HERMITIAN FORMS. I(})

BY
H. P. ALLEN(?)

The present paper studies the classification problem for hermitian forms. We
follow the approach used by Springer in [3] in discussing the quadratic form case.
Our methods indicate new avenues of study for unitary groups of type D. The first
parts are devoted to developing relationships between sesquilinear forms, involu-
tions, and quadratic forms (over suitable extensions). This is applied to the last
part where we pursue the equivalence question in terms of cohomological in-
variants. In what follows, all fields will have characteristic unequal to 2.

1.1. Let A be an associative division algebra, finite dimensional over its center
k, ~ an involution in A/k, E an m-dimensional right vector space over A, and fa
nondegenerate ~sesquilinear form on E. Thus f is a biadditive mapping from
ExE to A which is linear in the second variable and ~linear in the first(®). f is
called hermitian or skew-hermitian (= being understood) as

f(, %) = f(x,y) or “f(x,y) forallx,yeE.

For this section, we will use the word form to represent either a ~hermitian or
~skew-hermitian form (always nondegenerate).

It is well known that a form f defines an involution J in % =Hom, (E, E) which is
characterized by the relation

ST, y) = f(x,yT?), x,yeE, Te¥
The converse is also true, for we have

PROPOSITION 1. Let A=Hom, (E, E) where A is a central division algebra over
k, and let ~ be any involution in Alk. If J is any involution in N |k then there is a form
on E relative to which J is the adjoint. Moreover if f and g are forms on E (- bilinear)
which have the same adjoint, then f= Ag for some A € k*.

Proof. Let (e;,..., e,) be a basis for £ and let g be the —hermitian form
glx, »)=2 ap, x=Jewu, y=2 ef;. If K is the adjoint mapping determined by g,
then it is easy to see that there is a unit 4 € % where AX=ed, e=1, or —1 so that
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T’=A"'T%A for all T € A. It is immediate that J is then the adjoint mapping with
respect to the e-hermitian form f(x, y)=g(x, y4~1).

Now suppose that fand g are forms on E which have the same adjoint, say J. By
nondegeneracy, there is an 4 € A with f(x, y)=g(x, y4). Using the fact that J is
the adjoint with respect to both forms we conclude that 4 is in the center of %
viz., k. Since A is clearly invertible, we obtain the stated conclusion. Q.E.D.

An involution J in A/k is said to be of Type C or D depending on whether
[8(A,J) : k]=3n(n+1) or tn(n—1) where 3(%, J) is the Lie algebra of all J-skew
elements of A and [A : k]=n2 Equivalently, if k is an algebraic closure of k, then
the linear extension of J to A®, k is cogredient to either the adjoint mapping of a
nondegenerate alternate form or a nondegenerate quadratic form depending
on whether the type is C or D. A more explicit criterion in terms of fis given in

THEOREM 1. Let f be a formon E/A, % =Hom, (E, E) and let J be the adjoint in A
determined by f. Then J is of type D if f is hermitian and ~ is of type D or if f is
skew-hermitian and ~ is of type C. In all other cases the type is C.

Proof. Choose a basis (e, .. ., e,) for E and let g be the form g(x, y)=2 af;.
By Proposition 1, there is an invertible element 4 € % where AX=¢4, e=1 or —1
with f(x, y)=g(x, yA~1). We let K be the adjoint corresponding to g and observe
that K is of type C if and only if ~ is of type C, for relative to the above basis, K
is “transpose in A,,.

Left multiplication by A induces a linear isomorphism between 3(%,J) and
8(, K) if 4 is K-symmetric whereas if 4 is K-skew, we obtain a linear isomorphism
between 3(, J) and H(Y, K), the subspace of all K-symmetric elements of 4. Since
f is hermitian if and only if e=1, we can read off the above assertions directly.
Q.E.D.

Now let =~ and ™ be two involutions in A/k. By the above results, there is an
ae A* with = +a and b=a~'ba for all be A. If f is either a “hermitian or
“skew-hermitian form, then g=af is a “hermitian or ~skew-hermitian form. It is
clear that both f and g determine the same involution in %. Thus we may fix a
single involution, say —, in A/k and develop invariants for ~forms. This will
determine arbitrary forms, involutions in A/k varying, to within multiples, and also
the associated involutions to within equivalence.

1.2. By way of illustrating some of the results which we will obtain, we will
need some technical information about crossed product division algebras. Any
unquoted result may be found in Albert [1].

Let A be a central division algebra over k of dimension r2. The integer r is called
the degree of A. A subfield P/k is called maximal if [P : k] =r. It is known that A
always has a maximal (separable) subfield. If P/k is any maximal subfield then
Ap=AQ®, P is split. Indeed, if we consider A as a left vector space over P and
equip A/P with a Ap-module structure by defining

d-d®nmn=ndd



19691 HERMITIAN FORMS. 1 201

then we see that the associated representation Ap — End, A is an isomorphism.

A is called a crossed product algebra if it has a maximal subfield which is Galois
over k(*). We briefly recall the structure of such algebras: if P/k is maximal and
Galois and G =gal (P/k), then there is a subset {T, | s € G} of A such that A=
> @ T,P (as a linear space) and multiplication is given by

Ty = Tgn®, neP, seq,

2
@ T.T, = Td(s, h), s, heG, s, h) € P*.

(s, n) — &(s, h) is a 2-cocyle of G in P* whose cohomology class in #%(G, P*) is
the image of the Brauer class of A~! under the canonical isomorphism %#(P/k) —
H?*(G, P*) (#(P/k) denoting the subgroup of the Brauer group over k split by P).
One usually writes A=(P, G, o).

Without loss of generality we may assume that 8 is normalized so that T, is the
identity of A (e the identity of G). Assume now that A is involutorial. This is
equivalent to saying that 82 is a coboundary. Thus we have a l-cocycle y with

3) 8%(s, h) = y(sh)~*y(s)"y(h) (note y(e) = 1).
We use the above splitting to define a map ~ in A/k by the rule
@ 2Ty — 3 Temg = 3 wy(s)T5 .

It is easy to verify that ~ is an involution, in fact, it is an involution of type D. To
see the latter write G as the disjoint union G={e} U 7 U WU W -1 where I is the
set of all elements of order 2 different from e. For se I, T,P is ~ stable and for
se W, T,P+T,-1P is ~stable, and we let I, and W, be the subspaces of the above
of all ~symmetric elements. Then H(A, —), the subspace of all “symmetric elements
of A, is the direct sum

HA, =) =T.P®D @D W,

It is clear that [W; : k]=[P : k]=r. If se I and P is the fixed field of s, then a
simple calculation shows that [I; : k]=[P; : k]=4r. Thus if [I|=¢, and |W|=n,
then r—1=¢+4+2y, and' [H(A, =) : k]l=r+&r+yr=34r(r+1), as claimed. An
involution in A/k of the form given by (4) will be called standard.

Observe that if A is a quaternion division algebra, that the involutions which
arise from the composition algebra structure, and which are referred to in the
literature as ““standard”’, are not standard in the above sense. Indeed, a “standard”
involution is clearly of type C.

Any division algebra of degree 2 is cyclic, so if A is a quaternionic division
algebra, P a maximal subfield (necessarily Galois), {e, ¢} =gal (P/k), then there is a
Te A where T?=8€e€k*, A=P @® TP and »T=T=x" for all = € P. The factor set is

(*) Itis not known whether or not every finite dimensional central simple associative division
algebra is a crossed product.



202 H. P. ALLEN [April

8(e, e)=0(e, t)=8(1, e)=1, 8(¢, t)=38. The l-cocycle e — 1, t — & has coboundary
82, so the standard involution determined from these ingredients is o+ 7B — .+ TB".

2.1. We restrict ourselves now to involutions of type D. Since every involutorial
division algebra always has an involution of type D, the discussion in §1.1 shows
that we may realize an involution of type D as the adjoint mapping relative to
some ~hermitian form, ~ a fixed involution of type D in A. If A is a crossed
product algebra, then ~ will always represent a standard involution.

Let f be a ~hermitian form on E, J the corresponding adjoint mapping and let
P/k be a maximal subfield of A. We consider E as a vector space over P< A by
restriction of scalars and by an argument analogous with that given in §1.2, we
obtain a natural identification between %, and Endp E/P (X=Hom, (E, E)). If
we let J also denote the involution J ® 1 in End; E/P, then Proposition 1 shows
that there is a quadratic form g on E/P having J as its adjoint.

We shall adopt without further mention the following convention: let g be a
fixed ~hermitian form on E and choose a nondegenerate symmetric bilinear form
gr on E/P which has K ® 1=K (K the adjoint associated to g) as its adjoint as
indicated above. Let f be an arbitrary ~hermitian form on E. As in the proof of
Theorem 1, there is an invertible K-symmetric element 4 €A with f(x, y)=
g(x, yA~?) for all x, y e E. Let fp(x, y)=gp(x, yA~1) (we are identifying % with
A ® 1<End; E/P since this is consistent with their actions on E/A and E/P
respectively). If J is the adjoint with respect to f, then we have T'=A"1T%4 for all
T € A. This shows that J (=J ® 1) is the adjoint with respect to fz. The reason for
this normalization is that we want the mapping f— f» to preserve equivalence.
Indeed if f; is a ~“hermitian form on E and T € ¥ an equivalence between f and f;
(f(xT, yT)=fi(x, »)), then fi(x,y)=g(x,yAr') where A7'=TA-'TX. Then
Sie(x, y)=gp(x, yAT V) =fp(xT, yT).

If A is the crossed product algebra (P, G, 8), then we can construct “fp” as
follows: here ~ is the standard involution defined by (4). For x, y € E write

f(x’ y) = z T(x, y)s

Each ( , ), is a nondegenerate s-sesquilinear form on E/P. The conditions that f is
~hermitian, linear in the second variable, and ~linear in the first are equivalent to

&) (5, 9)s = 8™ 9) " y(s™) (1, )51 forseg,
6) (x, ¥T)s = 8(sh~1, h)(x, Y)b—1 for s, h € G,
©) (xTh, ¥)s = 8(h, 8)~ L y(h)* (x, Y)ns for h, s € G,
respectively.

(5) shows that ( , ), is a symmetric nondegenerate bilinear form on E/P, and
f(xT, y)=f(x, yT’) shows that (the linear extension of ) J is the adjoint with respect
to (, ).. To see that this is consistent with our convention, observe that if we write
g(x, »)=2 T(x, y);, and choose g as ( , )., then f(x, y)=g(x, y4A~!) implies that
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(x, ¥)e=(x, yA~1)o=fp(x, y). When dealing with crossed product division algebras
we will always make the above choice of f5.

REMARK. We have shown elsewhere (Hermitian forms. I, forthcoming) that
f(x, »)=0 = fp(x, y)=0 (no assumption on P), although the converse is not true.
We call a form f P-rigid if there is an “extension” f» which satisfies the condition,
f(x, p)=1 = fp(x, y)=1. It then follows that f(x, y)=f»(x, y) whenever it makes
sense. It is easy to see that if there is a P-rigid form, then every form is P-rigid.
Seip-Hornix has recently shown that all forms are P-rigid (no restriction on P).
This is obvious when P is a Galois extension (cf. above formula) and for suitable P,
one can show that all forms are P-rigid by explicitly constructing f» from f(°).
Using the fact that the Jordan algebra H(4A, ~) is unramified, we obtain the existence
of a maximal separable subfield P/k which is “symmetric. By a simple argument
using Galois descent, one easily sees that the generic trace (tr(-)) on A, when
restricted to the subspace P< A, reduces to the usual field-theoretic trace (¢(-)).
For x, ye E, m € P, m — tr (f(x, y)m) is a linear functional on P/k and hence there
exists a unique element in P, which we denote by fx(x, y), such that

tr (f(xa m) = t(fp(x, ), m)

for all = € P. Using the fact that P is ~symmetric one sees that f5 is a nondegenerate
bilinear form on E/P whose associated adjoint is (the linear extension of) the adjoint
corresponding to f and that f; satisfies the requirement of rigidity. It is also clear
that this choice of f; is consistent with our convention.

2.2. Assume nhow that P/k is a maximal separable subfield and let L/k be a
finite dimensional Galois extension containing P. Let f be a ~“hermitian form on
E and let f; be the linear lift of f; to a nondegenerate form on V=(E/P),. % is a
k-algebra form of End; V and it is clear that the linear lift of J, the adjoint with
respect to f, is the adjoint with respect to f, (we continue to denote this involution
as J). For s e G=gal (L/k), the endomorphism %(s)=1® s in End, V=% ®, L
is an s-linear automorphism which commutes with J. It is easy to see that »(s) has
the form T — #(s)~'Tt(s) where ¢(s) is an s-linear transformation on V satisfying
t(s)t(h)=1t(sh)(s, h), 8(s, h) € L*. (s, h) — &(s, h) is a 2-cocyle whose cohomology
class is the class corresponding to A (A is split by L). Since 7(s) commutes with J,
t(s) is an s-linear similitude of f7, of ratio say y(s) (f.(xt(s), ¥¢(s)) =v(s)fz(x, ¥)*). By
our choice of f», hence also f, the ratio y(s) is the same for all “hermitian forms on
E.

Let £ be the set of all nondegenerate symmetric bilinear forms on ¥ and define
an action of G on £ by setting

©® b*(x, y) = v(9)b(xt(s) 7%, yt(s) 71"

(®) I am indebted to T. A. Springer for suggesting this choice of fp.
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It is easily verified that this action equips £ with the structure of a G-set (observe
that &(s, h)%>=y(sh)~'y(s)*y(h)). Since each ¢(s) is an s-linear similitude of ratio y(s)
of every f; we have half of

THEOREM 2. The correspondence f— f; is a bijection between the set of all
~hermitian forms on E/A and £F°, the set of all G-fixed points in Q.

Proof. The correspondence is clearly injective since f— fp is by definition
injective. To see that it is surjective, let b € £ and let g be the ~hermitian form on
E which was used to formulate our convention at the beginning of §2.1. We may
write b(x, y)=g.(x, yA~1) where A4 is a g;-symmetric invertible element of End; V.
Since b is fixed under G, we see that 4 commutes with each #(s) and this implies
that 4 € %. If we define a ~hermitian form on E by f(x, y)=g(x, yA~1) (4 is now
necessarily g-symmetric), then it is clear from the definitions involved that
b=f.. Q.E.D.

REMARK. If L=P,so that Ais the crossed product algebra (P, G, 3), then we can
obtain the last part of the above proof by explicitly constructing f from b (previous
notations in effect). Indeed, if we set (x, y),=>b(x, yT; })* (note that T,=1¢(s), and
that the y(s) are the same as in (4)), then a straightforward computation shows
that

f(x, y) = Z Ts(x’ y)s

satisfies equations (5), (6), and (7) and thus is a nondegenerate ~hermitian form on
E. Clearly b=(, ),.

2.3. It is clear that if f; and f, are two ~hermitian forms on E/A, then there is a
finite dimensional Galois extension L/k=>P/k (P[k as in the last section) such that
fi. and f;; are equivalent. Thus we fix a single ~hermitian form f and for each
finite dimensional Galois extension L/k> P/k we let (L, f) be the set of all ~hermitian
forms f; on E with f;; equivalent to f;. By our convention concerning the choice of
the f1p’s, it follows that (L, f) is a union of equivalence classes of forms.

Let G=gal (L/k) and let t(s), y(s) and 8(s, ) be as described in §2.2. If f; € (L, f)
and T € End, V is an equivalence between them (V'=(E/P),), then for se G

(%, y) = filx, »)

= y(8)fu(xt(s) T, yt(s)~*T)

= fi(xT*, yT*)

= fi(xT*, yT®).
Thus T and T*° are both equivalences between f; and fi, and this implies that
Ts=TU, where U, O(f;). T*"=(T*)" implies that Uy,=U,U! so s— U, is a
1-cocycle of G in O(fy). Its 1-cohomology class in (G, O(f.))=#*(L, f), will be
denoted by c.(f, f1). We now have

THEOREM 3. The correspondence f,— c.(f,f1) is well defined and induces a
bijection between the set of equivalence classes in (L, f) and (L, f).
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Proof. It is easy to see that if we choose different equivalences between f; and
fiL, then the 1-cocycles which arise differ by a coboundary and the map is thus well
defined.

Let fie(L,f), i=1,2, and let Te«A be an equivalence between them. If T, €
End; V is an equivalence between f; and f,, with T5=T,U,, then f,(xTT,, yTT;)=
Jii(xT, yT)=f3.(x, ). Thus we can compute c (f; f;) from TT;. Since T we
have (TT,)*=TT, U, and this shows that c.(f, f;)=c.(f, f2). Thus c.(f; f;) depends
only on the equivalence class represented by f;. It remains to show that the
correspondence is bijective.

Injective. Suppose that c.(f, fi)=c.(f, fz)- Then we can find equivalences T
between f, and f;, i=1, 2, where Ti=T,U,, i=1,2. If we set T=T,T5?, then
Ts=T for all s € G and thus T e A. T is an equivalence between f;; and f;; and it
follows (from our convention) that T is also an equivalence between f; and f;.

Surjective. Let s — U, be a 1-cocycle of G in O(f;). By a theorem of Springer
[3, appendix], there is a T € GL (V) with U,=T~T*. Define a nondegenerate
symmetric bilinear form b on V by b(x, y)=f.(xT, yT)=f(x, yTT’), J the adjoint
withrespect to f;. A simple calculation shows that 5*=b for all s € G and this implies
that 7T’ € ¥ (and it is clearly f~symmetric). Let f; be the ~hermitian form on E
defined by fi(x, y)=f(x, yTT”). It is immediate that b=, so f; € (L, f). Since T is
an equivalence between f; and f;;, and by definition T°=TU,, we see that c,(f, f1)
is the cohomology class of s - U,. Q.E.D.

2.4. Let N be the generic norm on . Recall that N is a multiplicative homo-
geneous mapping of degree n=mr and is invariant under automorphisms and
antiautomorphisms. If k is an algebraic closure of k, then for ae, N(a)=
det (@ ® 1).

If fis any ~hermitian form on E and (e, . .., e,) is a right A basis for E, then
the coset N(f(e;, e;))k*? is independent of the choice of basis. It follows from this
that f determines a unique element of k*/k*? which we denote by d(f) and which
we- call the discriminant of f. In Hermitian forms. 11, we show that if m is even,
then d(f)p=d(f;), where d(f) is the usual discriminant for quadratic forms and
x — xp is the obvious mapping from k*/k*2 to P*/P*2,

LEMMA 1. The following are equivalent, f, € (L, f) and

(a) there is an equivalence T between f; and f,,, where det Te k;

(b) there is an equivalence T between f, and f,, where TS=TU,, U, e O*(},), for
allseG;

(©) d(f)=d(f)).

Proof. It is clear that (a) and (b) are equivalent, since det is a G-map. Write
S(x, y)=g(x, y4~Y), fi(x,y)=g(x, yA7*?) and let TeEnd, V be an equivalence
between f; and f;;. We then obtain A7'=TA~'T¥ where K is the adjoint with
respect to g;. Hence (det T)2=det (447 Y). Since f(x, yAAT ) =fi(x, y),

d(f)N(AA7D)k*? = d(f).
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Since N(AA7Y)=det (447?*), we see that det T € k if and only if d(f)=d(f;). Thus
(c) is equivalent to (a). Q.E.D.

We let (L, f)* denote the subset of (L, ) consisting of all forms having the same
discriminant as f. The above lemma shows that the correspondence described in
§2.3 induces a bijection between (L, f)* and #% (L, ) =G, O*(fL).

In order to discuss the 2-cohomological invariants which we shall assign to
hermitian forms we need the notion of the Jacobson even Clifford algebra of the
form (Jacobson [2]). The details follow.

3.1. Let €(f.) be the Clifford algebra of f;. Recall that €(f;) is the quotient
algebra T(V)/J, where (V) is the tensor algebra on ¥ and S is the ideal generated
by {x ® x—f1(x, x) | x € V}. & is generated by even elements so €(f;) has an even-
odd gradation and we let €*(f7) be the subalgebra of all even elements. By extend-
ing the base field, we see that €*(f;) is either the ideal direct sum of two central
simple algebras or is simple with center a quadratic extension of L. The first case
corresponds to d(f;)=1 and in the second case, the center is obtained by adjoining
a square root of d(f;) (note that [V : L] is even). In terms of Galois descent, this is
the distinction between type D; and type Dy; in Jacobson [2]. Finally, the exchange
involutioninZT(V) x Ry ®-- - Qz—z Q- - ®y ® x leaves I stable and induces
an involution in €(f;) which we denote by .« leaves €*(f,) stable and in fact leaves
every simple component of €*(f;) stable. We also use « to denote the restriction of
¢ to €*(f1) or to any of its components.

If U is a semisimilitude of f; of ratio y, then U defines a semilinear automorphism
a(U) of €*(fy). If U is s-linear (s € G) and x,,..., Xy, are fi-orthogonal, then
(x1- - x2)(U) =y~ %(x,U)- - - (x5, U). If s=1, so U is linear, then U is called
proper or improper depending on whether «(U) leaves the center of €*(f;) point-
wise fixed or not. It is clear that every «(U) commutes with «.

Let ¢(s) be the s-linear similitude of f; of ratio y(s) which was introduced in §2.2.
t(s)t(h) =t(sh)d(s, h) for s, he G implies that o(t(sh))=a(t(s))(t(h)). It follows
from this that we may equip (€*(f7), ©) with the structure of a G-algebra (with
involution) by setting X*= Xo(#(s)). The complete set of fixed points under G is a
k-algebra form (as algebra with involution) which we denote as €*(f) and which
we call the even Clifford algebra of f. This is the algebra which Jacobson writes as
€+, J) in [2].

If Ue O*(f.) (the group of proper f,-orthogonal transformations of V'), then
by examining the possible structures for €*(f), we see that «(U) is an inner
automorphism. We can realize «(U) as a conjugation in a manner consistent with
the above action of G since we have the following

LemMa 2. If Ue O*(fy), then we can choose z(U) € C*(f,), where Xa(U)=
Z(U)~*Xz(U) for all X € €*(f.) and which satisfies the condition, z(U)*=z(U*).

Proof. The proof is similar to that of Lemma 3.2 of [3], but is somewhat more
complicated. Let ¢(f;) be the center of €*(f1), and let o'(s)=a(?(s))|c(f2). We will
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first show that {«’(s)} is linearly independent with respect to right multiplications.
If ¢(fy) is a field then this follows from Dedekind’s independence theorem since
our set consists of distinct automorphisms. Thus suppose that ¢(f.) is the diagonal
algebra Le, +Le,. Since each o'(s) is a ring automorphism it follows that o'(s)
either fixes each e;, or exchanges them. Let S be the subgroup of G corresponding
to the stabilizer of e, (hence also e;). The S is normal and of index at most 2 in G,
and we let G=S U AS be the (possibly trivial) coset decomposition.

Now suppose that {«'(s)} is dependent with respect to right multiplications
and let

0= > dlsdeg+ 2 sy, LSS LS, AUE+ 2
s1€2; $2€ ¥y
be a dependence relation of minimal total length so that ¢, =c,(s,)e; + c5(s;)ez #0.
Applying this relation to oe;, and then to oe,, o € L, we obtain

0= Z a’lcl(sl)e1+z a%ac5(s5)es,
0= Z a*1cy(s,)es + Z o’2¢,(sz)e;.

Clearly these relations imply that each of %, and %, is a dependent set of auto-
morphisms of L. Again by Dedekind’s theorem this is possible if and only if
&, U Z,= . Thus we obtain the stated independence of {'(s)}.

For the moment fix U € O*(f;) and choose Z; in C *(f;) with Xa(U®)=Z;*XZ,.
We show next that «(U°®) is conjugation by Z£. Indeed if x, . . ., x,, are f;-orthog-
onal elements of V, then

10 Xu(U®) = x,US- - - xp,U*
= (x11(5) 1 UL(s)) - - (x3ut () "1 Ut(s))
= Y()*(x:12() 1 U) - - - (X242 (s) " U)*
= y()UZ x11(5) 71 - Xgut (8) 7 Z,)°
=(Z7Y)x1 Xgu Z

Thus Z3=w, yZ, where w; y is a unit in c(f;). It is clear that wg,, ; =wk yw,, ys.

By the above independence, there is a « € ¢(f;) where a=3, «*w, ys-1 is invert-
ible. If ¢(f;) is a field then this is clear. Thus suppose that we are dealing with the
diagonal algebra Le, +Le, as before. If the claim is false, then v="7 o'(s)w, ys-*
must be of rank 1 with either e, or e, as eigenvector. By symmetry, we only
consider the first case. Write

v = Z "(S)ws, et + Z o' (S)wg, s 1.

ses sehS

Then
(oey)v = Z o*wy(s, U™ ") ey + Z a*wy(s, U™ ") e,

ses sehS
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(w=w,e, +wye,). Since (ce;)v=Le; and each wg ys-t is a unit we conclude that
hS= @. But now the same reasoning applied to oe, implies that G is right dependent
—a contradiction. This implies the existence of a « for which the corresponding a is
invertible. If we compute a® we obtain (3, «"wy, yh™")w, 4, which we write as
asw;.§. Thus a; is invertible and if we set z(U®) =a,Z,, then z(U*%)*=z(U**). We can
thus establish the result for each of the (disjoint) orbits of G in O*(f). This is
enough. Q.E.D.

3.2. For the remainder of the paper we assume that we have made a choice
of z(U)e@*(f,) which satisfy the requirements of the preceding lemma. For
U, VeOot(fy), (UV)=(U)(V) so z(UV)=n(U, V)z(U)z(V) where =(U, V) is a
unit in ¢(f;). Let f; e(L,f)*. By Lemma 1 the cohomology class c.(f, f1) is repre-
sented by a 1-cocycle s — U; where U, € O*(f;). A straightforward verification
shows that

©® (s, ) = (U, Ug) = 2(Uan)(2(Un)z(U)")~*

is a 2-cocycle of G in c¢*(f;) where c¢*(f7) is the group of units in ¢(f7). This corre-
spondence induces a mapping on cohomology sets ¢: (L, f) — H# (G, ¢*(f1)
and we set a,(f, f1)=c.(f, f1)¢. In Hermitian forms. II, we show that when fis a
form of maximal Witt index in an even number of variables, then the above
cohomology class represents an element of the Brauer group over k. In general it
corresponds to a separable associative algebra over k whose center is two dimen-
sional. By applying ¢ to (9) and remembering that « commutes with every «(U) we
see that a,(f, f,) has order at most two.

THEOREM 4. a;(f, f1) = 1 = C+(f)=C*(f)).

Proof. It is enough to show that there is a G-isomorphism between €*+(f;,) and
€*(f.). Let s— U; be a l-cocycle whose cohomology class is c.(f; f1). Then
a,(f, f1)=1 implies that there are {, € ¢*(f;) with z(Ug)(z(U,)z(UF) 1=, 0050
We set b,=2z(U,){; and note that s — b, is a 1-cocycle. By a result of Springer,
[3, appendix] there is an invertible element b of €*(f;) with b;=5b"b°. Thus
Xo(U)=b;*Xb,=(b"1)*bXb~'b".

Let T be an equivalence between f, and f;, with T°=TU,. We have an iso-
morphism A : €(f;.) = €(f.) such that for x eV, xA=xT. A necessarily sends
C*(fyL) onto €*(f;) and we define O: €*(f,)~C*(f) by X®=bX"b"1.

If x,, ..., xo are f;-orthogonal, then

(X1 X20)® = yey b (X, Tt(5)) - - (X, TE())(D V)
= Yy b*(x 1 ()TU)- - - (xo,t (HTU(D ™)
= Yo b(xt(s)T)- - - (x2:t ()T)b~*
= (X1 Xg))™.

Thus @ is a G-isomorphism. Q.E.D.
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As our final result we establish a relationship between several a(f, f1)’s.

THEOREM 6. Suppose that a/(f, f,) and a/(f,f,) are defined. Then a.(f,,f2) is
defined and we have an isomorphism o: H*(G, ¢*(f1L))xHXG, ¢*(f.)) such that

a(f1, f2)° =alf, falf, fo)-
Pl'oof. Let fL(xﬂ, yﬂ) = iL(x, y), l= l, 2 Wlth Tf—_— Tl Us, T§=T2Vs

JilXTLTT Y, yTo T ) =for(x, y)

so we can compute ¢ (f;,fs) by means of T Tyl (T,T7iY)=T,Ti'W,
W,=T,V,U;*Tt . Since determinant is a class function and U and V; are proper,
it follows that W, is proper so a.(f,, f;) is defined. T, defines an isomorphism
0:C*(fi)=C*(f,) which is induced by the map x € V=@(f;,) - xT; e €(fy). If
X1, ..., Xy, are fy;-orthogonal, then (x;- - - xp,)¥ W8 =(x; W, T})- - - (xo,W,T,). But
(o1 - X)) WO =(Z(W) "1y - - X0, 2(W))® = (2(W)®) " 1(x1Ty) - - - (%2, T1)Z(W,)®. For
Y1, - - -» Yor fr-orthogonal, this gives

GEW)®) " y1- - yuZ(W)® = (1 T1 ' W) - (o, T1 *W,Ty)
= (yl VsUs_l)' : ~(y2er(js-l)
= Z(Us)Z(Vs)_l.VI' : 'yer(Vr)Z(Us -L

This relation shows that there exists ¢, € ¢*(f;) with
(10) Z-(Ws e = esz(Vs)z(Us)_1~

Also
(xl' . .x2r)93 = 'y(;)r(xlTlt(S))‘ . '(xerlt(s))

= Y& (X1t ()T Uy) - - - (xa2rt ()T, Uy)
= Z(Us)_ 1(xl e xzr)sez(Us)'

Our last equation shows that X®=z(U) 'X*8z(Uy) for all X in €*(f).
This implies that the restriction of © to ¢*(f,.) is a G-isomorphism onto c*(f7)
and thus induces an isomorphism o: #3(Ge*(f,))xH UG, *(f). al(fs, fo)° is
the cohomology class of (s, h) — {Z(W)E(W,)Z(WH)~1}® while a.(f, f,) and
ai(f, f2) are the cohomology classes of (s, h) — z(Ug)(z(U,)z(UP))~* and (s, h) —
2(Va)(z(V3)z(VE)) ~* respectively.

From (10) we immediately obtain

EWan)EWWZ(W?)) 1) = enesea (Z(Ua)(2(Un)z(Us) ™) " @(Usn)2(Va)z(VE) ™).

Thus a,(f1, f2)" =au(f1, )~ 'au(f, fo) =aulf, f)au(f, f;) since our cohomology classes
are of order at most 2. Q.E.D.

CoOROLLARY 1. ay(f, f1) if defined depends only on the cohomology class of f and f,.
CoOROLLARY 2. If ai(f, fi)=a.(f, f2), then €+ (f)=C*(f,).



210 H. P. ALLEN

BIBLIOGRAPHY
1. A. A. Albert, Structure of algebras, Amer. Math. Soc. Colloq. Publ., Vol. 24, Amer.
Math. Soc., Providence, R. 1., 1961.
2. N. Jacobson, Clifford algebras for algebras with involution of type D, J. Algebra 1 (1964),
288-300.
3. T. A. Springer, On the equivalence of quadratic forms, Proc. Kon. Nederl. Akad.
Wetensch. Ser. A 69 (1959), 241-253.

MASSACHUSETTS INSTITUTE OF TECHNOLOGY,
CAMBRIDGE, MASSACHUSETTS
RUKSUNIVERSITEIT TE UTRECHT,
UTRECHT, NETHERLANDS



