A PRIORI ESTIMATES FOR CONTINUATION PROBLEMS
FOR ELLIPTIC AND PRINCIPALLY NORMAL
DIFFERENTIAL EQUATIONS()

BY
PAUL E. SAYLOR(?)

Introduction. There are well-known procedures due to Douglas [6], [7] for
finding an approximation to an analytic or harmonic function in the unit disk
when data are given at a finite number of points inside. The success of the error
analysis depends on estimates which show that an analytic or harmonic function
defined and bounded on the unit disk depends continuously on its restriction to a
concentric disk of smaller radius.

In general, the problem of determining a function in a given class from its
restriction is called the continuation problem. When the function exists, is unique
and depends continuously on its restriction, the continuation problem is said to be
well posed in the sense of Hadamard. For practical purposes continuous dependence
must be taken to mean Holder continuous dependence. When there is Holder
continuous dependence, the continuation problem, in the terminology of F. John,
is said to be well behaved. The estimates used in the error analysis of Douglas’s
numerical procedures, due to Hadamard [12] for analytic functions and to Miller
[16] for harmonic functions, are an example of this kind. They show that the
continuation problem is well behaved for bounded analytic functions and for
bounded harmonic functions in the plane.

A more general result is due to F. John, who has shown in [14] that the continua-
tion problem for solutions of linear analytic elliptic equations of arbitrary order in
any number of variables is well behaved if a bound on the solutions is prescribed.

The subject of this paper is the nature of the continuation problem for the solu-
tions of nonanalytic elliptic equations in more than two variables. The main result
is that the continuation problem is well behaved for bounded solutions of (a class
of) elliptic equations with C, coefficients and of arbitrary order. Continuous
dependence of the solution on its restriction is expressed in terms of the uniform
norm.

This result is derived in §§3 and 4. The derivation follows from the L, estimates
with a weight function that Hormander used in [13] to prove, among other results,
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uniqueness for the Cauchy problem. The generality of the estimates also makes it
possible to prove that the continuation problem for uniformly bounded solutions
of (a class of) principally normal equations is well behaved. Continuous depend-
ence, however, is not expressed in terms of the uniform norm.

The main assumption on which the estimates of Hormander and the derivation
are based is that continuity must be considered only across surfaces that are
strongly pseudo-convex with respect to the operator. This assumption is discussed
in the last section. In particular, it is quite easy to show that any real-valued C?
function with a nonvanishing gradient is strongly pseudo-convex with respect to a
second order elliptic operator with real C* coefficients.

The study of the continuation problem for the solutions of nonanalytic elliptic
equations in more than two variables begins with a three sphere theorem due to
Landis [15]. Landis’s theorem shows that the continuation problem for the solu-
tions of second order equations in n variables with real coefficients is well behaved,
under additional mild restrictions to be stated.

It seems worth stating Landis’s theorem as a convenient reference since the main
result can be viewed as a generalization of it. In order to state the theorem, suppose
the equation has the form

0] Z Ap(X) s——— ax ax ——t Z bi(x) +c(x)u = 0.

i,k=1

Assume that the coefficients a;, are twice continuously differentiable; that all the
coefficients are bounded in absolute value by the constant M; that all of the partial
derivatives of first and second order of a;; are bounded in absolute value by M;
that the remaining coefficients are continuously differentiable and their derivatives
are bounded by M; and finally that ¢(x) =0.

THEOREM (LANDIS). In a sphere Q of radius ro <1 with center at the origin assume
there is defined a solution of equation (i), continuous in the closed sphere. Let

M) = Irn|e=1x [u(x)|.

Then for any ry and r, 0 <r, <r<r,, the following inequality is valid:

Incr/ry Incrjry

rirs rafr:

where c is a constant depending on the ellipticity constant, on M and on the dimension
n of the space.

(ii) In M(r) < In M(ry) 72 +1n M(ry) {— =72 +Inn ;

The result of Landis has recently been extended by Gerasimov in [10]. With
a weaker condition on b;, Gerasimov has obtained a less explicit version of (ii)
for products of operators of the form (i). His method of proof seems to be a devel-
opment of the method Landis used.
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The idea of Landis’s proof is clear, although the details of it are obscure. The idea
is to modify the method of Heinz and Cordes used to establish strong unique
continuation for the solutions of a class of second order elliptic equations. Note
that an elliptic equation is said to possess the strong unique continuation property
if every solution which vanishes at a point of infinite order, that is, tends to zero
faster than any power of the distance from this point, vanishes identically. Strong
unique continuation was established by Carleman [4], Bers [2], Douglis [8] and
Morrey [17] for second order equations in the plane. The proof of Carleman uses
the method of L, estimates for the solution in terms of the operator with appro-
priate weight functions. The same idea has been used for all later work on the
uniqueness question with the L, norm taking the place of the L, norm for more than
two variables. However, the method of Carleman’s proof did not generalize to
higher dimensions, and uniqueness theorems for second order operators were first
obtained by Miiller [18], Heinz [11], Cordes [S], and Aronszajn [1]. The paper of
Cordes is complicated, for the idea, which Landis applied to obtain a three circle
theorem, is to derive L, estimates from a polar form for second order operators
that is obtained by a complicated transformation to spherical codrdinates. This
generalizes the method of Heinz, valid when the principal part is the Laplacian.

A simplified approach to obtaining L, estimates, which can be used to prove a
type of strong unique continuation theorem, was given by Protter in [19]. More-
over, it is clear how to modify Protter’s derivation to obtain estimates that show
that the continuation problem for second order elliptic equations with real C2
coefficients is well posed. Unfortunately, the dependence on the restriction is not
Hélder continuous. Thus, this approach to the problem does not yield an estimate
which is practical. In addition, it does not seem to generalize to higher order
equations.

An approach to the continuation problem based on strong unique continuation
estimates is somewhat misleading. The whole question of finding estimates to apply
to the continuation problem is handled more easily by looking at the estimates
used to obtain weak unique continuation rather than strong unique continuation.
An equation is said to possess the weak unique continuation property if every
solution which vanishes in an open set vanishes identically. When weak unique
continuation estimates are applied to the continuation problem, it becomes
apparent they are a simplification over strong unique continuation estimates. The
simplification is that weak unique continuation estimates do not need to be re-
derived for solutions that are not zero on an open set, whereas strong unique
continuation estimates do need to be modified for solutions without a zero of
infinite order.

The connection of the weak unique continuation property for elliptic equations
with the L, estimates Hérmander used to prove uniqueness for the Cauchy problem
is that the weak unique continuation property and uniqueness for the Cauchy
problem are equivalent.
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I. Notation. Let
P(x, D) = > a,(x)D°

la|=m
be a partial differential operator, and let P,(x, D) be the principal part. The follow-
ing notation will be used extensively,

P,(,{)(X, f) = aPm(x’ g)/afn Pm.j(xa f) = a}:’m(-x’ £)/ax1

The operator P is obtained from P by conjugating the coefficients of P.
Also, the set CX(Q) is the set of functions in Q which can be extended to functions
in CX(R,).

2. Pseudoconvexity and principally normal operators. The concepts defined in
this section are due to Hérmander.

DEFINITION A [13, p. 203]. Let 4 € C? be a real-valued function defined in a
neighborhood of a point x° and assume that Vi(x°) #0. Let P(x, D) be a differential
operator of order m. The oriented surface defined by the equation $(x) =(x°) will
be called pseudo-convex with respect to P at the point x if

Dt PR OP, ©

+Re > [PL(x, EPO(x, £) = Py (x, E)PIP(x, £)] 58% >0

k=1

for all ¢#£0 in R,, satisfying the equations
0
0 Pax, 0= 0. 3 PO O ZE =

The surface is called strongly pseudo-convex with respect to P at the point x if,
in addition,

n 3250 —_— n —_
2 PP(x, OP®(x, O)+7*Im D P (x, OP¥(x, ) > 0
@ 2 o, PRG DPRG D477 Im 3 P, PP, D)
for all {=¢+ir grad $(x), with £ € R, and 0# 7 € R;, satisfying the equations

3 P, 1) = 0, ZP<f>(x, 0 -

Hormander, in [13], proved a theorem that gives estimates valid for operators
with real coefficients. These estimates also hold for principally normal operators,
defined below, provided a more restrictive differentiability condition is imposed on
the coefficients. Moreover, operators with real coefficients are principally normal.
Thus, a weaker version of the theorem that gives estimates for operators with real
coefficients is also valid for principally normal operators.
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DErINITION B [13, p. 199]. Let
T e————
Con-1(x, &) = 2Im D Py, (x, OPP(x, &) = 0
1

if Pn(x, £)=0, £ € R,, x € Q. P(x, D) is said to be principally normal in Q if the
coefficients of P,, are in C'(Q) and there exists a differential operator Q,,_,(x, D),
homogeneous of degree m—1 in D, with coefficients in C(Q), such that

sz-l(x> f) = 2Re Pm(x’ E)Qm—l(x’ f)) £€ER,.

3. Derivation of Holder continuity. Assume the hypotheses of the theorem of
Hormander on Cauchy uniqueness [13, Theorem 8.9.1, p. 224]. Let P(x, D) be a
differential operator of order m with bounded, measurable coefficients in a neigh-
borhood Q of a point x°. Also assume either P is principally normal and that the
coefficients in the principal part are in C2(2) or else that P, has real C* coefficients
or that P, is elliptic with C? coefficients. Let  be a real valued function in C*(Q)
such that grad (x°)#0 and the level surface defined by (x)=4(x°) is strongly
pseudo-convex at x°.

Following Hormander, let 4, be the Taylor expansion of ¢ of second order at x°.
By [13, Theorem 8.6.1], there is an open set, w, about x° in which i, has pseudo-
convex level surfaces. By the same theorem for &> 0 sufficiently small, '(x) =,(x)
—&|x —x,|? has pseudo-convex level surfaces in an open set w’ about x°. For this e,
there is an open set ” about x° such that

() —$(x)| < felx—x°|?
in w”. It follows that ¢'(x) <(x) for x € w” and x # x°. Thus,
{x 1 '(x) = $(x%), x # x% x €} < {x: P(x°) < P(x)}.

Assume the closure of w, the closure of w’, and the closure of " are contained in Q.
Let Q'=w N o' N . Set p=€"". The L, estimates now hold with weight function
¢. More precisely, it follows by [13, Theorems 8.3.1, 8.4.3, 8.5.2, and 8.6.3], for A
sufficiently large, that

@ > f | D*v|2e* dx < cr f |P(x, D)v|2e2* dx

lal=m
for v e Cg(Q') if P is elliptic, and
5) Z T f | D%v|2e*® dx < ¢ f]P(x, D)v|2e?* dx
le|lsm -1
for v e C&(Q') if P(x, D) is principally normal or has real coefficients, or is elliptic.
Observe that by the choice of ', there is an open set S <€’ such that
© So{x:xeQ, ¢(x) 2 $(x°), x # x°

and

(7 S < {x:¢(x) > $(x)}.
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Vi 2 wixo)
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Choose x € C3(€2’) to be 1 in a neighborhood Q" of x°. Let
Q ={x:xeQ,¢(x) > $(x)—e}, H=0Q" NnQ N{x:x) < P(x)}

and, for §>0,
G={x:0<x() < 1}NQuyspe

Since the inclusions (6) and (7) hold it is possible to pick ¢ and & such that G<
{x 1 P(x°) <p(x)}

If P(x, D)u(x)=0 in Q, let v=yxu. Since v may be approximated in H,, by
functions in Cg’, (4) or (5) holds for v according as whether P is elliptic or whether
P is principally normal or has real coefficients or is elliptic. Assume P is elliptic in
the steps which follow. The case for P not elliptic will be treated later in the section.

Observe that u(x)=v(x) for x € H and that P(x, D)o(x)=0 for x € Qg s
unless x € G. Also, $(x°) — = < $(x) for x € Q, and ¢(x) = $(x°) — (1 + 8)e for

’
x € Q\Qu 4 oye-

For = sufficiently large, say 0< 7, < 7, it follows from (4) that

Z f | Dau|2e21[¢(x°)-s] dx = Z f | Davlzezt[¢(x°)-s] dx
H H

Jaj=m lal=m

IA

f I Davlzezrw(xo)—sl dx
lulSm JQs

IA

cr f | P(x, D)|2e2e=-0+0el gy
Q'\Qa1 + 06

+cr f | P(x, D)v|2e?**™ dx.
G
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Hence, where u;; and vy, are the restrictions of  and v to H and Q, respectively,

lualt  lon,Jtw < cre= [ |Px, Dyl dx
Q\Qa + 03¢

ter J IP(X, D)U|2e21[¢(x)—¢(x0)+(1 +8) .
G

Define a by
sup g2t - S(x0)+8) e2na+e
xeG
Define
Jully = [ 1PCx, Del? d,
o
and

Jul2 = f |P(x, D)ol dx.
G
The estimate now reads

loaclm = cr'le™*ulla-+e"** ulc]

c[e—u‘(b - l/k)"u"Q, + et[a + (1 +1/k)€] "u"GL

ezt | my

IA 1A

for some k>0 such that 0<8—1/k. The constant ¢ depends on e, 8, k and =,.
For M,>0, let

UMo = {u : P(x, D)u(x) = Oa X € Qs "u"ﬂ’ = MO}
Certainly, for u € Uy,

® lurlm = lvallm S cle™™@"1OMy+ete+ A+ 1Ry o],

For u € Uy, choose =0 such that |u|o=e-"a+@+deIpf,
If =7, it follows that

luslam = lvaclon = eME=2ule,

where a=¢(8 — 1/k)[a+ (1 + 8)e] 1.
Observe that if 0= 7=, the estimate (8) is valid with a different constant c.
Again, it follows that
Nz llomy = MG~ *ulg.

In exactly the same way, but with (4) used in place of (5), if P(x, D) is principally
normal or has real coefficients, we obtain

lurlm-1 S lvallm-1 S er~2MF=5|ullé,

for u € Uy,, 7#0. The Holder exponent is, in this case, B=¢8[a+(1+ 8)e] .
The conclusions may be summed up in the following more formal statement.

THEOREM 1. Let u satisfy P(x, D)u(x)=0 for x € Q.
Under the assumptions made at the beginning of this section about the operator
and about the level surface y(x)=y(x°), it follows that

lurlm-1 S v llm-1 S v~ 2MG=8||ulé
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when P(x, D) has real coefficients or is principally normal, and
® lusllom = [valm = cM~%|ulE

when P(x, D) is elliptic, where v=xu for ue Cg(Q') and x=1 on a neighborhood
of x°. The Holder exponents are

B = edlat+(1+8)e]"t and o = e(8—1/k)[a+(1+8)e] 1.

The constant k satisfies 0 < 8—1/k. The positive constants ¢ and & are chosen suffi-
ciently small to meet requirements imposed by the geometry. The constant a is a bound
for ¢(x)—(x°) if x is in G. As G depends only on x, a depends only on ¢ and x. The
constant ¢ depends on ¢, 8, 1o, and k. The constants v, and k depend only on P and &
respectively.

4. Pointwise estimates. If u is the solution of an elliptic equation P(x, D)u(x)=0
in Q with mth order derivatives that are Holder continuous, it is possible to convert
the bound M, and the norms |u|y and |ju|s in (9) respectively to a pointwise
bound on |u| in Q and the uniform norm of  in H and the uniform norm of u in an
open set containing the closure of G. ‘

Before a statement of the formal result can be given, it is necessary to observe
that a version of (9) holds true for some &’ satisfying ¢’ >¢. Thus, let

(10) G' ={x:0<x(x) < 1} N Quipe o =¢e@=1/k)a+(1+8)]"",
and let & be the same as in Theorem 1. Choose ¢ >¢ such that

G' < {x : $(x°) < $(x)}
This choice of ¢’ is possible since the set {x : $)(x°) <¥(x)} contains the closure of
G={x:0<x(x<1}NQusse

The derivation in §4 may be repeated with ¢, «’, and G’ in place of ¢, « and G
respectively. The result is that

(11) lugllom = lvopllom S MG~ |ul%.

Let N be a neighborhood of x° in {x : ¥(x°) <4(x)}. Observe that the constant &'
may also be chosen such that if G is contained in the interior of N, then G’ is
contained in the interior of N as well.

THEOREM 2. Let N, ¢’ and G’ satisfy the definitions and properties in the para-
graphs just above. Let P(x, D) be an elliptic operator for which (9) is valid and let u
satisfy P(x, D)u(x)=0 in Q. Assume u and the derivatives of u up to order m are
defined and continuous on the closure of Q. Also assume that the mth order derivatives
of u are Holder continuous in Q with, say, exponent B. Let M be an upper bound for
|u(x)| for x € Q. Let ¢ € H. Let B(£, R) denote the ball of radius R with center at §.
Choose R such that B(¢, R) < Q... For o' defined in (10), it follows that:
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(i) If nf2<m, then
[u(®)] = cR™"M*~ux|%;

(ii) if2=m=n/2 and 3<n, then
|u(§)| < CVR'“MSI”[MI'“'HuN"‘:;]”p

where 1/p+1/g=1, s=1/(g—1), p=n—n/q, v=[q(m—n)+n]~" and q is chosen
such that g(m—n)+n>0. The constant c¢ depends on m, Q, Q', N, G, ¢, 8, the ellip-
ticity constant of P and bounds for the L. (S2) norms of the coefficients of P.

Proof. Let u satisfy P(x, D)u(x)=0 in Q. Recall that M, is an upper bound for
|ulq:, that is,

|uld = f |P(x, D)v|? dx £ M3.
o
By taking the maximum on Q' of the quantities inside the integral, it is clear that

m-1
Jul3 < const > sup |Dru(x)|>.
10]=0 x€Q’
Recall that ' = Q. Since the mth order derivatives of u are Holder continuous,
Schauder type interior estimates (see [3, p. 232]) can be applied to show that the

sum
m-1

>, sup | Du(x)|

lol=0 *e&’
is bounded by a constant, c, times the maximum of |u| on Q and hence by cM.
Thus,

m-=1
lulZ < const > sup |Deu(x)|* < const M2
lol=0 xet’
It follows that the global bound M, in (11) may be replaced by the pointwise bound
M for |u(x)|, x € Q.
The interior estimates also yield a uniform bound for

lulg- = L, |P(x, D)u(x)|? dx.

Thus, ||u|¢ <const |uy| . Hence,

(12) lullom = oo, o = M= [luy]%

where the constant ¢ depends on m, Q, Q’, N, G’, the ellipticity constant of P(x, D)
and bounds for the L, () norms of the coefficients of P(x, D).

It remains’ to replace the Sobolev norm |uy|m by the uniform norm |juyl|..
Let £ e H. Choose R such that B(¢, R)<Q,.. There are two cases according as
whether n/2 <m or whether (2=<) m=n/2.
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If n/2 <m, then by the lemma of Sobolev [9, p. 282], it follows that

[u(&)] = [o(&)] = cR™™|vq, [l

where ¢ depends only on n. Observe that n/2 <m when n< 3, which is the case of
greatest physical significance.

If m<n/2, a pointwise estimate can be derived under the assumption that |u]| is
bounded on Q. The derivation begins with the remark that in one proof of a
version of the Sobolev lemma [9, p. 282], the following identity is established:

u(®) f do = (= 1)"/(m—1)! f f: rm-la%':,(hu) dr do

where r=|x—¢|, o is the (n—1)-dimensional unit sphere, h(t)=g(¢/R) and g is a
C* function such that g(¢)=1 for <4 and g(t)=0 for 1 =¢. Hélder’s inequality

implies that
b4 1/p R l/q
dx] [ f [ rm-mer-rar @] ",
g Jo
where 1/p+1/g=1, p and q positive.

Recall that 3 <n. Since 2<m=<n/2, it follows that n/2=n—m=n—2. The second
integral above on the right is bounded if (m —n)q+n>0. This condition is satisfied
by the proper choice of ¢ such that 1 <g<2. In fact, g<n/(n—m) and n/(n—2)
<n/(n—m) =2. Hence,

am
PR (hu)

(13) || s const [ f

B(.R)

R
f f rm=mapn=1l dr dg = R ™=+ g(m—n)+n]~? f do.
o Jo g

Schwarz’s inequality shows that the first integral of (13) is bounded by

2
B(,R) B(,R)

where s=p—1=1/(g—1). Since |d*h(t)/dt*| < A,/R*, Leibniz’s rule implies that

2s

o™(hu)
or™

am
o ()

o °u
< < -m 2.
prC (hu)| £ const R Ipém Ep
Therefore,
om 2 0°u |?
— (huw)| dx £ const R—2m f —
L(s.m or" (hu) Ipém Be,B | OX°
< const R™2™||uy 2.,
and
6'" 2s aou 2s
- < -2ms - .
P (huy)| = const R [ 2 |7 ]

If M is the bound on |« in Q, given in the hypothesis, then, by the interior estimates
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[3, p- 232), a constant multiple of M is a bound on the derivatives of u up to order m
in B(¢, R). Hence

|o™(hu)/or™|2s < const M 2R~ 2™,
It follows that

1

Hence, (13) becomes

[u(®)] = [R™™ug||mR "M TP R =" q(m—n) +n]H
MR [[ug|m]*” = MR *[|vg, |l mw]*"”

om P 2
o () dx] < const R=2"|uyl||2, M*R-%m.

IN

where p=n-—n/q and v=[q(m—n)+n]~% The estimate in (ii) now follows from
(12).

5. Pseudo-convexity. In order to obtain Holder continuous dependence across
a surface through a point x° for the continuation of a solution of an elliptic equa-
tion, it is sufficient to know there exists a real-valued function ¢ € C%(Q) such that
Vi(x°)#0 and the surface defined by (x) =4(x°) is strongly pseudo-convex at x°
with respect to the operator. The existence of 4 is simplified for some second order
elliptic operators. The operators discussed here for which this simplification is
possible are those with real coefficients and those that can be factored. In fact for
the class of second order operators with real C* coefficients, the existence of i is a
complete triviality. For, suppose we have an operator with real coefficients
a;, € CY(Q) that is elliptic in Q. Let {=§¢+i7Vi(x), where ¢ is any C2 function for
which Vi(x)#0. The condition (3) in the definition of strong pseudo-convexity,
namely,

PAD =0 and 3PPx 0L =0
7 0x;
takes the form P,({)=0 and

> a,k(x)(§k+lr o (x)) X (%) =o.

Therefore,

= 3 a) 52 () 55 09 2 oATICI" >
where o is the ellipticity constant. Hence, there is no ¢ for which (2) must be verified,
and ¢ meets the requirements of the second half of the definition. The first half is
satisfied even more trivially since the operator is elliptic. This completes the case
for P with real coefficients.
The assumption that the polynomial P(x, {) can be factored at x considerably
simplifies the computations that are necessary to make in order to verify strong



106 P. E. SAYLOR [May

pseudo-convexity. This is the other kind of second order operator we discuss. Thus,

suppose
0 = 0 = (Tag) (308)

If P is elliptic, only (2) must be verified when (3) is fulfilled. Hence, assume, P({)=0,
and

S PO FE 9 =0

where {=£+itVi(x).

First, observe that P?({)+0 for some j is a necessary condition that a strongly
pseudo-convex function ¢ must satisfy. For, if ¢ is strongly pseudo-convex, and if
=€ for A sufficiently large, then, by [13, Theorem 8.6.3],

Z 72m=lab) le"‘u[ze"’”’ dx £ K~ flP(x, D)u|2e?*® dx,
PR

u e C§(Q'), for some neighborhood Q’ of x. For this estimate to hold, it is necessary
[13, Theorem 8.1.1] that

|g|2m-v < 2K1{ Z ) P9(x, OP™(x, {)+r-* Im z P(x, OP®(x, g)},
7.k 73

an 3xk

for {=¢+ioVé(x), with £ € R, and 00 € R, satisfying P(x, {)=0. Since |{|#0
and Vi(x)=c,V¢(x), the estimate cannot hold if P®(x, £ +irVi(x))=0 for each k.

The fact that P®({)#0 for some k implies only one of the factors, say >, b,{,, of
P({)=0 can be zero. For,

PO = a, > bl+be D aly = b D al; #0
1 ¥ j

implies > a,;;#0.
The condition >; PP(L) &¢(x)/0x;=0 now yields

0 = 2P(§) = D POYL; = 2, POAYE,

7 j

+3 PO 22 () = 5 PODE = 0.
j j

But,
0= POQE = D (ali+ - +al )b
< 7

-(ges)(gee) o

Therefore, >, b;€;,=0 since 3 ; a,{;#0. Therefore,

P(®) = (Z at) (3 0:t) =0

which is impossible as P is elliptic and ¢ is real, unless ¢=0.
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Hence, it remains to verify that (2) can hold when £=0. When it is written out

for the case
o= () 02

with >, b,{,=0 and PY({)=b; >, a,l, verification of condition (2) reduces to
showing that

l Zajlj Z (Zaa_f: Cj) Bk > 0.

Let b;=8;+ iy; and n,=0ay/0x,(x). It follows, since £=0, that

7~ Im Z(Z 3b’§f)5 = ;j [Wk zx +9,Bs 3'%]

ok

¢x;xkbjbk+ 1 Im l Z aflj

Ik

Therefore, (2) reduces to

\Z ajt; [Z af gxk bbi+ Z (’m'k: +1:Br 6,3,)]

All quantities are fixed in the second sum in the brackets. Hence, the term is posi-
tive whenever the eigenvalues of (0%)(x)/ox; ox,) are sufficiently large, since
|2 a;L;] #0 and since (by, . . ., b,) #O0.
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