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1. Introduction. In this paper we shall consider the selfadjoint operator A

given by the negative Laplacian acting on functions that satisfy certain homo-

geneous boundary conditions in a class of domains with infinite boundaries in

AT-dimensional Euclidean space, RN (N^2). We shall construct two complete,

orthogonal sets of generalized eigenfunctions for the operator A. These generalized

eigenfunctions will be referred to as distorted plane waves. In a succeeding paper

we shall apply these results to scattering theory.

Distorted plane waves were first used in proving an expansion theorem by Ikebe

[6].. He treated the case of the Schroedinger operator -A+q(x) acting on L2(R3),

q(x) being a potential function. Distorted plane waves were also used by Shenk

[13] and Shizuta [14] in dealing with the operator —A acting on L2(D), D being the

exterior of a bounded domain with smooth boundary. In [13], it was proven that

for D^RN (N^2), this operator is unitarily equivalent to the operator -A acting

on L2(i?w). This result was also proven in a paper by Lax and Phillips [9] (for N

odd), employing a different method.

The domains Ü we are considering are perturbed infinite or semi-infinite cylin-

ders. Ü is contained in an infinite (or semi-infinite) cylinder S and obtained from

S by perturbing a finite portion of the boundary of S. The cylinder S may have

arbitrary cross-section.

We first consider the operator A0(A) given by -A acting on functions which

vanish on the boundary S(Ù) of S(Q). Separation of variables yields a complete,

orthogonal set of generalized eigenfunctions W°(x; X) for the operator A0. These

functions satisfy the boundary value problem:

(A + X)W£(x; X) = 0 in S,       W%(x; X) = 0 on S.

In §2, we use these generalized eigenfunctions in the usual manner to establish

a spectral representation for the operator A0. We easily conclude from this repre-

sentation that the spectrum of A0, a(A0), is absolutely continuous and m0(X), the

spectral multiplicity of each point A in o(A0) is finite, piecewise constant and non-

decreasing. Furthermore m0(X) -»-oo as A ->-oo.
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In §§3-5, we show, using the method of distorted plane waves that for a per-

turbed infinite cylinder O, the continuous part of the operator A, denoted by A0,

is unitarily equivalent to A0. In §3 we construct a set of generalized eigenfunctions

rVn(x; X) for the operator A. They are expressed in the form W„(x; X)= W°(x; X)

+ Vn(x;X). Vn(x; A), the "outgoing solutions", satisfy the boundary value

problem

(A + X)Vi(x; X) = 0 in Ü,       V¿(x; X) = - W°(x; X) on Q,

as well as certain " radiation conditions " at infinity. These conditions correspond

to the outgoing Sommerfeld radiation conditions associated with the exterior

problem. The functions V¿(x; X) are constructed with the aid of the principle of

limiting absorption, proven by Eidus [3] for a semi-infinite cylinder. A second

set of generalized eigenfunctions Wñ(x; X)= W°(x; X)+ V~(x; X) may be con-

structed in the same way. Here V~(x; X) satisfies certain "incoming radiation

conditions". The methods of potential theory used in [13] and [14] to establish

the existence of the distorted plane waves are not applicable here since the boundary

of Q. has infinite length.

In §§4 and 5 we construct a pair of spectral representations for the operator Ac,

using the generalized eigenfunctions W£(x; A). The main results of the paper are

embodied in Theorems 4.1 and 5.1. Lemma 4.2, which enables us to treat the case

WS: 4, is analogous to a result proven in [13].

In §6, we discuss the perturbed semi-infinite cylinder, proving all of the above

results for this case. In particular it follows that for a class of perturbed semi-

infiite cylinders O, considered by Rellich [11], for which A has no point eigen-

values, A is unitarily equivalent to A0.

In §7, we consider the more general class of boundary conditions

op(Xi,..., Xx) _    , -.  , ..
-07- — P\Xi, . ■ ., XN-i)p\\Xi, . . ., XN),

where p(xu..., xN_i)iíO and p is a piecewise continuous function. Results

analogous to those of §§3 and 4 are given for the operators A°0 and A" determined

by these boundary conditions.

Finally in §8 we consider a class of perturbed infinite (semi-infinite) cylinders D.,

which need not satisfy the condition QsS. In this case it is shown that there can

be at most a finite number of bounded linearly independent generalized eigen-

functions associated with any real number A. The proof is based on a generalized

Phragmen-Lindelöf Theorem, due to Lax [8], dealing with the solutions of elliptic

boundary value problems in a perturbed cylinder.

2. Preliminary results. The main result of this section is an expansion theorem,

dealing with functions square integrable in a cylinder. We begin with some

definitions.
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Suppose B is an arbitrary domain in RN with boundary B. Set x=(xx,..., xN),

x=(xx,..., xN-x). Thus x=(x, xN). For each function <p(x) in C"(5), and each

integer w = 0, set

wu»,=(2 f i^i'^r,
VlSm JB 1

where a = (a1.aN), \a\ = 2f=i <*>, each ay is a nonnegative integer, and

a|g|y(s)
DV =

axfi---ö^N

We denote by Hm(B) the closure of Cq(B) under the norm given by ||    ||m(fl).

We consider the Friedrichs extension, AB, of the operator given by -A acting on

C0X'(B). AB may be defined as follows. The domain of AB, D(AB), shall consist of all

functions p(x) in HX(B) for which there exists a function w(x) in H0(B)=L2(B)

satisfying the condition :

S      -¥--£-dx=     <pwdx
fa Jb 8Xj dXj JB T

for all (p(x) in HX(B). For each such p(x), set ABp.=w. It is well known [4] that the

operator AB is nonnegative.

Denote by S' the semi-infinite cylinder xw = 0, x e I, where / is a bounded N— 1

dimensional domain lying in the hyperplane xN = 0. We next obtain a spectral

representation for the operator As-. Consider the set of elements of the form

/={/n(st)}={/i(i), /2(f), • • •}, where each function /„(£) is square integrable over

(0,oo), and 2?-iJ"l/»(0la#<°°. For any two such elements /={/„(£)},

o={qn(0}, set

(f,q)H=  2   f"/»(oí»(fírff
n = l JO

Denote the resulting Hubert space by H.

Since the cylindrical cross-section / is a bounded N— 1 dimensional domain,

it follows that there exists a complete, countable, orthonormal set of eigenfunctions

for the operator A¡. Denote the eigenvalues of Av, ordered increasingly, by {vn}

and the corresponding orthonormal eigenfunctions by ^n(Jc). For each f(x) in

L2(S'), set

T0f = Urn. H-j        j     sin £xNijN(x)\f(x) dx,

where l.i.m. signifies that the limit is to be taken in the sense of the Hubert space H.

Denote r0/by/°={/n°(í)}.

For each element q={qn(f)} in H, set

(2\l/2 M      çc

l.i.m.      >       qn(£) sin £xNT¡n(x) d£,
TT/        M->oo¡{'-.oo  ¿Z?x Jo



4 C. I. GOLDSTEIN [January

where the limit is to be taken in the sense of L2(S'). We now state without proof

the expansion theorem referred to at the beginning of this section. It may be proven

in the same way as the ordinary Fourier expansion theorem for functions in

L2(R").

Theorem 2.1. T0 is a unitary transformation from L2(S') onto H. Ti = T0* = T0~1.

The functions w°(x; f) = (2/7r)1/2 sin ÇxNvn(x) constitute a set of generalized

eigenfunctions of the operator As,. w°(x; f) satisfies the boundary value problem

(A+£2+vn)w0n(x; a = 0,       wl(x; 0 = 0 on S'.

The functions w°(x; f) will be referred to as plane waves. Theorem 2.1 tells us that

they form a complete, orthogonal set of generalized eigenfunctions of As,. For each

function cp(x) in Cq(S'), it follows by integration by parts that

r0(-A«p) = {(e+vn)m)}.

For each n= 1, 2,..., make the substitution A=£2+vn. Set U0f={f°((X-vn)112)}

={#n(A)} for every function/(x) in L2(S'). By Theorem 2.1, we have:

mun = ii/°i& = 2 Jvn ign(A)i22(A_;Ji;2-

Set H' = ®™=1L2(vn,co; dXß(X-vn)112). It follows that U0 is a unitary mapping

from L2(S") onto H'. We also have UQ(As.f)={Xqn(X)} for each /in D(AS.). Thus

U0 gives a spectral representation of the selfadjoint operator As.. The spectrum

of As. is continuous and the spectral multiplicity m0(X) has the value n for

vnS Aon+1. Thus m0(X) jumps at each point vn and m0(X) ->co as A->co.

Analogous results hold for the operator As where S is an infinite cylinder, with

cross-section /. In this case, the generalized eigenfunctions w°(x; f) are given by

(2tt)"ll2eiix»T)n(x), where « = 1,2,..., and ¿jeR1. The completeness and orthog-

onality of these generalized eigenfunctions as well as the spectral representation

of As follows in the same way.

3. The distorted plane waves. We begin this section by defining precisely the

domains Q we shall be considering. Let £2 be a domain in RN composed of two

parts Qj and Q2. Suppose that Q satisfies the following conditions (see Figure 1).

Mß2 Qi     \i n2

_w_.
-h h

Figure 1
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(1) D is contained in the infinite cylinder S described in §1.

(2) Di is bounded and is contained in — hSxN^h (0<h).

(3) £22 coincides with S for h¿ \xN\.

(4) £2 is a C°° surfaced).

Let Q.XN (ÙX[I) represent that part of £2 (£2) in which \xN\¿xN. Let £2,1*$ (O*!**)

represent that part of £2 (£2) in which x],^xN¿ x%. Denote

1/lkoi,,, by ll/IL^,

for each fin Hm(QXll), with a similar notation for

\\fKnxbx%r

Finally, let lXN represent the intersection of £2 with the hyperplane xN=xN.

Denote As and An by A0 and A, respectively. A may have at most a countable

number of point eigenvalues {A,} of finite multiplicity(3). Denoting the orthonormal

eigenfunctions of A by {w¡(x)), we let P denote the projection operator taking

L2(£2) onto the subspace spanned by the eigenfunctions {w¡(x)}. Set AC = (I-P)A.

Thus Ac represents the continuous part of the operator A. We shall ultimately

prove that Ac is unitarily equivalent to A0.

In the remainder of this section we shall construct a set of generalized eigen-

functions (distorted plane waves) of the operator A. We begin by solving the

following boundary value problem:

(3.1) (-A- X)p.(x) = F(x) in £2,       n(x) = 0 on £2,

where A>0, F(x) e C°°(£2), and F(x)=0 for h<h'£\x„\. We proceed to solve

this boundary value problem, using the method of limiting absorption employed

by Eidus [3] in dealing with a perturbed semi-infinite cylinder.

For Xea(A), (3.1) will not always have a solution in L2(£2). We first define a

topological space x m which (3.1) is a well-posed problem. Consider the set of

functions f(x) defined in £2, which satisfy the following conditions:

(a) feH2°°(ü). (This means that for each compact interior subregion fi'cfl,

we have/e H2(Q.'), i.e., DafeL2(Q!) for |«| =2. By definition

11/11«,,=  2   f   \D"\2dx.)
|alS2 Jn'

(b) There exists a sequence of functions {/„(*)} such that fn e H\0C(Q.), fn(x)

vanishes in boundary strips along £2, and such that in any region £2,N, we have

\\fn—f\\i(xm -*■ 0. Denote the set of functions satisfying (a) and (b) by y\ We define

(2) Actually we need only assume that Ù belongs to class CN+2.

(3) The finite multiplicity follows from Theorem 8.1.
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a topology in the set y' as follows. A sequence {/„} in y' will be said to converge to

a function f(x) (written fnT^f) if:

(a) Wfn-fhmi -> 0 for each compact interior subregion Q', and

(b) l/»-/lW^0 for each *„.
Notice that this implies fe %'• We denote the resulting topological space by y.

For/in x, set If= -A/.
Let A denote all those real numbers contained in (vu oo), other than the sequence

{vn}, {Xn}. For each function p(x) in x, set

P1j+Xxn) =        p(x)r¡j(x)dx   for h' ^ xN

and set

P(fKxN) —        p(x)rjj(x)dx   for xN = -h'.
Jlx„

Now for A in A and e>0, set pe(x) = (A — X—ie)~1F(x). We shall show that as

e | 0, ps T* p, where p satisfies (3.1) as well as the following conditions:

(3.2) p^\xN) = CJ*> exp [-(Vi-Xy2\xN\],

(3.3) {¡x^T(Xn) = * C<i±KVi~ A)1'2 CXP [-(^-A)1/2l^l]

where CJ*' are constants, (vf—A)1/a= — /(A—v,)m, and A'^|jcw|. Thus /x(x) and

8p/dxN will be expressed as Fourier series :

CO

p(x) = 2 Ct exP [-(vi-x)mxNhj(x),
i = X

|¡r- 2 -C/^-Ay^expt-^.-A)1'2^]^),
°xN     fz\

for h'^xN, with a similar expansion for Xjy Ú —h'.

Lemma 3.1.

(p'},*Kxh) = C?±> exp [-(*,-\-i*yi*\xn\i

(^)(±W) = +Cf±Xvj-X-iey>2 exp [-(„,- x-iey2\xN\i

where Re (i>,— A—ie)112 >0, the C/(±) are constants, and h' ú\xN\.

To prove the lemma, we observe that: (1) the functions (p^Xxn) satisfy the

differential equation

d^p^ldxl-^-X-ie)^)^ - 0,

and (2) /xs(x) eL2(Q). Lemma 3.1 follows immediately from this.
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Theorem 3.1 (Uniqueness Theorem). Suppose X e A, rr<A<vf+1, p(x) e y, and

Ap = Xp. Suppose also that conditions (3.2) and (3.3) hold. Then p = 0.

Proof. We shall show that p(x) e L2(£2). This would imply that p = 0 since

A € A. It follows from (3.2) and (3.3) that the Fourier expansion of p(x) and

8p.¡dxN have the form

(14)   ¿x) = 2 Cf exp [i(Á-v,yi*xMx)+ 2   C/expf-^-A)1'^]^),
1=1 j=r+l

8p(x)

dxN
= i 2 C/ÍA-v,)1'2 exp [/(A-v,)1'2*^/*)

(3'5) - 2 crh-xyexpi-fr-ay'xsM*)
i = r+l

for h' í¡ xw. Similar expansions hold for Xnú—h'. Applying the divergence theorem

to the functions p(x) and ß(x), and making use of the facts that p=0 on £2 and

-Afx = Xp. in £2, we have by integrating over £2,N

Substituting the Fourier expansions for p(x) and ß(x) into (3.6), we obtain:

2» 2 |C;|2(A-.i)1'2 + 2/ 2 IQ-I^A-,,)1'2 = 0.
i=l 1=1

Hence C/=0, j=\,...,r. This shows that /¿(x) e L2(£2) and the theorem is

proven.   Q.E.D.

We next establish the existence of a solution to the boundary value problem

(3.1). Set

(3.7) p-e.Áx) = (A-X-v-ie)ll2F(x),       where e, v > 0, and A 6 A.

The proof of the following existence theorem will be based on certain elliptic

estimates, the Fourier expansions of the functions pe¡v, and Theorem 3.1.

Theorem 3.2. Suppose A e A. Then there exists a function p(x) e x such that

Pe.v j> p- as e, v -*■ 0. p. satisfies the equation Ap = Xp + F as well as the conditions

(3.2) and (3.3).

Proof. We first show that if h' < xN, then :

(3.8) IIms.vIIo^,,, = C       uniformly for e, v > 0.

Assume that (3.8) does not hold for a particular xN>h'. Then there exists a sub-

sequence {/xE>v} for which |rte,v||o(J;W) -*■ oo as e, v ->- 0. (In arguments of this type we

shall denote the members of the subsequence by the same letter as the members
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of the original sequence. Also, we shall denote different constants by the same

letter C when there is no danger of confusion.)

Set pl, = Pe,vl\\PsAo{XNy Thus we have

(3.9) ¡PtAoiXN) = 1,

and

(3.10) Ap* » = (X+v + ie)p*v + F*v,

where irs*v = -r?/||Mc,v||o(¿JV)- It is easy to show [3] that for 0<xN<xN, we have

(3.11) lk*vli(*w) ̂ c[\\pUoíxíi)+ \\^UoíxJ-

Using (3.9), (3.10), and (3.11), we have

(3.12) lf*?.»l|i(3ji> - ^       uniformly in e and v.

By the Rellich selection theorem, we may choose a subsequence {/**„} and a function

P* defined in £lXN satisfying the condition

(3.13) |/£.»-f**l«^„-»-0       as«,v-+0.

Since Ili^vlo^-^O, we conclude from (3.10), (3.11), and (3.13) that

(3.14) ||f**v—/**||it*K, -^- 0       for each 0 < xN < xN.

We next wish to extend the function p* to all of Q. and show that (3.14) holds for

every 0 < xN.

We have the following easily derived inequality

f   \pU2 dx ú r-r1^ lM?.v«oa<44)+2|^-^| Up,,
JixN \xN-xN\ " " || oxN bixpxj,)

*    112

1   2,

where xj, < xN < x%,h' ̂  x\. Thus {/4s, v} converges in the sense of L2(lXN) for

h'^xN<xN.By Lemma 2.1, we have

p*v=  2 CÍ-(e,v)exp[-(v,— X-V-ie)ll2xN]ylj(x)
; = i

(3.15)

=   2 Cr'(e,v)cxp[-(vj-X-V-ieyi2(xN-h')]r]j(x)
i=l

for A' = xN, where Re (v, - X - v - fe)1'2 > 0 for j = 1, 2,..., and Cf '(«, v) = C/ («, v)

•exp [—(vy—A—v—fe)1/aA']. Similarly for xN¿ —A'. The convergence in the sense of

L2(lh) and L2(Lh.) implies that for each/ there exist constants C]±Y such that

(3.16) %\Q*Y(*v)-Q**\*-+Q   ase,v^0.
j=i
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Also, (v,- À- ie - v)112 -*■ - /(A - Vj)112 for j g r and (V¡~X- ie - v)1'2 -> (vt - A)1'2

for j>r as e, v -> 0. It thus follows from (3.15) and (3.16) that

(3.17) Ir*f.v-M*llW-0

for each xN, where outside the domain £2r, p.* is defined as follows

P*(x)= 2 Cr'expiKX-Vjy^Xs-h')]^)

CO

+  2   Q+'exp[-(vi-A)1'2(xN-Ä')b/*)   for A' ^ *„, and
(3.18) ^r+1

/x*(x)= 2 Cr'exp[-i(X-Vjyi2(xN+h')]Vj(x)

oo

+  2   Cf'exp[(vj-Xyi2(xN+h')]r,j(x)   forxNú-h'.
j = r+l

We now apply the following inequality [10].

htA2ia.^ c[\\pUo^+\\^tÂo(a.,]

where £2" and £2' are arbitrary bounded interior subregions of £2 and £2"<=£2'.

We thus have pft , t*" /**. Therefore

(3.19) J/x* = A/**.

Since dp.*v/dxN = 0 on £2^2 for A'£? xj, < x?,, we may apply the preceding argu-

ments to the functions dpfJdxN and dp*/dxN to obtain

jj£ - i 2 C/(A-,í)1'2exp [¡(A-v,)1'2*^/*)

oo

-  2   C>+ ("' - A)1,Z exP I - (v¡ - xy,2xMx)   for A' Ú xN, and
i-r+l

|£ = -i 2 CfiA-v^exp [-/(A-,,)1'2*^/*)

(3.20)

+  2   Ci(vj-Xy2exp[(vj-Xyi2xN]rij(x)   forxN=-A'.
i = r+l

It follows from (3.18)—(3.20) and Theorem 3.1 that ju* = 0. This is impossible since

If**vIIo«*,,, = 1 and llft£v-/**||o(if,)->0. We have thus proven that ||^,V||0(ÍN)^C. _

It now follows as before that there exists a subsequence {/¿£>v} and a function

p(x) such that ¿i£iV 7^ p, and /¿(x) satisfies the conditions (3.2) and (3.3) as well

as the equation Â~p. = Xp + F. Theorem 3.1 implies that the original sequence {/u.e>v}

converges in the sense of x to p.(x). The theorem is thus proven.   Q.E.D.

We may generalize Theorem 3.2 in the following manner. Define Ax to be the

set of all complex numbers A in the upper half plane (Im A ä 0) other than the

sequences {A„} and {vn}. Let AB represent an arbitrary bounded subset of Alt
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Instead of a single function F(x), we consider a sequence of functions F¡(x) such that

each Fj e C"°(ß) and F}(x)=s0 for h'^\xN\ (A' being the same for ally). For each

A in A, let p¡(x; X) be the solution of the equation Apj = Xpj+Fj, which satisfies

the conditions (3.2) and (3.3). If A is nonreal, set pf(x; X) = (A — X)~1Fj.

Theorem 3.3. (a) Suppose ||F,||0(n)^C V/=l, 2,.... Then ¡p,(- ; A)||0<il,)áC

for each xN. The constant C is independent of the function pt(x; X) for each X in AB,

7=1,2,....

(b) Suppose \Fj — Foilo(n) "*" 0 ar,d ^ -*■ A0 asj^-ao, where X' e AB, j=0, 1.

Then \\p¡(- ; A>)-/*0(- ; A°)lloc¿w) -> Ofor each xN.

Theorem 3.3 can be proven in exactly the same way as Theorem 3.2. We are

now in a position to construct the basic tools to be used in our expansion theorem.

These are the generalized eigenfunctions of the operator A, to be denoted by

w¿(x; í). w+(x; Ç) will be expressed in the form w¿(x; 0 = K(x; D + itfC*; £)>

where v¿(x; f) is to satisfy the conditions (3.2) and (3.3) with A=<f2 + t;n (assuming

^Vj, 7= 1,2,...). v¿(x; $) will be constructed as a solution to the boundary

value problem

[ - A - (e + vn)K+(x ; fl = 0,       v: (x ; f ) = - w°n(x ; i)

on Q. To do this, we use Theorem 3.2 and a standard argument for converting a

homogeneous equation with nonzero boundary conditions into an inhomogeneous

equation with zero boundary conditions.

Let (,(xN) be a "cutoff" function satisfying the following conditions:

(a) Kx^eC'iR1);

(b) {(*„) = 0 for A' è |**|;

(c) £(**) = 1 for \xN\ = A.

For xe Í2, set Gn(x; t) = Z(xN)wl(x; & and Fn(x; 0 = [-A-(cf2 + ^)]Gn(x; fl.

Note that

(3.21) \\Gn(x; £)||0(O) ̂  C.

Suppose that H2 + vne A. By Theorems 3.1 and 3.2, we have a unique solution

¿¿„(x; I) in x of the equation

Apn(x; 0 = ($2 + vn)pn(x; 0 + Fn(x; f),

such that jnn(x; f) satisfies (3.2) and (3.3). Set

vn(x; 0 = pn(x; £)-Gn(x; £), and

(3.22)
wn(x; 0 = w°(x; £) + vn(x; Ç).

We thus have wn(x; <f)=0 on Ù, and [A + (£2+vn)]wn(x; cf) = 0. The functions

wn(x; <f) will be referred to as distorted plane waves.
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We shall also need the following set of functions. Let k be a complex number

such that Im k > 0. Set

(3.23) Fn(x; Í; k) = (- A - *)Gn(x ; ft

(3.24) pn(x; i; k) = (A-K)^Fn(x; §; k),

(3.25) vn(x; (; k) = -Gn(x; |)+/*„(*; i; k),

and

(3.26) wn(x;£;<<) = <(x; £) + vn(x; (; #c).

Set vn(x; Ç; Ç2 + vn) = vn(x; f) and wn(x; £; P + i'J = wn(x; £) for P + vn g A.

Note. ( 1 ) wn(x ; | ; k) = 0 on £2 and satisfies the equation ( - A - £2 - yn) w„(x ; £ ; k)

= (K-i2-vn)vn(x; Ç;k).

(2) It follows from Lemma 3.1 that t;n(x; £; k) dies down exponentially at

infinity.

(3) wn(x; f; k) is an "approximate eigenfunction" for k close to £2 + vn in the

sense that wn(x; Ç; k)-w„(x; £) 7^0 as k-*- f2 + iv This follows from Theorem

3.3..,

Theorem 3.4. Consider the set of numbers k in AB such that for each positive

integer j, we have Re (v¡ — k)1/2/0. We choose that square root for which

Ke(vj-Ky'2 >0,      7=1,2,....

TAew

(a) For eacA multi-index a = (ax,...,aN), there exists an integer Ma and a

constant Ca such that

(3.27) max | D°vn(x ;f;«)|áQf»+-vT«,

wAere Ca depends only on xN. D" signifies differentiation with respect to xx,..., xN.

(b) For each fixed complex number k such that Im k > 0, and for each a — (ax,...,an)

there exist constants Ca and da>0 and an integer Ma such that for all points x in £2

for which xN is sufficiently large we have

(3.28) \D°vn(x; f; K)| á (P + v^-C, exp [~daxN],

the constants being independent of f and n. They will, however, depend on k.

Proof, (a) It follows from the theory of elliptic equations [1] that for each w

in HX(B) where B is a bounded domain with sufficiently smooth boundary we

have

Mlz+a», = C[|[Aw||,m +\\w\\0(BJ provided ||Aw||/(B) < oo,

J being any nonnegative integer. Using Theorem 3.3, (3.21), and the definitions
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(3.23)-(3.25), it now follows by a simple induction argument that for each /, there

is some integer S7 such that \\vn(x; f ; K)\\J(iii) = C(è2 + vn)s'.

Applying Sobolev's theorem [15], we obtain (3.27). Part (a) is thus proven.

(b) By Lemma 3.1 we have

vn(x; S; k) » 2 ci+(£ ") exP [-(vJ-K)ll2xNhj(x)      for A' = xN,

(3.29) 1=1

= 2 Cr(.e,n)exp[(vj-K)ll!ixN]vj(x) for xN S -h'.
í-i

Using the expansions (3.29) and taking the integral of \vn(x; £; k)\2 over £1-Qh,,

we obtain the following estimate for c/f, ri):

(3.30) \Cj(è, ri)\ Ú C(è2 + vn) Re (v,-/c)1/2 exp [Re (v,-*)1/aA'].

We also have the following inequality

(3.31) max \D*n¿5£)\ â Cav)a{+N,
Sei

where Ca is a constant. Part (b) now follows from (3.29)-(3.31).   Q.E.D.

4. The expansion theorem. In §2, it was shown that the transformation To

given by T0<f>={¡s ij¡(x)w°(x; |) dx} for each \\> in Cô(S), may be used to diagonalize

the operator A 0. In this section, we shall prove an analogous result for the operator A.

We first define a transformation Tfrom the dense subset C¿°(ü) of L2(Q.) into the

Hubert space íí"=0"=1L2(-oo,oo, don), where don(Ç) = dÇ for each n. For every

function <p(x) in C¿°(ü), set

(4.1) Tcp = {£„(£)} = {£ v(x)wn(x ; f) dxj-

Denote the eigenvalues (in increasing order) and the corresponding orthonormal

eigenfunctions of A by A, and Wj(x), respectively. Given any function f(x) in L2(Q),

set

(4.2) /,= f f(x)Wj(x)dx.
Ja

Note that it follows from the Fourier expansions of the functions wf(x) that they

die down exponentially for \xN\ large.

We now state precisely the main result of this section.

Theorem 4.1. (i) The transformation T given by (4.1) may be extended to a

continuous mapping of L2(Q.) onto a subspace if of H. For each f(x) in L2(Q), we

have

Tf = l.i.m. { Í   f(x)wn(x; f) dx\ = {/B(¿)}.
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We also have

(4.3) ii/iiu = i7m+2i/>ia-

(ii) For Ax) in L3(Q),

(4.4)       f\x) =   l.i.m.   2       f     Me)Wn(x;0dÍ+lÁJta.2f,»Áx)-
6 f oo; a ; 0 ^ J J f oo    /T^

a < Í2 + v„ < ¡>

(iii) Given any bounded measurable function o(X), we have for each f(x) in L2(£2)

;   f  Wn(x; ewe+Vn)fM) & + 2 »¿xH^ji
J i=l

i2 + v„</

Also, f(x) e D(A) if and only if

2    r     lf2 + 'n|2|/nfâ|2#+2   WW<00.
n = l J-oo ¿ = 1

In this case, we have

2    j     »>Áx;$)(e + Vn)fÁ0dt+2 Hx)hfi

(4.5)   o(A)f = l.i.m.
/f co

4/" = l.i.m.
J f oo

«2 + v„</

In §5, we shall prove that the subspace ¥ of Theorem 4.1 is the entire space H.

The remainder of this section will be devoted to proving Theorem 4.1. Let {E,}

represent the spectral resolution associated with the selfadjoint operator A. Thus

£A+ = Eh, and A = J" A dEK. Theorem 4.1 will follow easily once we have proven

the following basic result. Suppose the interval [a, b] is a subset of A. Then

(4.6) «(£» + £»>, ?)«1)-i((£. + £«-)9>,9>)<n) = 2       |       l<Pn(i)|2C
a<i2 + v„<6

where <p(x) e C0CO(£2).

To prove (4.6), we use the well-known formula [16]:

(4.7) 2Í(Eb + Eb-)f,f)m-U(Ea + Ea-)f,f)(n) = l.i.m. î f \\R%-ief\\l^dr
e10    T Jo

for each f(x) in L2(£2), where Rx-U represents the resolvent of A, i.e., Rz-lef

= [A - (t - ie)] " y. Thus, the proof of (4.6) reduces to the evaluation of the limit

on the right hand side of (4.7). We begin by obtaining an expression for the

integrand \\R,-iM\î2^-

Suppose Im/oO, 93eC0°°(£2). Define the modified transform {<p„(£; «•)} as

follows :

(4.8) 0B(f ; k) =  i <p(x)ivn(x:; f; *) ¿x.

We shall denote by (#„(£ ; *))* the complex conjugate of (<p„(f ; *)).
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Lemma 4.1. Suppose cp(x) e C"(Q). Then

(a) <pn(f ; k) is continuous as a function of k for fixed $ and n, where ne Ax.

(b) |#„(f ; k)\ = (f2 + vn)2C, where MQ is an integer and C is a constant independent

of i, n, and i<for k in AB (a bounded subset of Aj).

The proof of Lemma 4.1 follows immediately from Theorems 3.3 and 3.4 and the

Definition (3.26) of wn(x; £; k).

Theorem 4.2. Suppose <p(x) e C^^). Then

(4.9) ||/MiE2(ß) = 5 T ltf"+".-«)"1Wf; «)!*«.
n=l J -<*>

where Im k > 0.

Proof. Denote by 3>' the set of elements q={qn(0) m r7 satisfying the conditions

(1) qn(g) = 0 for n^M, where M is some positive integer depending on q, (2) each

qn(£) £ Cq(R2), and (3) each qn(lf) vanishes in a neighborhood of the numbers £

for which i;2 + vn = vj or i2+vn = X¡, j= 1, 2,_Let 2 denote the dense subset

of L2(S) consisting of functions \\>(x) for which T°>p e 2>'. For iL(x) in 2, denote the

restriction of \h(x) to the domain £2 by i/>n. Since RK and R¿ are adjoints, we have :

(4.10) (RR<p, &,)«,, = (<p, BJ.M)iay

Now RkUq) may be explicitly given by the formula

(4.11)       w*) = *»(*;.)= If mf';h:)d(
n-i J- <*> S   ~+vn     K

for x in Ü. To see that (4.11) is true, we differentiate the series term wise under the

integral sign and observe that wn(x; f ; k) satisfies the differential equation

(4.12) (-A-K)wn(x; {; k) = (e2 + Vn-K)w°n(x; f),

as well as the boundary conditions wn(x; f ; k) = 0 on Ù. Thus

(4.13) (-A-k)R,(x; k) = 2  r  #«K(x; É) de = 4>(x)      for x in Q,
n = l J-a>

and

(4.14) R*(x;k) = 0   on D.

It follows immediately from Theorem 3.4 and integration by parts that R^,(x; k)

and its first and second derivatives are square integrable. We have thus completed

the proof of (4.11).

Now substitute (4.11) in equation (4.10) and interchange the order of the
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summation and integrations on the right hand side. (This may be justified using

Fubini's theorem.) Thus

(%Wffl= 2 F (F+vn-ty'MtiKMiordi
(4.15) »«W-«

= ((P + ̂ -^ + Vn-*)-1^;*),   föOXF + VnY)*

where J is an integer chosen sufficiently large that

{(F + vn)-\e + vn-K)-!&(£; k)} e H.

The fact that there exists such a J follows from Lemma 4.1 and the following

estimate, [2]:

CO j

(4.16) 2 ~^ñ < co      f°r some mteger/„•

We extend R¿<p to a function R%p defined in all of S as follows :

Rg<p(x) = R¿<p(x)       for x in £2,
(4.17)

= 0 forxinS-Q.

Hence

(4.18)      (R&, <A)(S) = ((P + vn)-\e +vn-H)-^„(f ; k), $(|)(£2 + ".)%•

The isometric property of the transformation T0 yields

(4.19)        (R%p, 4>u = ((e+vn)-j(Ri<pm), (i8+vBy^(D)«.

The elements {(I2 + O^SiO}» <Ae-®, are clearly dense in H. Comparing (4.18)

and (4.19), we conclude:

(4.20) (Rï9)à = {(f* + vn-R)- V„(f ; *)}.

Since Af<p = 0 in S— £2, equation (4.20) and the unitarity of T0 imply

ML«» = ll^||l2(S, = ¡(RwWh = 2 f lttt+".-*)-1«i;*)l,#
„ = 1 J-oo

This completes the proof of the theorem.   Q.E.D.

Theorem 4.3. For eacA <p(x) in Co°(£2), equation (4.6) Ao/¿fe, i.e.,

¿((A + W, 9)o<n,-K(£a + £a-)«P, 9>)o(n) =  2 J l^)!2 #»
a<£2 + v„<&

wAere [a, b] e A.

Proof. Let A[a>6] represent the set of complex numbers k = t + íc satisfying the

conditions

(1) a^r^b,

(2) 0<e^e0.



■d(dr

I2

de

(4.22)   limE-\b\\Ri_iM\l2{Cl)dr = 2        f      {{mlVMr^
*2_i_ ,.    <hj.i
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Suppose K = r + ie e AfajW. Then by Theorem 4.2, we have

6|07Tja E I 0 7T Ja  n = 1 J - <°        |f    +VB-K|

iioir^j.« Ja (f2 + vn-T)2 +

(where we used Fubini's theorem and Lemma 4.1 to interchange the order of the

integrations and the summation). It will follow from Lemma 4.2 that

(4.21) lim i 2       f       f'yi;K)l\t1 = 0.
e\orr¿* J Ja (f+ v„-t)2 + £2

i2+v„ä&+l

Now employing (4.21), we obtain

iionJa ($2 + vn-'
Í2 + V„S&+1

We next make use of the following result [17]: If/(-r, e) is a continuous function

of r and e for 0^e^eo> and a^rSß, then

(4.23) lim- Ç /}r,Íd\ = 0 ifA<aorß<A,
slOTTja(A-T)2 + e2

= f(A, 0)    ifa<A<ß.

In our case, for each fixed £ and n, set f(r, e)=|<p„(£; T + /e)|2. By Lemma 4.1,

9>n(f ; k) is continuous in k for fixed £ and n. Consequently (4.23) yields:

(4.24) lim - f lyn(l; r+fe)|a dr = 0 .f    +     < a or p        >

= |^n(a|2   ifa<í2 + rn<6.

We conclude from (4.22) and (4.24):

(4.25) lim - f \\Ri-iM\lw dr = 2        f      l«Pn(0|2 *
a<{2 + Vn<!>

Combining (4.25) with (4.7) we see that the theorem will be proven as soon as we

establish the equality (4.21).

Lemma 4.2. For each <p in C0°°(ß)

<«» taJ2      f     fP«H
e^OTr-^ J Jo U   +Vn—T)   +E

{2 + v„&ö+l

wAere /c=T + fe e A[aiW.

Proof. We shall first prove that
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C being independent of k in AtajW. It follows from the definitions of #£(£) and

<P„(£ k) that

9n(i; k) - fâ(i) =  f vn(x; £; k)<p(x) ¿x.

Let S? be the set of functions 4>(x) defined in S and satisfying the condition that

A%(tf>) e D(AQ), i.e., Am>/> e L2(S) and Am</i=0 on S for each w=0, 1,.... Then

2 f #(»»(*; *))*-($(ö)*]# = 2 f toíf ^(*;f;4K*)¿*U,
n=l J-oo n = l J - oo LJs J

where B=support of <p(x) and </<(x) e <$. We may use the fact that

2   f   le + vMtt)]2 de < oo       for ; = 1, 2,...,
n=l J-oo

as well as Theorem 3.4 and Fubini's theorem to interchange the^order of the

integrations and summation on the right hand side. Setting

(4.27) U,(x; k) = 2   f  fà(Q»n(x; t\ x) de,

ive

2   f   »[(¿»(I; *))*-(£»W]^ =  f*(Jc)l7#(jc;ic)áx.
n=l J -oo «/B

we thus have

Therefore

Ico       «o, 12

2     &(«»(f; »or-œ»*]#
n=l J- oo

(4.28) á (Jb |<p(x)|2 <**)(£ | i/,(x; k)\2 dx)

^ C f |£^(x;k)|2¿x,

the constant C being independent of * in Ato>H.

We wish to show that the integral on the right hand side of (4.28) is bounded

uniformly with respect to k in A[0>6]. We denote by GK(x; y), Green's function for

the operator A — k, where the parameter point y is confined to the set B. Now

Iff e C°°(£2), Uw(x; k)= -<j>(x) on £2 and ^(x) = 0 on Ù.-Ù'h. Hence for each y in

B, we have

(4.29) Uw(y; k) = - J.  0(x) 8-M^ll dSx,

where sx represents arc length along £2, and n represents the outward directed

normal on £2. We now prove that

/* ™\ dGK(x; y)(4.30) max     —7H
xeà-k; yeB ^n

i c.
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Let G°(x;y) denote Green's function for the operator A0. It follows from the

results in a paper by Tikhonov and Samarskiy(4) [12] that

max
xeá'h; yeB

dG°K(x;y)

dn
â C,

where C is independent of k for all k in A[0>M. We shall prove (4.30) by showing

that the function HK(x; y) = GK(x; y) — G°(x; y) satisfies the inequality

(4.31) max
xeàl; yeB

8HK(x;y)

dn
é C,

uniformly in k.

We obtain an expression for HK(x;y) in terms of the functions v£(x; £; k) as

follows. Let T(x) be a "cutoff" function satisfying the following conditions:

(a) T(x) = 0 in a neighborhood of B.

(b) T(x) = 1 in a neighborhood of £2^.

(c) T(x)=0for \xN\>h.

(d) For each xN in R1 and x e /, we have DT(xN, x) = 0, where D" represents

any derivative with respect to the variables xu..., jcw_x.

It is easily seen that the function T(x)Gi(x; y)e<S for each fixed point v in B.

We now consider the function Uro°(x; v; k). From the definition (4.27) of the

function U$(x; k), it follows that ( — A — k)U^(x; k) = 0 in £2 and U#(x; k) = — </>(x)

on £2. Thus (—Ax — K)UrG°(x; y; «r) = 0 in £2 and Ura°(x; y; k)= — G°(x; y) for

x on £2, where àx denotes differentiation with respect to the variables x1;..., xN.

We have thus shown that HK(x; y)=UrGo(x; y; k), i.e., GK(x; y) = G°(x; y)

+ UrGo(x; y; k). Using the fact that T0 is isometric and

|| Ax(r(x)G°K(x; y))||i2(S) Ú C,       for each m = 0,1,...,

we conclude that

OO «oO

(4.32) 2 \(e2 + ̂ )m(rG°X(0\2d^C.
n=l J -co

Estimate (4.32), the definition (3.27) of U^x; k), the properties of vn(x; Ç; k)

given by Theorem 3.4(a); and the Schwarz inequality imply:

(4.33) max    \DxUra°(x; y; k)\ =    max    \DxHK(x;y)\ Ú C,
xeñ'h;yeB xeà"h;yeB

the constant C being independent of « in A[0>6] and v in B. The estimate (4.30) now

follows immediately.

(4) Furthermore, explicit representations are given for Gi(x;y). For example, it is shown

that for the case N= 3,

Goix. y) =  V Vn(x)yn(y) exp [-(yn-K)lla\xN-yN\]

n = l ir»-*)1*
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Combining (4.28), (4.29), and (4.30), we have:

(4.34)       I 2  r   <í>0n(m(<PÁt;K))*-(<P0n(Or]dC 'ÚC\,   \Kx)\2 dsx.
I n = l J - » Jo»

We next employ the following estimates :

f i^)ij<fe^cic i c\\(-A+miS)

= c2 r \(i+e+vn)\2mo\2di
n=xJ-«

Hence, for each ifi(x) in ^, we have

00 /.go

(4.35)

2 f" #(»»(£; *))*-(#(¿))*]#
n = l J-o>

^cf   f   |^(í)|2(l + P + ,n)2^.

The constant C depends only on <p.

Set on(0 = (l + í2 + v„)^n(í). We may express (4.35) as follows:

(436) | f r <ufimt;&-m<m* 'sc j r la({)r¿f.
|n=lJ-°° I+Sivn n = iJ-oo

Now the set of elements {ßn(f)} = {(l + £2 + "n)$i(f)} (where i/<(;c) may be any

function in @) is dense in H since the elements (-A+ l)<fi(x) clearly form a dense

subset of L2(S) and T0 is an isometry. Therefore (4.36) holds for all elements in

H and in particular for the elements

[?.(£;*)-yfi(fll
ÏÏ+¥+v7)

(It follows from (4.9) that this element belongs to H.)

Applying (4.36) to these elements, we have the estimate (4.26). From this it

follows immedately that

\Uè;«)\2de ,.
-e+^y =

f r \ue
„4J— (i+'

Since C is independent of k in A[0>H, we may now conclude that (4.21) holds for

each <p(x) in C%(Q).   Q.E.D.

Having completed the proof of Theorem 4.3, we are now in a position to prove

the expansion theorem.

Proof of Theorem 4.1. (i) Suppose [a0, b0] e A. By Theorem 4.3, we have for

each <p(x) in Co(ü),

\((Eb0 + EbE)<p, 9U-J((Eao + Ea-)<p, 9)(Q) = 2      j      \Mt)\2 dl
a0<i2 + vn<bo
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From this it follows easily from the spectral theorem [16] that

l&|2>(4.37) \\(Eb-Ea)<p\\2 = 2       Í       \M0\2dt+    2
a<?2 + v„<b '

where [a, b] need not belong to A now. Letting a j 0, b f oo, we conclude that

(4-38) ||9llU>= 2  f   \M0\2dt+2 l*/la-
n = 1 J - oo j=i

This shows that the transformation T is continuous on a dense subset of L2(£2)

and it can be extended to a continuous mapping from L2(D) onto a closed subspace Sf

of H. Given f(x) in L2(£2), set Tf= {/n(f )}• The remainder of part (i) now follows

easily.

(ii) Suppose i/<(x) e Q°(£2), f(x) e L2(£2). It follows from equation (4.37) and the

polarization identity that

(4.39) ((Eb0-EJf,4>)m = 2        j      fnOMÁWdt,
a0 < i2 + vn < bo

where [a0, b0] e A. Using the definition of <£„(£) and interchanging the order of the

integrations and summation, we obtain

((Ebo-Eao)fii)m = (2    j    A(ë)wn(;f)d(,A   .
\     a<«2 + v„<6 /(n)

Since this is true for every </>(x) in C¿°(£2), we have proven the following result:

(Eb0 - Eao)f =2 j fnd)Wn(x; f) dt
a0 < Í2 + vn < t>o

It now follows immediately that for any interval [a, b] (not necessarily in A)

(4.40) (Eb-Ea)f=2       f      f«(Own(x;Od(+   2   //*/*)•

Letting a \- 0, b f oo, we see that part (ii) is proven.

(iii) Suppose [a0, b0] e A. Let Y[a0iiJo] denote the characteristic function of the

interval [a0, b0]. As a consequence of (4.39), we have for every pair of functions

/(x),o(x)inL2(£2):

(4.41) ((Ebo-Eao)fq\n) = 2       j       /.(Ofó»(¿))* di = (xwM)*,
o0 < Í2 + v„ < do

where YIao,6o/={y[ao,&o](f+ vn)/n(£)}. Let xiSw denote the orthogonal projection

of x[ao>„o]/onto the subspace 5? Set

¿so1 f- v        A-v*-5*)
Klaa,b0V  — Xla0,b0U     A[ao.(>o]-
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Equation (4.41) implies

(4.42) ((Eb0 - Eao)f q)m = (xZloif, <7)h-

Since [a0, b0] e A, we have

((Ebo-Eao)f, w,)(m = f (Eb0-EJAx^x)dx = 0      for j - 1,2,....
Ja

It therefore follows from (4.38) and the polarization identity that

(4.43) ((Eb0 - EJfi q\a) = (((Ebo - EJf)-, q)H.

A comparison of the last equation with (4.42) shows that

(4.44) ((Eb0-EJfr = xfâtj.

As a consequence of (4.37) we have

\\(Eb() — EaQ)f\\L2iCl) = ||y[a0,&o]/lfí

Also

i(£,0-£O0)/ii?2(n) = ¡((E^-E.jmuM = ¡xiïïtjn,

where we used (4.43) and (4.44). Hence Yia0,¡,0]/=Ao]/

We have thus shown that for f(x) in L2(Q), and [a0, b0] in A, the following

equation holds:

(4.45) ((Eb0 - EJfT = {xlao,bol? + -n)fn(0).

The rest of part (iii) now follows directly from the spectral theorem.   Q.E.D.

5. The unitarity of T. In the preceding section, it was not shown that the

subspace S? is all of H. This result will now be proven. We begin by proving that a

continuous linear transformation T' from H into L2(Q) may be defined in such a

manner that for each q={qn(ti)} m H:

(5.1) r? = l.i.m.T      f     qn(t)wn(x; $) d$.
b t <o J

i2+v„<i)

Suppose q = {qn(£)} e 2' (recall that the set 3>' was defined in the proof of

Theorem 4.2). Set

LQ(f) = (q,f)u = 2 fx i»(0(Jn »»fr t)Mdx) de,

where/e C0(0). It is easily seen that for each q in 2, Lq(f) is a continuous con-

jugate linear functional on Q'(ü). Extend it to all of L2(Q). Lg(f) now represents
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a bounded conjugate linear functional on L2(£2). Hence by the Riesz representation

theorem there exists a unique function q'(x) in L2(£2) such that

(5.2) LjJ) = (q',f\m.

It follows from this that T'q=q' for each q in 3>, where 7" is defined by (5.1).

2 is dense in H. It follows from (5.2) that 7" is continuous on 3>. Hence we may

extend T" to all of H. Equation (5.1) will now hold for each q in H.

Next suppose the operator A has exactly k linearly independent eigenfunctions

(0 = a:í£oo). Denote by I2 the Hubert space consisting of sequences of ^-tuples of

complex numbers with the usual inner product. Thus, if a = (ax,..., ak) e/j2 and

/3 = (jSl5..., ßk) e II then SU H2 <oo, 2JL, Ifrl2 <co, and («, £),2 = I?=1 «,ft. We
shall consider the direct sum H of the Hubert spaces H and /£. For each

$«{{?»(#},{?*}} in #, set

f'q(x) = l.i.m.
M | co

2      |      9n(£>w„(x; £) <# + 2 (frw/x)
Í2+V„EM í_

î'qeL2(tt). For each/(x) in L2(£2), set 7>={{/„(£)}, {/,}}. It follows fromTheorem

4.1 that f is an isometry from L2(£2) onto &=y ® 1%<=H.

Theorem 5.1. Suppose qe H. Then

(5.3) ff'q = q.

Note. It is an immediate consequence of this theorem that H=Sr°. The following

proof is analogous to that given by Ikebe for the operator —A associated with the

exterior problem [5].

Proof. Set y = {{yn(e)},{y,}} = q-TT'q. We shall show that y = 0. Making use

of the unitarity of the transformation TX = T0~1, it is clearly sufficient to show that

(5.4) 0 = Txy = l.i.m. 2     f    yMX(x-A)di,
i2 + v„Si)

and

(5.5) y, = 0,      y- 1,2,...,*.

We shall begin by establishing the equation

(5.6) 2    /    y»(£X(*;D# = o,

where [a, ß] e A.

For any point x in £2,' set

Zm(x) = 2 yn(ÍK(*; ¿!)d£+  2   7jVV;(x),

and

(5.7) ««4-Z    J    f^|*+2^.
{»+-y»Sm   ' AiS"
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where k = t+u, e>0. It is obvious that (—A — K)Zm(x; x) = zm(x) and Zm(x; k) = 0

on Q. Clearly zm(x) and Zm(x; k) e L2(Q). Thus Zm(x; k) = (A-k)'1zm(x). As

m->oo, zm~^T'y = T'g — f'T(T'g) = 0 in L2(Q) by Theorem 4.1, part (ii). Since

\\Zm(-, K)IL2«j)^C||zm||L2(£i), we have

(5.8) Zm(x; k)->0 in L2(Q.)       asm-^oo.

Let D be an arbitrary bounded, measurable subset of Q.. Then (5.7) and (5.8)

give

(5.9)

0 = lim
m-> oo

lim

Zm(x;K)dx
Jd

f dx\2   f   ^^(o^+v^
is + v,Sm

AySm    "Í

„~Ti J - « Ç + vn - k JD /f i A;- - k JD

Set

P°(e) =      wn(x;e)dx,       pf =      w/x)<&.
Jd Jd

Clearly Mí)}, W}} e Ä, i.e.

co *c» /c

2     \pDn(ewde+2 \p?\2<*-
n = l J- oo i=1

It now follows from (5.9) that

(„0) SJ-jgjffla^Jrf.a
n=lw-coST^^n      "■ ;' = 1    V

Replace «r by ic in (5.10), then subtract, integrate with respect to t from a to j8,

and take the limit as £ j 0. Using the dominated convergence theorem, (4.23),

and the fact that

co        »oo k

2     WniOPÁey de+ 2 Iwf I
n = l J-co j = i

i   œ       »o, \ 1/2/   co       »»o \ 1/2

^ 2     \yMVde) [2     irffâi2
\n = lJ-co /       \n = iJ-co /

(fc \ 1/2 /  k \

IM') {lw?r) < oo,
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we obtain

= 2/J f Yn(e)pS(t)tim{',p°dTC.
n=lJ-oo c|0ja   (£   +"„—■

dj_

rf + i
(5.11)

* re       £ dr
+ 2/ 2, y>P? um      7T—32—2"

/fi e|oJ„ (Ay —t)  +e

= 2« £ rfx/2    J"     y„(¿K(*; 0 #]+o,

where we used the fact that Ay <£ [a, ß] for7= 1,2,..., k. Since D is arbitrary, this

implies (5.6).

We now prove (5.4). Given any p^vx, (5.6) implies that for e>0,

2 j Yn(è)Wn(x; i) de = 0,
p-E<i2 + vn<p + e

where v¡, X¡ £ [p-e, p + e] for j= 1, 2,..., k. Substituting X=vn+£2,  and  then

letting e j 0, we conclude

rt ,-v   n _ § y„((p->v)1,2K(x; (p-Oi;2)+yn(-(p-^)1/2)H'n(x; -(p->01/2)

(3A¿)     V-    £ Xn-vAU22(P-vny

where vNß<p<vNp+vp e A, and x e £2.

Now set

,     v      v yn((p—n)lj2)<(x;(P-vn)1/2) + yn(-(p-Vn)1,2)wg(x; -(p~v)1/2)
M*'p) = Á-W^F2-

for vJVfl<p<vJV<) + 1, /> in A, and x in S. p(x; p) e C2(S) and p(x; p)=0 on 5. Also

—AjLt = /3/x. From (5.12) and the definition of wn(x;(X-vn)112) it follows that for

all x in (2

,„. v        ^ y,((p-y.)1,aK(*; (p-"n)1,2)+rn(-(p-^)1,2K(x; -(p-.,,)1'2)

M*. p) = - 2-2r„-,_w2-
n = l

2(p—„)1/a

Thus ju(x; p) satisfies the radiation conditions (3.2) and (3.3) for \xN\ sufficiently

large. Therefore, by Theorem 3.1, we have

0 = p(x; p)

[yn((p-*v)1/2K(x; (p-^)1/2)+yn(-(p->v)1,2K(x; -(P-vn)112)]
(5.13)

'    L/nUP — "nJ     J",nK^,Kp — "vJ     J-
2(p-01/2

= 2
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fv».+i  y[

Jv« n = i

Integrating with respect to p from vNp to vNp + x gives

(5.14) 0 =

"  K(X; (P-Vnyi2)yn((P-Vnyl2)+W0n(x;  -(P-Vn)1,2)yn(-(P-Vn)1/2)]   ,-W^F2-*

for each positive integer Np. Finally, letting A„->oo, we conclude from (5.14)

that for each x in S, we have

n     v r [<(x;(p-vny,2)yn((p-vny¡2) + <(x; -(p-vJ1")/^-^-^3)] ,

Substituting p=e*+vn, we have 0=2». jr. K(x; fly„(i)«/f This gives (5.4).

Therefore

(5.15) {yn(0} s 0.

Finally we prove (5.5). Suppose A/ = A/ + 1= • • -=A/+S is an eigenvalue of A

of multiplicity s+l. Choose an interval [a, ß] such that X¡ e [a, ß] for J^j-J+s,

and A; £ [a, ß] for j<J and j>J+s. Repeating the argument used to derive (5.11)

and employing (5.15) we conclude that ¡D 2¡=o y/+iW/+t(x) dx=0. Since D is

arbitrary, it follows that 2?-i Yj+íwj+i(x)=0. Using the fact that {wJ+i(x)}

(i=0,..., S) are linearly independent, we have proven (5.5). This completes the

proof of Theorem 5.1.   Q.E.D.

The results of §2 together with Theorems 4.1 and 5.1 show that the operators

A0 and Ac (the continuous part of the operator A) are unitarily equivalent. The

functions wn(x; f) form a complete, orthogonal set of generalized eigenfunctions

of the operator Ac. Denote the functions wn(x; e) and vn(x; f) by w¿(x; |) and

v£(x; e), respectively. The behavior of v}(x; ¿f) for \xN\ sufficiently large is described

by the "outgoing" radiation conditions (3.2) and (3.3).

We may obtain another complete, orthogonal set of generalized eigenfunctions

w~(x; e) = w°(x;e) + vñ(x;e) in the same way. To construct the "incoming"

solutions vñ(x; e) we would prove a theorem analogous to Theorem 3.2 (in this

case we would have e<0). The functions v~(x; e) constructed in this manner have

the following Fourier expansions

oo

»»(*; 0 - 2 dt exp \-(vi-(e2 + v^Y2xi,-\r]j(x),       for A' ^ xN,

(5.16)
= 2 dj exp {(vi-(e2 + vn)y'2xN]r,j(x),       for xN í -h';

i = x

^£p = 2 -^("i-(^2+-n))1/2exP [-(Vj-(e2+vn)y'2xN]Vi(x),

(5.17) for A' = xN,

= 2 d7(vi-(e2+^))ll2^[(^-(e2+vn)y>2xN}rlj(x),
1=1

for xN Ú -A',

where dp, dj are constants, fo-(f 4-«'„))1'a=i(£a4-vB-»v)1'a, and e2 + vn e A.
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6. Remarks concerning a semi-infinite cylinder. Suppose now that the unper-

turbed domain is the semi-infinite cylinder S' described in §2. The perturbed

domain £2' may be defined as follows :

(i) Û'=S',
(ii) £2' = S'for AaxN, and

(iii) £2' is a C°° surface in RN.

Denote the operators As- and Aa by A0 and A respectively.

The functions w°(x; i) = (2/n)112 sin tjxNrin(x) were shown in §2 to form a complete,

orthogonal set of generalized eigenfunctions for A0. Using the same arguments as

in §§3-5, we can prove results analogous to Theorem 4.1 and Theorem 5.1. In

this case the distorted plane waves w£(x; f) have the form w£(x; i) = w°(x; £)

+ Vn(x; I), where the functions v*(x; {) (vñ(x; £)) satisfy "outgoing" ("incom-

ing") radiation conditions for h<h'^xN, similar to those given by the Fourier

expansions (3.4), (3.5) ((5.16), (5.17)). It thus follows that the operator Ac is

unitarily equivalent to the operator A0.

We now state some known results concerning the point eigenvalues of the opera-

tor A. First of all, there are no point eigenvalues in the interval (—oo, vx). Hence

the spectrum consists entirely of the interval [vx,<x>). This follows from results in

a paper by Jones [7]. This does not rule out the possibility of point eigenvalues

embedded in the continuous spectrum. There are no point eigenvalues at all,

however, when £2' satisfies the following additional condition:

cos <p(s) ¿ 0 for each point x(S) on £2',

where <p(s) is the angle between the exterior normal to £2' and the positive xw-axis.

This was first proven by Rellich [11]. In this case it follows from our results that

A is unitarily equivalent to A0.

7. More general boundary conditions. Let us now consider a different class of

boundary conditions of the form

(7.1) dpjdn = pp.,

where p = p(xx,..., xN-x) is a piecewise continuous function, p^O, and n is the

outward directed normal from the boundary of the domain. The domains under

consideration are the infinite cylinder S1 described in §2 and the perturbed infinite

cylinder £2 described in-§3.

We first define precisely an operator A^ given by —A acting on functions that

satisfy the boundary condition (7.1) on the boundary B of a domain B in RN. Set

D(A(f) = {<p(x) | 9 e C\B uB)n C2(B), D"<p = 0(\x\ ">)   for j = 1, 2,...,

|a| S 2 and |x| large, dy\dn-p<p = 0 on B, Ay eL2(B)}

and set A(¿y= -Aç> for 9 in D(A(¿y). It follows from Green's formula that A{gY is a

positive, symmetric operator. We now define AB^ to be the closure of A{gY. It is

easily seen that A'-f is a positive, self adjoint operator.
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Set A(s0) = A(¿'), and A^ = Alp\ As in §2, we may exhibit explicitly a complete,

orthogonal set of generalized eigenfunctions w°(x; e) for the operator A(0P). Denote

by Vn(x) a complete, orthonormal set of eigenfunctions for the operator A\p),

with corresponding eigenvalues vn (I being the cross-section of S). Suppose

vi*v»£ ■ • •. Then w°n(x; Q-Q*)-im eiix»Vn(x).

We may construct two sets of generalized eigenfunctions w„(x; e) for the

operator A{p) exactly as in §3. Again the key result is the fact that the boundary

value problem (—A — X)p = F, 8p/8h = pp on Ú has a unique solution subject to

the appropriate radiation conditions at infinity, where F(x) = 0 for h<h'fk\xN\

and Fe Cœ(Q). We also assume that vr< X<vr + 1 and A/A, fory'=l, 2,..., where

{A;} represent the eigenvalues of A(p\ The proof is the same as that of Theorem 3.2.

Thus we may construct two sets of generalized eigenfunctions w£(x; e)

= w°(x; e) + Vn(x; e), where v¿(x; e) (vñ(x;í)) may be expanded in Fourier

series of the form (3.4), (3.5), ((5.16), (5.17)). Now, denoting the eigenfunctions

of A(p) by w,(x), we may show that the results of Theorems 4.1 and 5.1 remain

true in this case. All of the proofs in §§4 and 5 go over essentially unchanged.

8. More general domains. Again we shall consider a perturbed infinite cylinder,

Ü, in RN. (The same arguments would go through for a perturbed semi-infinite

cylinder.) In this case, however, we do not stipulate that Q be contained in an

infinite cylinder. Thus il need only satisfy the following two conditions (see

Figure 2).

(1) 11 = 5 for \xN\^h,

(2) Ù is a C2 surface.

-O-
¡    !
J       a

Figure 2

We shall show that for A real there can be at most a finite number of bounded

linearly independent solutions of the boundary value problem

(8.1) (A + X)p = 0       in Ü,

(8.2) p = 0       on Ù.
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(Actually the result proven in Theorem 8.1 is stronger than that stated above.)

We begin with the following lemma:

Lemma 8.1. Suppose p(x) is a real-valued function defined in  £2 such  that

p(x) e L2(£2) and p(x) is a solution of the boundary value problem :

(8.3) Aja + axp + a2 dp/8xN = 0       in £2,

(8.4) p. = 0       on £2,

vvAere ax, a2 are real constants. Then there exists a constant C, independent of the

function p(x) such that

(8-5) Hi(n) = ch\\om-

Proof. The divergence theorem, combined with (8.3) and (8.4), yields

f   |VH2¿x=2 Í   IS 2dx
Ja, iTl Jn, I °Xj

Using the fact that |a2p;(x) dp(x)/8xN\ ¿a2\p(x)\2/2 + $\dp(x)/dxN\2, we thus have

(8.6) i£ \Vp\2dx Ú jn {ax + ^\p(x)\2dx+ji fí(x)8-^dx-j¡   Kx)^dx.

Set JT=lir n(x)(dp(x)/dxN) dx. We claim that

(8.7) liminf/r = 0.
r-» oo

If this were not true, then there would exist constants r0, C> 0 such that /r= C for

/•är0. Integrating by parts, we have

I   Jx„ dxN = J J   p(x) g^- dxN dx

=  | ([n2(x)Yr0-[ KX) |£ «&„) á*.

This implies that

|   JXN dx = \ J [ju2(x, r)-/*2(x, r0)] dx.

Hence

C(r-r0) è Í Jxu dxK = ±[ p2(x) dX- f   p2(x) dx
Jr0 Jlr Jl,0

= C0+i f /*«(*) d».
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From this it follows that

j   p2(x) dx = lim      p2(x) dx = oo.
Jil r-»co Jnr

This contradicts the fact that p e L2(Q). Thus (8.7) holds. Similar reasoning

implies

(8.8) limsup/_r ^ 0.
r-t>co

We conclude from (8.6)-(8.8) that

j \Vp(x)\2dx = 2{ai+fjjn \p(x)\2dx.

This proves the lemma.   Q.E.D.

Before proving the main result, we shall define a new Hubert space Ha with

norm < >a. Set Ha=L2(Cl; doa(x)), where dc*a(x) = exp [—axN] dx, and <x>0.

Thus iff(x), q(x) e H", then

</,?>«= [ f(x)q(x)e-"x»dx,
Ja

</>« = (jjf(x)\2 e-«*» dx")

(8.9)
\l/2

Let S" be the subspace of H" consisting of all solutions of the boundary value

problem (8.1), (8.2) (A real), contained in Ha. Clearly every bounded solution of

(8.1), (8.2) belongs to Sa for every <x>0.

Theorem 8.1. Sa is finite dimensional.

Proof. It is clearly sufficient to prove the result for real-valued functions defined

in £L Thus we assume that all functions considered are real-valued. We first show

that the unit ball in Sa is precompact.

Suppose {pn} represents a sequence of functions in Sa satisfying the condition

(8.10) </.„>„ = (JV2 exp [-«%] dxj2 ï 1.

We want to show that there exists a subsequence {pnj} of {pn} such that

(8.11) </s-/V>«->0       asU^oo.

Set

(8.12) vn(x) = pn(x) exp [~(aß)xN].

It follows from (8.1) and (8.2) that

(8.13) -Az;n = Xvn + (a2/4)vn + a(8vJdxN),

(8.14) vn = 0       on à
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From (8.10) we have

(8.15) kilo«,*!       for » = 1,2,....

(8.13), (8.14), (8.15) and Lemma 8.1 yield

(8.16) ll»»lli<0, = C       for « = 1,2,....

We now employ a generalized Phragmen-Lindelöf theorem, due to Lax [8]

to conclude that there exists a S > 0 such that

(8.17) lkn||i(0.0M)^Ce-^,

C being independent of n, M =1,2,.... For each bounded subdomain £2M, it

follows from the Rellich selection principle and estimate (8.16) that there exists a

subsequence {v^} such that

K'-<l<W^0       as i,j-+co.

The sequences are chosen in such a way that {v^} g {v„, "*} for each M. Denote the

diagonal subsequence {vn¡} by {vni}. It is  obvious that  \\vnj-vni\\oiaM)-+0 as

z',y'->oo, for each M= 1, 2,_

Now, given any e > 0, choose M0 so large that

(8.18) Cexp[-8M0] < e/4.

Also, choose i and j so large that

(8.19) K-^||o(„Mo) < e/2.

It follows from (8.17)-(8.19) that

(8.20) Ikny-tfnJodH < e       for i and y sufficiently large.

From (8.12) and (8.20), we conclude that the subsequence {pn/} of {/*„} is a Cauchy

sequence in H". We have thus shown that the unit ball in Sa is precompact. This

clearly implies that Sa is finite dimensional.    Q.E.D.

Note that the conclusion of this theorem still holds if the boundary condition

(8.2) is replaced by (7.1). The proof is essentially the same.
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