HIERARCHIES OF EFFECTIVE DESCRIPTIVE
SET THEORY

BY
PETER G. HINMAN()

1. Introduction and summary. The theory of hierarchies deals with the classi-
fication of objects according to some measure of their complexity. Such classifica-
tions have been fruitful in several areas of mathematics: analysis (descriptive set
theory), recursion theory, and the theory of models. Although much of the hier-
archy theory of each of these areas was developed independently of the others,
Addison, in the series of papers [Ad 1-6], has shown not only that there are
deep-seated analogies among these theories, but that indeed many of their results
can be derived from those of a general theory of hierarchies. Toward a further
consolidation of these theories, this paper will study the relationships and analogies
between certain classical hierarchies of descriptive set theory and their counter-
parts in recursion theory.

The roots of modern hierarchy theory lie in the investigations of Baire, Borel,
Lebesgue, and others around the turn of the century. As analysts with a concern
for the foundations of their subject, they felt that constructions effected by means
of the axiom of choice or the set of all countable ordinals were less secure than those
carried out by more elementary means. They sought to discover what role these
suspect constructions played in analysis and whether or not they could be avoided
altogether. Thus descriptive set theory arose with the goal of identifying, classi-
fying, and studying those sets (of real numbers) which were of interest for analysis
and for which an “explicit” construction could be given. Needless to say, there was
vigorous disagreement as to just what constituted an explicit construction.

The first large class of sets studied were the Borel sets. Since each Borel set can be
constructed by iteration of the elementary operations of countable union and
complementation over a countable well-ordering, it was in general agreed that
these sets are constructively defined. Lebesgue defined in 1905 [Le] a set outside of
the Borel classification, but although it avoided use of the axiom of choice, Le-
besgue’s construction used the set of countable ordinals and hence was rejected
by some (see, for example, [Bo, p. 208)).

In 1917, Suslin discovered the operation &/ (for analytic—see definition below)
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and showed that the class of sets (analytic sets) obtainable by a single application
of & to families of intervals properly included the class of Borel sets—in fact, that
the Borel sets comprise just those analytic sets whose complements are also
analytic. Suslin’s discovery had also great methodological significance as it led
directly to the abstract notion of a set operation and the recognition that many such
operations are sufficiently “effective”” to provide an explicit construction for each
member of the inductive closure of the class of intervals under the operation. In
particular, the sets obtained by closing under &7 (C-sets or ensembles criblés) were
studied in detail by Selivanovskij [Se].

We now make some definitions in order to describe more precisely the plan of this
paper. Let N be the set of natural numbers and N¥ the set of functions from N into
N. As is customary in modern descriptive set theory we shall replace the reals by
NY (homeomorphic to the irrationals). Letters a, b, . . ., z will serve as variables over
Nand e, B, ..., ¢ as variables over NV. For any set 4, (A4) is the power set of A4.
A function Fe P(A4)" is called an indexed family of subsets of 4. An (N-ary)
-operation over A is a function I': Z(4)N — P(A). For example,

(@) U(F) = {a/3pla e F(p)1};
(®) (F) = {a[3pYyla e FE()]};
(©) lim inf (F) = {a/3p¥qlp < q — a € F(q)]}.

Let £ (the initial class) be any subset of #(A4). The inductive closure of .# under T,

denoted by €7 (4, £), is the smallest class € < #(A4) such that:
(i) F<€¢;

(ii) Fe¥" > T(F)e ¢;

(iii) Ce € - (4~C)e®.

When A=NY and £ is the class of intervals, we write simply €T for €T(4, #).
Then the class of Borel sets is €V and the class of C-sets is €.

Our first results were motivated by the similarities we noticed between this
definition and Kleene’s definition of recursiveness relative to a (type-2) functional
[K1 3]. The stage was set by two characterizations of the hyperarithmetic subsets of
N': as those recursive in the functional 2E [Kl 3, p. 48] and as those encompassed by
an “effective” version of the Borel hierarchy [Ad 1, 2]. In §2 we generalize Addi-
son’s construction to define for each operation I' a class €7 (=%¢T(N, £)), the
effective inductive closure of the class of singletons under I'. Roughly, this is done by
assigning to each set C as it is generated an index «(C) and at each stage of the
inductive definition applying I' only to those families F such that Ap[«(F(p))] is
recursive in some set previously generated. Also with each I we associate a func-
tional g (such that g, =2F) and prove that for a large class of operations I', T is
exactly the class of sets recursive in gp.

Since an analytic set is obtained by a single application of .7, by analogy with a
common notation it seems natural to denote the class of analytic sets by Z¥.
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Consistent use of this notation gives, for example, Z! for the open sets and II)
for the G,-sets. Then Suslin’s theorem is: €V =A#. In the 1920’s (but not published
until later; see [Ka-Li]) Kolmogorov, abstracting from the relationship U :
defined the R-operator, which maps operations to operations and satisfies R U=/,
and €T =A% was proposed as a generalization of Suslin’s theorem. The history of
this conjecture is unclear, but its status seems to have been unknown until 1953 and
the publication of [Lj 1, 2]. In these papers, Ljapunov shows that the conjecture as
stated fails for a rather trivial reason (cf. the proof of 4.7 below), but that a closely
related operator R* satisfies: "< A¥T. Ljapunov studied the sequence of opera-
tions Z*: #°= U, #**1=R*#", and for limit A, #* is a “join” of {#%/¢< A}, and
showed that at every level above the first, €#" is a proper subset of A%#"**. Hence the
problem of finding a direct generalization of Suslin’s theorem is still open.

We felt for a long time that the effective situation might well be different. The
proof that ¥ <A¥T offers mainly combinatorial difficulty, and together with the
basic properties of R and R* is given in §§3, 4 below. Since R* U is equivalent to &/,
it follows from Addison’s results and those of [KIl 2] that the converse inclusion
holds for I'=U. We conjectured in [Hi] that this was so in general. Among other
reasons, it seemed to us that Ljapunov’s proof depended essentially on the presence
of NV rather than N as the base space and thus could not be carried over to the
effective case. An example of this phenomenon is studied in [Be], where it is shown
that although €V(N", Z#) is a proper subset of A¥ [Ku], the corresponding
effective classes over N are equal. The conjecture is especially tempting in that the
properties of I1§™" are very similar to those of I/ (=1II3). In particular, each set in
IT¥'T is a transfinite union of a sequence of sets (its constituents) which are de-
finable by an inductive procedure based on I'. This is explained in §6.

The facts, however, are otherwise, and it turns out that this inductive procedure
differs in a subtle way from that used to define ™. In §5 we develop the theory of a
functional g#, which differs from g in including in its domain some partial func-
tions from N into N. Under a suitable extension of Kleene’s notion of recursiveness
to include functionals of this type, we show in §7 that AT is exactly the class of sets
recursive in g and that for I' which are as powerful as &/—in particular, if T is
2" with vz 1—this class includes sets not recursive in gr. Thus the proposed
generalization of Suslin’s theorem fails in the effective case as well.

Finally in §8 we discuss briefly the theory of the effective hierarchies over NV.
We are not able to extend the results of §2 to this case. Not only does there seem to
be no natural definition for €7(NY, .£), but for no known definition does this class
exhaust the sets of functions recursive in gr. On the other hand, the relationship
between R*I" and g# remains the same when functions are allowed as arguments.
In particular, it follows that gg.r is of the same degree as the diagonalization or
superjump of g#.

These results leave open a number of interesting questions. It seems likely, for
example, that the result just mentioned could be extended to show that g&.. is also
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of the same degree as the superjump of g#, where “degree” is redefined to require
that all partial functions be admitted as arguments. In any case, R behaves much
like a jump operator on operations; the %’ correspond to Kleene’s sets H, (a € 0).
Appropriate restriction of the join operation at limit ordinals should lead to an
interesting class of operations. Plausible conjectures are that the sets generated by
these operations coincide with the ramified analytic sets or those recursive in the
(type-3) superjump functional.

Most of our notation will follow either [KI 1] or [KI 3] with which we assume
familiarity. In particular, our indices of partial recursive functions are those of
[K1 3]. To assert that an index a defines a computation for some list of arguments %
we write equivalently “{a}(%) | > or “% e Dm {a}”. The statement {a}(A) e X
is true if and only if % € Dm {a} and the value {a}(%) belongs to X. We shall
assume some fixed 1-1 correspondence between the set of finite sequences of natural
numbers and N, but we shall never indicate it explicitly. Thus {ay,..., an-1)
denotes both a sequence and its corresponding number. If s=<ay, ..., a,-;> and
t=<bg, ..., b,_,thenln (s)=m, s(p>={ao, . .., An-1, D), <PIS=XP, Ao, . . ., 1)
S*t={agy...,An_1, bo, ..., bp_1>, (s),=(ay, if i<m; 0, otherwise), and s=¢ if and
only if m<n and for i <m, a;=b;. We often write {a}(s) to mean {a}(ay, . . ., Gn-1).
For i<In (s), s|i=<ao, . . ., a;-1). s|0= &, the empty sequence.

2. The effective hierarchies.
DEerINITION 2.1. For any N-ary operation I' over N:
(a) I' is the smallest set such that for any a, m, u, and v:
(i) <0, myelI";
(i) u € I and Vp[{a}* " (p) e I'] > {1, u, a) € I*;
(iii) vel" - Q2,vpel";
(b) for any m and any <1, u,a) and {2, v) e I*:
[0, m); T]={n/n=m};
K1, u, ay; T1=T(p[{a}**"(p); T'D);
K2, v); T]=N~[v; T];
(¢) €"={lu; Tfuel};
(d) for ueI", |u|" is an ordinal as follows:

<0, m)|"=0;
<1, u, a)|"=max {|u|"+1, sup, {{a}“"(p)|"+ 1}};
K2, )["=o|";

(e) for any ordinal v, IT ={ufu € I" and |u|" <v}, and
ZE={[<1’ u,ay; T'}K1,u,a) € If}a
7 ={[<2,<1, u, a>>; T]K1, u, a) € [};
AT=3Tn 117,

DErINITION 2.2. For any set 4 and any N-ary operation I' over A4, I is analytic
if and only if for any F, G € #(4)" and any a, b € A, if Vp(a € F(p) < b € G(p)),
thenae I'(F) - be I'(G). |
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The examples of §1 are all analytic. An example of a nonanalytic operation
over N is:
I'(F) = {m/¥pn(n < m A me F(p) — n € F(p))}.
Intuitively, the distinguishing feature of an analytic operation is that the question
of whether or not a € I'(F) depends only on {p/a € F(p)} and not on any conditions
involving any b different from a. This principle is formalized in the second con-
clusion of the following lemma.

LEMMA 2.3. For any sets A and C and any analytic N-ary operation T' over A, let
A be the N-ary operation over C defined as follows. For any G € ?(C)", any c € C,
and any p € N, let G°(p)=(A, if c € G(p); &, otherwise) and set A(G)={c |T'(G°)=4}.
Then A is analytic over C. In particular, if A=C, then A=T so for any G € P(A)"
and any a,

aeI'(G) > T(G*) = A.

Proof. Suppose G, and G, in Z(C)" are such that Vp(c € G,(p) <> d € Go(p)).

Then G¢= G4, so

ce AM(G) > T(GS) = A T(GY) = 4> de AGy).
Hence A is analytic. For the second part, let G be in 2(A4)" and a € A. Then for any
be A, Vp(ae G(p) > be G%p)), and hence by the analyticity of I', ae I'(G)
<> b e I'(G*). Since then b is independent of @, a € I'(G) <> I'(G*) =4 <> a € A(G). |}

Henceforth we shall use the same symbol I' to denote an analytic operation
together with all its extensions defined as in the lemma. Then the defining property
of 2.2 holds also when F and G are families over different sets.

DErFINITION 2.4. For any analytic operation I', any « € N7, and any p € N, let
G*(p)=(V, if «(p)=0; @, otherwise).

g(@) = 0, if[(G%) = I;
=1, otherwise. |

EXAMPLES. gy (¢)=0 <> 3p(a(p)=0); gar(e) =0 > IBVx((B(x))=0).

LEMMA 2.5. For any analytic operation I':

(a) for any Fe Z(N)¥, any me N, and any « € NV, if Vp(e(p)=0 <> m € F(p)),
then gr(e)=0 <> me I'(F);

(b) if for all u € I" we define by recursion a function [u; I'] by:

KO, m>; '] = An (0, if m = n; 1, otherwise);
K1, u, a>; TT = Am(gr(Ap[{a}“"i(p); T'T(m)));
(<2, v3; Il = Am(1=[v; T(m));
then [[u; I']] is the characteristic function of [u; T').

Proof. If F, m and o satisfy the hypothesis of (a), then G*= F™, that is, Vp(G*(p)
=N <> m € F(p)). It follows by Lemma 2.3 that

mel'(F) > I'(G*) = N gr(e) = 0.
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Part (b) follows immediately by induction over I*. ||

COROLLARY 2.6. For any analytic operation I', €T < ;sc (gr). In fact, there exists
a primitive recursive function m such that for all u € I*, [u; I']= dm{=(u)}(gr, m).

Proof. Let ¢ be a partial recursive function defined by cases as follows: for any
functional f and any m, n, a, e, u, v,
(i) ¢(f, <0, m), n, e)=(0, if n=m; 1, otherwise);
(i) ¢(f; <1, u, ay, m, ©)= f(Ap{e}(f, {7 *"(p), m));
(i) (f, <2, v), m, e)=1={e}(f, v, m);
(iv) ¢(f, u, m, e) is undefined otherwise.
By the recursion theorem there exists an index e, such that

¢(.f> u, m, eo)g{eo}(f, u, m)
Let #(u) be an index for Afm{e,}(f, 4, m)—that is,
{7, m)={eo}(f, u, m).

Then it is routine to check by induction on I* that = has the required property.
The first statement of the corollary then follows immediately by 2.5. ||

The converse of Corollary 2.6 is certainly not true for every analytic I. For
example, if ['(F)= @ for all F, then ¥7 consists only of N, @, the singletons, and
their complements, while ;sc (gr) is the set of recursive sets. Even for less trivial
operations it is by no means obvious that T is closed under “recursive in”.
Roughly, the difficulty is that too much is concentrated in the main inductive
clause of Definition 2.1(b). Recursions in previously generated sets, diagonalization,
and application of I' are all accomplished at one fell swoop. While this seems
appropriate as an effective counterpart of the inductive clause in the definition of
€T, it may generate pathologies for certain operations.

The following definition and theorem were motivated by these considerations
and some closely related results of Moschovakis [Mo 1]. They will greatly facilitate
the proof of Theorem 2.10 below and may also be of some independent interest.

DerINITION 2.7. For any functional f:

(a) J’ is the smallest set such that for any a and v:

() 3eJt’;
(ii) veJ’ and Dm {@}*1=N — {4, v,a)> eJ’;
(i) Ym([v; fI(m)eJ’) — (5, vp e J’;
(iv) veJ! —=<6,vyel’;
(b) for any (4, v, a>, {5, v), and (6, v) eJ’:
[<3); f1=2m(0, if m=0; 1, otherwise);
(<4, v, a>; f1={a}t™1;
<5, v>; f1=Am[[[v; f1i(m); f1(m);
(K6, v>; fI1=2amf([[v; fT);
() 2" ={[v; fljveJ'}.
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THEOREM 2.8. For any functional f, 2'=sc (f). In fact, there exist primitive
recursive functions p and o such that:

(@) for any veJ’, [[v; fI={p(®)};

(b) for any a such that Dm {a}f =N, o(a) € J/ and {a} =[[o(a); f].

Proof. The construction of p is very similar to that of = in the proof of Corollary
2.6 and will be omitted. For (b) we construct a partial recursive function ¢ such
that:

(v) xeDm{ay —y(a,x)eJ’ and [[P(a, x); 1 = Az{a}/(x).

Given such a ¢, we define o from it as follows. Since f is fixed, we write simply
[v] for [v; 1. Let o, be a primitive recursive function such that for any e, {o,(@)}*(x)
~y(a, x), and take a(a)= (5, {4, {3, a:,(a))). Then for any a such that Dm {a}/ =N,

[o(@](x) = [I<4, <37, o2(a)>I(x)](x)
= [o1(@}tUx)[(x) = [$(a, )](x) = {a}/ (x).

We define ¢ via the recursion theorem and a partial recursive function ¢ defined
by cases. If e, is an index such that ¢(a, x, e,) = {e.}(a, x) and y={e,}, then it is easy
to prove by induction on computations [KI 3, 3.8] that ¢ has the property (b’).
We give parts of this proof along with the definition of ¢.

(i) If (@)o=0, let o, be a primitive recursive function such that for any «, x, e,
and y,

{oa(a, x, €)() = {e}((@)s, <¥)%),
and set ¢(a, x, e)=<6, <5, <4, (3), 03(a, X, &)))).

[¥(a, )1(z) = [$(a, x, ex)](2)
= (W4, <33, 03(a, X, e >T(MI(»))
= f(MW{os(a, x, e LU y)I(»)
= fW[¥((@)s, <y>X)N(¥)
= f(AW{(@)sY({»y>x)) (Induction hypothesis)
= {af/(x).
(ii) If (a)o=1, 2, or 3, let o3 be a primitive recursive function such that for any
a, X, and z,

{os(a, 0)}*(2) = {aY (%),

and set ¢(a, x, e)=<4, (3>, o4(a, x)).
(iii) If (@)o=4, let o, be a primitive recursive function such that for any o, x, e,
and z,

{o4(a, x, e)}*(2) = {e}((@)2; {2))x),
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and set ¢(a, x, €)= (5, {4, {€}((a)s, X), 04(a, x, €))).

[¥(a, x)1(z) = [$(a, x, e0)I(2)
= [[<4, {eo}((@)s, X), a4(a, x, €0)>1(2)1(2)
= [{ou(a, x, e)}1"@s2)(2)]|(2)
[¥((@)z2; <[¥((@)ss )I(2)>x)](2)
{(@)32Y ({(@)s}(x)>x) (Induction hypothesis)
= {a}/(x).

(iv) If (@) =5, the treatment is similar to (iii).

(v) If (a)o=6, let x’' be the prescribed rearrangement of the components of x
and set ¢(a, x, e) > $((a),, x', €).

(vi) If (@)o=9, let b, y, and y’ be such that x=<b)y * y’ and {a}/(x) ={b} (),
and set ¢(a, x, e)=é(b, y,e). 1

DErFINITION 2.9. For any analytic operations I' and A, A subsumes I if and only
if there exists a primitive recursive function « such that for any family F,

I(F) = AQpF(e(p))).
ExaMPLES. U (F)=(ApF((p)o)). N (F)=(ApF(In (p))).

THEOREM 2.10. For any analytic operation T, if I subsumes U, then " = ;sc (gr).
In fact there exists a primitive recursive function = such that for any v € J°r, 7(v) € I*

and [r(v); T1={m/[[v; grli(m)=0}.

Proof. The second statement together with 2.6 and 2.8 implies the first. Let « be a
recursive function by which I" subsumes U. We shall construct a partial .recursive
function ¢ such that for any v € J, (v) € I" and

[(@); T = Km, n)[[v; grl(m) = n}.

Given such a ¢, we define = from it as follows. Let b and ¢ be indices such that for
any set A, {b}4 enumerates {<0, m)>/(m, 0> € A} and {c}*=Ap{b}*(«(p)). Let 7, be a
primitive recursive function such that for any v, ¢, and 4, {7,(v)}*(q) =<1, ¥(v), ¢,
and set 7(v) =<1, <0, 0>, 7,(v)>. Since I' is fixed, we write [u] for [u; T']. ForveJ*r,

[7()] = TAgl{r: (@)} *(q)]) = TAGl{r. @} ()]
= U (MK, ¢(), &3] = [K1, (v), €]

TQp[{c* ()] = U Qpl{B}*(p)])

= U{[KO0, m>])[<m, 0) € [$(v)]} = {m][v; grl(m) = O}.

As usual, ¢ is defined via the recursion theorem as {e,}, where ¢(v, ) > {eo}(v)
and ¢ is defined by cases as follows.
(1) (<3, €)=X0, 05.
(ii) If v=<4, w, a), let b and ¢ be indices such that for any set 4, {b}* enumerates
{<0, {m, ny)[{a}*(m) = n} and {c}* = Ap{b}*(«(p)), and set
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$(v, ) > <1, {e}(w), c.

[B(@)] = [K1, {ea}(w), 3] = T(Ap[{c}V™(p)])

U{[KO, <m, n)>]{a}*“(m) =~ n}

{<m, ny[{a}*vY(m) ~ n} (Induction hypothesis)
{Km, ny[[v; grl(m) = n}.

(>iii) Ifv=<{5, w), let 7,—75 be primitive recursive functions such that for any sets
A and B, and any p, g,

{r2(p)}* enumerates {<0, <p, n)>/{p, n) € B};

{rs(P)}*(q) = {72(P)}*(=(9));
{rd(}(p) = <1,{e}(least r : {p, r> € A), 75(p));
{rs(a)}(p) = {ru()}*(«(P));

and set ¢(v, )2 (1, {e}(w), Ts5(e).

(@)1 = [K1, $(w), 7s(e0)>] = T(Wp[{rs(ea)}™ (P)])

U (ApKl’ ¢(lea5t r: <pa l'> € [¢(W)])’ Ta(P)>])
U (AT (Agl{rs(p)} erko(g)]))

U (A U{K0, <p, ;> )/1Iw; grl(p)I(p) = n})
{p, m[[v; gcl(p) = n}.

(iv) If v=<6, w), choose u, and u, € I' such that [u,]=N and [u,]= @, and let
a, b, and c be indices such that for any A4, B, p, and m,

{a}*(p) = (uo, if {p, 0> € A4; u,, otherwise);
{b}8(m) = (0, {m, 0>>, if 0 € B; <0, {m, 1>, otherwise);
{c}(m) = {b}*(e(m)).

Set ¢(v, ©) =<1, <1, {e}(w), @), c>.

K1, $(w), ad] = TQp[{@¥@(p)]) = D(Gwort)
= (W, if gr([w; grl) = 0; & otherwise).

)] = T(Am[{c}<-ve2Xm)])
= ({Km, 0>/m € N}, if gr([w; gr])) = 0; {<m, 1>/m € N}, otherwise)

= {{m, go([w; grl)y/m € N} = {<m, n)[[v; gell(m) = n}. |

3. Comparisons of effective hierarchies. We have given one criterion for
comparison of two operations: if A subsumes I', then certainly ¥" <%, and in-
tuitively, A is at least as powerful as I'. In this section we establish sufficient
conditions to ensure a stronger relationship: €T <A%.

DEerINITION 3.1. For any analytic operations I and A:

(a) A absorbs T if and only if there exists a primitive recursive function B such
that for any family F,

[ | | I I

PApAMGF(p, 9))) = AArF(B(r)));
(b) A is normal if and only if it absorbs itself.
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EXAMPLES. U and N are normal with B any function which enumerates pairs.
&/ absorbs U via the function B=Ap({(p)e, (p)°>), Where ({mq, my, ..., m>)°
={my, ..., my,y. & also absorbs n and is normal.

LeEMMA 3.2. For any analytic operations I', T'y, A, and A,:
(a) if A absorbs T and T subsumes Ty, then A absorbs T'y;
(b) if A absorbs I, A, subsumes A, and A subsumes A, then A, absorbs T'.

Proof. Let A absorb I' via 8, I" subsume I'y via «, A, subsume A via y, and A
subsume A, via 8. Let F be any family.
(@) Let G=ArF(e((r)o), (r)1>). Then

Lo AQGF(p, 99))) = T(ApA(AGF(p), 97)))
PpAAG(K P, 92))) = ANG(B(r))
= AQArF(Ca((B(r))o); (B(r))1)))-

(b) Let H=ArF({(r)o, 8((r)1)}). Then

CpAs(MgF(p, 90))) = T(ApA(AgF(p, 8(9)))))
= I'(WpA(\gH(p, 97)))
= AArHB(r))) = Ad(ArH(y(B(r))))
= Ao(ArF((B(r)))os S((v(Br)))1)>))-

LEMMA 3.2. For any analytic operation A, any family F over N, and any o,
a”Y(A(F)) = AQp(e™ (F(p)))-

Proof. Let G=Mp(e"*(F(p))). Then for any m, p, F*™(p)=N <> o(m) € F(p)
—meG(p) <> G™(p)=N, hence a(m) € A(F) <> A(FF™)=N > A(G")=N—m
e AG). 1

The following technical lemma establishes some closure properties of X£. The
hypothesis on A is stronger than necessary for some parts of the lemma, but our

applications in the next section do not require the stronger results. If u={1,v,a> € I,
we call u a X4-index (for [u; A]).

LEMMA 3.4. For any analytic operations I" and A such that A is normal and sub-
sumes I', U, and n:

(a) =& contains all recursively enumerable sets; precisely, there exists a partial
recursive function 0, such that for any e, 0,(e) is a Z4-index for {m[{e}(m) =0},

(b) 22 is closed under recursive counter-image; precisely, there exists a partial
recursive function 0, such that for any {e} € NV and any Z4-index u, 0y(e, u) is a
ZA-index for {e}~*([u; A);

(c) 2 is closed under application of T' to recursively enumerated families; pre-
cisely, there exists a partial recursive function 05 such that for any e, if {€}(p) is a
S4-index for all p, then 05(e) is a X4-index for T'(Ap[{e}(p); A));

(d) Z% is closed under finite union and intersection; precisely, there exist partial
recursive functions 0, and 05 such that for any 24-indices u and v, 0,(u, v) is a Z%-
index for [u; AU [v; A], and 05(u, v) is a Zf-index for [u; A1n[v; Al;
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(e) 4 is closed under ““T-projection”; precisely, there exists a partial recursive
function 04 such that for any 34-index u, 0g(u) is a Z4-index for
L(An{m[{m, n) € [u; A]}).
Proof. (a) follows by the method of definition of = in the proof of 2.10. For (b),
let u=<1, v, a). Since u € I, v € I} so we may assume {a}**1={a}. Using succes-
sively 3.3, (a), and the normality of A, indices  and ¢ may be computed such that

{e}~'([u; A]) = AQpie}~*([{a}(p); AD)
= AQpA(M{bY(p, 9); AD)
= AQAr[{c}(r); A]) = [<1,<0, 03, c>; A].
Thus it suffices to take 8,(e, u)=<1, <0, 0>, ¢). For (c), let {e}(p)=<1, v,, a,). By
3.2 and the hypothesis, A absorbs I'. Hence indices b and ¢ may be computed
such that
T(ple}(p); AD = T(ApA(Agl{a,}(q); AD)
= P(pA(M[{b}(p, 9); AD) = AQAr[{c}(r); AD).
Hence again we may take 63(e, u)=<1, <0, 0, c). Part (d) follows easily from (c)
with I" replaced by U and n. For (e) choose e such that for all m and n,
{e}(m}(m) = <m, n).
Then
{m[<m, n) € [u; AT} = [85(u, {e}(m)); Al
and 8y is easily defined from this and 6;.
THEOREM 3.5. For any analytic operation A such that A is normal and subsumes
U and n, A% is closed under “recursive in”; precisely, there exists a partial re-
cursive function 0, such that for any A, B N and any a, u, and v such that u and v are
Z2-indices for A and N ~ A, respectively, and {a}* is the characteristic function of B,
0:(u, v, a) is a Z-index for B.

Proof. We first observe that the second part implies the first; N~ B is also
recursive in 4 and another value of 6, yields a £4-index for N~B. Let R be a
recursive relation such that

me B> 3Is(R(s,m) A Vr,cn (€A A (s), =0) Vv (n¢ A A (s), = D).
Using (a) and (d) of the previous lemma, a Z£-index w may be computed so that

[w; A] = {m, 3, mp[R(s,m) A [(n 2 In(s)) vV (n€ A4 A (s), = 0)
VngAA(s) =D
Then if 6% and 62 are as in 3.4(e) for I'= U and '=n, respectively,
B = UQAs{m[<m, s> € n(An{p[<p, n) € [w; A]D})
= UQs{m[{m, s> € [6§(w); AT}) = [65(68(w)); Al
LEMMA 3.6. For any analytic operations I' and A such that A is normal and sub-

sumes ', U, and n, 24 is closed under application of T' to families recursively
enumerated relative to A} sets; precisely, there exists a partial recursive function 04
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such that for any AS N, any u, v which are Z2-indices for A and N ~ A, respectively,
and any e such that for all p, {e}*(p) is a T{-index, Og(e, u, v) is a Z4-index for
T'(Apl{e}*(p); AD.

Proof. Let
B = {{m, p, n, ¢>[Iwa({e}*(p) = <1, w, a> A {a}**N(q) = <0, m))}.

For e and 4 which satisfy the hypothesis, w will be in /§ and thus B is easily seen
to be recursive in 4. Hence, by the previous theorem, from u and v we can compute
a X4-index for B. The desired set is obtained from B by successive projections”
under ', U, and T, and thus a 24-index for it may be computed by 3.4(e). |

Since €T is closed under complementation, ¥T<A#% follows from ¢T"<=X4. Of
course, in general Z4 is not closed under complementation so a straightforward
induction over I' to establish the latter inclusion would seem to be blocked. Use
of the operation I'° dual to T', enables us to avoid complementation in generating
¢r.

DEerFINITION 3.7. For any operation I' and any Fe Z(N)":

I'°(F) = N ~ T(Ap(N ~ F(p))).
It is easy to check that if I" is analytic, so is I'°, and that for any {1, u, a) € I,
[K2, <1, 4, a>); T = T°(W[<2, {a}**"X(p)>; T']).
ExampLES. U °= N, (lim inf)°=1im sup, and

S°(F) = {m|VB3x(m € F(B(x)))}.

THEOREM 3.8. For any analytic operations T and A such that A is normal and
subsumes ', T'°, U, and N :

€T < AL

In fact, there exists a partial recursive function  such that for all ueI", y(u) is a
XAindex for [u; T'].

Proof. We define ¢ via the recursion theorem as {e,}, where {eo}(1) =~ (1, e,) and
¢ is defined by cases as follows.

() If u=<0, m) or <2, <0, m)>>, $(u, e) is defined using 3.4(a).

(ii) If u=dl, v, @), let o, and o, be primitive recursive functions such that

{o1(u, O} (p) = {e}(a}(p)),
ay(u, ) = ((v)y, if ()0 = 2; (2, v), otherwise),

and set ¢(u, €)= 0(01(u, €), {e}(v), {e}(oa(u, €))).

[¥(); Al = [(u, eo); Al = T(p[{o:(u, )} ¥(p); A])
= Tp¥(a} ™ (p); A
= I'(Wp[{a}"™(p); ') (Induction hypothesis)
= [u; T
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(iii) If u=<2, <1, v, a)), we use the remark following 3.7 and proceed as in (ii).

(iv) fu=<2,<2,0)), (u, )= $(v; ). |

4. The R-operator. Although the discovery of the operator R is generally
ascribed to Kolmogorov (cf. [Ka-Li, II, p. 82]), he seems never to have published
any account of it. Much of its elementary theory was developed first in [Ka-Li, II],
and further results obtained in [Lj 1, 2]. Much of the material of this section is
adapted from these sources. Definition 4.2 is due to Hausdorff [Ha, p. 103].

DEerINITION 4.1. For any analytic operation I':

(a) T is isotone if and only if for any families F and G such that Vp(F(p) = G(p)),
also I'(F) < TI'(G);

(b) T is positive if and only if T' is isotone and nontrivial—that is, for some
families F and G, I'(F)#I'(G).

DEerINITION 4.2, For any M< NV, A, is the operation defined by:

Ay(F) = {m[3BgenVx(m € F(B(x)))}.
M is called a base of A,,.
ExaMmpLES. If M ={Ax(p)/p € N}, then Ay=U. If M={B|Be NV}, Ay=4.
Note that if M= M’ and for every y € M’ there is a 8 € M such that Yx3y(8(x)
=9(»)), then Ay = A,.. The largest set M’ for which this is true is called the canon-
ical base for A,,.

LeEMMA 4.3. For any operation T, T' is positive analytic if and only if for some
nonempty MS N¥, I'=Ay,.

Proof. It is obvious that every A, is analytic and isotone. If M # @, Ay(Ap(2))
= @, while Ay, (Ap(N))= N, so Ay is nontrivial, hence positive analytic. Conversely,
suppose I' is positive analytic and let

M = {BIVF e Z(N)"[n (WF(B(p))) = T(F)]}.
Then I'=A,,.
DEFINITION 4.4. For any P € Z(N¥)" and any SSN:
(a) Sis a P-fan if and only if
(i) g €S,
(ii) Vst(scte S —s€ S), and
(l") Vssesﬂﬂﬁep(s)Vx(s@(x)} € S)’
(b) RP={y/range (y) is a P-fan}.
DErFINITION 4.5. For any family AsT, of positive analytic operations, let, for
each s, P(s) be the canonical base for I';. Then R(AsT)= Agp. |l
In many of our applications of the last two definitions, Vs(I's=I=A,), and in
this case we write simply RI'= A, where RM = R(AsM). We defined R(AsT';) via
the canonical bases for I'; to ensure independence of choice of base, but it is easy to
check that if for each s, Q(s) is another base for I'y, then R(AsT'5)= Ap,.
ExampLES. For any m and F, m € RI'(F) if and only if {p/m € F(p)} includes
some M-fan, where I'=A,,. If M={Ax(p)/p € N}, an M-fan is any set of the form
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{B(x)/x € N}. Thus RU=Apy=« If M={Ax(x)}, N itself is the only M-fan, so
Rn=n.

LeEMMA 4.6. For any positive analytic operations T and T’ :

(@) RT subsumesT';

(b) RT absorbs T';

(¢) if T subsumes I'y, then RI" subsumes RT;.

Proof. Let M be the canonical base for I'.

(a) We claim I'(F)= RT'(ApF((p),)), for any F. Suppose first m is in the right-hand
side. Then for some M-fan S, Vs, s(m € F((s)o)). Since @ € S, for some Be M,
Vx({B(x)) € S) and thus VYx(m € F(B(x))). Hence m € I'(F). The converse inclusion
is obvious.

(b) Let (Xmg, my, ..., my>)°=<{my, ..., m,) for any m;. Then it is easy to check
that for any F,

T(ApRT(AgF({p, 0))) = RTArF((r)o, (r)°)).
(c) Let « be a primitive recursive function by which I' subsumes I'; and define 8
by
ﬁ(<m03 ey mn>) = <a(m0), RS ] a(mn)>-

Then RT',(F)=RT(Ap(B(p))). 1
The second example above demonstrates that RI' may in general be no more

powerful than I itself. In particular, to apply Theorem 3.8 we need an operation
A which subsumes both I" and I'°, and is normal. The first requirement is satisfied
by
I*(F) = TQpT°(\qF({p, 1))

since D(F)=T*(ArF((r),)) and T'°(F)=T*(ArF((r),)). Normality is achieved by
applying R:

LEMMA 4.7. For any positive analytic operation Iy RT' is normal.

We defer briefly the proof. Let R*I'=RI'*.

THEOREM 4.8. For any positive analytic operation I' which subsumes U:

€T < AFT.

Proof. If I' subsumes U, then I'° subsumes U°= n, hence all four are subsumed
by R*I'. The theorem follows by 3.8 and 4.7. |

The proof of 4.7 is a mass of combinatorial detail and we recommend that all
but the stoutest of heart take it on faith. Since by 4.6, RRT" absorbs RI, it suffices

by 3.2 to show that RI" subsumes RRT'. For any s, let t=In (s)=1 and for a<In (7)
and b=(t),, let

$(s, a, b) = (8)¢1arcv>s

l/'(S, a) = <¢(S, a,l),...,¢(s,a, (t)a)>a
0(s) = <g(s, 0), 9(s, 1), .. ., (s, In (£) = 1)).
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Then we shall show that for any family F,
RRY(F) = RU(ApF(6(p))).

Let M be the canonical base for I'. Then RM is a base for RI' and RRM for
RRT. It will suffice to show:

(a) for any M-fan S, 0*(S)={0(s)/s € S} is an RM-fan;

(b) for any RM-fan T, 6-*(T) includes an M-fan.

A few auxiliary formulas will make the proof easier. Let s and s, be arbitrary,
t=In(s)=1, and ty=1In (s;)= 1. We show first:

(©) In(6(s))=1In (2);

(d) 0(so)= 0(s) — to<t;

(€) SoSsAtoSt— 0(se)=0(s)|In (z,);

(£) 6(s)=0(so){w) — t=to{In (W)>;

(®) soSsAt=t,{m) — 0(s)=0(so){w> for some w such that In (w)=m.
Furthermore, for any r<m, if t,=t{r) and s;=s|(t,+1), then 8(sy)=0(so){w|r).

Formula (c) is obvious by inspection. Let p=In (#)~1 and p,=In (¢t,)=1; then

0(5) = <!/I(S, 0)’ l/I(s’ 1)’ sy l/'(s, p)>a

and
6(s0) = <P(0, 0), Y(s0, 1), . . ., $(S0, Po)-

For (d), suppose 0(s)< 6(s,). Hence p, <p and for q < p,, ¥(s, q) =¥(s0, q). Hence
(to)e=In (¥(s0, 9))=1n (¥(s, 9))=(2), and t,<St. For (e), suppose so<s and t,<¢.
Then so=s|(to+1). For a<po and b <(to)a, (fo|a){b) < to, 50 $(S0, @, b)=(S6)¢olarco>
=(s)(tola)<b> =(s)(tla)(b) =¢(s, a, b). Since also (0)a=()as (0, a)=x/1(s, a), and
0(so) = 0(s)|In (¢,) follows immediately. For (f), if 8(s)= 0(so){wD, it follows from
(c) and (d) that t=1¢,{m) for some m. But

w = l/'(s,p) = <¢(s,p, 1)’ ceey ¢(S,P, (t)p)>

and In (w)=(),=m. For (g), if 5o S s and t=t,(m), it follows by (c), (¢), and (f) that
0(s) = 0(so){w) for some w such that In (w)=m. If r <m, t,=1{r), and sy =s5|(t5+1),
then for a <p, (s, @) =4(s;, a), and Y(sz, p) =¥(s, p)|(t2), = w|r.

To prove (a), let S be any M-fan and T'=6*(S). We must show that T is an
RM-fan. (i) Since @ €S and 6(2)= @, @ €T. (ii) Suppose u=0(s) € T and v<u.
Then setting t=In (s)=1, t,=¢|In (v), and so=s]|(#,+1), it follows from (e) that
0(so)=v. Since so=s€ S, s,€S and thus veT. (iii) Suppose u=0(s)e T and
W={w[u(w) € T}. We must show that W is an M-fan. (1) Since S is an M-fan,
there exists an s, € S such that s<s; and if t=In(s)=1 and ¢, =#0), then ¢,
=In (s;)= 1. Then by (g), 8(s,)=0(s) @ >=u{@) € T. Hence @ € W. (2) Suppose
vSwe W;then for somes, € S, 0(s,)=uiw). Let t; =In (s,) = 1. By (f), t, =t{In (W).
Let r=In(v), to=Kr), and sy;=s,|(t3+1). By (g), O(so)=ulw|r>=ulv). Since
s3Es, €S, u(vy eTand v e W. (3) Suppose w € W, 0(s;)=u{w), and t;=In (s5;)=1



126 P. G. HINMAN [August

=In (w)). Let 53 be a member of S such that s, Ss; and In (s3)=KIn (w)+ 1.
Then by (g), for any m, if p=In (¢),

0(ss{mp) = ulwlg(ss<my, p, In (W) +1)>> = uwim.

Since S is an M-fan, there exists a B € M such that Vx(s3{B(x)> € S). Hence,
Vx(uw{B(x)>> € T) and Yx(w{B(x)) € W).
To prove (b), let T be any RM-fan and

S = {5/Vu,<(6(u) € T)}.

Then S<6~Y(T) and it suffices to show that S is an M-fan. Trivially, @ € S and
sSteS—se S Supposese Sand t=In (s). Assuming ¢# & (a slight modification
is required in this case), there exists #, and m such that t=t,{m). Let so=s|(t,+1).
Then by (g), for every n there exists a w, such that 8(s(n))=0(so)Xw,>. If m=0,
wp,=@ for all n so Yn(6(s(n)) € T) and any Be M is such that Vx(s{B(x)) € T).
If m> 0 there exists a v such that for all n

W, = K$(s<m), In (1) = 1, m)y = vlm).
By the second part of (g), if 1,=1,{m—1>, and s,=s5|(t5+ 1), then 6(sz) = 0(s,)<{v.
Since s,Ss€ S, 0(s;) €T. Since T is an RM-fan, {u | 0(so){u) € T} is an M-fan.
Thus there exists B € M such that Vx(0(s,){v{B(x)>> € T). Hence, Yx(6(s<B(x)>) € T)
and Vx(s(B(x)> € S).

5. Extended functionals. The remainder of this paper is devoted to showing
that the inclusion of Theorem 4.8 may be proper and obtaining concurrently a
recursion-theoretic characterization of A¥T,

According to Kleene’s schema S8 (or S0) [Kl 3, 3.7], a computation of the form
Sf(Axé(f, x)) is defined just in case Dm (Ax¢(f, x))=N. Since Dm (f)=N7¥, this is
equivalent to: Ax¢(f, x) € Dm (f). Let f# be a function with range included in N
and domain included in the set of partial functions from N into N, and suppose f#
is consistent—i.e., if ¢ € Dm (f#) and ¢ extends ¢, then f#(¢)=f#(s)). Then S1-S9,
with S8 altered to require Ax¢(f#, x) € Dm (f¥), define a notion of recursive
computation relative to f# which coincides with the usual notion when Dm (f#)
=NV,

Of course, we cannot expect that all of the standard theorems will go through
for this expanded notion. For example, the representation theorems [Kl 3, XXVI
and XXVIII] almost certainly will not hold in the same form. On the other hand
many of the simpler results such as the recursion theorem and the substitution
theorem [KI1 3, XXII] are not affected by this alteration and continue to hold.

DErINITION 5.1. For any positive analytic operation I' with canonical base M
and any partial function ¢: N — N:

(a) g#($)=0 > IPBpeu¥x($(B() = 0);

(b) gE(@) 1 > VBsenIx($(B(x) 2 1);

(c) otherwise, ¢ ¢ Dm (gf). 1
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Since the condition for ¢ € Dm (gff) is a requirement that *“sufficiently many”’
values of ¢ have a certain value, g# is consistent. The next definition and several
of the theorems about it were inspired by Moschovakis’ [Mo 2]. Throughout the
remainder of this section I" denotes a positive analytic operation with canonical
base M, and PRI is the set of indices of primitive recursive functions.

DEerINITION 5.2. KT is the smallest subset of N such that for any a € PRI:

(a) 0e KT,

() 3BsenVy{{a}(B(y)) € K1 —<1, a) e KT

(©) VBsenIy[{a}(B(y)) € K] <2, a) e K.

LEMMA 5.3. If T subsumes U, there exist primitive recursive functions m,, my, m3,
and wy such that for any u and v and any a € PRI:

(@) ue K¥ and ve K* > m,(u, v) € K¥;

() ue K orve K > ny(u,v) € KT;

() 3Ix[{a}(x) € K] > m3(a) € KT

(d) Vx[{a}(x) € KT} <> ny(a) € KT.

Furthermore, in the natural well-ordering of K" induced by its inductive definition,
if u, v € K" then they precede ma(u, v), if one of u, v belongs to K* then it precedes
mv(u, v), etc.

Proof. Let =, be a primitive recursive function so that {m(u, v)}(0)=u and
{m(u, v)}(m+1)=v. Then we may take

ma(u, v)=my(m (4, v)) and 7v(u, v) = m3(m(u, v)),

so it suffices to establish (c) and (d). Let « be the primitive recursive function by
which T' subsumes U and =, a primitive recursive function such that {m,(a)}
= Ax{a}(«(x)) for any a € PRI. Then

Ix[{a}(x) € KT] <> IBpenVx[{a}(«(B(»))) € KT]
— <1, my(a)y € K.
Hence w5(a)=<1, my(a)) will do. Likewise, my(a)={2, w5(a)>.

THEOREM 5.4. If T' subsumes U, K is complete for computations in gf; pre-

cisely, there exists a primitive recursive function p such that for any a, s, and n,
{a}(gk, s) =~ n<> p(a, s, n) € KT.

Proof. We define p by the recursion theorem in terms of its own index r. It will
be clear at the end that p so defined is in fact primitive recursive. The proofs that p
has the desired properties are by straight forward inductions over computations
and over K7, respectively, and aside from indications given during the construction
of p, will be left to the reader. The definition is by cases determined by which
schema S (a), applies. Note that 1 ¢ KT

@o=1, 2, or 3: p(a, s, n)=(0, if {a}(gf, s)=n; 1, otherwise).

(a)o=4: Let p; be a primitive recursive function such that

{Pl(r, a,s, n)} = ”A({r}((a)S’ S, P)’ {"}((a)z’ S<P>a n))
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Then since

{a)(sf, s) = n> PH@s}(gk, 5) = p A {(@)}(eh, <p)) = 1,
it suffices to set p(a, s, n)=m3(p;(r, a, s, n)).
(a)o=5: In this case
{a)(gf, sCm)) = n
Ipl(m = 0 A {(@)3}(gf,s) = m) v (m > 0 A {@}(gf, sim—1)) = p
A {(@)s) (g, s<p)) = n)).

Hence the techniques of the previous case lead to the appropriate value for p(a, s, n).
(a)o=6: Let s’ be the prescribed rearrangement of s so that

{a}(gt, s) = {(@))(st, s)

and let p, be a primitive recursive function such that

{P2(r9 a, s, n)}(p) = {r}((a)4’ S’, n)'

Then set p(a, s, n) =m3(po(r, a, s, 1)).
(a)o="7: does not arise.
(a)o=8: Let ps(n, i)=(0, if n=1; 1, otherwise), and

{p4(l‘, a, s, l)}(p) = {"}((a)a, S<P>’ l)

Set p(a, s, )=y (mr(ps(n, 0), <1, pa(r, @, 5, 0)), ma(pa(n, 1), <2, pu(r, a, s, 1)))).
(a)o=9: Let ¢ be the subsequence of s such that

{a)(gf, 5) = {()o}(ek, 1),

choose ps primitive recursive such that

{PS(r’ a, s, n)}(p) = {r}((s)O’ Z n)s

and set p(a, s, n)=m3(ps(r, a, s, n)). Otherwise: Set p(a, s, n)=1. |

It is clear that any function recursive in gr. is also recursive in gf—in fact, if
sg (x)=(0, if x=0; 1, otherwise), then gr(«)=g#(Ax sg(«(x))). We state this
formally in the following equivalent (by 2.10) form. The proof is by an obvious
construction and is omitted.

LEMMA 5.5. There exists a primitive recursive function o such that for all u and m,
ueI” — dm{o(u)}(gf, m) is the characteristic function of [u; T).

The goal of the rest of this section is to show that if I" subsumes %7 then ;sc (gf)
is properly greater than ;sc (gr). A simple diagonal argument shows that IT is not
recursive in gr. Our plan is to show that both IT and N~ I" are recursively enumer-
able in g and that from this we can conclude that IT is recursive in g#. We begin by
reducing IT to KT
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LEMMA 5.6. If T" subsumes U, there exists a primitive recursive function T such
that ue I¥ < 7(u) € KT.

Proof. As usual we describe a construction for = in terms of its own index and
leave to the reader the proof by induction that 7 has the required property. Set
7(<0, m»)=0. Recall that

Qu,ayeI" —uel” A Yp({a}™ Y (p) e IV).
From the previous three lemmas it follows that for u € IT

m e [u; I'] < p(a(u), m, 0) € KT.
Hence
Ayu,ay eIV <> uel” A VpIsVi; . ine(p(a(w), i, (s)) € KT
A T(s,a,p) A U(ln (s)) e IV).

Now an appropriate definition for = can be found using the functions of 5.3. We
could set 7(<2, v))=17(v), but to simplify the right-to-left induction it is expedient
to set 7(<2, v))=<1, b) where Vx[{b}(x)=7(v)]. [

Our main tool in obtaining the result of this section is the ordinal comparison
technique introduced by Gandy [Ga] and developed further by Moschovakis
[Mo 1, 2]. We shall assign ordinals to members of KT in a slightly unorthodox way.
Let & be any set (not necessarily of integers) and F any function from & into the
ordinals. Then we define

su}g)r“ F(z) = sup {F(z)+ 1]z € &}

and
int; F(z) = inf {F(z)+1/z € Z7}.

If u¢ K7, let |u|"=Q. For u € K™ we assign ordinals recursively on the structure
of KT:

<1, ay|F = iﬂnegu+ sup* K& BONIT; |2, &))" = sﬁug i;lef; Ha}BO))IT;

and «"=sup {|u|"/u € KT}.

For reference in the proof of the following theorem we note some easily derived
formulas. All quantifiers, inf*, and sup* are over Z.

(A) inf* F<inf* G < 32Vy(F(2) £ G(»));

(B) sup* F<sup* G &> VzIy(F(2) £ G(»));

(©) inf* G<inf* F V234(G(y) < F(z));

(D) sup* G<sup® F<> 32Vy(G(») < F(2));

(BE) sup* F<inf* G & V2Vy(F(z) £ G(»));

(F) inf* F<sup* G <> 3234(F(=) < G(»));

(G) inf* G<sup* F> 323y(G(») < F(2));

(H) sup* G<inf* F V2V%(G(y) < F(2)).
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THEOREM 5.7. There exists a partial recursive function n such that for any u and v,
(a) ue K" and |u|" < |o]" — 7(gf, u, v) = 0;
(®) [o]" < u|" — n(gk, u, v)x1.

Proof. We define n by cases as follows. As usual, the recursion theorem is
needed to untangle the recursive definition. We shall omit g# as an explicit argu-
ment of 5. Let A = Ap(1 - g (Ax[1 = $(x)])).

(1) 5(0, v)~0, for all v;

2) p(u+1,0)x1, for all u;

3) 7(u+1,v+1)~0, if v+1 is not of the form (1, a) or <2, a) with a € PRI,

@) pu+1,<{1,a))=nu+1,<2,ad)=1, if u+1 is not of the form <1, b) or
<2, by with b e PRI;

(5) (<1, @, <1, by) = gf (\m h (An n({a}(m), {b}(n))));

(6) n(<2, @, <1, bY) = hf(Am hE(An n({a}(m), {6}(n))));

(M) 11, @y, <2, by) = gk (Am g& (An ({a}(m), {B}(n)));

(®) 1(<2, @y, <2, bY) = hE(Am gk (\n m({a}(m), {b}(n)))).

We show that » has the desired property by induction on min (||, |v|F). If any
of cases (1)-(4) apply, the result is obvious. Suppose case (5) applies so u=<1, a>,
v={1, b), and a, b € PRIL.

First if u € KT and |u|" < |v|T, then

inf* sup* [{a}(a(x))|" < inf* sup* [{B}(B(»))|".
aeM xeN BEM  yeN
By (A) and (B) applied successively,
JogenVBsenVxIy[[{a}@(x)|" = {BIEO)|™ A {a}(«(x)) € KT].
Then by the induction hypothesis and permutation of similar quantifiers,

JoaenVXVBsendy[n{a}(«(x)), {B}(B(¥)) = 0],

and thus y(u, v) 0.
If, on the other hand, |v| < |u|", then using (C) and (D),

VeraenIBaerdxVy [[{B}E)IT < {a}(@(x))I"],

so by the induction hypothesis and permutation of quantifiers,

VeraendxIBgenVyIn{ad(«(x)), {B}B(¥) = 1],

and it is easy to check that this implies n(x, v) > 1.
Suppose next that case (6) applies, so u=<2, ay, v={1, b), and a, b € PRI If,
first, u € K and |u|" < |v|", then

+ o f+ r inf+ + r
sup* inf* [{a}((x))|" = inf " sup* [{B}E(»)I"-
Applying first formula (E), we have
VacerWBpenint * [{a}e(I" < sup* [BYEODIT;
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For any fixed « € M, let x, be chosen to minimize |{a}(c(x,))|". Then

VBneM[I{a}(a(xo))I‘" < sup® [{BIBONIT A {a)(e(xo)) € K7).

Then using formula (F),

VauerIxVBserndy[[{al(a(x))|” = {BIEBOIT A {a}(a(x)) € KT],
and from the definition of 5 and the induction hypothesis, 5(u, v)~0.
If case (6) applies and |v|" < ||, then by (G) and (H),
TooerBBren VY BB < Ha(aCIT)

Then the middle two quantifiers can be interchanged by a rule of logic and the
same methods as above yield 5(u, v)~1.

The cases (7) and (8) are handled by the same straightforward techniques and
we therefore omit the remainder of the proof.

CoOROLLARY 5.8. If T subsumes U, then a necessary and sufficient condition that a
set AS N be recursive in g is that both A and N ~ A be recursively enumerable in gf.

Proof. That the condition is necessary is obvious. By 5.4 we may assume that
for some a and b,

A = {m/{a)(g¥, m) = O} = {m]p(a, m, 0) € K7}
N~A = {m[{b}(g#, m) ~ 0} = {m/p(b, m, 0) € K}.
With 7 as in the preceding theorem, let
¥(m) = 7(g#, p(a, m, 0), p(b, m, 0)).
Then

me A — p(a,m,0)e K* A p(b, m,0) ¢ K™
— p(a, m, 0) e K™ A |p(a, m, 0)|" = |p(b, m, O)|F
—(m) ~ 0.

Similarly, m e N~ A — y(m)~ 1. Thus ¢ is the characteristic function of 4 and is
clearly recursive in g#.

COROLLARY 5.9. If T' subsumes U, then KT and I' are recursively enumerable
ingk.
Proof. The result for I" follows from that for KT by 5.6. Let
D(a) <> {a)(gf,a) = 0 and p,(a) = p(a, a,0),

so D(a) <> py(a) € K*. Let v=sup {|p,(a)|"/D(a)}. Suppose v<«T, so for some
u € KT, |u|"=v. Then by Theorem 5.7,

D(@)— pi(@) € KT A |py(@IF < 4] > n(gf, pa(@), ) = 03
—D(@) = [u|" < |py(@)|" = Q> (g, pu(a), w) = 1.
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Thus D would be recursive in g, a situation which is easily seen by a standard
diagonal argument to be impossible. Hence v=«" and

K" = {u3a[D(a) A 7(gk, u, p(a)) = OF} = {u/3alp(g#, u, a) = O]}

for an appropriate partial recursive ¢. If « is the primitive recursive function by
which I' subsumes U,

K" = {ulgf(Qa p(gf, u, «(@))) = 0}. 1
THEOREM 5.10. If T subsumes &, then N ~ I* is recursively enumerable in gf.

Proof. To each u € N we shall associate a sequence tree T, which is recursively
enumerable in gf and well-ordered just in case u € I”. Suppose this is done and ¢
is a partial recursive function such that

T (s) <> o(gf, u,s) = 0.
Let « be the primitive recursive function by which I" subsumes 7. Then
UeN ~ I" & INVT,(7(2)) <> PBsenVyTu(«(B(1))) > g (Ax p(gf, u, o(x))) = 0.

Toward the construction of 7., let P,(u, v) be the disjunction of (i)-(iv) below and
Py(u, v, 8) the disjunction of (v) and (vi).

For legibility we write w for (1), and a for (#),.

(i) u=<0, w) and v=u;

(i) u={1, w, a)> and v=w;

(iil) u={2, w) and v=w;

(iv) u is of none of these forms and v=0;

) u=<1, w, a) and Dm ({a}*)= N and Ip[v={a}*(p)];

i) u=<1, w, a) and Dm ({a}*)# N and v=0.

Let o be the primitive recursive function of 5.5 and let ¢, =Am{a(w)}(g¥, m).
Set

O, v) <> Py(u,v) or [Dm@,) =N and Py(u,v, )]

Since I' subsumes & it also subsumes U, so by the method of proof of 5.2, Q is
recursively enumerable in g#. Finally,
T(s)>s=g
V [($)o = 8 A Viicin9=10(()i (8)i+1) A VM(($)imesy =1 # <0, mD)].

Then T, is recursively enumerable in gf and we claim
*) uel® o Vylz — T ,(%(2)).

The proof from left to right is a straightforward induction over I'. Suppose
first u=<0, m>. Then —T,(%(1)) for any y. Suppose u=<1, w, a) € I* but for some
v, YzT(#(2)); that is, y(0)=u and VzQ(y(z), y(z+ 1)). Since w € IT, ¢, is the char-
acteristic function of [w; I'] and thus since Q(u, y(1)), y(1) € I" and precedes u.
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Then y,; =Ax y(x+1) is such that VzT,.,(#.(z)), which contradicts the induction
hypothesis. The case u=<2, w) is similar but easier.

For the proof in the other direction we use bar induction in a form, which differs
only slightly from that of [KI-Ve, p. 52]: for any predicates T and S, if

(@) Vydz — T(7(2)),
and for all s, ¢,
(b) T(s) A t < s—T(2), (©) —T(s) — S(s), (d) Vo[S(s<v))] — S(s),

then
(e) Vs[S(s)].
We apply this with =T, and S=S,, where

Su(s) > ([(s)o = © A Viiciney=19((8)i> (8)i4 )] = ($ineey =1 € IT).

It is easy to check (using (i) that (b) and (c) hold for all T, and S,. Assume for the
moment that (d) does also. Then for any u such that the right side of (*) holds,
(a) is true of T, and we conclude Vs[S,(s)]. In particular, S,(<u>) which implies
uel®.

To establish (d) for S,, let s=#w)> and suppose Vo[S,(s{v})], (s)o=u, and
Vi; <insy = 19(()i» (8)i41)- From this it follows that for any v, Q(w, v) - v e IT. It
suffices to show w € I". If w=<0, m) we are done. Suppose w={1, z, a). Since by
(ii), Py(w, z), hence Q(w, z), so z € I". Hence i, is the characteristic function of
[z; '] and in particular Dm (4,) = N. If Dm ({@}=) # N, then by (vi), Po(w, 0, 4.), so
O(w, 0) and 0 € I™, which is false. Hence {a}¥: is a total function and by (v), for all
D, Q(w, {a}¥=(p)), so {a}Vs(p) € I'. Thus w e I'. The case w=<2, z> is similar but
easier. Finally w must be one of these forms, as, if not, Q(w, 0) by (iv) and hence
again 0 e IT.

CoOROLLARY 5.11. If T’ subsumes -
(a) I is recursive in g¥;
(b) 15c (gr)<1sc (gf) and 1sc (gr)#1sc (gf).

Proof. (a) is immediate from 5.8-5.10. (b) then follows from 5.5 and the remark
following it.

6. Set derivatives and the R-operator. In this section we give a second character-
ization of sets of the form R(AsAp,)(F) in terms of a set derivative based on P. A
consequence is that each set of this form can be expressed as an Q-intersection of
simpler sets. In the case P(s)={Ax(p)/p € N} when Ap= U and R(AsAp) =% the
derivative is essentially the same as the ordinary topological derivative on N¥ under
the Baire topology, and the corresponding representation is that of analytic sets
as the intersection of their constituents (cf. [Kur, pp. 150-151], [Ba, I1.D], and [Lu]).
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These results seem to be due to Ljapunov and can be found in quite a different
form in [Lj 1].

DEFRINITION 6.1. For any P e Z(N")", any SS N, and any ordinal v:

(@) Dp(S)={s/s€S N IBper)Vx(s<B(x)> € S)};

(b) D(S)=S, D¥(S)= n{Dy(S)/€<v}, DxS)=Dp(DP(S)).

LEMMA 6.2. For any Pe #(NY)" and any S, TS N:

(@) Dp(S)<=S;

(b) SST— D(S)< Dp(T);

(©) v, aq¥é:s (D5(S)= D5(S)).

Proof. (a) and (b) are trivial. (c) follows simply from the denumerability of S
and the obvious fact that if ever D3(S)=D(S), then D3(S)=D3(S) for all
I |

As in §4, when P= As(M), we shall write D,, and, if M is the canonical base for I',
also D for Dy

LEMMA 6.3. For any P e #(N")", any SSN, and any s€ N, let P,=MP(s % t).
Then the following are equivalent:

(a) se DEXS);

(b) {t/s x t € S} includes a Psfan;

(c) @ € DE({t/s x te S}).

Proof. The equivalence of (b) and (c) follows from that of (a) and (b) via the
substitutions of @ for s, P, for P, and {t/s = t € S} for S. Suppose first (a) s € DE(S).
We shall define by induction sets T,,<{t/s * t € D§’(S)} such that T= U {T,/me N}
is a P-fan. Since DE(S)< S, this implies (b). Let To= 2 and assume T}, defined.
By the previous lemma there exists an ordinal v such that D}(S)= D$(S). Then by
the induction hypothesis, T,, <{t/s * t € Dp**(S)}, that is,

Vit € T — IBgep,eVx(s * 1{B(x))> € DH(S)].
For each t € Ty, let B, be such a function (axiom of choice) and set

Tryr = {KBi(x)>[t€ T N x €N}
Then Ty, 1 S{t/s * t € DH(S)}={t/s x t € DE>(S)}. It is obvious that T is a Ps-fan.
Conversely, suppose {t/s * t € S} includes a P-fan T. We show by transfinite
induction that for all v
T < {t/s * t € D}(S)}.

Then since @ € T it follows that s € D{P(S). The case v=0 holds by hypothesis.
Suppose v>0 and ¢ € T. There exists a 8 € P(t) such that Vx(t{8(x)> € T). By the
induction hypothesis,

Vx(s * 1{B(x)> € DP(S))
and thus s * t € D3(S).
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COROLLARY 6.4. For any P € #(N™)" and any family F,
R(AsAp)(F) = {m|2 € DE({t/m € F(1)})}-
Proof. Obvious. »
The representation of R(AsAp)(F) as an intersection follows immediately:
RAsAp))(F) = n{{m/2 € Di({t/me F(t)h}/v < Q}.

7. Culmination. We are now almost ready to put together results of the
preceding sections to obtain our main result—that if T subsumes U, then AT is
the class of sets recursive in g# and if I subsumes &, then A¥T properly includes
%". The intuitive content of our first lemma is that if A, subsumes Ap, uniformly
in s, then A, subsumes Agp.

LEMMA 7.1. For any P € Z(N¥)", any M < N¥, and any function = such that for all
A< N and all s,

IBserwVX(B(x) € 4) < Iyyeu¥y(m(s, V(y)) € 4),

there exists a function \ primitive recursive in = such that for any A,

IBserpVX(B(x) € A) > y,eruVy((¥(y)) € 4).
Proof. We define ¢ recursively from = by the equations:

W(2) =2, PKm) = PO)<=@(t), n)).
It will suffice to show:
(a) for any P-fan S, $~(S) includes an M-fan;
(b) for any M-fan T, ¢*(T) is a P-fan.
The following chain of equivalences uses only the definition of = :
Jetgepis VX (X)) € ) > Jotgepy VX((x) € {n/s(n) € S})
> 38seuVy((s, 8(y)) € {n/s<n) € S})
> 38,emVy(s<7(s, 3(»))) € S).
Suppose first that S is a P-fan and let T=4~1(S). Since @ € S and Y(2)= @, also
& €T. Suppose t € T and s=4(t) € S. Since S is a P-fan,
EIO‘a:eP(s)vx(s<"‘(x)> €S )s
and by the equivalence above,
A8semVy(s<(s, 8(»))> € S),
hence 36, Vy(p(1<(8(»))) € S), and I8,.,Vy(t{8(»)> € T). Thus T includes an
M-fan.
Conversely, if T is an M-fan and S=¢*(T), it is easy to check (and we leave it to
the diligent reader to do so) that @ € Sand 5, S5, € S — 5, € S. The argument that

S satisfies condition (iii) proceeds in reverse order up the above chain of state-
ments. ||



136 P. G. HINMAN [August

Now let I be a fixed positive analytic operation with canonical base M. Let

M* = {y[30aenVXVBserIy[{e(x), B(»)> € range y]}.

Referring to 3.7 and the definition of I'* following 4.6, it is immediate that M* is
the canonical base for I'*.

LEMMA 7.2. There exists a P € P(NY), a recursive function m, and a recursive set
B such that for any s, t, u, and any A< N:

(2) ue K" < Ku) ¢ DF(B);

(b) 38sep)Vz[3(2) € 4] > 377GM‘VZ['”(S’ y(2)) € 4].

Proof. Let KT denote the part of K' constructed by the wth stage and K,
= U {KF/é<v}. We shall define P, =, and B to satisfy (b) and prove by induction
on v that for all ¢ and u,
© u e KF <> «u)y ¢ Di(B).

Let
a(s, w) = {a}(w)), ifs = 1,a)) A aePRI;
= {a}(w)), ifs =K<2,a)>) A aePRI;
=1, otherwise.
For each s, P(s)={Az n(s, y(z))]v € M*}.

Then (b) is automatically satisfied. Let B={s/Vt(s# t{0))}, so (c) is satisfied for

v=0. Suppose »>0 and assume as induction hypothesis that for all 7 and u,
u € K, <> K u)y ¢ DP(B).
Suppose first u=<1, a) with a € PRI and s=#(u). Then,

ue Ky > PBrenVy[{at(B(¥) € Ki)]

> —VBeendy{a}(B())) ¢ K&

— —IyyenVzEa} (v (2))) € KG)

> —3yyemVz [7(s, ¥(2)) ¢ K(l:)]

> —385epV2[8(2) ¢ K]

> —38cp(V2[s<8(2)> € DY(B)]

«> s ¢ D¥(B).
The proof for u={2, a) is almost identical. If u is of neither of these forms and
s=t{u), then P(s)={Ax-1}. Since 1 ¢ KT, s<1> € D¥(B), hence

38sepe)V2[5¢3(2)) € DP(B)].
Therefore s ¢ Dy(B) <> s ¢ DY <> u e K, <> u € K, as these are all true just in
case u=0.
THEOREM 7.3. KT e IT¥'T,

Proof. Let B, P, and = be as in the preceding lemma, and for each u set P,
= AsP({u)s). Then by Lemmas 7.2 and 6.3,

u € K¥ <> (u) ¢ DE(B) <> —38scpp Vz[<u)8(z) € B).
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Define ¢ as in the proof of 7.1, but uniformly for the families P,:

Y, o) = @, P, Km) = Plu, Xa(Wip(u, t), n)).
Then by 7.2, for any s, u and A4,
385ep,5)V2[8(2) € A] > Fy,en Vz[m((u)s, y(2)) € A].
Thus if F(p)={u/<u)y(u, p) € B},
KT = N ~ R*I'(F) e I¥T,

THEOREM 7.4. If T' subsumes U, then for any AS N, A € II¥" — A is recursively
enumerable in g¥.

Proof. Let F be a primitive recursive family such that A =N~ R*I'(F), and set
L = {{m, s)[s € DiR({t/m € F(t)})}.
It is easy to check from the definition of D,. (6.1) that L is the set defined in-
ductively by the clauses:
(i) m¢ F(s)>{m,s)>eL;
(i) Vy,er-3z[<m, s<y(2))> € L1 —<m, s> € L.
Since by 6.4, me A <> (m, @) € L, it suffices by 5.9 to define a primitive recursive
function p such that {m, s> € L <> p(m, 5) € K*. Using the recursion theorem, set
p(m, s)=0 if m ¢ F(s), otherwise p(m, s)=<2, b, where b is a primitive recursive
index such that {b}(u)=<l, a,> and a, is a primitive recursive index such that
{a}(v) = p(m, s{u, v))).
The basis of the proof by induction that p is as required is obvious. The induction
step is essentially the same in both directions:
P(ms s)eKF < Veendx[<1, Qo)) € KT
> VouenIxIBsenVylp(m, s<a(x), B(y)>) € KT]
s VYYEM'BZ[P(m’ s(y(z)}) € KP]
> Vyyen-3z[{m, s{p(2))) € L]
«—{m,s>elL.

CoRrROLLARY 7.5. If I subsumes U, then for any ASN,

(@) A e I¥T «> A is recursively enumerable in gf

(b) A €A¥T <> A4 is recursive in gf.

Proof. (a) is immediate from 5.4, 7.3, and 7.4. Then (b) follows from (a) by 5.8.

COROLLARY 7.6. If T subsumes &, then

€T < A¥T and €T # AFT.

Proof. "= sc (gr)<sc (gf)=A¥T by 2.10 and 7.5. The inclusion is strict

by 5.11.

8. On sets of functions. As we indicated in §1, one point of departure for the
research reported in this paper was Addison’s study of the effective Borel hierarchy.
Addison’s definition of the hierarchy differs from our 2.1, specialized to I'= U,
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mainly in that U is applied only to (absolutely) recursively enumerated families.
Thus the set of indices is independent of the kind of sets indexed, so that effective
Borel hierarchies over N, N¥, or any other separable space may be obtained by
assigning sets of the corresponding basis to the indices <0, m). In fact, Addison’s
primary concern was with the hierarchy over N”.

Unfortunately, for operations I' more powerful than U, recursive enumeration
does not suffice to generate all of ;sc (gr) and we were forced to adopt the more
complicated schema 2.1. Although this definition no longer makes sense over an
arbitrary space, since we need a theory of recursion relative to subsets of the space,
it can be applied to NV by assigning to <0, m) the set

{e/Vi; <raem(e(i) = (m),)}.

The resulting hierarchy has, however, some rather unnatural aspects. First, among
the sets generated at least by the second level is I'(Ap{e/a(p)=0}), whose character-
istic function is exactly gr. Since certainly the scope of the hierarchy is included in
oS¢ (gr), all enumerating functions are already available by the third level, and we
might just as well admit from the beginning all enumerating functions recursive
in gp. This does not imply that the hierarchy is degenerate. Indeed, because of
[Ad 3, p. 133] it probably is not. Still, one feels that arbitrary recursions in gr, even
if only with free number variables, are out of place in the early stages of a hierarchy
for osc (gr). We considered in [Hi] a version not subject to this criticism: at level v
of the hierarchy over NV we admit enumerations recursive in sets which appear at
some level & ¢é<v, of the hierarchy over N. Both of these constructions have,
however, a more serious fault: if I' subsumes %7, they comprehend only a proper
subset of ,sc (gr) (cf. [Hi, I11.43]).

Another possibility for an effective I'-hierarchy over N* is suggested by Moscho-
vakis’ definition of a hyperanalytic hierarchy [Mo 1]. For each a € N¥ define I™(«),
and for each u € I"(«) a set [u; I, «] S N, just as in 2.1 except that enumerations are
relative to « as well as to some previously constructed set. Then for any ordinal »
which is (the order-type of a well-ordering of N) recursive in g,

[u; TE = {afu e I5\(«) A O€ [u; T, o}

is easily seen to be recursive in gr. We do not know if such sets exhaust ,sc (gr), but
we conjecture that they do. While possibly of interest as an alternative to Moscho-
vakis’ “skeletal” hierarchies, this construction seems too remote from its classical
model to be considered its effective analogue.

Although there may be no natural extension of Theorem 2.10 to sets of functions,
Corollary 7.5 can easily be extended to this case, and we sketch briefly how this is
done. For each « € NV, let K"(«) be the set defined as in 5.2 with “{a}” replaced by
“{a}*” and other appropriate notational changes, and set

AT = {u, epfu € KT()}.
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Theorems 5.4 and 5.7 can be uniformly relativized to « to yield functions p and 5
such that:

(54.1) {a}(gk, @, s) = n p(a, 5, n) € K'(e);
5.7.D) ue K%(e) A |ulf £ o)k —n(gf, o u,v) 20,
o] < |uls > n(gk, o, u,0) = 1.

Essentially nothing new is needed for 5.7.1, and in proving 5.4.1 there is one
additional case to consider:

(@)o=7: {a}(g¥, @, (m)s)~ a(m). Choose b € PRI such that {b}*(x)=(0, if «(m)
=n; 1, otherwise) and set p(a, {m)s, n)=m3(b).

Then 5.8 holds for A< N and we can prove similarly

(5.9.1) AT is recursively enumerable in g#.

In the proofs of 7.2-3, define =*(s, w) by replacing “{a}” by “{a}*”, and ¥* and
P* from =n* as before. Then

(7.3.1) {u, oy € AT <> u e K(a) <> {uy ¢ D(B)

<> _|3776RM‘VZ[<u>¢‘a(u, 7(2)) € B],

which implies that AT is definable in II¥" form. The extended version of 7.4
follows easily from 5.9.1 and hence we have 7.5 for all A< N”.
A corollary is that for I" which subsume U, gz.r is of the same degree as

Aea[{e}(g#s )l

the superjump of gf. We would like to know (i) is gz - of the same degree as the
superjump of any (nonextended) functional f? (ii) Does there exist an operation A
such that g, is of the same degree as the superjump of gp.? If, as we believe, the
answer to (i) is no, then Friedberg’s theorem [Sa, p. 77], that a ,degree d is the
(ordinary) jump of another just in case d=0’, does not extend to type-2.

BIBLIOGRAPHY

[Ad 1] J. W. Addison, On some points of the theory of recursive functions, Ph.D. dissertation,
Univ. of Wisconsin, Madison, 1954.

[Ad 2] , Analogies in the Borel, Lusin, and Kleene hierarchies. 1 and II, Abstracts 139
and 341, Bull. Amer. Math. Soc. 61 (1955), 75, 171-172.

[Ad 3] , Separation principles in the hierarchies of classical and effective descriptive
set theory, Fund. Math. 46 (1959), 123-135.

[Ad 4] , “The theory of hierarchies,” in Logic, methodology and philosophy of science,
Proc. 1960 Internat. Congr. edited by Ernest Nagel, Patrick Suppes, and Alfred Tarski, Stanford
Univ. Press, Stanford, California, 1962, pp. 26-37.

[Ad 5] , ““Some problems in hierarchy theory,” in Recursive function theory, Proc. 1961
Sympos., edited by J. C. E. Dekker, Proc. Sympos. Pure Math., Vol. 5, Amer. Math. Soc.,
Providence, R. L., 1962, pp. 123-130

[Ad 6] , “The method of alternating chains,” in Theory of models, Proc. 1963 Internat.
Sympos. at Berkeley, edited by J. W. Addison, Leon Henkin and Alfred Tarski, North-Holland,
Amsterdam, 1966, pp. 1-16.




140 P. G. HINMAN

[Ad-KI1] J. W. Addison and S. C. Kleene, A note on function quantification, Proc. Amer.
Math. Soc. 8 (1957), 1002-1006.

[Ba] R. F. Barnes, The classification of the closed-open and the recursive sets of number-
theoretic functions, Ph.D. dissertation, Univ. of California, Berkeley, 1965.

[Be]l G. M. Benson, The theory of definability in applied predicate languages for number
theory, Ph.D. dissertation, Univ. of California, Berkeley, 1966.

[Bo] E. Borel, Le calcul des intégrales définis, J. Math. Pures Appl. 8 (1912), 159-210.

[Ga]l R. O. Gandy, General recursive functionals of finite type and hierarchies of functions,
mimeographed copy of a paper given at the symposium on Mathematical Logic held at the
University of Clermont-Ferrand, June, 1962. Similar material will appear in the Proceedings of
the Summer School in Mathematical Logic held at the University of Leicester, August, 1964.

[Ha] F. HausdorfT, Ser theory, Chelsea, New York, 1962, 352 pp.

[Hi] P. G. Hinman, Ad astra per aspera: hierarchy schemata in recursive function theory, Ph.D.
dissertation, Univ. of California, Berkeley, 1966.

[Ka-Li] L. Kantorovitch and E. Livenson, Memoir on the analytical operations and projective
sets. I and II, Fund. Math. 18 (1932), 214-279; 20 (1933), 54-97.

[K11] S. C. Kleene, Introduction to metamathematics, Van Nostrand, New York, 1952,
x+550 pp.

[Kl1 2] , Hierarchies of number-theoretic predicates, Bull. Amer. Math. Soc. 61 (1955),
193-213.
[K1 3] , Recursive functionals and quantifiers of finite types.1and 11, Trans. Amer. Math.

Soc. 91 (1959), 1-52; 108 (1963), 106-142.

[KI-Ve] S. C. Kleene and R. E. Vesley, The foundations of intuitionistic mathematics, North-
Holland, Amsterdam, 1965, vi+ 206 pp.

[Ko] A. N. Kolmogorov, Operations on sets, Mat. Sb. 35 (1928), 414-422. (Russian)

[Ku] K. Kunugui, Sur un théoréme d’existence dans la théorie des ensembles projectifs, Fund.
Math. 29 (1937), 167-181.

[Kur] K. Kuratowski, Topologie, 4th ed., Vol. 1, PWN, Warsaw, 1958, xii + 494 pp.

[Le] H. Lebesgue, Sur les fonctions representables analytiquement, J. Math. Pures Appl. (6) 1
(1905), 139-216.

[Lj 1] A. A. Ljapunov, R-sets, Trudy Mat. Inst. Steklov. 40 (1953). (Russian)

[Lj 2] , On the classification of R-sets, Mat. Sb. 74 (1953), 255-262. (Russian)

[Lu] N. N. Luzin, Legons sur les ensembles analytiques, Gauthier-Villars, Paris, 1930, xvi +238
pp.

[Mo 1] Y. N. Moschovakis, Hyperanalytic predicates, Trans. Amer. Math. Soc. 129 (1967),

249-282.

[Mo 2] , Abstract first-order computability. 1 and 1I, Trans. Amer. Math. Soc. 138
(1969), 427-464, 465-504.

[Sa] G. E. Sacks, Degrees of unsolvability, Ann. of Math. Studies No. 55, Princeton Univ.
Press, Princeton, N. J., 1963, xi+ 174 pp.

[Se] E. Selivanovskij, On a class of effective sets (sets C), Mat. Sb. 35 (1928), 379413,

[Su] M. Suslin, Sur une définition des ensembles mesurables B sans nombres transfinis, C. R.
Acad. Sci. Paris 164 (1917), 88-91.

UNIVERSITY OF MICHIGAN,
ANN ARBOR, MICHIGAN



