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Let Si denote the complex unit ball

9 = {z = (zi,...,zn)\ \z\ < 1}

where |z| is defined by |z|2 = 2 |z,c|2. The Laplace-Beltrami operator for the

Bergman metric of 3> is given [4, p. 117] by

a = (i - |z|2)(y -£.— y zkz, JL-\
11 ß\£ 8zk 8zk    ft        8zk 8zJ

We say that a function F is harmonic in 2 if AF=0, and we define the classes

Jifp(2) of harmonic functions in analogy with the classes H "(2) of holomorphic

functions. The Poisson kernel corresponding to A is explicitly known [4]; since 2

is a symmetric space of rank one, Mf"°i2) is exactly the set of all Poisson integrals

of L'x(ää), 33 denoting the boundary of 3> [3]. As we show by an easy reduction to

the case of p = oo, the same statement is true for every pS: 1 (with a slight modifi-

cation ifp = l).

Our main concern is the generalization of the classical Fatou theorem, and of its

local version due to Privalov and Calderón ([1], [7]). For this purpose we define

the notion of admissible convergence in §3. We show that in the case of « = 1

admissible convergence coincides with nontangential convergence, while for

« > 1 it is stronger. It is a notion invariant under the group of holomorphic auto-

morphisms of S¿; nontangential convergence in the case «> 1 is not. We prove

Fatou's theorem for admissible convergence by some explicit estimates on the

Poisson kernel and by using an extension of the Hardy-Littlewood Maximal

Theorem due to Edwards and Hewitt [2]. It is perhaps worth mentioning that this

is a new result even for holomorphic functions since previous investigations, being

based on the euclidean Poisson integral, yielded only radial or nontangential

convergence [1], [6].

The generalized Cayley transformation carries S onto a generalized halfplane

D. In analogy with [5] one can again define the spaces of harmonic functions

Jr""(D). The results described above all have their analogues in this situation,

and the proofs are parallel to those for Sn. It should be noted, however, that these
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results are in general not equivalent since the Cayley transform does not carry

3tfv(@) onto Jtp(D), except in the case of p = co. The local Fatou theorem, which

involves only the case p = 00, will be proved for the case of D, this case being easier

to handle. Finally it will be indicated how all these results extend to products of

domains of the type 3i or D.

I would like to express my thanks to E. M. Stein who, on my request, proved the

version of the Maximal Theorem used in §4 at a time before either he or I became

aware of the article of Edwards and Hewitt [2].

1. Just as in [5] we denote by p the normalized rotation-invariant measure on

äS (it is a constant multiple of the measure induced by the euclidean structure of

Cn). We denote by V(âS) the usual //-space with respect to p of complex-valued

functions on 3S. For a complex-valued function F on S and 0 < r < 1 we write

Fr(z) = F(rz). We define

Jf'(ß) = IF: 3) -> C [ AF = 0,    sup     ¡Fr\\L,tSh < oo\.
1 0<r<l J

It is known [4], [5] that the Szegö and Poisson kernels of 2 are given by

£Fw(z) = £F(z, w) =        | _)n       (z, w £ 3),

*M = &(u, z) = '^^J = yrjffin       (zc®,ue O),

where z ■ w denotes 2 zkwk.

Theorem 1. (i) F is the Poisson integral of a function f e LC,(3S) (1 <pSoo) if and

only if F e JF"(3).

(ii) F is the Poisson integral of a Baire measure on SS if and only if F e JFx(ß).

(iii) Fis the Poisson integral of a function fe Lx(âiï) if and only if Fe3t\S>) and

the family {Fr \ 0<r< 1} is uniformly integrable.

Proof. The "only if" parts are immediate since the Poisson integral lifts as a

convolution to the group K= U(n) of holomorphic automorphisms fixing 0

(Theorem 4.7 in [5] and subsequent remarks).

The "if" part for p = œ is a consequence of Furstenberg's main theorem [3].

If p < 00, let {an} be an approximate identity on the group K, i.e. a sequence of

nonnegative C00-functions of compact support each having integral 1 and con-

verging to the delta measure based at the identity element of K. Defining FB(z)

= \K an(g)T(g~1z) dg, Fn is harmonic by the group-invariance of A. For 0<r< 1

we have Fn,r = aB * Fr. Hence, q denoting the conjugate exponent to p,

(1) \\Fnj\\xS\KU\Fr\\PèM\\anl,

(2) \\FnJpS\\an\\i\\Fr\\PSM.

By (1), F„ is the Poisson integral of some/, eLK(SS). By (2) we have ||/B||P^M.

It follows that the family {/„} is weakly compact in LV(3S) in the case (i), in the
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space of Baire measures in case (ii) and in L1(33) in case (iii). Clearly lim Fn(z)

= F(z) for every fixed z, and the theorem follows.

2. For 0 < p S 1 we define

ue33\ |arg «i| < -np, ̂  K|2 < p

We have p(3Sp) = Pn. For P> 1 we define 33p = 33x. We denote e = (l, 0,..., 0). For

a function/defined on 38 we define the maximal function/* by

f*(e) = sup -j=--       1/1 4f*

and by/*(/ie) = (/o k)*(e) for zc g /V. It is easy to see that/* is well defined on 33.

Now define Kp = {keK\kee 33 p}. Then

K0 = Ik = (utj) | |arg «u| < rrP, £ |"ii|2 < p

It is immediate that (i) the Haar measure of Kp (pSl) is pn, (ii) p<p implies

KP<^KP., (iii) (KP)~1 = KP, (iv) there exists a number m such that Kp38p<^33mp.

(For (iv) one can show e.g. by a simple computation that KpâSp <=■ 33 Sp for p suffi-

ciently small, and then infer the existence of m by compactness.)

From these facts, making only some trivial modifications in the arguments of

[2, §2] one can prove the following version of the Maximal Theorem.

Theorem 2. (i) For every p > 1 there exists a constant Cp such that ||/* ||„ S Cp||/||p

for allfe L*(39).
(ii) There exists a constant C such that, for all s>0 and allfe L\3S),

p{ue33\ /*(«) > s} S C i£!¿.

3. For every 0 < a < oo we define the admissible domain at u e 33,

s/Ju) = <ze
\SP(u,z)\        /l+a\n

(U,Z) m
For a function Fon 2 and a function/on 33 we say that Fconverges to/admissibly

(a.e.) if, for every a > 0,

lim      F(z) = f(u)
2->U;26JS,„(u)

for (almost) all ue33.

Theorem 3. Admissible convergence is invariant under the group G of holomorphic

automorphisms of 3>.
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Proof. Let g eG. By [5, (3.4)],

\ngz,gu)\ _ \SF(z,u)\  \A9(u)\
&>(gz,gu) 0>(z,u)   \A9(z)\

where Ag is a nonvanishing holomorphic function on the closure of 3. By compact-

ness, |^s(m)|-|^9(z)|_1 is between positive bounds, and the theorem follows.

In order to get a more geometrical description of admissible convergence we

define, for 0 < a < oo,

z
VA\e) = \ze3 TJÍ e"*or(l-|2|)

and T'JJ<e) = kY'a(e) for k e K. The following lemma then shows that in the defi-

nition of admissible convergence we can use T'a(u) instead of ¿rfa(u).

Lemma 1. There exist constants a, b, c, d such that ¿&a(u)<^r'aa+b(u) and T'a(u)

cz^/ca + d(u)for all0<a<oo and all ueSÛ.

For the proof one notices that s/a(ke) = ksáa(e) (k e K), and so it is enough to

consider the case u=e. This case can be settled by a rather simple straightforward

computation.

Next, we make the estimates necessary for Fatou's theorem.

Lemma 2. There exists a constant C such that, for 0 < r < 1,

SP,e(u) S C/(l-r)» (ueâf),

S C(l-rf/p2n       (ue@-3§D).

The proof is a simple computation based on the explicit expression

(1-r2)"
.(«) =

1 — rux |

Lemma 3. For every 0<a<co there exists a constant Ca such that, denoting

by F the Poisson integral off, \F(z)\ S CJ*(u0) for all fe V(3S) (pi 1), u0 e S3,

z e r;(«0).

Proof. By F-invariance it suffices to consider the case u0 = e. Let z £ Y'a(e).

Then, writing |z| =r, we have z = rke with some A: £ Fa(1_r). By an obvious property

of &, ^z(u)= ^rke(u)= ^re(k'lu). By remark (iv) in §2, Pia(l-r)andueâ8-âSmo

now imply k~xue3S-â§„.

Let 8 = ma(l -r). We write 3S=3§6 u (®26-0t¡) u ■ ■ •. By the observation just

made, u e 382i+14-â&2tô implies k'^ueâS — 3S2iaa_r); so Lemma 2 gives

\F(z)\ =

2 c awï-rw» L      m   I'l^-= o     t/aU —r))    Jm2i+i„-m2js
+

i = o
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This is further increased by taking each integral in the sum over all of 332i+ if.

The definition off* now shows that

|F(z)| S Cm»*»f*(e)+(c£ f 2^)-/» = C*/*(e)-

The generalization of Fatou's theorem follows from Lemma 3 by a standard

argument [7, Chapter XVII] :

Theorem 4. Let f e W(33) (p7î 1) and let F be its Poisson integral. Then F con-

verges to f admissibly almost everywhere.

4. The generalized Cayley transform

^      'l-zx        "      *l-zx

carries 3> onto

(* = 2)

D = Iz = (zx,...,zn) | h(z) = ImZi-2 \zk\2 > OJ

The operator A is transformed into

«./ Ja»        n     S2 ^     82        ..A 82        „.£. 82    IA(z) 4(ImZi) j—jr-+> 5—5=- + 2iZz*5—^-2iZz* 5—3=- ■
L 8zx 8zx    ¿£ 8zk 8zk        ¿z     8zx 8zk        ^     8zk 8zx\

We denote the boundary of D in Cn by B. As in [5] we have the measure ß on B

defined by

J /(") dß(u) = J/ÍRe ux + i 2 kl2> w2,..., «nj

• d(Re ux)d(Ke u2)d(lm u2) ■ ■ ■ d(lm un).

LP(B) is defined with the aid of ß. For a function F on D and Z>0, Ft(z) =

F(zx + it, z2,..., z„). We define

jr"(Z)) = IF: D-> C I ADF = 0, sup ||Ft||LP(fl) < 00).
I. i>0 J

Withpfz, w) = i(wx-zx)-2 2% zkwk, weha\ep(z, z) = 2h(z),and [5, Proposition 5.3]

«      ï      r(")       '
S(z, w) = -sr^.-j-t=>v      y      2^"  p(z, w)n

p(u,z) = M"^)l2 _ IX»)   pjz,zy
S(z,z)        2^   \p(u,z)\2"

for the Szegö and Poisson kernel of D. We say that F is the Poisson integral of a

function/on B if F(z)=¡f(u)P(u, z) dß(u).

By a repetition of the arguments used to prove Theorem 1 we can now prove the

following.
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Theorem 5. (i) F is the Poisson integral of a function fe L"(B) (l<pS<x>) if

and only if F e Jfp(D).

(ii) Fis the Poisson integral of a finite Baire measure on B if and only if F e 2tP\D).

(iii) F is the Poisson integral of a function f e LY(B) if and only if Fe 3^'1(D) and

the family {Ft\ t> 0} is uniformly integrable with respect to ß.

This result, together with the formulas of [5, §4] shows that the inverse Cayley

transform carries Jifp(D) into Jfp(2), but not onto, unless p = ao.

To generalize the Maximal Theorem, instead of K we consider the group N of

elements (a, c) = (a, c2,..., cn) e R x Cn '* acting on D by the holomorphic

autmorphisms
n n

(a, c) : zxt-^zx + a+2i^zkck + i^ \ck\2,
2 2

: zk\-^zk + ck       (k ä 2).

N leaves p(z, w), hence also h(z), S(z, w) and P(u, z) invariant. We define

\(a,c)\ =Max{|a|,2|cfc|2
^ 2

For u e B we define
f n

i «ii = Max jiRe«ii>2 i"*i
^ 2

and for p>0 we define ^„={«€771 ||z/||<p}, Np = {geN\ |g|<p}. Clearly we

have Np = {ge N \ g-0e Bp}. If g=(a, c), then g~1 = (-a, -c); this shows that

NP1 = NP. Given two elements, g=(a, c), g' = (a', c') one checks by an easy com-

putation that

r' = (a + a'-2 Im 2 c'kck, c + c'\.gg
2 "

From this it follows that \gg'\ S2(\g\ + \g'\), and this inequality implies that

NpBpcNipforall p>0.

We define, for feLp(B) (pä 1)

/*(0) = sup ̂ L- f   l/l dß
P>0 P(op) Jb„

and/*(g-0) = (/o g)*(0) (g e N). The Maximal Theorem can now be proved for

/* by the methods of [2].

For a > 0 we define the admissible domain at u e B by

Aa(u) = \z e D
\S(u,z)\ < mP(u, z)

and we have a corresponding notion of admissible convergence.

Theorem 6. Admissible convergence on D is a notion invariant under the group

of those holomorphic automorphisms of D which have a continuous extension to B.
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Proof. The group in question is isomorphic under the Cayley transform with

the subgroup of G fixing the point e on the boundary of 3. It is known (and easy

to check) that it is generated by N and by the maps zx m» szx, zk i-> sll2zk

(k = 2,..., n), s > 0. One sees that for every fixed a these mappings only permute

the corresponding domains Aa(u), whence the assertion follows.

The analogues of the domains r'a(u) are defined by

ra(0) = {zeD\ ||z-/n(z)e|| < ah(z)}

and Ta(g-0)=gTa(0). Equivalently one can write

ra(g-o) = {g'-(ite) | irVI < «0-

A straightforward computation now gives

Lemma 4. For every a>0, u e B we have Aa(u)^Ta + x(u) and Ta(u)<^A2a(u).

This shows that admissible convergence can again be equivalently redefined by

using the Ta(u) instead of the Aa(u).

The basic estimate on the Poisson kernel is now

P(u, ite) S c/tn (u £ B),

s cr/p2«     (H i p),

as one sees immediately from the explicit formula

tn

P(u, ite) = c
((Reux)2 + (t + H\uk\2)2y

Proceeding from here in the same way as in the case of 3 we obtain the following

version of Fatou's theorem.

Theorem 7. Let felP(B) (pi 1) and let F be its Poisson integral. Then F con-

verges to f admissibly almost everywhere.

In concluding this section let us note that, although we defined the notions of

admissible convergence in 3 and D independently, they can easily be tied up with

each other. In fact one can check that, at least in a neighborhood of 0, there is a

relation of the type of Lemmas 1 and 4 between Aa(0) and the Cayley transform

of^a(-e).

5. In this section we follow closely the argument of Calderón [1], [7]. For

a > 0 and h > 0 we define the truncated domains

rha(g-o) = {g'-ite\o< t <h, \g-y\ <at}.

Lemma 5. Let E^B and let u0 be a point of density ofE with respect to the family

of sets {gBp | g e N, p >0}. Then, given any a>0, h > 0, a0 > 0, there exists h0>0

such that

n°a(u0)c u i»
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Proof. We write uo=g00 (g0 e N). For ux=gx-0e B we define

Ai  = glB«¿1a\9¿1gil-

Now, for any g-0 (ge N), g-Oe Z)9l implies

\g^g\ = lUo^iXgr1?)! ^ 2(^0-^1 + |gr1g|) < 2(i+^)|g0-1ft|.

This shows that the set D' =g0B2a + a-iC!)lg-^gil contains Dgv We have

ß(Dgi)/ß(D') = a-l2\a0 + a)\

Since u0 is a point of density, it follows that there exists c> 0 such that |gô 1gx| < c

implies D9ir\ E^ 0.

We show that for any h0>0 such that h0<h, c/a0 has the required property.

Let ze r*°0(u0). Then z=gx-itxe with 0<tx<h, \gö1gi\ <a0tx. By the choice of h0,

|go Jgi| <c> hence 7)Sl n F^ 0. Let «=g-0e D9i n F. Then

|g-1gi| = |gi_1g| < («/«o)|go_1gi| < «*i,

i.e., z e r£(z/), finishing the proof.

Theorem 8. Let F be a harmonic function on D. Let E<^B be measurable and

suppose that for every ueE there exist a > 0, « > 0 such that F is bounded in r£(w).

Then, at almost every point of E, F converges admissibly to a finite boundary value.

Proof. First we note that it may be assumed that a and « are the same for each

ue E, that \F\ S M uniformly in every T%u), and that E is bounded and closed.

In fact, defining

Em = {ueE\ \F\ Sj   inriif(w)},

for any e > 0 there exists ß such that, writing Ex = Ui.zc.iso Em, ß(E— Ex) < c Since

F is continuous, the closure of Ex has the same property as Ex, and our statement

follows.

Now let r = U„eE r¡J(M). We will show that F=p + r where peJifcc(D) (so it

converges admissibly a.e. on B), and |r| is majorized in T by a positive harmonic

function v which converges admissibly to 0 a.e. on E. Lemma 5 will then imply

that r also converges admissibly to 0 a.e. on E.

For this purpose we define the functions /, on B by

fn(u) = Fxln(u)   if u+i(e/n)e Y

= 0 otherwise

and letpn be the Poisson integral of/n. |p„| S M for each «; by weak compactness

a subsequence of {pn} converges to some function p e 2^""(D).

Writing rn = Fx¡n—pn, the subsequence of {rn} corresponding to the above con-

verges to a harmonic function r such that F=p + r. Note that each rn is continuous

on F, 0 on E, and |rn| S2M on T.
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Define v by v(z) = (2M/h)h(z) + Cw(z), where w is the Poisson integral of F'

(the complement of F in B), and C is a constant to be determined later. It is easy

to see that h(z), and hence v, is harmonic. To show \r\Sv in T it is enough to

show |r„| Sv for each n. By the maximum principle it is enough to show this on BY,

the boundary of T.

So let z £ ST. We distinguish three cases, (i) If h(z) = 0, i.e. z e F, then rB(z) = 0,

and |r„(z)| Sv(z) is trivially true, (ii) If h(z) = h, then by |rB(z)| S2M and w(z)iO,

}rn(z)\ S v(z) for any choice of d0. (iii) If 0< h(z) <h, then z £ Tha(u) for all u e F,

by definition of T. Writing z=g'ite, this means that [g'^g^iat f°r all £e-N

such that g-0 e F, i.e. g'Bat<=E'. By some obvious changes of variables we have

now

w(z)=  f  P(u, z) dß(u) i  f      P(u,z)dß(u)
Je' Jg'Bat

= Í    P(u, ite) dß(u) = Í   P(u, ie) dß(u) = Ca.
J Bat »ß«

Hence, choosing C=2M/Ca, we again have |rn(z)| Sv(z), and the proof is finished.

6. For/=l,..., k let 3¡he a complex ball in some Cnt, and let 3=3xx ■ ■ ■ x3k.

It is well known that the Szegö kernel of 3 is £F(z, w) = U¿r°j(zi, w1), and a similar

relation holds for the Poisson kernel. Noticing that, by the formulas of §1,

\¿Fj(u',z^)\-&>1(ui,z'Y1 has a positive lower bound, it follows that|^(w, z)|

■ SP(u, z)"1 is bounded from above if and only if \SffcF,zi)\-0>£u,,zi)~'1 is

bounded from above for each j. Therefore it is reasonable to define (unrestricted)

admissible convergence for 3 in formally the same way as in §3.

Restricted admissible convergence is defined by adding the condition that as

z=(z1,..., zk) -*■ u, besides z staying in an admissible domain, 1 — |zr| < M(l — \z$\)

should be satisfied for some M and all r,s=l,.. .,k. With these definitions,

by the argument of [7, Chapter XVII] we obtain the following.

Theorem 9. lffeLP(38x x ■ • • y.38k) (p>l) and F is its Poisson integral, then F

converges to f admissibly a.e. Iffe V~(í¡Sx x ■ • • x âSk), then F converges to f admissibly

and restrictedly a.e.

Of course, a similar theorem is true for products of domains of type D, or even

for a mixture of the two types.

Our proof of Theorem 8 can also be extended to the case of products of domains

D. The additional arguments one has to make are exactly the same as in the case

of products of halfplanes and are explicitly pointed out in [7, Chapter XVII].
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