ON THE DEGREES OF INDEX SETS. II

BY
C. E. M. YATES

In [8] we proved that the index-set corresponding to any recursively enumerable
degree a is of the highest isomorphism-type possible for sets belonging to Z,(a).
From the proof of this result we derived Sacks’ theorem [4] that the recursively
enumerable degrees are dense. In the present paper we classify three other index-
sets associated with any given recursively enumerable degree a, namely the index-
sets corresponding to the recursively enumerable sets which are respectively of
degree <a, =a and incomparable with a. We then use the indirect method of [8]
to extend three theorems of Sacks ([3], [5]); these extensions were announced in [8].
Finally, amongst other results we infer from our classifications that certain enumer-
ations are not recursively enumerable; for example, the recursively enumerable
degrees (as distinct from sets) can not be recursively enumerated without repetitions.

We shall use most of the definitions employed in [8], but our notation will be
slightly different and so we restate the more important definitions. One superficial
but convenient change is that we shall do recursion-theory mainly on the positive
integers rather than the nonnegative integers, since this leaves 0 free for various
special purposes. Therefore, the terms ‘““number” and “set” should be reinterpreted
accordingly. We now assemble some of the definitions that we shall use. If 4 is a
set then we let A(x)=1if x € 4 and A(x)=2 if x ¢ A. For any number e and set 4
we define the partial function ©2 by putting

02(x) = U(min yT{(e, x, y));
we follow the convention of setting U(0)=0. For each ¢ and s we define

X € Ri A (ay)yésTl(e’ X, y);
if R,= U,RS then R;, Ry, ..., is an enumeration of all recursively enumerable
sets. If S is any recursively enumerable set then each number e such that R, =S is
called an index of S. We recall that an n-ary sequence {4, .} of recursively
enumerable sets is called recursively enumerable if there is a recursive function
a(iy, . .., in) such that 4, ., =R, ..., for all ij,..., i, A class of recursively
enumerable sets is called recursively enumerable if it can be ordered into a re-
cursively enumerable sequence.

The index-set G(Z) of a class & of sets is defined by

eeG(H) R, e
In particular, the index-set G(a) corresponding to a degree a is defined by
ec G(a) & R, is of degree a.
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The three other index-sets related to @ which we shall discuss in the present paper
are defined by

ec G(Za) e R, is of degree =a,
ec G(Za) > R, is of degree =a,
e € G(|a) > R, is of degree incomparable with a.

The various forms of the arithmetical hierarchy relative to a degree a are written
asin [8]: Z,(a), I1,(a) are the classes of all sets expressible by a predicate form with n
alternating quantifiers the first of which is existential, universal respectively, where
in each case the scope of the quantifiers is of degree <a. We refer to Z,(0) and
I1,(0) simply as X, and IT,. Our procedure for classifying an index-set G(/) once
again consists of finding a definition for G(&) in some quantifier and then showing
that G(«7) is of the highest isomorphism-type possible for sets in that form. The
first part is trivial: in the cases we consider here, the obvious definitions suffice and
we give these in the appropriate section. The second and difficult part reduces, as
we explained in [8], to showing that if S is any set in the same quantifier form as
G(&7) then there is a recursively enumerable sequence {C,} of recursively enumer-
able sets such that for all k:

keSo C e

The layout of the paper is as follows. In §1 we obtain a representation for
X4(a) which is slightly different from that used in [8]. In §2 we show that if @ is a
recursively enumerable degree <0 then G (Za) is of the highest isomorphism-
type possible for sets in Z3(a). In §3 we use the techniques in the main section of [8]
to show that if 0 <a <0 then G (Z a) is of the highest isomorphsim-type possible
for sets in Z,, and if 0<a<O0® then G(|a) is of the highest isomorphism-type
possible for sets in II,. In §4 we prove:

(i) if a<0® and a,<a,<--- is an infinite ascending recursively enumerable
sequence of recursively enumerable degrees each <a, then there is a recursively
enumerable degree ¢ such that a;, <a; < --- <c¢ and alc.

(i) if 0<a<O0® then there is a recursively enumerable degree ¢ such that
c¢P?=0? and alc. (We announced a stronger result in [8] but we have since been
unable to carry through the proof of this.)

(iii) if 0 <a < 0% then there is a degree ¢ which contains a maximal set and is such
that a|c.

By a recent result of Martin [2], (iii) is in fact equivalent to (ii) so that we need
only prove (ii). In a simple application of our method, we also prove in §4 that the
maximal sets of degree 0" inhabit infinitely many isomorphism-types. Lastly, in §5
we derive some simple results about recursive enumerations.

1. Representation. In this section we devise a slightly stronger representation
for sets in Z;(a), where a is recursively enumerable, than that used in [8].
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LEMMA 1. If a is a recursively enumerable degree and S € Zy(a) then there is a
recursively enumerable sequence {L,,,} having the following properties:

(1) for each k, the partial function A\ (e, x)=max z (z € L,,,) is partial recursive
in a.

(2) ifk € S then there is an e, such that if e e, then L,,, is finite for all x.

(3) ifk ¢ S then there is for each e an x, such that L., is infinite for all x2 x.,.

Proof. Let A be a fixed recursively enumerable set of degree a, and for each s
let A° be the finite subset of A enumerated up to stage s in some fixed recursive
enumeration of 4. Since S € Z3(a) there is a number ¢ such that for all k:

k € s — Be)Vu)Ev)T{(c, k, e, u, v).

Now define a recursively enumerable sequence {S,;} by setting
2 € Seuw > (V0)p<(35)52.T4(c, k, e, u, v).
We first claim that the partial function
z,(e, u) = max z (z € Siew)
is partial recursive in a; for, it can be seen that
max z (z € Si.,) = min z(Vs)2.T4°(c, k, e, u, )
= min z[T4(c, k, e, u, z) & T#(c, k, e, u, 2)).

Our second claim is that for all k:

ke S < (Ae)(Vu) (Skey 1s finite).
We leave the verification of this to the reader, since in any case a proof of this is
contained in Lemma 4 of [8]. Now, for each k, e and x we define

Ly, = m U Sk!u-

fSeusx

Clearly, {L,.,} is recursively enumerable, and if A.(e, x)=max z (z € L,,,) then it
can be seen by examining the definition of S, that A.(e, x) =min, ., max, <. z,(f, %)
and so A, is partial recursive in a. We leave the verification of (2) and (3) to the
reader.

The representation that we used in [8] is easily obtained from Lemma 1. For the
sake of completeness we restate it here although we leave its derivation from
Lemma 1 to the reader.

LeMMA 2. If a is a recursively enumerable degree and S € X (a) then there is a
recursively enumerable sequence {M,,} which is uniformly of degree <a and such
that for all k:

k € S— (3e)(M,, is of degree a & (Vj); < .(My; is recursive)),
k ¢ S — (Ye)(M,, is recursive).

In the present paper our use of Lemma 2 will be confined to §3 and §4, where we
employ it for a representation of sets in X,—recall that Z,=X3(0V).
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2. Classification of G (<a). If a=0 then G (=a) consists of all positive
integers and so there is interest only in the case a£ 0 and in particular a <0,
In fact, we have only been able (and it only seems possible) to obtain a general
classification in the principal case when @ is a recursively enumerable degree
<0(1).

We first need to obtain an upper bound for G (< a). This is very easy and was
done in [8] but we may as well repeat it here. We observe:

ecG(Za) e R, is of degree <a

© @NVX)(x ¢ R, & @TL(S, x, »)),

where A4 is a fixed set of degree a. (The second equivalence holds because R, is
recursive in A4 if and only if R, is recursively enumerable in 4.) By eliminating «
and bringing the predicate into normal form, it follows that G (<a) € Z;(a).
Notice that this is true for any degree a.

Now, we turn to showing that if a is any recursively enumerable degree <0®
then G (£ a) is of the highest isomorphism-type available to sets in X;(a). One of
the techniques that we use is essentially the easier half of Sacks’ proof [4] that the
recursively enumerable degrees are dense.

Before proving the theorem we need a few conventions about limits. If f(x) is a
function we say that lim, f(x)=r if there is a number x, such that f(x)=r for all
x2 x, (in which case lim, f(x) is finite), and that lim, f(x)=co if for each r there is
a number x, such that f(x) > r for all x2 x,; otherwise, we say that lim, f(x) does
not exist.

THEOREM 1. If a is a recursively enumerable degree <0 and S eZXj(a) then
there is a recursively enumerable sequence {C,} of recursively enumerable sets such
that: k € S <> Cy is of degree <a.

Proof. Let A be a fixed recursively enumerable set of degree a. Also, let B be a
fixed recursively enumerable set which is not recursive in 4; such a set exists
because A is of degree <0®. Let A°, B® be the finite subsets of 4, B respectively,
that have been enumerated up to stage s in some stage-by-stage recursive enumera-
tion of 4, B. Let {L,,,} be the sequence related to a and S by Lemma 1 in §1, and let
L, be the finite subset of L,,, enumerated up to stage s in some uniform stage-by-
stage recursive enumeration of {L,,,}. Finally, let Ai(e, x) be the largest element of

3
kex-

In preparation for the definition of C, we define
a(s, e, x) = min y, <, T{"(e, x, y) if Qy)y <.T1(e, X, »),
=0 otherwise.
2(s, e, x) = a(s, e, x) ifa(s, e, x) > z(s—1, e, x),
=z(s—1,e,x)+1 ifa(s, e x)=0,

=z(s—1,e, x) otherwise.
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Clearly, if lim, a(s, e, x) exists and is positive then z,(x)=1lim, z(s, e, x) exists and is
positive. Therefore, if ©4(x) is defined for all x then z,(x) is defined for all x and the
function z, is recursive in 4. On the other hand, if lim, a(s, e, x) is 0, co or does not
exist then lim, z(s, e, x)=00. Next, we define

fi(s, €) = max {fi(s—1, e), min x(U(a(s, e, x)) # Ci~(x))}.

Clearly, lim, f(s, e) exists for each e, and if ®4(x) is defined for all x then lim, f,(s,e)
is finite if and only if ®Z2(x)# C,(x) for some x. Finally we let C§, contain every
element of Cj;! and every number 2¢-3¥- 5% such that

Nle, y) # N, y) & (v e B® & fils, e) 2 2°-3V-5%) v max,g, {z(s, e, u)} 2 2).

We define C{=J. Ci. = |, Ci. and C,.=J, Ci=J, Ci., which completes the
construction.
We begin the proof of the theorem with the following lemma.

LeMMA 3. Let k and e be fixed. If there is a y, such that L,,, is infinite for all
YZ Y. then there is an x such that O2(x) is undefined or ©4(x)# Cy(x).

Proof. Suppose, for reductio ad absurdum, that ©2(x) is defined and equal to
Ci(x) for all x. It follows that lim, fi(s, €)=00, and that z,(x) is defined for all x.
Hence, if y=y, it can be seen that

yeB— (V2)(2¢-3v-5% € C}),

y ¢ B— (vz)z>maxu§y('z¢(u))(23 3. 5% ¢ Ck)’
and so
yé B (32)(2°-3v-52 ¢ Cy).

Since B is recursively enumerable, this implies that B is recursive in Cy, and so as B
is not recursive in A4, C, is not recursive in 4.

If k ¢ S then by Lemma 1 of §1 there is for each e a number y, such that L,,, is
infinite for all y2 y,, so that by Lemma 3 it follows that ®4# C, for all e. Hence, if
k ¢ S then C; is not recursive in 4, which proves one side of the theorem.

If k € S then there is a number e, such that A(e, y) is defined for all e=e, and
all y. Moreover, since A, is partial recursive in 4 and since

2°-3¥.5% € Cre > (Ar)r sminsirlie, v = rnce, (2% 3V - 52 € C)

for each ez e, and all y, it follows that | J,z., Cy. is recursive in A. It remains to
prove that | J. .., Cy. is recursive in 4. Let e be fixed and <e,; then we simply
wish to prove that C,, is recursive in 4. Now, there is a y, such that for all y2 y,:
lim, Aj(e, y)=00 and so

2¢.3v.52€ Cy, > (y € B & lim, fi(s, €) = 2°-3¥-5%) v max, <, {lim, z(s, e, u)}= 2).



254 C. E. M. YATES [January

Case 1. ©4(x) is defined for all x. In this case, lim, f,(s, e) is finite by Lemma 3
and z,(y) is defined for all y, so that if 2¢-3¥- 52> lim; f,(s, €) then

2¢.3V.52 € Cy,, <> z £ max, <, {Z,()}.

It follows that C,, is recursive in A.

Case 2. ©%(x) is undefined for some x. In this case lim, z(s, e, ¥,)=o0 for some
number u, and so 2¢-3¥-5% € C,, for all z if y=u,. It follows that C,, is the union
of a finite number of finite or recursive sets and so is recursive. This completes the
proof of Theorem 1.

For reasons given in [8] we may immediately deduce:

COROLLARY 1.1. If a is a recursively enumerable degree <0 then G (Za) is
of the highest isomorphism-type possible for sets in Xy(a).

This also yields the classification of G(a) obtained in [8] for the case a is a re-
cursively enumerable degree <0, For, if A4 is a fixed recursively enumerable set.
of degree a then there is a one-one recursive function f'such that

2xe Ry, > x€ A, 2x+1€eRjep o> x€ER,

for all e. Hence, e € G (Za) < f(e) € G(a) for all e, so that G (<a) is one-one
reducible to G(a) which must then also be of the highest isomorphism-type possible
for sets in Z5(a). On the other hand, if a=0“ then G (L a) is recursive and so the
classification of G(a) in this crucial case has to be dealt with as in [8].

Finally, we remark that the classification we have obtained will not extend to
arbitrary a< 0%, For, P. F. Rowat has shown the existence of a minimal degree
a< 0% with =0, so that Z5(a)=2, but G (Za)=G(0) € Z; since a is minimal
and so cannot be recursively enumerable, which implies that G (£ a) is not of the
highest isomorphism-type possible for sets in Zz(a).

3. Classification of G (2 a) and G (Ja). If a=0 then G (=a) consists of all
positive integers and G (|a) is empty so that there is only real interest in the case
0<a=<0%; in fact, G (|a) is nontrivial if a|0V but we shall not discuss this case
here.

We first obtain upper bounds for G (= a) and G (|a). Since G (|a) is the comple-
ment of G (Sa) U G (Za), we shall obtain an upper bound for G (|a) through
obtaining one for G (Za). Let @ be <0 and let 4 be a fixed set of degree a. We
observe

e€G(2a)— R, is of degree 2a
o @FNxX)x ¢ A o @)TT(S, x, y)).

Since A4 is of degree <0 and TPF(f, x, y) is of degree <0 as a predicate of
e, f, x, y, it follows that G (Za) € Z;(0V)=2,. Now, because G (Za) e Z;(a)=Z,
we deduce that G (|a) € I1,.
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Our main task is to show that if 0<a=<0® then G (Za) is of the highest iso-
morphism-type possible for sets in Z, and if 0 <a <0 then G (|a) is of the highest
isomorphism-type possible for sets in II,. We prove a theorem that is slightly more
general than necessary so that in the next section we may deduce, as an immediate
corollary, the theorem on ascending sequences of degrees mentioned in the intro-
duction; this involves only the most trivial alterations in the proof. Although this
proof differs little in its general conception from that of the main theorem in [8],
we give it in full detail since we have discovered what appears to be a much more
elegant and comprehensible way of presenting it.

THEOREM 2. Let 0<a<0® and let a,<a,<--- be a recursively enumerable
sequence of recursively enumerable degrees such that ata, for all i. If S€X, then
there is a recursively enumerable sequence {C,} of recursively enumerable sets, each
of which is of degree = a, for all i, such that for each k:

k € S — C, is of degree 0V,

k ¢ S— C, is not of degree = a.

Proof. Let A be a fixed set of degree a; since <0 there is a uniformly re-
cursive sequence {A4°} such that lim, 45(x)= A(x) for all x. Also, let {4,} be a re-
cursively enumerable sequence of recursively enumerable sets, where A, is of degree
a; for each i. Let {M,,} be the sequence shown to correspond to S in Lemma 2 of
§1; in other words {M,,} is recursively enumerable and such that for all k:

k € S — (3e)(M,, is of degree 0V & (V)); <.(M,, is recursive)),
k¢S < (Ve)(M,, is recursive).
We now define another recursively enumerable sequence {N,,} by setting
Ny ={pj|xed} ifj=2e,
={pf|xeM,} ifj=2e+l.

(Here, p; is the jth prime-number.) Since a; <a;< - - -, | U;<; 4, is clearly of degree
a; for all j. Therefore, {N,;} has the property that for all k:

k € S — (3e)(Ny. is of degree 0V & ;<. Ny, is not of degree 2 a),
k ¢ S — (Ve)(U; <. Ny, is not of degree 2 a).

Since {N,;} is recursively enumerable, we can let Ng; be the finite subset of Ny,
enumerated up to stage s in some fixed recursive enumeration of {N,,}. For each k,
we shall define C; to be |_J; Cy;, where Cy, < N, for all j. In order to give some feel-
ing for the construction we mention now that we shall design it so that if ke S
then N, — Cy, is finite, where e is the least number 2+ 1 such that M, is of degree
0, and if k ¢ S then N,,— C,, is finite for all e. The former implies that if k € S
then C, is of degree 0V, so that C, is trivially of degree 2 a and >a; for all i. The
latter implies that if k ¢ S then C, is of degree 2 a; for all i, since for each i there
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will in this case be a set C, of degree a;. So it can be seen now how we arrange that
C, is of degree = a; for all i, k.

We shall define C, stage by stage simultaneously with various functions that play
a part in its definition, and C; will denote the finite set of numbers put into Cy
through our procedure up to stage s. We first define

'Yk(s’ e, x) = min Yy §sTlc"‘_ l(ea X, }’) lf (Hy)y ésT{::‘- 1(99 y),
= 0 otherwise.
Notice that if @Sx(x) is defined for all x then lim, y,(s, e, x) exists and is positive,
and O%«(x) = U(lim, y,(s, e, x)), for all x. On the other hand, if ®%«(x) is undefined

for some x then either lim, y,(s, e, x)=0, lim, v,(s, e, x)=c0 or lim, y,(s, e, x) does
not exist. Next we define

Sils, &) = max {fi(s—1, €), min x(U(yi(s, e, x)) # A°(x))},
gis, €) = min x(yi(s, &, x) = 0 V y(s, &, x) # yi(s—1, ¢, X)),
hi(s, e) = min {/i(s, e), gi(s, €)},

di(s, €) = max {y,(s, e, X) | x < (s, e)}.

Note that y,(s, e, x)=0 for all sufficiently large x, so that U(y,(s, e, x))=0# A%(x)
for all sufficiently large x, and fi(s, e), gi(s, €), hi(s, €) and di(s, €) are hence well-
defined. It can be seen that f} is monotonic in s for any fixed e, and also that if
©%(x) is defined and equal to A4(x) for all x then lim; fi(s, e)=co. In addition, if
©%(x) is defined for all x then lim, g,(s, €)=co. The most important definition in our
construction is the following. If z € C§~* then we set 8,(s, e, z)=1 and otherwise
we define

8i(s,e,2) = 0 if z < di(s, €) & (V));<e(Bi(s—1,/,2) = 1),
=1 ifz > dygs,e),
= §,(s—1, e, 2) otherwise.

Finally, we put every element of Cj;! into Cg and otherwise put z into Cj, if
ze N§, and 8,(s,j, z)=1 for all j<e. Then C§={J. Cie, Cxe=\J; Cic and C=
U: Ci=UJ. Cy.. This completes the construction.

Before we turn to proving the theorem we need some important preliminaries.
First, we observe that if z € N, then

Z ¢ Cke > (ar)(vs)sér(aj)j§e(8k(s: js Z) = 0)
Hence if we define

z € Dy, > (3));2.(3r)(V8)s2(8i(s, J, 2) = 0),
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then N,, N D,, < N,.— C,.. The following simple simple combinatorial lemma is
crucial to our whole argument.

LEMMA 4. Nke_Cke=Nke N Dke,for aII k, e.

Proof. We only have to prove that Ny, — Cy.< Dy,. Let z € N,,,— C,, and suppose
for reductio ad absurdum that z ¢ D,,. It follows that since z € Ny, — C, there is a
largest number f<e such that §,(s, f, zZ)=0 for infinitely many s, but that on the
other hand since z ¢ D, there are then also infinitely many s such that §,(s, f, z)=1.
Let s* be a stage such that if s=s* then §,(s, j, z)=1 for all j such that f<j=<e;
such a stage exists by choice of f. At each of the infinitely many stages s> s* for
which 8,(s, f, z)=0 and §,(s—1, f; zZ)=1 we must have §,(s—1, j, z)=1 for all j<f
by definition of §,. Since, if s > s* then ,(s—1, j, z)=1 for all j such that f<j<e, it
follows that 8,(s—1,j, z)=1 for all j<e at infinitely many stages s>s*. Hence
z ¢ Ny.— Cy., which proves the lemma by contradiction.

After this preliminary diversion, we turn to proving the theorem. We wish to
prove that

k € S — C, is of degree 0V,

k ¢ S— A is not recursive in C,.

This'is an almost immediate consequence of the fact that for any fixed k and for
all e:

I(e): if A4 is not recursive in ;.. N,, then either ®S«(x) is undefined or O%«(x)
# A(x) for some x.

Il(e): if A is not recursive in | J; ., Ny; then D,, is finite.

To see that it is a consequence we proceed as follows. If k € S then there is an e
such that N, is of degree 0 and A4 is not recursive in | J;.. Ny;. Hence, Dy, is
finite by Il(e) and so N,,— C,. is finite by Lemma 4. It follows that C,, is of degree
0 and so C, is trivially of degree 0. On the other hand if k ¢ S then for all e, A4 is
not recursive in | J, ., Ny;; and so by I(e) it follows that GS«(x) is either undefined
or unequal to 4A(x) for some x. Hence, if k ¢ S then A is not recursive in C,.

Our main task is, therefore, to prove with k fixed that I(e) and II(e) hold for all e.
We prove this by induction on e, first proving I(e) and then proving I(e) — Il(e),
in both cases assuming from our induction hypothesis that if 4 is not recursive in
Uj<e Ny then D, is finite for all j<we.

Before we can prove I(e) we need a definition and two lemmas. We define a partial
function s, by setting

se(x) = min s(hk(sa e) >x& (V.V)yéx(vz)zérk(s,e,v)
(z¢ Ci ' = ((Y);<e(z € Nyj— z € Dyy)
& (2 ¢ Uj<e Di;—> 8i(s, e, 2) = 0)))).

By hypothesis, A4 is not recursive in the finite collection {Ny,); .. On the other hand,
by hypothesis, D,; is finite for all j<e and s, is partial recursive in the finite col-
lection {N,;};<.. Therefore, we can make the important observation that if s.(x)
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is defined for all x then A4 is not recursive in s,. The two lemmas that we now prove
show that s.(x) is defined if and only if there is an r such that A,(s, ¢) > x for all
sZr.

LEMMA 5. If there is an r such that h(s, €)> x for all s=r then s.(x) is defined.

Proof. Suppose that h,(s, ) > x for all s=r. Then g,(s, €) > x for all s=2r and so
vi(s, e, y)=y.(r, e, y) >0 for each y<x and all s=r. Also, it then follows that
di(s, )= max, < {y(r, e, )} for all s=r. We claim that if z ¢ C;, and z=<y,(r, e, y)
with y < x then there is a stage p2 r such that for all s p the following statements
hold:

(1) (V)s<e(z € Ny — z € Dyy),

(2) z¢ Uj<e Dy — 8i(s, €, 2)=0.

The first of these statements is an immediate consequence of Lemma 4 and so we
need only concern ourselves with (2). But if z ¢ | ;<. Dy; then there is a stage p2r
such that 8,(p—1,j,z)=1 for all j<e. It follows that 8,(p, e, z)=0 and in fact
8.(s, e, 2)=0 for all s=p, since z ¢ C, and z=<d,(s, e) for all s=r. This completes
the proof of our claim. As there are only finitely many z<vy,(r, e, y) for y<x, it is
now easy to see that s.(x) is defined.

LEMMA 6. If 5.(x) is defined then h,(s, €)> x for all sZ s5.(x).

Proof. If s.(x) is defined then A,(s.(x), €) > x and so f,(s, e)> x for all s= s.(x) by
the monotonicity of f,. Hence we have only to prove that g,(s, e) > x for all s= s5,(x).
This amounts to proving that y,(s, e, y)=vy,(s.(x), e, y) >0 for all y < x and s s5.(x).
We prove this by induction on s. Suppose that y,(s, e, ) =y,(s:(x), e, ) for all
y<x and all s such that s, (x)<s<s’. We wish to prove that y,(s'+1,¢,y)=
yi(s’, e, "), where y’ < x is fixed in what follows, and since y,(s’, e, y") =vi(s:(x),e,¥)
>0 this will be so if no number zZvy,(s’, e, y’) belongs to C§ —C§~ 1. Now, if
5.(x) S s 5’ then fi(s, €)2 fi(s.(x), €)= h(s.(x), €) > x, and g,(s, e) > x since y,(s,e,y)
=y(s—1, e, y)>0 for all y<x; for the case s=s,(x) this is so because h,(s.(x), €)
> x. Therefore, h,(s, ) > x and di(s, €)= y,(s, e, y) for each y < x and all s such that
s.(x)<s<s'.Now, suppose thatz<y,(s', e, y’)and that z ¢ C§ ~* whencez ¢ Cie®~ 1.
First, it follows that if z € N; for some j<e then z € D; and so z ¢ C,. Secondly,
it follows that if z € |J,z. N, then either z € | J;. D,; in which case z ¢ C,, or
z¢ Uj<e Dy; in which case 8,(s.(x), e, z)=0. In the latter case, §,(s, e, z2)=0 for
all s such that s,(x) <s<s’, since z=<d,(s, e) for all s such that s,(x)<s=<s’, and so
z ¢ C§. Hence, we have proved that

‘yk(s,+ 19 e, yl) = ‘)’k(s,: e, yl)'

This completes the inductive proof that y,(s, e, y)=vi(s.(x), e, y)>0 for each
y<x and all s2s.(x), which in turn implies that A,(s, €) > x for all 52 5.(x).

In order to prove I(e), we suppose for reductio ad absurdum that ©Z«(x) is defined
and equal to 4(x) for all x even though A is not recursive in (J;<. Ny;. It follows
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that for each x there is an r such that h,(s, €)> x for all s=r. Then, by Lemma 5,
5¢(x) is defined for all x, and so for each x, by Lemma 6, A,(s, €) > x for all s=s5,.(x).
Hence, yi(s, e, X)=v,(s.(x), e, x)>0 for all s=s,x) and so A(x)= OS(x)=
U(y,(s(x), e, x)). This implies that A is recursive in s,, which is the required
contradiction.

To prove that I(e) — II(e), we proceed as follows. If ©Sx(x) is undefined or
unequal to A(x) for some x, then there is a least X such that 4,(s, €)= X for infinitely
many s. Also, there is a stage § such that y,(s, e, x)=v,(, e, x) >0 for each x< x
and all s= 5, since otherwise we would have g,(s, ¢) <X and hence h,(s, €) <35 for
infinitely many s. Now, D,; is finite for each j< e by our induction hypothesis, and
if z € Dy, —\J;<e Dy, then there is by Lemma 4 a number s* such that z<d(s, )
for all s=s*. Since there are infinitely many s=s* such that

d(s, €) = max {y,(5, e, x) | x < X}

we deduce that D, is finite. This completes the proof that I(e) and II(e) hold for all
e. We have already shown that this in turn implies that for all k:

ke S— C, is of degree 0V,

k ¢ S— C, is not of degree >a.
Also, we have shown above that it can be easily deduced that C, is of degree 2 a,
for all i, k; in the case that k € S this is immediate and in the case that k ¢ S it
depends simply on Lemma 4 and the fact that then D,, is finite for all e. Hence
we have proved Theorem 2.

CoOROLLARY 2.1. If 0<a<0® then G (Za) is of the highest isomorphism-type
possible for sets in Z,.

In order to classify G (|a) with 0 <a<0®, we need Sacks’ theorem [3] that if
0<a<0® then there is a recursively enumerable degree incomparable with a. This
theorem can in fact be deduced from Theorem 2, which is of some interest in itself,
and in Theorem 3 of the next section we actually derive a stronger result from
Theorem 2.

COROLLARY 2.2. If 0<a<O0" then G (|a) is of the highest isomorphism-type
possible for sets in I1,.

Proof. Let b be a recursively enumerable degree incomparable with a, and let
S e I1,. By Theorem 2 there is a recursively enumerable sequence of recursively
enumerable sets {C,} each of degree = b and such that for all k:

k € S — C, is not of degree =a,

k ¢ S— C, is of degree 0,

Therefore, if k ¢ S then C, is not of degree incomparable with a, but if k € S then C,
is not of degree > a, and C, is not of degree =<a since this would imply that b<a.
Hence, we have proved that for all k:

k € S & C, is of degree incomparable with a.
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It follows that G (|a) is of the highest isomorphism-type possible for sets in II,.
In the next section we shall turn from classifying index-sets to deriving theorems
on recursively enumerable degrees by the indirect method we used in [8].

4. Extending some theorems of Sacks. It was proved by Sacks [3] that 0V is
not a minimal upper bound for an infinite ascending sequence of uniformly
recursively enumerable degrees; this theorem can be seen to be an immediate
corollary of our Theorem 2. Sacks in fact proved that if @, <a, < - - - is an infinite
ascending sequence of uniformly recursively enumerable degrees each < a, where
a<0%, then there is a recursively enumerable degree ¢ such that a; <a,< - <¢
and afc; this is again an immediate corollary of our Theorem 2, but in fact for
0 <a<0® we can derive the much stronger theorem that follows. We phrase it in
slightly more precise language so as to avoid any confusion.

THEOREM 3. If 0<a< 0V and a, <a,< --- is an infinite recursively enumerable
sequence of recursively enumerable degrees each <a, then there is a recursively
enumerable degree c such that a; <ay< - - - <c and a|c.

Proof. Since G (=a) € X, it follows from Theorem 2 that there is a recursively
enumerable sequence {C,} of recursively enumerable sets each of degree =g,
for all i and such that for all k: if R, is of degree <a then C, is of degree 0’ and if
R, is not of degree <a then C, is not of degree >a. By the recursion theorem,
there is a k, such that R, = Cj, and it is clear that the recursively enumerable set
Ry, =C,, is of degree incomparable with a but >a; for all i. This completes the
proof of Theorem 3.

Our next result is a partial extension of Sacks’ main theorem [3] on the jump
operator: if 0<e<0" and b is a degree =0 which is recursively enumerable in
0, then there is a recursively enumerable degree ¢ such that ¢V=5 and afec.
We announced incorrectly in [8] that if 0 <a <0 then we could replace afe¢ in
Sacks’ theorem by a|c. In fact we can only do this in the important particular case
b=0%?, and we conjecture that it is false for some b= 0’ and recursively enumerable
in OV,

THEOREM 4. Suppose that 0 <a<O0®. If S € Z, then there is a recursively enumer-
able set such that for all k.

keS— C, is of degree 0V,

k¢S — C, is not of degree Za & C{? is of degree 0,

Proof. Let A be a fixed set of degree a; since a <0 there is a uniformly re-
cursive sequence {A4°} such that lim, 45(x) exists and is equal to A(x) for all x.
Also, let B be a fixed set of degree 0?; since 0¥ is recursively enumerable in 00,
there is a recursively enumerable sequence {B,} such that for all e:

e € B— B, is finite,

e ¢ B— (V2)(z € B,).
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Let {M,;} be the recursively enumerable sequence shown to correspond to S
in Lemma 2 of §l. We define another recursively enumerable sequence {N,;} by
setting

Ny ={pf|xeB} ifj=2e,
={pf | xe My} ifj=2e+l

Clearly, for all k:

k € S — (3e)(N,. is of degree 0V & (V)); <(N,; is recursive)),

k ¢ S — (Ve)(N,, is recursive).
Since {N,;} is recursively enumerable, we may let Ny; be the finite subset of Ny;
enumerated up to stage s in some fixed recursive enumeration of {N,,}. We shall
define C; to be |J; Cy;, where C,, = N, for all j. Once again we shall arrange that if
k € S then N,,— C,.is finite, where ¢ is the least number 2j+ 1 such that M, is of
degree 0, and that if k ¢ S then N,,— C,, is finite for all e. The former implies that
if k € S then C, is of degree 0. The latter implies that if £ ¢ S then for all e:

e € B (Qu)(Vv),5 o(pie ¢ Co),

e ¢ B> (qu)(Yv),> u(Pse € Cy).
Hence, if k ¢ S then B is recursive in C and so C( is of degree 0®. The rest of
the theorem goes through as in Theorem 2.

COROLLARY 4.1. If 0<a<O0™ then there is a recursively enumerable degree ¢
such that a|c and ¢V =0,

Proof. Let {C,} be the sequence shown to exist in Theorem 4 corresponding to
G (Za) since G (Za) X, By the recursion theorem there is a k, such that
Ry, = Cy, is of degree incomparable with a and such that Cj3) is of degree 0®.

We recall that a recursively enumerable set M is maximal if every recursively
enumerable extension of M either has a finite complement or differs from M by a
finite set. Sacks [5] proved that if 0 <a < 0% then there is a degree ¢, such that af ¢
and ¢ contains a maximal set; Martin [2] has since proved that a recursively
enumerable degree ¢ is the degree of a maximal set if and only if ¢¥=0 and so
this result of Sacks is in fact an immediate corollary of Sacks’ own work [3] on the
jump-operator. Martin’s theorem also enables us to state

COROLLARY 4.2. If 0<a<0® then there is a recursively enumerable degree ¢
such that a|c is the degree of a maximal set.

This extends Sacks’ theorem on maximal sets. Another result which has been
consolidated by Martin’s theorem is our theorem [7] that there is a maximal set of
degree 0. A simple application of our present methods enables us to state a more
general theorem with which to conclude this section.

THEOREM 5. The maximal sets of degree 0¥ lie in an infinity of incomparable
many-one degrees.



262 C. E. M. YATES [January

Proof. We first need the following lemma due to Paul Young which is of some
interest in its own right. Since it is unpublished, we give our own proof here.

LEMMA 7. Any two maximal sets are either many-one incomparable or of the same
many-one degree.

Proof. Suppose that 4 and B are two maximal sets, 4 is many-one reducible
to B and fis a recursive function such that for all x: x € 4 <> f(x) € B. Let F be the
range of /. Then B U f(4)=B U F and so is a recursively enumerable superset of B.
As B is maximal, f(4) must be either finite or differ from B by a finite set. But 4 is
many-one reducible to f(4) and so f(4) cannot be finite since this would imply that
A is recursive. We conclude that f(4) differs from B by a finite set Q. Let p and ¢
be arbitrary elements of A4 and A respectively, and let b be a recursive function
ranging over B. We set

g(x) =p if @)B(y) = x & (V2),<(f(2) # X)),
=q ifxeQ,
= min y(f(y) = x & (V2),.,(b(z) # x)) otherwise.

We leave the reader to satisfy himself that g is recursive and that for all
x:x € B> g(x) e A. This completes the proof of the lemma. Notice that in the
proof of the lemma we did not need the maximality of 4 but simply that 4 is not
recursive; so the maximal sets inhabit minimal many-one degrees.

It remains to prove that the maximal sets of degree 0¥ lie in an infinity of many-
one degrees. Suppose that, on the contrary, they lie in only finitely many many-one
degrees &, &, . . ., %, It follows easily from Lemma 1 of [8] that

G V-V ) eZg;
in other words there is a recursive predicate I' such that for all k:
Rk € '5{1 U Jyn «> (He)(Vy)(Elz)F(k, e ), Z).

We now first describe a recursive enumeration of recursively enumerable sets
C,, C,, ..., such that

R.e s U- - U &, — C, is recursive,

R, ¢ &, V- .-V, — C, is maximal and of degree 0V,
We then use the recursion theorem to obtain a contradiction.

Since the sets C;, C,,. .., are obtained by incorporating a very simple procedure
into the construction of a maximal set of degree 0V, we shall not go into details
but merely describe the procedure assuming that the reader is familiar with [7]. The
basic idea of [7] is to define a maximal set M such that M dominates every partial
recursive function, for it must then be of degree 0’ by an observation due to
Tennenbaum. This is achieved by starting with a recursive function ¢ which is
assumed only to be such that t(e, s) < t(e, s+ 1) and #(e, s) < t(e+1, s) for all e and
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s, and t(e)=1lim t(e, s) exists for all e. Next, M is constructed so that if u,, u,, . . .,
are elements of M in increasing order then u, > #(e) for all e. Finally, it is shown that
if ¢ is suitably chosen then M dominates every partial recursive function. With these
observations in mind we shall now show how to produce the required sets C,, Cs, . . ..
First, we need to define

di(s, €) = max v(If); 5(V¥)y s0(32). 5Tk, £, 3, 2)

for each k, e and s. Clearly, if R, € %4, U---U &, then there is a least number e,
such that d,(s, €) takes on infinitely many values as s increases, for each exe,.
On the other hand, if R, ¢ & U---U &, then lim, d,(s, ) exists and is finite for
all e. Let k now be fixed but arbitrary. We define #,(s, e)=max {t(e, s), d\(s, e)} for
for all e and s, and proceed to define C, exactly as M is defined in [7] except that
we use t, instead of 7. If R, ¢ &4, U---U &, then 1,(e)=lim, #,(s, €) exists and is
finite for all e, and since it has all the properties of ¢ mentioned above (for, if the
sequence t,, I, . . ., dominates every recursive function then so does the sequence
t1, Lo, - . . ) the corresponding set C, is a maximal set of degree 0‘. On the other
hand, if R, € & U---U &, then there is a number e, such that t,(s, ) takes on
infinitely many values for each e e,, whence it will be seen by inspecting the con-
struction in [7] that the corresponding set C, is finite.

Since the construction that we have outlined is uniformly effective, there is a
recursive function y such that C, = R,, for all k. By the recursion theorem there is
a number k* such that Ry.= R, and it is clear that Ry. ¢ &, U- - - U &, although
R,. is a maximal set of degree 0. This completes the proof of the theorem.

It is possible to prove Theorem 5 by a difficult direct construction. This was
done by Martin (unpublished) and it was on being told of his proof that we dis-
covered the much simpler proof above.

Finally, we announced in [8] that the index-sets corresponding to the maximal
sets and the hyperhypersimple sets are both of the highest isomorphism-type
possible for sets in II,. We leave the proof of these results to the interested reader
but remark that they have also been obtained independently by A. H. Lachlan
and R. W. Robinson.

5. Recursive enumeration. In this final section we shall use two of the index-set
classifications that we have obtained here and in [8] to prove the nonexistence of
recursive enumerations satisfying certain conditions.

First, we use the classification of G (0’) that was obtained in [8] to show that the
recursively enumerable degrees can not be recursively enumerated without rep-
etitions. (We recall that Friedberg [1] has proved that the recursively enumerable
sets can be recursively enumerated without repetitions.) This is an immediate
consequence of the following rather stronger theorem.

THEOREM 6. If {A;} is a sequence of recursively enumerable sets such that to each
recursively enumerable degree a there corresponds exactly one number j for which A,
is of degree a, then {A;} is not uniformly of degree <0V,
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Proof. Suppose for reductio ad absurdum that {4,} is uniformly of degree <0V,
Let {4}} be the sequence obtained from {4,} by omitting the set 4, that represents
0%; clearly, the sequence {4}} remains uniformly of degree <0¥. Now, for each e,
R, is of degree <0 if and only if R, is recursive in A} for some j. Therefore, it
follows that

G (0V) = {e | (Vj)(R, is not recursive in 4})}
= {e | (VN Ex)(x € R, & By)TL AF(f, x, y))},

since R, is recursive in A} if and only if R, is recursively enumerable in A¥. Now,
because {4}} is uniformly of degree <0, it follows by removing «» and standard
contraction that G (0’) e I1,. This contradicts our theorem [8] that G (0%V) is of
the highest isomorphism-type possible for sets in 2, and so does not belong to II,.

THEOREM 7. There is no recursively enumerable sequence {A;} of recursively
enumerable sets such that to each recursively enumerable degree a there corresponds
exactly one number j for which A; is of degree a.

Proof. Every recursively enumerable sequence of recursively enumerable sets is
uniformly of degree <0W.

Now we turn to our second result. Let @ be any recursively enumerable degree.
We shall obtain a necessary and sufficient condition for the recursively enumerable
sets of degree <a to be uniformly recursively enumerable or uniformly of degree
<09, As a consequence of this result we obtain a number of recursively enumer-
able degrees a for which the recursively enumerable sets of degree <a are not
uniformly of degree <0, and so in particular not uniformly recursively enumer-
able. We need the following preliminary theorem which is of some interest in its
own right.

THEOREM 8. If  is a class of recursively enumerable sets which contains all finite
sets then the following are equivalent:
(i) & is recursively enumerable,
(ii) & is uniformly of degree <0,
(iii)) G(¥) € Z;.

Proof. (i) — (ii) since every recursively enumerable class of recursively enumer-
able sets is uniformly of degree <0Y. In order to prove that (ii) — (iii), let &/
be uniformly of degree <0®. It follows that there is a function a(j, x) of degree
< 0™ such that every element of & is represented by a(j, x) for some j. In other
words we can write

e € G() & FHNVx)R(x) = a(j, x)).

It easily follows that G(&) € Z; since Z3=2, (0). Lastly, in order to prove that
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(iii) — (i) we suppose that G(&/)eZ;. Let I' be a recursive predicate such that
for all e:
e € G(&) & (3)N(Vy)3)T(e, j, y, 2).
We define a recursively enumerable sequence {4,} by setting
X € Ay > x € Ry, & (V9)y < (3D)T((K)y, (K)2, ¥, 2).

If A, is finite then A, € &/ by hypothesis. If A4, is infinite then (k), € G(«/) and
A= Ry, so that 4, € & On the other hand, if R, € &/ then (Vy)(3z)['(e, f, y, z) for
some least number f; let k=2¢-3/, It follows that 4,= R, and so the elements of
{A,} exactly constitute 7. This completes the proof of the theorem.

Since G(0) € Z; and every finite set is of degree 0 it follows immediately from
Theorem 8 that the recursive sets are uniformly recursively enumerable; this was
first proved by Suzuki [6]. The more general theorem we have proved, however,
provides recursive enumerations for a number of less obvious classes: for example,
for the class of recursively enumerable sets of degree =<a whenever a®=0?,
since then Z3(a)=Z; and so G (< a) € 2. In fact, we have a necessary and sufficient
condition for the existence of such recursive enumerations in the following theorem.

THEOREM 9. If a is any recursively enumerable degree <0 then the following
are equivalent :,

(i) the class of recursively enumerable sets of degree <a is uniformly recursively
enumerable,

(ii) the class of recursively enumerable sets of degree <a is uniformly of degree
é 0(1),

(iii) a®=0?,

Proof. (i) and (ii) are equivalent by the preceding theorem. (ii) and (iii) are
equivalent because: (ii) «» G (<a) €X; by the preceding theorem, G (Za)eZ,
> 23=25(a) by Theorem 1 and Z;=3;(a) < a®=0? because Z;=2,(0®) and
Z3(a)=Z,(a®). Notice that it is a trivial consequence of Friedberg’s work [1] that
(i) is equivalent to

(iv) the class of recursively enumerable sets of degree <a is uniformly recursively
enumerable without repetitions.

On the other hand it is not possible to add

(v) the class of recursively enumerable sets of degree <a is uniformly of degree
<a; since, for example, the recursive sets are certainly not uniformly recursive
even though they are recursively enumerable. We do not know of any recursively
enumerable degrees a < 0" for which the recursively enumerable sets of degree <a
are uniformly of degree <a.
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