**R(1, 7) = (—1)B*?**TR(1, 5),
—X+2(—1)Y2Y = R(6, 6) = B*2-5TR(2, 2)
= (—1)VBs2+3TR(2, 6) = B~STR(2, 10)
= BGZ+37’R(1’ 6) = (_])!B‘ZZ-PGTR(I, 10),
R(8,8) = B~*2R(4, 8) = (—1)VB22*3TR(2, 4)
= R(2,8) = (=1Y*"B~*R(1, 4),
R(1,2) = (—1Y*VB~3TR(1, 8) = B~3Ta,R(1, 9)
= (—1)YB**~*asR(1, 3).
Given p=X2+4Y2=U?+24V?, ind 3 (mod 4) can be determined from X and

Y (see Theorem 1): ind 3=0 (mod 4) if and only if 3| Y. Then the sign of U can be
determined from (92).
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Now let e=15. Q(B) is an eighth-degree extension of Q. Since 1+ 8%+ B
=1+83+p%+p°+p12=0, a basis representation for R(1, v) is given in Figure 4:
B0, v)+ B(13, 5)+ B(14, v)— B( 8, v)—B( 9, v)— B(10, 1)’
B(1,v)+B( 8,v)—B(11, v)—B(13, v)

B(2, v)+B( 9, v)— B(12, v)— B(14, v)

B(3, v)+B(14, v)— B( 8, v)—B( 9, v)

B(4, v)+B( 8, v)— B(13, v)— B(14, v)

B(5, v)+B(13, v) - B( 8, v)— B(10, )

B(6, v)+ B(14, v)—B( 9, v)—B(11, v)

| B(7, v)+ B( 8, 5)+ B( 9, ©)— B(12, ©)— B(13, v) — B(l4, 1)
FIGURE 4

R(1,v) =

From (38) and (40),
az[ﬁ-SFR(l, 4)] = :B-SFR(I’ 4)°

14 14
B~SFR(1,4) = > B(i, 4)B~5F = > B(i+5F, 48",
i=0 i=0
14 14
oa[B~SFR(1, 4)] = > B(i, 98 ~1F = > B(8i+5F, 4.
i=0 i=0

Applying (62) to the B(i, 4) yields
B(1+5j,4) = B(4+5j,4), B2+5/,4) = B8+5,4), j=01,2
Define for j=0, 5, and 10
G, = B(j+5F, 4 —%[B(j+12+5F, 4)+ B(j+ 6 +5F, 4)],
H; = }[B(j+12+5F, 4)—B(j+6+5F, 4)].

By (61) and (69),
(9515) Go+Gs+Gyo = Bs(0, 4)—3[Bs(2, 4)+ Bs(1, 9)]=—1,
(96,5) Hy+H;+ H,, = Bs(2,4)—Bs(1,4) = 0.

B~3FR(1,4) and o3[8~37R(l, 4)] can be represented in terms of G, and H,,
j=0, 5, 10, as shown in Figure 5:

[ Go+Ho—2Hs— G0+ Hio'] - Go—Ho—Gs— Hs+2H,,]
2Hs—2H,, 2Hs—2H,,
—2H,+2H;s 2H,—2H,,
_sF _| 2H,—-2H;s -sF _| —2Ho+2H;,
B~%FR(1, 4)= 2H,—2H,, a2[B~5FR(1, 4))= 2H,—2H,,
Gs— Hs—Gio+ Ho —Gs—Hs+G1o+ Hyo
0 0
| —2H,+2Hs i | 2Ho—2Hy, _

FIGURE 5
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Equate coefficients of 8°:

(9715) Gs = G1o-
Then by (95),
(9815) Go = —1-2G;s.

Equate coefficients of 82:
4H, = 2Hs+2H,,.
By (96), 6H,=2(H,+ Hs+ H,0)=0. Hence
(99:5) H, =0, Hy,= —H,
For brevity, let L,=B(i+ 3T, 2).

B-3TR(1,2) = § B(i, 2) -sr _ i B(i+3T, 2)p! = iLﬁi
i=0 i{=0

i=0

TLo+Lya+Lys—Lg—Ls—LyoT [ —1—3Gs—3H;7
Li+Lg—Ly;—Lys 4H;
La+Lo—Lya—Lys 2H;

g-orr(1,2) = |Letlu—Le—L g7 R(1, 4) = —2H,
Ly+Lg—Lys—Lys 4H
Ls+Lys—Ls—Lyo —2H;
Le+Lyy—Lg—Ly, 0
LL'I +Lg+Lo—Ly2—Liz—Lys ] L 2Hs |
FIGURE 6

Since by (40), 873TR(1, 2)=bB"5FR(1, 4), coefficients may be equated up to the
factor b. Adding the coefficients of 1, 82, and B¢ and subtracting the coefficients of
B2 and B° yields —1—3Gs—5H; and

Lo+Ls+Lg+Lo+Lyo+SLyy—Ly—Lg—Lg~Ly;—L,,—5SLg
= By(0, 2)— B3(2, 2)+5(L1s—Ls) = 5(L1s—Lg) -1,
by (61) and (69). Hence
(100,5) —1-3Gs = —b (mod 5).
B~5FR(1,4) = —1-3Gs+ Hs[-3+48+2p8%—283+48*—28%+28"]
= —1-3G;s+ Hs(—15)*2
(101,5) B-R(,4) = —M+N(=15"2, M =1+3G,, N = Hi.

p=M?+15N?, by (7). Combine with (100):
M = b (mod 5), M = 1 (mod 3).
(102) M = 1 (mod 15) implies b = 1, M = 4 (mod 15) implies b = —1.
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The relationships between the Jacobi sums of orders 15 and 30 will now be
summarized. The notation corresponding to e=30 will be used. The factor(—1)/
will be replaced by its equivalent 857,

R(2,2) = bB~12T-5FR(2, 10) = B~%*%0,3R(1, 14)

= B—ZZ+15T¢13R(1’ 7) = B-ZZ+15TR(1, 13)

= B-82+15T0.13R(1’ l) - BI4Z+9T013R(1, 3)

= B-iZ-GTolgR(l, 8) = B-42+12TR(1’ 2)

. B—4Z+5F623R(l’ 4) -_ B-2Z—ST+5F023R(2, 3)’
R(6, 6) = BSTR(2, 6) = B~122+8TR(1, 6)

= pB10Z+9T+SFR(] Q) = B-6Z+3TR(], 11)

= ﬁ—l22+6T023R(1’ 12),

R(lO, 10) = ,BIOZ'SF.R(I, 10) = bﬁlzz+91'+5FR(1’ 5),

R(2,4) = bBST*5FR(2, 8).

All the Jacobi sums of order 30 can be expressed in terms of Jacobi sums of
lower orders. This property holds for Jacobi sums of orders 6, 10, 14, and 18, but
not 22 [3, p. 408], [4, pp. 372-373], [5, pp. 194-195].

To conclude, an application of the theory of cyclotomy of order 15 will be

presented. The proof given here is a variation of Emma Lehmer’s original proof of
Marguerite Dunton’s conjecture.

LemMMA Let z=g’ (mod p). For a fixedv, | Svse—1,
e=1
ind; (1-2°) = (p—1)2+ . uu, v). (mod ¢).
u=0

Proof. Define the set S,={n|2=n=<p-1,ind n=v(mod e)}. The zeros of
x’ —z° (mod p) are the elements of S,. Thus if 5, and [, denote the sum and
product, respectively, over the elements of S,,

x'—z* = ] (x—n) (mod p).
Set x=1:
1-2° = [ [ 1—n) (mod p).
ind (1-2°) = > ind (1-n) = find (=1)+ ind (n—1)

ind (-1)+ Zl u(u, v). = (p—-1)/2+ ef u(u, v). (mod e).

u=0 u=0

THEOREM 4. Let p=15f+1=M?2?+15N?2 and let 0=(1++/5)/2. Then 6 is a cubic
residue (mod p) if and only if N is a multiple of 3 [7, p. 138].
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Proof. Let e=15 and z=g’ (mod p).
(103;5) 0=Q0+45)2=1+22+2%2 = —2°—2° (mod p).

ind(1-2°) = Eo u(u, v),5 (mod 15),
since f is even.
(104,5) ind(1-2°) = tio [Bt+1, v)15—(32+2, v);5] (mod 3).
Adding once, then twice
s= 3, wons
(see (66)) to (104) gives

(105;5) ind(1-2)+f = i (32, v)15s—(32+1, v)15] (mod 3),

(106,5) ind(1-2")—f= i [(32+2, v)15— (31, v);5] (mod 3).

By (99) and (101),
4N = 2(Hs—H,,) = B(2+5F,4)—B(11+5F, 4)— B(7+5F, 4+ B(1+5F, 4)
= B(2+5F, 10)— B(11+5F, 10)— B(7+ 5F, 10)+ B(1 + 5F, 10),

by (68),
= ’io [(h, 24+ 5F—10h);s—(h, 11+ 5F—10h),s—(h, 7+ 5F—10h),5
+(h, 1+ 5F—10h);s],
by (60). In the last two terms of the above summation, replace 2 by A—1:
4N = :Z: [(h, 2+ 5F—10h);5—(h, 114+ SF—10h),s—(h—1, 2+ 5F—10h),5
) +(h—1, 114 5F—10h),5]
= 'ﬁo [(h, 2+ 5F+5h);5—(h—1, 2+ 5F+ 5h)ys— (h, 11+ 5F+5h),5
+(h—1, 11+ 5F+ 5h),5]
= 2 [(3t,2+5F);5—(3t+2,2+5F);5+(3t+1, 74+ 5F);5—(3t, 7+ 5F);5

+(3t+2,124+5F);5—(3t+1,12+5F);5— (31, 11+ 5F), 5+ (3t +2, 11+ 5F);5
—Bt+1,145F);5+(3t, 1+ 5F);5—(3t+2,6+5F);5+ (3t + 1,6+ 5F),5).
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Replace the cyclotomic numbers by their equivalents as given in (104), (105), and
(106):

4N = N = —ind (1 -22+%F)+f—ind (1 — 2" +5F)— f—ind (1 —z}2+5F)

+ind (1 -21*5F)—f+ind (1 — 2 *5F)+ f+ind (1 —28+5F)

—ind (1-2%)—ind (1-2z")—ind (1 —z**)+ind (1 —z)+ind (1 —2z?)
+ind (1-29)

—ind (1 +2z)—ind (1 +2z**)—ind (1+2°)

—ind (14+z)—ind (z*+1)—ind (z'2+2%) —ind z*

—ind (1+z+2*+2%—ind (z*2+2%)—14ind z

—ind (z+2z*—2z*%)+ind (z° +z°)+ind z (mod 3),

since 1+ 2°+2*°=0 (mod p) and (z*2+2%)(z°+2z%) = — 1 (mod p).

N

—ind z*°—ind (z26+2°—1)+ind (z°+2°) +ind z

—10ind z—ind (—(z%+2°)%)+ind (2°+2%)+ind z
— ind (—(z°+2z%))= —ind 6 (mod 3),

by (103).

Although the prime ideal decompositions of the Jacobi sums in Q(B) [5, Theorem
4] were not mentioned, they were used to advantage in this study. The Jacobi sums
were computed for a number of primes p. The numerical values were of considerable
value in formulating and later checking the results. These computations were
performed on facilities of the Computer Center of the University of Pittsburgh: the
IBM 7090/1401 system, partially supported by NSF grant G11309, and the IBM
360/50 system, supported in part by NIH grant FR-00250-01A1.
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