THE TENSOR PRODUCT OF SEMIGROUPS

BY
PIERRE ANTOINE GRILLET

The tensor product of semigroups is defined like the tensor product of modules,
by means of multilinear mappings. Surprisingly enough, it has most of the im-
portant properties of its homological cousin, together with some others of its own,
so that, in view of such results as [4], it is not unreasonable to hope that it will
become a very helpful tool for the study of semigroups. The only thing it lacks as
an operation is associativity; this is apparently due to the use of noncommutative
semigroups throughout this paper, and results in our concentrating on the tensor
product of two semigroups, even though such restriction is not necessary for some
of our results.

In §1 we give the definition and some examples: If B is a one-element semigroup,
then 4 ® B is the largest idempotent homomorphic image of A4; if B is an infinite
cyclic semigroup, then A ® B is the largest normal homomorphic image N(4) of 4
(normal means that (xy)*=x"y" holds identically for all #). In §2 we prove
the existence of the tensor product of any family of semigroups. §3 brings a
fundamental result, which describes the congruence induced by f® g when the
homomorphisms fand g are onto (in which case f ® g is also onto). As a first conse-
quence, we prove also that 4 ® B depends only on the largest normal homomor-
phic images of 4 and B; namely, 4 ® B is naturally isomorphic to N(4) ® N(B).
In §4, we prove a very peculiar property of the tensor product of semigroups,
namely that it preserves consistent monomorphisms (a semigroup homomorphism
is consistent if the complement of its image is an ideal or is empty). The fundamental
result of §3 can then be extended to consistent morphisms. In §5 we show that the
tensor product of semigroups is cokernel preserving in the following sense. Call a
sequence A" 1> A4 5 4" coexact if the congruence induced by f” is the smallest
in a class in which the image of fis contained. Then the tensor product by any
s-indecomposable semigroup X preserves such coexact sequences where f” is onto
(or consistent). We also establish the adjoint associativity. In the right exactness
result of §5, the assumption on X cannot be lifted, but we show in §6 that this can be
fixed by defining another tensor product for semigroups with zero, which is
closely related to the tensor product of semigroups and otherwise keeps most of its
properties.

Our paper is self-contained except that we do not bother to redefine elementary
concepts of semigroup theory, which is better done in [1]. Also, the reader will have
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a better appreciation with a little knowledge of homological algebra (see [6]). We
shall denote by & the category of semigroups; by Im fthe image f(X) of a mapping
fof Xinto Y (Im f may mean a semigroup if fis a semigroup homomorphism); by
ker f, the equivalence relation or congruence induced by f.

1. Definition. Examples. If (4,);; is a family of semigroups, we say that a
mapping s of the cartesian product [ [;c; 4; into a semigroup C'is I-linear if for every
io € I, the mapping a;~—> 5((a:)e;) is @ homomorphism of 4;, into C whenever all
a; are fixed except for a;,. If an I-linear mapping ¢ of [ [ic; 4; into a semigroup T
has the property that, for any I-linear mapping s of | [;c; 4; into some semigroup C,
there exists a unique homomorphism u of T into C such that s=u o ¢, then we call
the pair (¢, T), and also the semigroup 7, a tensor product of the family (A4;)c;.

If (4;)ic; has a tensor product (¢, T) we shall denote T by Xie; 4; and #((a;)ie;) by
Xier a;. We shall be mostly concerned with the case when Iis finite, I={1, 2, .. ., n};
in that case, X)e; 4 is also denoted by 4; ® 4, -+ ® A, and Kie; a1 by a; ® a,
® - - ® a,; I-linear mappings are called also n-linear (bilinear, trilinear if n=2, 3).

Before proving that any family of semigroups has a tensor product, we give
some examples.

PROPOSITION 1.1. Let A be any semigroup and E={e} be a one-element semigroup.
Then any largest idempotent homomorphic image E(A) of A is a tensor product of
A and E.

Proof. E(A4)comes witha homomorphism f of 4 onto E(A). Thent: (a, e) ~— f(a)
is a bilinear mapping of 4 x E into E(A). Let s be any bilinear mapping of 4 x E into
some semigroup D; then g: a~~—>s(a, €) is a homomorphism of 4 into D. Further-
more, the image Im g of g is an idempotent subsemigroup of D, for s(a, e)s(a, €)
=s(a, ee)=s(a, e) for all a € A. Therefore, there exists a unique homomorphism u
of E(A) into D such that g=u o f; i.e. s=u o t. This completes the proof.

Call a semigroup S normal if (xy)" =x"y" holds identically in S (cf. [5]). It is clear
that any semigroup A4 has a largest normal homomorphic image; it can be described
as quotient of 4 by the smallest congruence on A4 containing all pairs of the form
((x»)™, x™y™); we shall denote it by N(A).

PROPOSITION 1.2. Let A be any semigroup and B be an infinite cyclic semigroup
generated by b. Then N(A) is a tensor product of A and B.

Proof. Let f be the canonical homomorphism of 4 onto N(A). Since N(A) is
normal, ¢: (a, b") ~— f(a") is a bilinear mapping of 4 x B into N(A). Let s be any
bilinear mapping of 4 x B into some semigroup D. Then g: @ ~—> s(a,b) is a homo-
morphism of A4 into D. Observing that s(x, y*) =s(x, y)*=s(x", y) holds identically
for any bilinear mapping s, we conclude that

s((xy)*, b) = s(xy, b") = s(x, b")s(y, b")
= s(x*, b)s(y", b) = s(x™", b),



1969] THE TENSOR PRODUCT OF SEMIGROUPS 269

for all x, y € A and all n. Therefore Im g is a normal subsemigroup of D. Hence
there is a unique homomorphism u of N(4) into D such that g=u o f; since s(a, b")
=s(a", b)=g(a")=u(f(a"))=u(t(a, b)) identically, we have also s=wu-t. Con-
versely, if v is any homomorphism such that s=v o ¢, then also g=v o f so that
v=u is unique. This completes the proof.

Using a similar reasoning, one can show easily that:

PROPOSITION 1.3. Let A be any semigroup and B be a cyclic semigroup generated
by an element b, subject to the relation b*=>b"** (where n, P>0). Let C be a largest
homomorphic image of A such that C is normal and the identity x™=x"*F holds in C.
Then C is a tensor product of A and B.

From this it is easily deduced that the tensor product of a cyclic semigroup of
index n and period p and a cyclic semigroup of index m and period ¢ is again a
cyclic semigroup of index inf (n, m) and of period the g.c.d. of p and ¢. In particular,
the tensor product of two finite cyclic groups is a finite cyclic group. More generally,

PROPOSITION 1.4. If A and B are groups, then A Q@ B is a group.

Proof. We may anticipate and use here the general results of the next section,
which insure the existence of 4 ® B and the fact that it is generated by all elements
of the form a ® b. Let e(f) be the identity of A(B). For any b’ € B, e ® b’ is an
identity element of 4 ® B; indeed, if a ® b is any generator of 4 ® B, and if
b=>b'u, then, by bilinearity,

eQb)Na®b)=(eQRb)aQ)Na@u=@@Rb)a®u=aQb

and, similarly, (@ ® b)(e ® b')=a ® b (writing b=vb"). Likewise, a ® f is an
identity element of 4 ® B for all a € 4. In particular, a ® f=e ® f=e ® b for all
a, b.

If now a~1 is the inverse of a in A4, then

@'Rb)axb)=eRb=>@Rb(a?*RDb),

which shows that any generator of 4 ® B has an inverse. Therefore, 4 @ Bis a
group.

Since the universal property of 4 ® B applies in particular for bilinear mappings
of Ax B into a group, one may restate Proposition 1.4 as follows: The tensor
product of two semigroups has a restriction to the variety of groups, which is
precisely the tensor product in that variety. (We shall not say more about the
tensor product in the variety of all groups, for the following reasons. Observe that
a group is normal if and only if it is abelian. Then it will follow from Proposition
3.7 that the tensor product of two groups 4 and B depends only on the abelian

groups A/[4, A], B/[B, B]. Thus we do not think that it can be an interesting
tool.)
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2. Existence and first properties.

THEOREM 2.1. Let (A;)ic; be any family of semigroups. There exists a tensor
product of that family and it is unique up to isomorphism.

Proof. The uniqueness is clear from the definition of the tensor product as a
solution of a universal problem. To show the existence, we construct one as follows.
Since this construction will be used again later, we give the notation first.

NoOTATION 2.2. Let F be a free semigroup on the set [ [;c; 4; and w be the canon-
ical inclusion of [ Ji; 4, into F. Let & be the set of all pairs of the form

(w((@)ien), w((@)enDW((@i)1er))

where a;, a;, a; € A4, are such that a; =a; a;, for some index i,, and a;=a;=a; for
all other indexes. Let € be the smallest congruence on F containing #. Let T=F/¥,
k be the canonical homomorphism of F onto T and r=k o w.

This construction provides us with a pair (¢, ') which is a tensor product of the
given family. Indeed ¢ is an I-linear mapping by the choice of . Let s be any
Flinear mapping of [ i 4, into some semigroup C. First there exists a unique
homomorphism f of Finto C such that s=f o w. Since s is I-linear, ker f contains all
pairs of €; therefore ker k=%<ker f, so that f=u o k for some unique homo-
morphism u of T into C. We see that u is such that s=fow=uokow=uot.
Finally any homomorphism v of T'into D such that s=v o t (=v o k o w) is such that
v o k=f by uniqueness of f, so that v=u is unique. This completes the proof.

Using the same method, it can be proved that any variety has a tensor product
of its own.

The construction above provides us with a presentation of the tensor product.
For example, if we start with two semigroups 4, B, we may construct 4 @ B as the
semigroup generated by all “symbols” a ® b, subject to all the bilinearity re-
lations. Therefore, if 4 and B are finitely generated, or finitely presented, so is
A ® B. The following example uses this description to show that, if 4 and B are
finite, A ® B need not be finite.

ExaMPLE 2.3. Let 4 and B be semigroups of order 2 consisting of a zero and an
identity. Then the tensor product of 4 and B is the semigroup generated by
0=0®0, 1=1Q1, e=0® 1, f=1 ® 0 subject to all bilinearity relations:
00=0, 11=1, ee=e, ff=f, 0e=e0=0=0f=f0, el =le=e, f1=1f=f. From these
relations it follows that 01 =0el =0e=0 and, similarly, 10=0; hence 0 is a zero of
A ® B, 1is an identity of 4 ® B, and we can describe 4 ® B as C U {0, 1}, where
C is the semigroup generated by e, f subject to the relations e?=e, f2=f. It is
immediate to verify that any element of C can be written uniquely as either (ef)" or
(fe)" or (ef)?e or (fe)*f for some n>0 or some p=0. Thus C is infinite. Therefore
A ® B is also infinite.

It is easy to verify that the tensor product is a commutative operation (e.g.
A ® BB ® A), but it fails to be associative (we mean, of course, the tensor



1969] THE TENSOR PRODUCT OF SEMIGROUPS 271

product of semigroups). A counterexample is furnished by Example 2.3. Since B is
idempotent there, B ® E~B by 1.1, so that 4 ® (B® E)~A ® B. However
(4 ® B) ® E, which is an idempotent semigroup by Proposition 1.1, is not iso-
morphic to 4 ® B since ef, for example, is not idempotent. (A description of
(4 ® B) ® E is easily obtained from Proposition 1.1 as the quotient of 4 ® B by
the congruence whose classes are {0}, {1}, {e}, {f}, {(ef)*; n>0}, {(fe)*; n>0},
{(efH"e; n>0}, {(fe)*f; n>0}.) It turns out that in this case A Q BRQ E~XA®
(B ® E). All we can say when 4, B, C are any semigroups is that there exist
canonical homomorphisms of 4 ® B® Conto (4 ® B)® Cand 4 ® (B R® C).

Finally, it follows at once from the definition that, if (4;)ie;, (Byier are families of
semigroups and if a homomorphism f; of 4, into B; is given for each i € I, then there
exists a unique homomorphism of );; 4; into X);e; B, which shall be denoted by
Qier fis such that (Rie f)(Rier @) =Rier fia) identically. By Theorem 2.1 it is
possible to choose a tensor product for any family and any such choice defines
then a functor, covariant in each variable.

3. Action on onto homomorphisms. Throughout this section, f (g) is a given
semigroup homomorphism of 4 (B) into A’ (B). To study f ® g we shall have to
use the tensor product construction of §2; in such case, we shall use the following

NotaTiON 3.1. We use the Notation 2.2 for the construction of 4 ® B and
A’ ® B'; primes will refer to A’ ® B’. In addition, 4 denotes the mapping of 4 x B
into A’ x B’ defined by: h(a, b)=(f(a), g(b)); k denotes the unique homomorphism
of Finto F’ such that Ao w=w' o h.

By the definition of f® g, we see that kK’ chow=k'ow o h=(f@ g) ok ow,
sothat k' o h=(f® g) o k.

ProposITION 3.2. If fand g are onto, then f Q@ g is onto.

Proof. Then 4 is onto, so that / is onto; hence (f® g) o k=k’ o h is onto and
therefore f ® g is onto.

Now we want to describe ker f ® g.

DEerINITION 3.3. If 7 (#) is a congruence on A (B), " ® £ is the smallest
congruence on 4 ® B containing all pairs (a; ® by, a; ® by) such that (a,,a;)e L,
(by, by) e &.

THEOREM 3.4. Without any assumption on f, g: kerf® kerg<kerf® g. If
fand g are onto, then the equality holds.

Proof. If (a;, a,) € ker f, (by, by) € ker g, then

(f® g)a, ® b)) = f(a) ® g(by) = f(az).® gby) = (f® g)az @ by)

and (a, ® by, a; ® by) e ker f @ g. Therefore ker f ® ker g<ker f Q g.

To prove the converse inclusion in the case when f and g are onto, consider the
quotient C of 4 ® B by ker f ® ker g, and the canonical homomorphism p of
A ® B onto C. We show first that ker A< ker p o k.
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Indeed, suppose that xi,...,Xp, Vi,- s Vo €A, Z1y.. s Znyty,. .., L, €EB are
such that

E(w(xl, zl)’ ) 'w(xm Zn)) = E(W(yh tl)' : 'w(yp’ tﬂ))'
Then, successively,

W (f(x1), 8(z1)) - - W' (f(x2), 8(z4)) = W' (f (1), &(1))- - - W (f(3y), &(£:));
n=p and f(x)=f(y), g(z)=g(n) foralli;
(k(w(x;, 2)), k(W(pi, 1)) = (xi @ z;, y; @ t) eker f @ ker g = ker p for all i;

pk(W(x1, 22)- - - W(xn, 24))) = PW(P1, 12) - - - W(Yp, 1))

Therefore ker h<ker p o k.

Since 4 is onto, there is a homomorphism v of F’ into C such that pok=vo A.
Then vow och=vohow=pokowis bilinear. Thus » o w’ is also bilinear and can
be written under the form v o w'=u o k' o w’ for some homomorphism u of 4’ ® B’
into C. Finally

pokow:vow'oh=uok'ow'oh=uo(f®g)okow’

so that p=uo(f ® g) and ker f @ gcker p=ker f ® ker g. This completes the
proof.

COROLLARY 3.5. If A" (£) is a congruence on A (B), then A|X Q B/¥~
AQBIHN QL.

The following lemma is useful.

LEMMA 3.6. Suppose that A" (Z) is the smallest congruence on A (B) containing a
given binary relation # (2). Then A Q £ is the smallest congruence on A @ B
containing all pairs (@' @ b, a” ® b) such that (a',a")e P and all pairs (a R b’,
a ® b") such that (b', b") € 2.

Proof. Clearly 2" ® % contains all these pairs, so that, if .# is the smallest
congruence with that property, £<X ® &. To prove the converse inclusion,
for every b € B let ., be the binary relation on A defined by: (d', a") € A, if and
onlyif(¢’ ® b, a" ® b) € A . Since a ~— a ® bis a homomorphism, ., is infacta
congruence; also < 4, by definition of .#. Therefore " <.#,; in other words,
(a',a") e X implies (@’ ® b, a" ® b) € M. Similarly, (b, b") € & implies (a ® b,
a ® b") e M. Therefore (a', a") € A and (b', b") € & implies (@' Q@ b',a" Q b')e M,
(@ Qb,a" ® b")e A and eventually (&' Q b',a" Q b") e M. Thus X Q@ L <M,
which completes the proof.

As an application of these results, we show that 4 @ B depends only on N(A4)
and N(B). More precisely,

ProrosITION 3.7. For any two semigroups A and B, A ® B~ N(A) ® N(B), by an
isomorphism which is natural in A and B.
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Proof. Let f(g) be the canonical homomorphism of 4 (B) onto N(4) (N(B)). By
Proposition 3.2, Theorem 3.4, and Lemma 3.6, f® g is a homomorphism of
A ® B onto N(A4) ® N(B) and ker f ® g is the smallest congruence on 4 ® B
containing all pairs ((xy)" ® b, x™y" ® b), (a ® (zt)", a ® z™), where a, x, y € A,
b, z, t € B. But

) Rb=xy@b*=(x Qb)(y ®b"
=x"®b("®b) =x" Qb

and similarly @ ® (z¢)"=a ® z"¢" identically. Therefore ker f ® g is the equality.
Then f ® g is an isomorphism of 4 ® B onto N(A4) ® N(B). Naturality is clear.

It is to be observed that a tensor product of two (normal) semigroups is not
necessarily normal. For instance, in Example 2.3, (codo)*=(a,)"=a,, (co)"(dy)"
=cody=ay.

4. Action on one-to-one homomorphisms. Coming back to the general situation
of §3, we assume now that f and g are one-to-one. In this case f ® g need not be
one-to-one, as shown by the following example. Let A, A’, B=B’ be cyclic groups
of order 2, 4, 6 generated by a, @', b, respectively. By the remark following Prop-
osition 1.3, 4 ® B, A’ ® B are groups of order 2, generated by a ® b, a’ ® b,
respectively. Let f'be defined by f(a) =a'? and g=1idp, so that fand g are one-to-one.
Then f ® g is defined by: (f Q@ g)(e ® b)=a? ® b=(a’ ® b)®=1; it is constant
hence not one-to-one.

Yet there is one case when we can say that f ® g is one-to-one. Recall that a sub-
set K of a semigroup S is consistent (cf. [2]) if xy € K implies x € K and y € K; in
other words, if S—K is an ideal or is empty. We say that f, g are consistent if
Imf, Im g are.

THEOREM 4.1. If f and g are one-to-one and consistent, then f ® g is one-to-one
and consistent.

Proof. The proof uses the tensor product construction of §2; we shall keep the
notation in 2.2 and 3.1. Furthermore, we shall need the complete description of
%, €' from #, #’', for which we use the following

NOTATION 4.2. Let & be the binary relation on F defined by: (M, N) € 4 if and
only if either (M, N) € # or (N, M) e % or M=N. Let 7 be the binary relation on
F defined by: (M, N) €  if and only if M=UPV, N=UQYV for some U, V € F!,
P, Q € F such that (P, Q) € #. Then € is the transitive closure of . The (formal)
identity of F* can be considered as the “empty word” and 4 shall be extended to
F'by h(1)=1.

Coming back to the proof of the theorem, we first observe that, if we can prove
that (A(M), h(N)) € ¢’ implies (M, N) € %, then it will follow that (f ® g)(k(M))
=(f ® g)(k(N)) implies k(M) =k(N), i.e. that f ® g is one-to-one (since k is onto).
This will be established using the construction above and the two following general
properties of h: (1) & preserves the length of words; (2) % is consistent; more
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precisely, if A(M)=P’Q’, then, since F’ is free, there exists P, Q € F such that
P’'=h(P), Q'=h(Q), M=PQ. Furthermore, A is one-to-one.
If first (A(M), h(N)) € &', then, for instance, h(M)=w'(ayas, b’),
h(N) = w'(a}, b')W (az, b')

for some da, ay e A’, b’ € B'. Now h preserves length and so we must have M
=w(a, b), N=w(a,, b;)w(a., b,) for some a, a,, a, € A, b, b, b, € B, which must
satisfy f(a)=a1ab, f(a))=di, f(az)=ab, g(b)=g(b,)=g(bs)="b". Since f and g are
one-to-one, we have a=a,a,, b=b, =b, so that (M, N) € #. The other case, when
h(M)=w'(a, b\ by), h(N)=w'(a’, b))w'(a’, by) is treated similarly.

Furthermore, (A(M), N')e &' implies, for instance, A(M)=w'(aja3, b"), N’
=w(a}, b')W(as, b’) for some aj, az € A', b’ € B. If M=w(a, b), then aia;=f(a),
b’ =g(b). Since f is consistent, a; =f(a,), az=f(a,) for some a;, a; € A; therefore
N’ =h(w(ay, b)w(az, b)) € Im h. The other case is treated similarly, using the
consistency of g. In a similar manner, one shows that (M’, A(N)) e ' implies
M’ eImbh.

From this follows immediately that (A(M), A(N)) € #' implies (M, N) € # and
that (A(M), N') € #' implies N’ € Im h.

If now (A(M), h(N)) e T, then h(M)=U'P'V’, A(N)=U'Q'V’, where U’, V'
e F'* and (P', Q') € #', and we can find U, V € F*, P, Q € F such that A(U)=U",
R(V)=V', K(P)=P’, K(Q)=Q’', M=UPY, N=UQV. Since (h(P), H(Q)) e #', we
have (P, Q) € # and therefore (M, N) € 7.

Furthermore if (A(M), N')e I, then h(M)=U'P'V', N'=U'Q'V’, where
U',V'eF* and (P', Q")e®'. Since h is consistent, U’, P’, V' €Im h; since
(P, 0")e R, we have also Q' eImkand N'=U'Q'V’' e Im h.

If finally (A(M), h(N)) € €’, then we can find Pq, Pi,..., P,€ F' such that
Py=h(M), (P;, Pi,)) € J" for all possible i and P,=h(N). Since (Py, P})e T’
and Po=h(M), we have P; € Im h, say P;=h(P,); and (A(M), h(P,)) € 7" implies
(M, P,) € 7. Inductively, we obtain P; =h(P;) for some P, € F and (P, P,,,) € 7,
for all possible i. Eventually A(P,)=h(N), so that P,=N. Therefore (M, N) € .

From this we conclude that f ® g is one-to-one.

Furthermore, proceeding as above, we see that (A(M), N') € €’ implies N’ € Im .
Therefore k'(M)k'(N')=(f ® g)(k(P)) implies successively: (M'N’, h(P))e¥’;
M'N’'=h(Q) for some Qe F; M'=h(M), N'=h(N) for some M, N € F; and
finally K’(M")=k'(h(M))=(f Q@ g)(k(M)) e Imf ® g, K’ (N’) e Im f ® g, therefore
f ® g is consistent (since k, k' are onto) which completes the proof of the theorem.

Using this result, we can extend Theorem 3.4 to the case when f and g are
consistent.

THEOREM 4.3. If f and g are consistent, then ker f @ g=ker f ® ker g; further-
more Im f® g=~Im f ® Im g, and f ® g is consistent.

Proof. Let i (j) be the inclusion mapping of Im f (Im g) into 4’ (B’),and g (r) be
the canonical homomorphism of 4 (B) onto Im f (Im g), so that f=iog (g=jor).
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Since Im i=Im f, Im j=Im g, i and j are consistent. Then f @ g=( ® j) o (¢ @ r);
since i ® j is one-to-one by 4.1: kerf ® g=kerq ® r=kerq ® ker r=Xker f
® ker g by 3.4. Furthermore, Im f ® gIm g ® r=Im f ® Im g. Finally, i ® jis
consistent by Theorem 4.1, so that f ® g is also consistent.

5. *‘Right exactness *’ and adjoint associativity. In this section, we show that the
tensor product of semigroups keeps, to a certain extent, the right exactness and
adjoint associativity properties of the tensor product of modules.

While exactness is self-dual in an abelian category, its natural generalization
to a nonabelian category like & is not (see [3]). Therefore we shall consider two
kinds of “exact” sequences. We say that a sequence 4’ L5 4 7'y A" is exact if Im f
is a class of ker f”, and coexact (cf. [3]) if ker f is the smallest congruence ¥ on A
such that Im f'is contained in only one class of J¢’; if the sequence above is either
exact or coexact, then it is null, i.e. Im (f” o f) consists only of one (idempotent)
element of A”. For a null sequence, exactness, coexactness do not imply each other;
if, however, the sequence 4" £, 4 'y A" is coexact and if Im f'is an ideal of 4, then
the sequence is exact (and A is an ideal extension of Im f by Im f”).

Another difficulty is that, if 4’ Ly, A2’y A" isnull, then A’ @ X >4 @ X — A"
® X need not be null. We shall see in fact that there is no trouble if X is s-in-
decomposable (i.e. if the largest idempotent homomorphic image of X is trivial,
cf. [7].

THEOREM 5.1. If A" L5 AL5 A" is coexact and if X is s-indecomposable and f'
consistent (for instance, onto), then

A'®X&A®X_L§M_X,A”®X

is coexact.

Proof. Set f® idx=f, f’ ® idy=F£. First we prove that 4’ @ X /s A @ X L5 A"
® X is null. Define a homomorphism p of X into 4" ® X by: p(x)=e" ® x,
where {e"}=Im (f’ o f). Since e” is idempotent, every element of Im p is idempotent
and, by the condition on X, Im p is trivial, say Im p={¢"}, where é" € 4" ® X is
necessarily idempotent. Now

F@@x))=f(f@)@x=¢®x=2

forallae A4, x € X. Since A ® X is generated by all elements of the form a ® x, it
follows that Im f o f={e"}. This shows that our sequence is null. In other words,
Im fis contained in only one class of ker f".

On the other hand, ker f’ is the smallest congruence on A containing all pairs
(f(ay), f(ay)) (a;, a; € A"), by coexactness: so that, by Theorem 4.3 and Lemma 3.6,
ker f* is the smallest congruence on 4 ® X containing all pairs

(f(a) ® x, f(az) ® x),
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where a,, a, € 4, x € X. But any congruence with the property that Im fis contained
in only one class contains all these pairs, and so must contain ker f’. This means
that 4’ @ X1, A ® XLy A” ® X is coexact.

COROLLARY 5.2. If A" Ly ALy A" is coexact and if f' is consistent, then N(A")
— N(A) — N(A") is coexact.

COROLLARY 5.3. If A’ L, AL’y A" is coexact and if f' is consistent, then E(A")
— E(A4) — E(A") is coexact.

Proof. The corollaries follow from Propositions 1.2, 1.1, since any infinite
cyclic semigroup, any one-element semigroup, are s-indecomposable.

Whether the tensor product by an s-indecomposable semigroup preserves exact
sequences 4’ L, A/, A” (withf” onto) is a question we could not solve. Yet we have
the following result.

THEOREM 5.4. Let A’ 15 A L'y A" be an exact and coexact sequence, where f and f'
are consistent. Let X be an s-indecomposable semigroup. Then the sequence

A'®X&A®XL%A”®X

is exact and coexact. Furthermore f Q idy, f’ & idy are consistent and if f is one-to-
one, so is f & idy.

Proof. Observe that a nonempty consistent subsemigroup K of a semigroup S
is a class of some congruence on S (since S— K is either empty or a prime ideal).
Since by Theorem 4.3 f ® idyx is consistent, Im f & idyx is a class of some congru-
ence on 4 ® X and by coexactness (by Theorem 5.1) must be a class of ker f”
® id. The other conclusions of the theorem follow from Theorems 4.1, 4.3.

The reader will be able to state the corresponding corollaries concerning N(A4),
E(A).

Finally we turn to the adjoint associativity. A first difficulty is that the set
Morg (A4, B) of all semigroup homomorphisms of A4 into B may be empty and
in general will not inherit more than a structure of a partial groupoid. By a partial
groupoid we mean, following [1], a set P together with a partial binary operation.
A homomorphism of a partial groupoid P into a partial groupoid Q is a mapping
fof Pinto Q such that f(x)-f(y) is defined in Q and equal to f(x-y) whenever x-y
is defined in P. Partial groupoids and their homomorphisms obviously form a
category which shall be denoted by Z. The category & of semigroups is a full
subcategory of £. Finally the set Morg (P, Q) of all partial groupoid homomor-
phisms of P into Q inherits a structure of partial groupoid in the following fashion:
If £, g, h € Morg (P, Q) we say that f-g=hif and only if f(x)-g(x) is defined in Q
and equal to A(x) for all x € P. If in particular P and Q are semigroups, Morg (P, Q)
becomes a partial groupoid, which can always be embedded into a semigroup but
need not be one. The following result is of interest. First, call a semigroup S
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subcommutative if and only if the identity xyzt=xzyt holds in S (various other
names for these semigroups can be found in the literature). Clearly, any commuta-
tive semigroup is subcommutative, and any subcommutative semigroup is normal.

PROPOSITION 5.5. Let B be a semigroup. Then Morg (A, B) is a semigroup for any
semigroup A if and only if B is subcommutative.

Proof. Clearly Morg (A4, B) is a semigroup if and only if f-g is defined for all
f, g € Morg (4, B). If Bis subcommutative, then the mapping x ~~— f(x)g(x) of 4
into B is a homomorphism for any f, g € Morg (4, B), so that f- g is always defined.
Suppose conversely that Morg (4, B) is a semigroup for any semigroup 4 and take
X, ¥, z, t € B. Let 4 be the free semigroup on two generators a’, a”, and f(g) be the
homomorphism of 4 into B such that f(a')=x, f(@)=z (g@)=y, gla")=t).
Since f- g is defined,

xyzt = f(a')g(a)f(a")ga") = (f-&)a)(f &)(a") = (f-g)a'a")
= f(@)f(a")g(a)g(a") = xzyt.
Therefore B is subcommutative, which completes the proof.
THEOREM 5.6. Let A, B, C be semigroups. There exists a canonical one-to-one

homomorphism of Morg (A ® B, C) onto Morg (4, Morg (B, C)), which is natural
in A, B, C and becomes a semigroup isomorphism if C is subcommutative.

Proof. Define a mapping ¢ by: ((p(w))(@))(b)=u(a ® b) for all aec 4, be B,
ueMory (A ® B,C). Then, for any a,d,a"€Ad, bb,b"eB, u,u',u" e
Morg (4 ® B, C):

(p)(@)(B'D") = u(a @ b'd") = u(a @ b')u(a ® b")
= ((e@))@)®) () (@)("),
whence (p(1))(@) € Morg (B, C);
((p(m)(@'a"))(b) = u(@a” Q@ b) = u(a’  byu(a” @ b)
= ((p)@)®)()(@"))(d);
whence ¢(x) € Morg (4, Morg (B, C));
(- u"))(@)(B) = (' -u")a ® b) = w'(a ® bu"(a @ b)
= ((pN@)O)(@="))(a"))(®)
whenever ' -u” is defined, whence
(e u"))@) = (p())(@) (p(u"))@), p(u'-u")
= ¢(u')- p(")
and ¢ is a homomorphism.

Let also ¢ be a homomorphism of 4 into Morg (B, C). For all a€ 4, b e B,
define s(a, b)=(o(a))(b). Then s is bilinear. Therefore one can find

ueMorgy (4 ® B, C)
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such that s(a, b)=u(a ® b), i.e. (c(a))(b)=((p))(a))(b) for all a, b, i.e. o=e¢(u).
Therefore ¢ is onto; since furthermore u is unique above, ¢ is also one-to-one.

Finally, if C is subcommutative, then Morgy (4 ® B, C) and Morg (B, C) are
semigroups; furthermore it is immediate that Morg (B, C) is also subcommutative,
so that Morg (4, Morg (B, C)) is a semigroup too. Therefore ¢ is then a semigroup
isomorphism. Naturality is left to the reader.

It should be noted that if C is not subcommutative, then ¢ need not be an iso-
morphism. For example, take 4 and B as in Example 2.3 and C=4 @ B. Then
idc e Mory (A ® B, A ® B); id¢-idc is not defined in that partial semigroup since

(idc-idc)(e)(idc-idc)(f) = eeff = ef # (ef)? =. (idc-idc)(ef).
However o=¢(id¢) is defined by (¢(x))(¥)=x Q® y for all x € 4, y € B; that is,
(a(0))(0)=0, (c(D))()=1, (c(0))(1)=e, (¢(1))(0)=f. Hence o-o is defined in
Morg (4, Mory (B, A ® B))

and equal to g, since 0, 1, e, f are idempotents. Hence ¢ is not in this case an iso-
morphism.

On the other hand, ¢ may be an isomorphism even though C is not subcom-
mutative. Let C be any idempotent semigroup, for instance the semigroup given
by the table

a b c d
ala a a a
b|b b b b
cla b ¢ d
dla b ¢ d

(which is not subcommutative since cabd=a, chad=">b). Let A, B be any one element
semigroups. Then Morg (B, C)~C; similarly, Morgs (4, Morg (B, C)) and
Morg (4 ® B, C) are isomorphic to C, since 4 and 4 ® B have only one element.
In this case, ¢ is the natural isomorphism

Mory (4 ® B, C) ~ C ~ Morg (4, Morg (B, C)).

6. Tensor product in . By ¥ we understand the category whose objects are
all semigroups with zero (all the zeros shall be denoted by 0) and whose morphisms
are all semigroup homomorphisms f such that f(0)=0.

If (4,)ic; is any family of semigroups with zero, a mapping s of [ [i; 4; into some
semigroup with zero C is zero-I-linear if for every i, € I, the mapping a;, ~—>5((@;)e1)
is a homomorphism of ¥ of 4,, into C whenever all g, are fixed except for a;,. In
other words, s is zero-I-linear if and only if it is /-linear and satisfies s((a,);c;)=0
whenever one of the g, is 0. Expressions like zerobilinear, zerotrilinear, shall have
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the obvious meaning when 7 has few elements. We define a zero tensor product of
the family just as we defined the tensor product, but replacing /-linear mappings by
zero-I-linear mappings and homomorphisms by homomorphisms of <. We
keep the same notation, with ®° instead of ®.

Observe that, if each 4, is a semigroup with zero, X),; 4, will also be a semigroup
with a zero (namely, (X)%.;) but need not be a zero tensor product of (4,),; a
counterexample is furnished by Example 2.3 in which 0 ® 1+£0.

It is easy to show the existence of (X)f.; 4; for any family (4,);¢; of semigroups with
zero, using the same method as in Theorem 2.1 and an analogous construction.
The following result gives a quicker construction and establishes a relationship
between ®° and ®.

THEOREM 6.1. Let (A,);; be any family of semigroups with zero. Let Z be the
ideal of X1 A; generated by all elements X),c; a; such that a,=0 for some i. Then
et Ai/Z is a zero tensor product of (4,).e;-

Proof. Let p be the canonical homomorphism of X),c; 4; onto &),.; 4,/Z. Then
&ie1 4i/Z is a semigroup with zero and 7: (a,)ie; ~—> p(Ric; ;) a zero-I-linear map-
ping. Let s be any zero-/-linear mapping of [ [,; 4; into some semigroup with zero
C. Since s is in particular Ilinear, there is a unique homomorphism u of X);c; 4,
into C such that s((@;)c;) =u(Xe; ;) identically. Since s is zero-Ilinear,

“(®1e1 a)=0

whenever ;=0 for some 7; hence u is null on Z and there exists a unique homo-
morphism v of ); 4)/Z into C such that u=vop. Then v is also such that
vot=s. Since X; 4,/Z is generated by Im ¢, such v is unique, which completes
the proof.

For the next result, we switch for simplicity to the case when I has two elements.
For any semigroup S, denote by S° any semigroup resulting from the adjunction
of a formal zero to S.

THEOREM 6.2. If A, B are any semigroups, A° ®° B°~(4 ® B)°.

Proof. Let f(g) be the canonical inclusion homomorphism of 4 (B) into 4° (B°).
Since f and g are one-to-one and consistent, the homomorphism f ® g of 4 @ B
into 4° ® BO is consistent by Theorem 4.1. In particular Y=A4° ® B°~Imf Q@ g
is either empty or an ideal of 4° ® B°. We are going to prove that Y coincides
with the ideal Z of A° ® B°-generated by all elements of the form 0 ® ', a’ ® 0
(@ €A b eB).

We keep the notation of 3.1, the primes indicating now that we deal with 4° ® B°.
First it follows from the proof of Theorem 4.1 that (A(M), N')e %’ implies
N’ eIm h. Next it is clear that M'=w'(a}, b})- - -w'(ay, b}) is in Im £ if and only if
a;#0, b;#0 for all i. From this we deduce that Z< Y. If ¢’ € Z, then it can be
written under the form t'=(a} ® b3)- - -(a, ® b;), where a; € A, b, e B for all i,
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and a;=0 or b;=0 for some i. Setting N'=w'(a}, b1)---w'(ay, by), so that ¢’
=k'(N"), we conclude that N’ ¢ Im A. If now ¢’ ¢ Y, then '€ Im f ® g and, for
some M € F, t' would be equal to (f ® g)(k(M))=k'(h(M)); then (h(M), N') e ¢’
and N’ e Im A, which is impossible.

On the other hand, if £’ € Y, then ¢t' ¢ Im f ® g. If ¢’ is written under the form
k'(M’) for some M’ =w(a}, b})- - -w'(ay, b}), then M’ ¢ Im h and therefore a;,=0
or b,=0 for some i. Hence ¢’ =(ay ® b1)- - -(an, ® b;) € Z.

Therefore Y=Z. Since Im f ® g is a subsemigroup of 4° ® B°, we have

A° @ B°/Z = A° ® B°/Y =~ (Im f ® g)°.
Since f ® g is one-to-one by Theorem 4.1, we conclude that
(4®B)°x(ImfRg°x 4°®B%Zx 4°®° B,

in view of Theorem 6.1. This completes the proof.

It is immediate to verify that, except for 1.1 and 5.3, all properties of §1, 3, 5
extend to ®° (replacing B by B° in 1.2, 1.3). We do not mention §4, since a con-
sistent homomorphism of # is necessarily onto. Yet the main reason we intro-
duced ®° is that 5.1 improves with ®°. Namely, we can now lift all restriction on
X in 5.1 to obtain:

THEOREM 6.3. Let A' L5 A L'y A” be a coexact sequence (of %), where f' is onto,
and let X be any semigroup with zero. Then the following sequence:

A ®°X%A®°XIL%>A"®°X
is coexact.

Proof. The reason is that X ®° {0} ={0} by the definition of a zerobilinear map-
ping. With the same notation as in 5.1 (except for ®°), we have e"=0, and ¢” ®°
x=0 for all x € X (even if X is not s-indecomposable). Using the same reasoning
as in the proof of 5.1, one concludes that the sequence 4’ ®° X — 4 @° X — 4"
®° X is null, then coexact.
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