A COHOMOLOGICAL DESCRIPTION OF
ABELIAN GALOIS EXTENSIONS

BY
MORRIS ORZECH(?)

Let J be a finite abelian group, and let R be a commutative ring. Let Eg(J)
denote the set of equivalence classes of Galois extensions of R with group J, and let
Ag(J) denote the subset of Ez(J) consisting of those extensions which have a nor-
mal basis.

In [8], Chase and Rosenberg obtained a bijection of pointed sets, Ax(J)
~ H?*(R,J), where H*(R, J) is the cohomology group that Harrison denoted by
H*(R(J), R(H)) [11].

We show that this bijection is an isomorphism of abelian groups, and that it is
natural in R and J (§§1 and 2). Let S be a faithfully flat commutative R-algebra.
Using techniques similar to those employed in [7], a double complex is defined,
depending on S and J, whose two coboundary maps are those of Harrison [11] and
Amitsur [1]. The first cohomology group of this double complex is shown to be
isomorphic to a subgroup of Ex(J) (§3). By passing to the direct limit over those
faithfully flat R-algebras which arise from partitions of unity in R, we obtain an
isomorphism between Eg(J) and a cohomology group H* depending only on R
and J. We then have that the inclusion of Ax(J) in Ex(J) is given as the composite
Ap(J)= H*(R,J) — H' = Eg(J), where the middle map « is an edge homomorphism.
Under certain assumptions « is an isomorphism, and then every Galois extension
of R with group J has a normal basis (§4).

This paper constitutes a portion of the author’s doctoral dissertation at Cornell
University. The author wishes to thank S. U. Chase for his helpful advice and
encouragement.

1. Groups of Galois extensions. In this section we will establish some properties
of (not necessarily commutative) Galois extensions, and of certain sets of such
extensions. In what follows, R will always denote a commutative ring, and un-
adorned tensor products will be over R.

For § a ring and G a group, S(G) will denote the group ring of G over S. We
define a category ;% as follows: the objects of ;% are R-algebras which are also
left R(G)-modules, the elements of G acting as R-algebra automorphisms; the
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morphisms in ;%% are R-algebra homomorphisms which are also R(G)-module
maps.

Let G be a finite group, and let 4 be any ring. Define e;(A4)={Set functions
v: G — A}. Then eg(A) is a ring under pointwise operations, and is an R-algebra if A4
is an R-algebra. Now suppose 4 is an object of o4%,. We let AS={ain 4 | x(a)=a
for all x in G}. Define h: 4 ® A — eg(A) to be the homomorphism such that
h(a ® b)(x)=ax(b) for a, b in A and x in G. We say that 4 is a Galois extension of
R with group G if h is a bijection and A°=R.

Let ¢: G — H be a homomorphism of finite groups. Define a covariant functor
$: o — pp by

#(A) = {Set maps v: H— A4 | v(¢(x)y) = xv(y) for x in G, y in H};

for f1 A— B a morphism in %%, ¢(f)(v)=fv. Let «: 9% — % be the functor
obtained by viewing an object in ;2% as an object in %, via ¢. The functor ¢
is a right adjoint to «. H acts on ¢(4) via (yv)(z) =v(zy).

Suppose now that ¢': G — K, ¢": K — H are homomorphisms of finite groups.
Let $=¢"4’, and let ¢, ', ." be the functors which are the left adjoints of ¢, ¢’, ¢”
respectively. It is easy to see that there is a natural equivalence of functors, ¢'t"~.
By uniqueness of adjoints up to equivalence, we conclude that the following
lemma holds.

LEMMA 1.1. Let ¢', ¢" and ¢ be as described above, and let
¢ op— xS, ¢": k) —> pp, ¢: o —

be the corresponding functors. Then there exists a natural equivalence of functors,
$'¢’ ~4.

THEOREM 1.2. Let ¢: G — H be a homomorphism of finite groups, and let A be a
Galois extension of R with group G. Then ¢(A) is a Galois extension of R with group H.

Proof. We first remark that for an object 4 of ;%% to be a Galois extension of R
with group G, it is necessary and sufficient that there exist elements ay, ..., a,,
by, ..., b, in A such that >; a;x(b;)=38, , for x in G, and that A= R. This is proved
in [6] for A commutative; with trivial modifications, the arguments used [6,
Theorem 1.3, (b) <> (c) <~ (d) < (e)] are valid even when A4 is not commutative.

First assume that ¢ is one-one, and identify G with ¢(G). Then ¢(4)
={v: H— A | v(xy)=xv(y) for xin G, y in H}. Choose a,, ..., a,, b,,..., b, in A
such that >; a;x(b;)=38, ,.

Let 1=z,,..., z, be a set of coset representatives of G; thus H=|J H(i), where
H(i)=Gz, for i=1,...,m. Define a map | |: H— G by |xz|=x for x in G.
Clearly | | satisfies the conditions: (i) [1| =1 and (ii) |xy| =x|y| for x in G and y
in H. Now for i<n, j<m define v, ;: H— A, w; ;: H—> A by v, (2)=|2|(a)8uq,cz>
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wy, (2)=z|(b;)8y;), 6. for z in H. By (ii), v; ; and w, ; are in ¢(A) for i<n, j<m. Now
for each z in H we have that

(z Ui.ij.f)(Z) = Z v, (2w, (2) = z |z|(aiby) = 1.
] [®] 1
If y#1isin H, we get:
(Z vi.jy(wi.f))(z) = Z 2|(a)|2y|(6)81s), 681, Gav-
1 I

Case 1. Gz#Gzy. Then (3, ; v;;y(w;,;))(z)=0.
Case 2. Gz=Gzy. Then u=zyz ' isin G, and uz=zy. Thus |zy| =u|z| by (ii) and
|zy| =|z|t where t=|z|~'u|z| #]1 is in G. Thus

(g vi.,y(wi.,-))(z) = Z |z|(@)|z|1(b) = |z|( Z ait(bi)) =0.

It is easy to see that ¢(4)"=R, and thus #(4) is a Galois extension of R with
group H.

Now suppose ¢: G — H is onto. Let K=Kkernel (¢). Define maps j: AX — #(A),
J': $(A) — A¥ by j(a)($(x))=x(a),j'(v)=v(1) for a in A%, x in G, v in §(A). It is easy
to verify that j, j* are morphisms in ;%% and that jj'=1, j’j=1. (The action of H on
A¥ is given by ¢(x)(a)=x(a) for x in G.) That A¥ is a Galois extension of R with
group H is proved in [14, Proposition 1].

For ¢ arbitrary, write $=¢"4’, where ¢’ is onto and 4" is one-one. Using (L.1)
and the special cases above, we conclude that the theorem holds.

For G a finite group, define Ex(G) to be the set of equivalence classes of Galois
extensions of R with group G, two such extensions being equivalent if they are
isomorphic in g%,

We define a Galois (R, G)-algebra to be a Galois extension 4 of R with group G
such that 4~ R(G) as R(G)-modules. Equivalently, there exists @ in 4 such that
{x(a) | x in G} is an R-basis for 4 ; this basis is called a normal basis and is said to be
generated by a.

We define 4x(G) to be the set of equivalence classes of Galois (R, G)-algebras,
equivalent algebras being those isomorphic in . Clearly, Ax(G) is a subset of
E(G). We shall write (4) for the class of 4 in either Ex(G) or Ax(G).

THEOREM 1.3. Let ¢: G — H be a homomorphism of finite groups. If A is a
Galois (R, G)-algebra, then $(A) is a Galois (R, H)-algebra.

Proof. It is clear that there is an R(H)-module isomorphism (A
Hompg,(R(H), A), where R(H) is viewed as an (R(G), R(H))-bimodule via é. We
must show that Homg,(R(H), R(G))~ R(H) as left R(H)-modules.

For X a finite group, Homz(R(X), R)~ R(X) as left R(X)-modules, the iso-
morphism being given by f(«)=.cx a(x)x~* for a in Homg(R(X), R). Now using
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this fact and an adjointness relation between Hom and ®, we obtain R(H)-
isomorphisms

Hompg,(R(H), R(G)) ~ Homge,(R(H), Homg(R(G), R))

~ Homgy(R(G) Qg R(H), R) ~ Homz(R(H), R) ~ R(H).

13

Let S be a commutative R-algebra. Define a functor from ;% to %% by 4 —
S ® A, where x(s ® a)=5s ® x(a) for sin S,ain 4 and x in G; for a: 4 -G a
map in %%, we send a to 1 ® «.

LEMMA 1.4. Let S be an R-algebra, and let G and H be finite groups. Then

(a) There exists an isomorphism j: ey(S) — S ® ey(R) which is simultaneously
an R-algebra and an S(H)-module map.

(b) If S is an object of ¢4 then j is also a G x H-module map; G x H acts on
S ® ex(R) and on ey(S) by (x, y)(s ® v)=x(s) @ y(v), ((x, ¥)W)(z)=x(v(zy)) for s
inS,viney(R),winey(S),y,zin Hand x in G.

Proof. Let v, in ey4(S) be defined by v,(y)=38,,, for x in H. The set {v, | x in H}
is an S-basis of e4(S), and ey(R) has a corresponding R-basis {w, | x in H}. Let
JC e SxUx) =2 Sx ® w,. An inverse to j is defined by j'(s ® v)=sv, and conditions
(a) and (b) are easily verified.

LEMMA 1.5. Let A be an object in 4, where G is a finite group. Let S be a
commutative R-algebra. Then

() If A is a Galois extension of R with group G (respectively a Galois (R, G)-
algebra) then S ® A is a Galois extension of S with group G (respectively a Galois
(S, G)-algebra).

(b) If Sis a faithfully flat R-module [3, p. 461 and S ® A is a Galois extension of S
with group G, then A is a Galois extension of R with group G.

Proof. (a) The proof of [6, Lemma 1.7] for A commutative holds here.
(b) Let h: A ® A — eg(A) be defined as at the beginning of this section. We
have isomorphisms (S ® 4) Rs(S ® 4)~S ® 4 ® Aand

S®e(d) =S QA4QexR) = ee(S @ A),

defined respectively by (s ® a) Rs(s’ ® a’) - ss' ® a ® d’, and as in (1.4). Let
(S ®A) Rs(S ® A) —>ex(S ® A) be defined analogously to A. Then the
diagram below is commutative:

S@A0A—L8" 58 ela)

S ®A4)Qs(S ®4) _F_> e(S ® A)
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By assumption, A’ is an isomorphism; thus 4 is an isomorphism since S is faithfully
flat [3, Proposition 1]. If a is in A then 1 ® a is in (S ® A)°=S. Thus 1 @ a
=5 ®1 for some s in S. Then 1 @s RI=sR1 X 1=1 ®1 ®a, so that
1 ® s=s ® 1. By [7, Lemma 3.8] we conclude that s is in R, so that a is in R.

The following theorem is proved in [6, Theorem 3.4] for A, B commutative. The
same proof holds in the noncommutative case.

THEOREM 1.6. Lei A, B be Galois extensions of R with group G. Suppose f: A — B
is an R-algebra homomorphism and an R(G)-module homomorphism. Then f is an
isomorphism.

Let ¢ denote the category of finite groups and group homomorphisms; let &
denote the category of sets and set maps; let Z denote the category of commutative
rings and ring homomorphisms.

PROPOSITION 1.7. (a) The following definitions yield a functor En: 9 — .
Ex(G) is defined as following (1.2). For ¢: G — H a homomorphism of finite groups,
define Ex($): Ex(G) — ER(H) by Ex($)(4)=($(A)).

(b) The following definitions yield a functor E.  (G): Z — & E. (G)(R)= Ex(G).
For 0: R — S a homomorphism of commutative rings, define E,. Ex(G) — E4(G) by
E(G)(A)=(S ® A).

(c) E becomes a bifunctor from £ x G to & under the definitions in (a) and (b);
specifically, E((H)Ew(¢$)= Es($)E((G), where ¢, 0 are as in (a) and (b).

Proof. (a) First we note that Eg(¢) is a well-defined map. #(4) is a Galois
extension of R with group H by (1.2); if A~ Bin %% and j: A — B is a morphism
in %, define j;: $(4) — $(B) by j1(v)=jv for v in $(4). j, is easily seen to be a
morphism in 4%, and is thus an isomorphism by (1.6).

Now let 1: G — G be the identity map. Then 1(4)={Set maps v:'G — A4 | v(xy)
=xv(y) for x, y in G}. Define f: 1(4) — A4 by f(v)=v(1). By (1.6) we conclude that
(1(4))=(A4) and Eg(1) is thus the identity map.

If ¢':G— K, ¢": K— H are homomorphisms of finite groups, we conclude
from (1.1) that Ex(¢"$") = Ex(¢")Ex(4").

(b) If 4 is a Galois extension of R with group G, S ® A is a Galois extension of
S with group G by (1.5). Clearly, E4(G) is well defined. The functorial properties of
E. (G) are straightforward results of associativity relations for tensor products,
and of (1.4).

(c) Define a map f: S @ ¢(4) - (S ® A) by f(s @ v)(y)=5 ® v(y) for sin S,
yin H and v in ¢(A4). By (1.6) we conclude that (c) holds.

Now let 4 and B be Galois extensions of R with groups G and H respectively.
Gx Hactson A ® Bvia(x, y)(a ® b)=x(a) ® y(b)for xin G, yin H,ain Aand b
in B. In [14, Proposition 1] it is shown that 4 ® B is a Galois extension of R with
group G x H; the equivalence of our definition of Galois extension with other
definitions is discussed in the proof of (1.2).
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LEMMA 1.8. (a) Let e: G— H be the trivial homomorphism between the finite
groups G and H. Let A be a Galois extension of R with group G. Then ey(R)~ e(A)
in gt

(b) Let : G — H and ¢': G' — H' be homomorphisms of finite groups. Let A and
A’ be Galois extensions of R with groups G and G’ respectively. Then (¢ x ¢4 @ A')
2$(4) @ ¢'(A') in yx -y

Proof. (a) We first observe that if e;: {1} — H is the trivial map, the two inter-
pretations of ey(A), given near the beginning of this section, coincide. Take
e': G — {1}, so that e=eye’. Now €’(4) ~ R since R is the only Galois extension of R
with group {1}. By (1.1), e(4) ~ ey(e'(4)) = ex(R).

(b) From the definitions, we have that

B, = ($x¢ )4 @A) ={w:HxH — A QA" | w($(x)y,$'(x)y) = (x, xIW(y, ")
forxin G, x in G', yin Hand y' in H'};

By = $(4) @ ¢'(4) = {v: H—> A | v($(x)y) = x(y)}
Q{v': H'— A" |v'($'(x)y) = xv'(y)}

Define f: B, — B; by linearity and f(v ® v')}(¥ ® y)=v(y) ® v'(y’). It is easy to
verify that f maps B, to B; and that fis an R-algebra and an R(H x H')-module
map. By (1.6) and the remarks preceding this lemma, f is an isomorphism.

Restrict G to be a finite abelian group, and let m: G x G — G be the multiplication
map, a homomorphism since G is abelian. Let t: G — G be the homomorphism
defined by #(x)=x"1. Define a binary and a unary operation on Ex(G) by the
respective formulas: (4)-(B)=(m(4 ® B)), (4)~*=(t(4)) for (4), (B) in Ex(G).
It is not difficult to verify that if 4 and B are Galois (R, G)-algebras, then 4 ® Bisa
Galois (R, G x G)-algebra. Combining this with (1.2), we see that the formulas
above define operations on Ag(G) as well as on E(G). Let ®° denote the category
of finite abelian groups. '

THEOREM 1.9. (a) Let G be a finite abelian group. With the operations defined as
above, Ex(G) and Ax(G) are abelian groups. The identity element of these groups is
(e(R)).

(b) The bifunctor E of (1.7) is a bifunctor from R x G°®° to /4, the category of
abelian groups.

(c) Ag(G) is functorial in R and G, and A: & x G*°* — /£ is a sub-bifunctor of E.

Proof. (a) Clearly (4)-(B)=(B)-(A4). Functoriality of Ej yields Ez(m(m x 1))
=Ep(m)Eg(mx 1)=Ex(m(1 xm)), and (1.8) implies that (mx1)(4 @ B ® C)
~m(A ® B) ® C in ;. From these remarks it follows that the binary operation
on Ex(G) is associative.

Now (eg(R)) is the identity element of Ex(G), since we have

A ®eq(R) = (1xe)(4 @ R)
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by (1.8), with eg: {I} — G (we are using the observation made in the proof of
(1.8)(a)). But using the identifications 4 ® R~ 4, Gx{1}~G we have that
(Ixeg)(A4 ® R)~i(A), where i: G— G x G is given by i(x)=(x, 1). Since mi=1,
m(A @ eg(R) 2 1(A)2 4 in %,

It follows from (1.8) that (1 x 1)}(4 ® A)= A ® t(A) in g c%; by (a) of the same
result, Fp(e)(4 ® A)~eg(R) in o, where e: GxG— G is the trivial homo-
morphism. But e=m(1 xt). Applying Ej to this relation, we obtain (4)-(4)~*
=(eq(R)).

The proofs for 45(G) are precisely the same as those for Ex(G). .
(b) Let ¢: G — H be a homomorphism of finite abelian groups. Let mg: Gx G
— G, t;: G — G denote the group operations here, and let my, t; be the corre-
sponding homomorphisms for H. By (1.8) and functoriality of Ex, we get the follow-

ing chain of isomorphisms in ,%%:

my($(4) @ $(B)) = mu(($x )4 @ B)) = (mu(¢ x$))(4 ® B) = (¢me)(4 ® B).
Thus Ex(¢) is a group homomorphism.

Let 8: R— S be a homomorphism of commutative rings. As in the proof of
(1.7)(c), we can show that S @ m(4 ® B)~m(S @ A @ B)in ;. ButS ® 4 ® B
=S @ 4 @58 @ Bin g, Hs. It follows that Ey(G) is a group homomorphism, and
(b) is proved.

(c) One can verify that 4 is a bifunctor precisely as one verified functoriality of
E. The proofs above also hold for Ax(G).

REMARK. In [12] Harrison introduced T(G, R), the subset of E(G) consisting of
classes of commutative Galois extensions. It is shown in [12] that T(G, R) is func-
torial in G and R, and that T(G, R) defines a bifunctor T: %** x # — /¢. Using
the lemma below, which we state here for later reference, it is not difficult to show
that the group structure defined on T(G, R) in [12] agrees with that induced on
T(G, R) from the group structure of Ex(G).

LeMMA 1.10. Let ¢: G — H be a map of finite abelian groups. Let K={(x, $(x)~?)
in GX H}. Then for A a Galois extension of R with group G, we have $(A)
(A4 ® ey(R))X in y Ay If $ is the identity map from G to G and m: G x G — G is the
multiplication map, then m(A @ B)~(4 ® B)X in ;.

Proof. Define ¢': Gx H— H by ¢'(x, y)=¢(x)y for x in G, y in H; thus K
=kernel (¢'). Let j: ex(4) - A4 ® ey(R) be defined as in (1.4). Using the explicit
definition of j, the definition of $(4) as a subalgebra of e,(A), and the fact that H is
abelian, we see that j restricts to a map j;: $(4) — (4 ® ex(R))X. From (1.4) we
know that j is an R-algebra and an R(G x H)-module homomorphism, and thus j,
is an R-algebra and an R(H)-module homomorphism. But (4 @ ey(R))¥ is a
Galois extension of R with group H (we refer the reader to the remark directly
preceding (1.8), and to [14, Proposition 1]). By (1.6), j, is an isomorphism. Using
(1.6) it is easy to show that m(4 ® B)~(4 ® B)¥ when ¢ is the identity map on G.
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2. A cohomological description of 4;(J). In this section we introduce a co-
homology theory patterned after one introduced by Harrison in [11], and used in
[5] to classify Ag(J).

Let J be an abelian group. For each integer n>0 we define maps A, ;: J* — J"+!
as follows (where we use multiplicative notation for J):

An,i((xl, AR xn)) = (la X1senes Xn) fori = 0,
=(xl,...,xi,xi,xi+1,...,xn) f0r0<i<n+1,
= (X1,..., Xp, 1) fori = n+1.

We will henceforth suppress the subscript n on A, ; and we shall use A, to desig-
nate the corresponding map A;: G — G™*1, where G is any other abelian group.
One may easily verify the relations

Q.1 AjoiD =AA, for0<i<jsn+l.

Now suppose F: @** — .o/¢ is a (covariant, not necessarily additive) functor
from the category of finite abelian groups to the category of abelian groups. We
define a complex CF(J) by setting C*F(J)=0 for n<0, C"F(J)=FJ") for n=20;
88J): F(J™ — F(J"*1) is given by 8XJ)=[1r+d (F(A)) Y for n=0, where F(J)
is denoted multiplicatively. That 6"*+18*=0 follows from (2.1) and from functori-
ality of F (see, e.g. [1, Theorem 5.1]). The nth cohomology group of this complex,
Ker (8")/Im (8" ~1), will be denoted by H"F(J).

We define a functor Ug: 92° — 274 by setting Ug(J)= U(R(J)), the (multi-
plicative) abelian group of units of the group ring R(J). In the discussion below we
shall use multiplicative notation for J as well as for Ug(J). The cochain complex
CUg(J) is given by

- -—> {1} - U(R) —§(—)—> U(R(J))L URJ?))—>---.

In [11] Harrison introduced this complex for the case of R a field.
If u is a cocycle in U(R(J"), cl (u) will denote the cohomology class of u in
H"Ug(J). We note that 8° is the trivial map.

THEOREM 2.2. There exists an isomorphism of abelian groups B: H2Uy(J)— Ax(J).
The map B determines a natural equivalence of the bifunctors H2U and A.

Proof. The existence of a bijection of sets B: HZUg(J) — Ax(J) is proved in
[8, Corollary 4.8] and in [5, Corollary 2.16]. The abelian group structure on Ag(J)
is that defined in §1. That H2U is a bifunctor from £ x %?° to /¢ can be verified
in a straightforward manner. (Z is the category of commutative rings.) We will give
the construction of 8 and B2, and some pertinent facts, for later reference.

Let cl(u) be in HZUR(J), u=2, yes ax.(x,y) being in U(R(J?)). Define an
operation o on the R(J)-module R(J) by R-linearity and xoy=>_.; a,-1, -1,z for
x, y in J. The fact that o gives an associative operation follows from the fact that u
is a cocycle; moreover o makes R(J) into a Galois extension of R with group J.
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We write R(J)* for the algebra thus arising, and we note that by its definition,
R(J)* has a normal basis. We set (cl (1)) =(R(J)*) in Ax(J).

Conversely, suppose (A4) is in Ap(J). There exists an isomorphism f: R(J) — 4
of R(J)-modules. We obtain a new multiplication on R(J), which we denote by ',
rendering / into an R-algebra isomorphism. Then x~ o y~'=3% ., a, ,(z)z where
a,,(z) is in R for x, y, z in J. Setting u,=2 , a, ,(1)(x, y) defines a cocycle in
U(R(J?)). We define B~1((A))=cl (u,).

It follows that 8 and 8~ ! are well-defined set maps. Moreover, if 4=R(J)* and
f: R(J) — R(J) is taken to be the identity map, the operation o" on R(J) agrees with
the operation o on R(J). Also, if 4 and fare as above, and if we endow R(J) with the
algebra structure defined by u,, then f becomes an R-algebra isomorphism. From
these remarks its follows that 8 and B! are bijections that are inverse to each other.

We now show that 8 is a homomorphism of abelian groups. It is easy to verify
that R(J)*~e,(R) in ,&4 iff u is a coboundary i.e. iff cl(u)=1. Now let
u=>ya,,(x,y)and v=3 b, (x,) be cocycles in U(R(J?)). Let K={(x,x ") in S xJ}.
Define a map j: R(J)*®° — (R(J)* ® R(J)")¥ by R-linearity and by the formula
J(X)=2,e; xy ® y~1. It is easy to see that j is a well-defined map. Using the form-
ulas for u and v and for the multiplication in R(J)* and R(J)?, it is straightforward to
show that j is an R-algebra and R(J)-module homomorphism. By (1.6), j is an
isomorphism, and we conclude from (1.10) that (R(J/)*)-(R(J)*)=(R(J)* ™). Thus B
is a homomorphism.

That B defines a natural equivalence of bifunctors may be shown using a direct,
though computationally involved, approach. Scrutiny of [8] and [5] also reveals
that B is natural, since it is defined there in a more canonical manner.

REMARK 2.3. Let u and v be cocycles in U(R(J?)), and let f: R(J)* — R(J)® be an
isomorphism of Galois extension i.e. an isomorphism in ;%%. Then f defines an
R(J)-module automorphism of R(J), so there exists a unique w in U(R(J)) such that
f(x)=wx for x in R(J)*. From the definitions of the multiplication in R(J)* and
R(J)?, it is easy to see that u=0v8'(w). Conversely, if wis in U(R(J)) and u=8(w)v,
defining a map f: R(J)* — R(J)* by f(x)=wx, we obtain an isomorphism of Galois
extensions.

3. A cohomological description of Ep(J). Before introducing the Amitsur-
Harrison bicomplex, we review the definition of Amitsur cohomology for ease of
future reference.

Let S be a commutative R-algebra, and let S™ denote the n-fold tensor product of
Sover R. Forn=0and 0<i<n+]1, define &™: S"*1 — §**2 by

(S Q- QS =5Q V5101 Qs @ - ® s,

Let F be a covariant functor from the category of commutative R-algebras to £7¢4.
We define a cochain complex C(S/R, F) by setting C*(S/R, F)=F(S"*1), the
coboundary d": C™(S/R, F) — C"*'(S/R, F) being given by d"=T1r*d (F(e)) "



490 MORRIS ORZECH [March

(here, as henceforth, we write ¢ for &™; we consider F(S') as a multiplicative
abelian group). The nth cohomology group of C(S/R, F) is denoted by H"(S/R, F).
That d***d™=0 follows from the relations (3.1), as shown in [1, Lemma 5.1],

3.0 88 = €518 fori £ j.

Abusing notation, we will write cl (v) for the cohomology class in H™(S/R, F) of a
cocycle v in F(S**+1).

REMARK 3.2. Pic (S) will denote the set of isomorphism classes of finitely
generated projective S-modules of rank 1 [3, p. 141]. For P such a module, we will
write {P) for the class of P in Pic (S). As shown in [3], Pic (§) is an abelian group
with identity {S), the operation being (P)-{Q>=<{P Qs Q>. If 1 S—>T is a
homomorphism of commutative rings, Pic (f): Pic (S) — Pic (T') defined by
Pic (f)({P>)={(T QsP) is a group homomorphism [3].

The following theorem of Grothendieck is to be found in [7, Corollary 4.6] and
is given here, along with parts of its proof, for future reference.

THEOREM 3.3. Let T be a faithfully flat commutative R-algebra [3, p. 46] and let
i: R— T be the inclusion map. Then there is a natural isomorphism o: H(T/R, U)
— Ker (Pic (i)), where U denotes the “‘units’ functor.

Proof. We sketch the construction of « and «~*. For proofs, we refer the reader
to [7, §4].
Given a cocycle v in U(T?)=CXTJR, U), we let P(v)={x in T | veo(x)=¢1(x)}.
The sequence
0>TQ®Pv)—>T>—>T3

is exact, where the map from T2to T3 is | ® veo—1 ® ve; [7, Lemma 3.8]. Thus
T ® P(v) may be identified with its image in T2. Then j: T — T2 defined by j(x)
=0v"1¢,(x) may be shown to define a T-isomorphism j: T — T & P(v), with inverse
Jj1 given by ji(t ® x)=tx [7, Theorem 4.2]. It now follows that setting «(cl (v))
={(P(v)) gives a well-defined homomorphism «: H*(T/R, U) — Ker (Pic (i)).

Conversely, if {P) is in Pic (R) and f/: T— T ® P is a T-isomorphism, we get a
T2-module isomorphism f: T2 — T? given as the composite

c®1 1®f1 T2 o?

64 118 rgp®l mgp T2

where o(f; @ t;)=t, ® t,. f must be defined by left multiplication by some element
vp in U(T?), since it is a T2-module isomorphism. «~* is now defined by «~*({(P)),
=cl (vp).

ReMARK 3.5. If T is a faithfully flat R-algebra, and J is an abelian group, then
T(J) is a faithfully flat R(J)-algebra [3, Chapter I, §3, Proposition 4].

THEOREM 3.6. Let J be a finite abelian group, and let A be a Galois extension of R
with group J. Then A is a finitely generated projective R(J)-module of rank 1.
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Proof. We recall the observations made in the proof of (1.2) that A satisfies
conditions (b)—(e) of [6, Theorem 1.3], even if A4 is not commutative. In particular,
let D(A4, J) be the free left A-module on the symbols u,, x in J. A multiplication
is defined by linearity and by the formula (au,)(bu,)=ax(b)u,, for x, yinJ, aand b
in A. Then the homomorphism j: D(4, J) — Endj (4) defined by j(au,)(b)=ax(b)
is a ring isomorphism. A computation shows that the image of R(J) under j is
Endg;, (4). Thus R(J)=~ Endg, (4). Thus, if 4 were a finitely generated projective
R(J)-module, 4 would have rank 1 by [3, p. 181, exercise 20]. That A4 is R(J)-
projective when it is commutative is proved in [6, Lemma 1.6 and Theorem 4.2].
The same proofs are valid for 4 not commutative.

Let F be a functor from the category of commutative R-algebras to the category
of abelian groups. Define a new functor FJ by FJ(S)=F(S(J)). The 1somorph1sms
SW)=S ® R(J), S @ TS give rise to natural isomorphisms

C(T()R(), F) = C(T|R, FJ),  HT(J)/RU), F) ~ H™(T|R, FJ),

and we shall treat these as identifications. We shall also identify 7(J) ®p, 4 with
T ® A when A4 is an R(J)-module.
For T'a commutative R-algebra, we introduce a cochain bicomplex C(J, T/R) by
setting:
C»™J,TIR) =0 ifn<0orm<0,
= UTr+(Jm+t) forn,m = 0.

The coboundaries are defined by using the Harrison and Amitsur coboundaries,

i.e. those introduced following (2.1), and preceding (3.1) respectively; a change of
sign is needed to assure that the axioms for a bicomplex are satisfied [4, p. 60]:

an,m: U(Tn + I(Jm+ 1)) - U(Tn + I(Jm + 2))
is given by ™™ =(8"*1)(-V" The map
dn,m . U(Tn + l(Jm + l)) > U(Tn + Z(Jm + 1))

is defined by d™™=d", the latter being the coboundary in C(T(J™*1)/R(J™*1), U).

The double complex C(J, T/R) gives rise to a total complex [4], which we also
denote by C(J, T/R), and to cohomology groups H™(J, T/R). We note that the
group operation on U(T™(J™)) is multiplicative. The low degree terms of the total
complex are:

U(TW)) - U(T(J?) © U(T*(J)) —~ UT(J%) @ UT*J?) @ U(T*(V)),

and the two maps here shown, call them D° and D!, are given by D°(u)=(8'(u),
d°(u)) for u in U(T(J)), and D*((u, v)) =(8%(u), d°(u)8*(v 1), d*(v)) for u in U(T(J2))
and v in U(T*())).

THEOREM 3.7. Let i: R— T be a ring homomorphism such that T is a faithfully
flat commutative R-algebra. Let J be a finite abelian group.
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Then there exists a natural isomorphism ¢: H'(J, T/R) — K(J, T/R) where
K(J, T/R) is the inverse image of Ar(J) under the map E(J): Ex(J) — Ex(J).

Proof. We first construct ¢,: K(J, T/R) — H(J, T/R). Let (A) be in K(J, T/R),
i.e. A is a Galois extension of R with group J, and there exists a 7(J)-isomorphism
f:T(J)—T ® A=A’'. Then, as in the proof of (2.2), we have a unique u=u, in
U(T(J?)) such that 8%(u)=1, and such that f: T(J)* — A’ is an isomorphism of
Galois extensions. Now consider the composite mapping f defined by the diagram
below, where e(i)=¢;(u) for i=0, 1:

1®f o®1

Ty —2 512 @ 4 ———>

1@

T2 Q@ A ——— Tz(J)e(O) ___a___> Tz(J)e(l)

(3.8)

By a slight variant of the discussion surrounding (3.4) (and using (3.6) to justify
the argument), there exists an element v=uv, in U(T?%)) such that d'(v)=1 and
such that f(x)=ox for x in T%(J); but since each map in (3.8) is a ring isomorphism,
as well as a T%J)-module isomorphism, f is an isomorphism of Galois extensions
of T? with group J. By (2.2) we conclude that go(u)=¢,(4)8'(v); so d°(u)=238(v)
and (u,v) is a cocycle in the total complex. We set ¢,((4))=class (u, v)=
class (1, v4)-

We must show that ¢, is well defined. Let j: 4; — A, be an isomorphism of
Galois extensions of R with group J. Let f;: T(J) — 4; be T(J)-module isomor-
phisms, for i=1, 2. Write v;, u; for v,,, uy;, i=1, 2. The composite map

f=611 @ NATU) —>TJ)*
defines a unique isomorphism f of Galois extensions such that f,f=(1 ® j)fi.
By (2.3) there is a unique w in U(T(J)) such that f(x)=wx and u; =u,8'(w). More-
over, each square of the diagram below commutes (we write e(i,j)=e¢(u;) for
i=0,1,j=1,2).

1 1 1 =
T2(J)e(0.1) ®f1; T2 ®A1 i ® 5 T2 ®A1 ®f1 N Tz(J)e(o,l)_c’_)TZ(J)e(l,l)

180()’) ll ®1®j) ll ®1Qj) leo(f) lel<f)

Tz(J)e(o ,2) 5 Tz ® A2 5 T2 ® A2 —) Tz(J)e(o ,»2) __> Tz(J)e(l ,2)

Q f2 c®]1 Qf?

Now from the definition of v; and w we obtain that eo(w)v, =v,2,(W), or vy =v,d°(w).
Thus (uy, v;) = (ug, v2) D°(W), showing ¢; to be well defined.

We now define p: H'(J, T/R) — K(J, T/R). Let (u, v) in U(T(J?)) ® U(T?*(J)) be'a
1-cocycle of the total complex. Define A(u, v)={x in T(J)* | veo(x)=¢,(x)}. Letting
e(i)=¢,(u), we have the map &,: T(J)* — T3(J)*® is a ring homomorphism, as is the
similar map ;. The map I(v): T?(J)*® — T*(J)*®, given by left multiplication by v,
is a ring homomorphism by (2.3) and by the fact that eo(u)=e¢,(u)8'(v). Thus
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A(u, v), being the set on which &, and /(v)e, agree, is a subring of T(J)*. By (3.3)
and the relation d*(v)=1, we have that A(u, v) is a projective R(J)-module of rank 1,
and J acts as a group of R-algebra automorphisms of A(u, v), since J acts as a group
of T-algebra automorphisms of T(J)*. Now the map j;: T ® A(u, v) - T(J)*
defined as in (3.3) by j,(t ® x)=tx, is a T(J)-module isomorphism, and is clearly a
T-algebra isomorphism as well. Thus by (b) of (1.5), A(u, v) is a Galois extension of
R with group J. Set ¢(class (4, v))=(A(u, v)).

We wish to show that (4(u, v)) is independent of the choice of representative for
class (4, v). Let w be in U(T(J)) and suppose (', v')=(u, v) D°(w)= (ud*(w), vd°(w)).
By (2.3), the map j: T(J)* — T(J)*, defined by multiplication by w, is an iso-
morphism of Galois extensions. Now the diagrams below are easily seen to com-
mute

. %o w0 1) .
T( J)u > T2( J)e ) > Tz( J)e (6]

jl ieo(].) lel(j)
T ——> THIY© —> THJ)y®
U ——> T T0)

&

T —> TJ)*®

Jl lﬁ(j)
Ty —> TJ)®
&
where €'(i)=¢(u’) for i=0, 1. It follows trivially that A(u, v)~ AW, v') as Galois
extensions, and ¢, is well defined.

¢ and ¢, are inverse maps. Let (1, v) be a cocycle giving rise to T(J)* and to
A=A(u, v). As in the proof of (3.3), there is an isomorphism

=jfhTU)—>T QA

of Galois extensions, where T ® A is considered as a subset of T%(J), and j is
defined by j(x)=v"1¢,(x). In particular, the cocycle u,. can be taken to be u itself.
Now v, is defined by a composite map j given as in (3.8), i.e. for y in T%(J),

vy =Jj(¥) = (e(1 ® j~H)(e ® DA )N)-

Now for x in 4, it is easy to see that the relation j(x)=v~e,(x) = eo(x) implies the
relation j(go(x)) =¢;(x). Thus v,eq(x)=veg(x) for x in A. But since j is an isomor-
phism, £,(A4) generates T%(J) as a T?(J)-module. Since multiplication by v, and by
v are each T2(J)-module maps, we have that v=v,, and ¢,¢ is the identity map.
Conversely, let (4) be in K(J, T/R), and let f: T(J) > A'=T ® A be a T(J)-
isomorphism. Let u=u,,, v=v,. Then f:T(J)* - T ® A is an isomorphism of
Galois extensions. The diagrams below commute, where v, is defined by letting v
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act on T? ® A, the latter being considered as a T%(J)-module:

T( J)u _80_) Tz( J)e(O) I(U) > Tz( J)e(l)

fl leo(f) 1em
TRQA—>T? QA——>T2 R A
® g ®1 ® I(vy) ®
T(J) LI T3(J)®
fl lel(f)
TR A—>T2 R A4

By an easy computation, and by [7, Lemma 3.8] we conclude that
A={xinT ® A]|uv(e, ® 1)x) = (¢, @ 1)(x)}.
It follows that 4~ A(u, v) as Galois extensions. Thus gp, is the identity map.

We now show that ¢, is a group homomorphism. Let (4,), (43) be in K(J, T/R),
and let A=(4, ® A,)”, where H={(«, «~*) in J xJ}. By definition, and by (1.10),
(A)=(A,)-(43) in Eg(J). Write v, for u,;, u for u,., etc., and let (u', v') = (u,ug, v,0,).

Define j: T(J)* — (T(J)"r ® T(J)*2)? by j(e)=>pe; Bx ® ™! for « in J. Let
fi: T — T ® A, be isomorphisms of Galois extensions for i=1, 2; and let

h: (T @ 4) @ (T @ A))" > T ® (4, ® 45)7
be the natural map (which is an isomorphism by (1.6)). The relations u=u’, v="0'
follow respectively from the proof of (2.2), and via a computation, from com-
mutativity of the diagram below, in which the notation is as indicated :
T3(J)o% = M, fori = 1,2; THJ)o™ = M.
T?(J)»“ = N, fori=1,2;T*J)\™ = N.

ML Ml ®T2 M2

1®f £0(f1) ® £o(f2)

" eo(h™?) 2 2
T? @ A ——> (T? ® A,) ®2(T? ® Az)

c®1 cR1®e®1

2 ol 2 \
T?PRA4A—— (T? ® 4;) Q:2(T* ® 4,)

1Qf1
M eo(J) M, ® M,

" l

N —_— Nl ®N2
&1(J)

This completes the proof of the theorem, as naturality is easily verified.
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THEOREM 3.9. Let R, i, T be as in (3.7). Then there exists a natural isomorphism
HYT/R, H'U, (J))=Ker (E(J): Ex(J) — Er(J])).

Proof. H'U\(J), as defined preceding (2.2), is the kernel of
8t U(S()) — U(S(J?)),

since 8° is the trivial map. (It is easy to see that H U (J)={Des So in S(J).| SeSp
= 8,45, and 2, s,=1}.) We have a chain map:

HU(J) — H'Uga(J) =+ -«

} l
U@y — UTE) @ UTHJ) -+ -

where the vertical maps are the inclusions. This chain map induces a map on
cohomology h: HY(T/R, H'U, (J)) — HY(J, T/R) which is given by h(cl (v))
=class (1, v). h is easily seen to be one-one. Using the fact that T(J)! =e/(T), and
the constructions employed in the proof of (3.7), it is not difficult to verify that the
image of ph consists of {(4) | T ® A~e,(T) as Galois extensions}. This completes
the proof.

PROPOSITION 3.10. Let f:T— T’ be a homomorphism of R-algebras. Then f
induces a homomorphism of bicomplexes C(J,f): C(J, T/IR)— C(J,T'/|R). If
g: T — T’ is another R-algebra map, then C(J, f) and C(J, g) are chain homotopic,
and thus induce the same map H(J, f): H(J, T/IR) — H(J, T'[R).

Proof. finduces f*: T* — T™ and also f™™: U(T"*}(J™*)) — U(T"**(J"*Y)).
{f™m} is easily seen to be a cochain map. Define Jf: T**!* — T"" by

i @ ® ) =f(1) @ Qf(ti-1)g(t) @ g(tis1) - @ gthsy)

for1Zizn.
Let

grm: UTm+1 I+ Y) — U (™)
be induced by . Now define
spm U (™) — U(T" (™)
by st =201 (= DY{™. Let
sy U™+ Y) — UT™ ™)

be the zero map.

From [2, Theorem 2.7] we know that ds;+s,d=f—g, d being the Amitsur
coboundary. Thus ds; + 5,d+ 85, + 5,6 =f—g, & being the Harrison coboundary. By
definition, s,d+ds,=0, and it is easily verified that 5,8+ 8s,=0. By [4, p. 60],
(s+, 55) defines a chain homotopy.
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We define # to be the set of partitions of unity in R, i.e. the set of
subsets {1, . . ., x,} of R for which x; + - - - +x,=1. For x in R, R, will denote the
localization of Rat{l, x, x%,...}.If V={x,, ..., x,}, we will write Ry =2>7_, @ R,...
If Vis in %, Ry is a faithfully flat R-algebra [3, p. 88, Théoréme 1], [3, p. 44,
Proposition 1(d)].

For V, W in %, write R, <Ry, if there exists an R-algebra homomorphism
Ry — Ry,. Write Ry~ Ry, if Ry £ Ry and Ry < Ry. Let * denote the set of equiva-
lence classes of % relative to ~, and for V in %, write (R,)* for the class of Ry in
U* If V={x1,. .., X} and W={y,, ..., yn} are in %, write

VW= {Zi,]' I i = l,‘..,n;j=l,...,m;zu = x,»yj}.

Clearly VW is in %, and the relation < defines a partial order on %* under which
the latter is a directed set, e.g. (Ry)* = (Ryw)*.

DEeriNITION 3.11. Let n20. For Ry, in %*, define an abelian group X, by
Xy=H"(J, Ry/R); Xy is well defined by (3.10). If (Ry)* Z(Ry)*, define o : Xy
— Xy by o¥ = H™(J, f) with f: R, — Ry. It is easy to see that we thus obtain
a directed system of abelian groups {Xy, {«}/}}. We define H™(J, R)=

dir lim H™(J, Ry/R), where the direct limit is taken over (Ry)* in Z*.

THEOREM 3.12. (a) There is a natural isomorphism H*(J, R)= Ex(J).
(b) There is a natural isomorphism

dir lim HY(T/R, H'U, |J)) = {(A) in Ex(J) | Ay = e,(Ry) as Galois extensions
for every maximal ideal M of R},

where the direct limit is taken over the elements of U*.

Proof. Because of (3.7), it suffices to show that Ex(J)=Uree K(J, T/R). Let A
be a Galois extension of R with group J. For M a maximal ideal of R, we have
from (1.4) and from [6, Theorem 4.2(c)] that

Ry ® A 2 Ry @ Ry(J) =~ Ry ® ex(R)

as Ry(J)-modules (the proof of [6, Theorem 4.2(c)], and the results used in that
proof, hold when 4 is not necessarily commutative; we also refer the reader to the
comments at the beginning of the proof of (1.2)). Now [7, Lemma 5.1 and Theorem
5.2] may be applied to obtain a partition of 1, call it ¥, such that

Ry ® A 2 Ry ® e)(R) = ex(Ry)

as Ry(J)-modules; we remark that the results of [7] hold under somewhat weaker
hypotheses than stated, and that the proof of [7, Lemma 5.1] can be easily cor-
rected. Thus (a) is proved.

(b) Suppose T=>7-; @ R, is such that T ® A=~e,(T) as Galois extensions of
T, where S x;=1. Tensoring with each direct summand of T, and using the fact
that S ® e,(T)~e,(S ® T) as Galois extensions, we get that R, ® 4~e/(R,,) as
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Galois extensions for i< n. Let M be a maximal ideal of R. Choose j such that x; is
in R-M. We have a homomorphism of R-algebras, S= R, — Ry. Thus we obtain
isomorphisms R,y ® A~Ry ® (S ® A)~ Ry ®se;(S)~e;(Ry). Thus the direct
limit of (3.12)(b) is a subset of the indicated subset of Eg(J).

We now prove the reverse inclusion. To begin with, we make the following
observation: Let 4 be a Galois extension of R with group J, and let M be a maximal
ideal of R such that 4,,~e,;(R,) as Galois extensions of R, ; then there exists d in
R-M such that 4, ~e;(R;) as Galois extensions of R,. Forlet {r,/bin 4, | r,isin A4,
bisin R-M, «is in J} be a set in A4, such that r,ry/b%=(8, z)r./b, C. r.)/b=1, and
B(ro)/b=rqs/b in Ay 1t is easily seen that there exists an element ¢ in R-M such that
c(brors—b28, 4re)=0, ¢S, ro—b)=0, and be(r,;—B(r,))=0in A. Let d=bc. We can
compute that {r,/d | «inJ} is a set of mutually orthogonal idempotents in A,,
whose sum is 1, and which are a normal basis for 4, over R,;. Thus 4;~e,(R;) as
Galois extensions of R;.

Now suppose Ay~ e,(Ry) as Galois extensions for all maximal ideals M of R.
Let 7 be the ideal in R generated by {x in R | 4,~e,(R,) as Galois extensions}. By
the observation above, we conclude that /= R. Thus there exist z, . . ., z, in R and
V1., Yo in I'such that z;y, + - - - +z,p,=1. Let x;=zyp;. Letting T=37_, @ R,,,
we see that T ® A~ e,(T) as Galois extensions of T. This completes the proof.

4. A spectral sequence and the semilocal case. We begin by proving a normal
basis theorem.

THEOREM 4.1. Let R be of characteristic p, and let J be a finite abelian group of
exponent p. Then

(a) If T is a faithfully flat R-algebra, we have that H™(J, TRy~ H"*1Ug(J) for
nz0.

(b) Ap(J)=Eg(J), i.e. every Galois extension of R with group J is a Galois (R, J)-
algebra.

Proof. By [13, Theorem 3.4], the maps «,: T(J™) — T defined by «,(3 t,.x)=> t,
induce isomorphisms B,: HYT(J")/R(J™), Uy~ H™T|R, U) for n>0; (note that
the definition of H°(T/R, U) in [13] differs from ours). Then

H"(T/R, U) = "H?* = Ker (d*9/Im (d?~1:9)
under the isomorphism B, ;; it is not difficult to see that the composite
By 187B s HY(T/R, U) — "H?* — 'H?%*! . HY(T/R, U)

is either the zero map or the identity map, depending on whether ¢ is odd or even
respectively; this follows by noting that 8": U(R(J™)) — U(R(J"*1)), when re-
stricted to U(R), is the zero map or the identity map depending on whether n is even
or odd respectively. Thus, the homology of the double bomplex taken with respect
to first d, and then 8, is O for ¢ >0 and by [10, p. 89, Théoréme 4.8.1] we see that the
injection of Ker (U(T(J™)) — U(T*(J ™)) into the bicomplex induces an isomorphism
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of cohomology. But if T is faithfully flat over R, the kernel in question is U(R(J")).
Thus we have isomorphisms H"*1Up~ H™J, T/R). Now (b) follows from (2.2),
from (3.12), and from the fact that the isomorphism obtained in (a) is induced by
inclusion maps.

THEOREM 4.2. Suppose that R is a semilocal ring, and that T is a faithfully flat
. R-algebra. Then H'(J, T/R) =~ H2U(J).

Proof. The exact sequence associated with the first spectral sequence of our
bicomplex [4, chapter XV, §6] yields

0— EZ,— H'J, T/R) — E ,,

where EZ , is thé homology of the double complex taken with respect to d and 8 in
that order. The faithful flatness of T implies that EZ ; = H2Ug(J). Now

Ef o = Ker (H(T()/R(J), U) — H(T(J*)/R(J?), U)),

a subset of H*(T(J)/R(J), U); the last set may be considered as a subgroup of
Pic (R(J)) by (3.3) and (3.5). If S is semilocal, Pic (5)=0 by [3, p. 143, Proposition
5). If we show Pic (R(J))=0 we will be done. For M a maximal ideal of R, only
finitely many maximal ideals of R(J) contain M. For if K= R/M, there is a one-one
correspondence between the maximal ideals of R(J) containing M and the maximal
ideals of R(J)/MR(J)=K(J). But K is a field, so that K(J) has the descending chain
conditions on ideals, and is thus semilocal by a Nakayama’s lemma argument.
Thus only finitely many maximal ideals of R(J) contain M. Now R(J) is an integral
extension of R [15, p. 254] since it is a finitely generated R-module. Thus every
maximal ideal of R(J) lies over some maximal ideal of R [15, p. 259]. This completes
the proof.

Using (4.2), (3.12) and the fact that every Galois extension over a semilocal ring
has a normal basis, we can recover the isomorphism between H2Uy(J) and Ag(J)
described in (2.2).
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