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1. The main theorems. The object of this note is to prove the following:

THEOREM 1.1. Assume that (i) M is a d-dimensional (d=2), complete Riemann
manifold of class C¥, k 2 2, with nonnegative sectional curvatures; (i) f+ M* — E¢*¢
is a C¥ isometric immersion of M ¢ into a Euclidean space E®*°, e>0; and (iii) the
relative nullity v(p) of the immersion [ at the point p € M ¢ satisfies v(p) >0 for all p.
Let m=min v(p) for p e M. Then f(M?) is C*¥~! m-cylindrical; that is, there exists
a complete Riemann manifold M¢~™ of class C*~ such that M®, E**¢, f have
factorizations Me=E™x M®~™, E¢te=Fmx Ed*te-m f=jixg where i: E" — E™
is the identity map and g: M¢~™ — E¢*e~m js g C*~1 [sometric immersion. Also,
Sf(M?) is not (m+ 1)-cylindrical.

A vector in T,(M?), the tangent space of M¢ at pe M9, is called a relative
nullity vector (with respect to f) if it is annihilated by all second fundamental
matrices at p. The relative nullity v(p) is the dimension of the linear space of relative
nullity vectors in T,(M?%); Chern and Kuiper [3].

The conclusion of Theorem 1.1 is stated with a slight abuse of language which
will be followed consistently below. The statement “ M¢=E™x M¢~™” means that
“there exists an isometric diffeomorphism I of E™x M¢~™ onto M? (so that
IeC¥~1;[2])” and correspondingly “f=ix g’ should be replaced by “fo I=ix g”.

An example of Sacksteder [12, p. 623], shows that Theorem 1.1 is false if
“nonnegative” is replaced by ‘“nonpositive” sectional curvatures.

Theorem 1.1 was proved in Hartman [6] under the additional assumption
v(p)=m>0 for all p e M?; cf. O’Neill [10] and Stiel [13] for corresponding results
under additional assumptions on the curvatures of M¢ and f(M*?). For the case of
hypersurfaces (e= 1), Theorem 1.1 is contained in a result of Sacksteder [12]. In the
case that M is locally flat and d>e, Theorem 1.1 has the following consequence.

COROLLARY 1.1. Assume that (a) M? is a d-dimensional (d=2), complete
Riemann manifold of class C¥*, k=2, with vanishing sectional curvatures; (b)
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fiM?¢— E%*¢ js a C¥ isometric immersion; and (c) d>e. Then m=min v(p) is
positive and the conclusion of Theorem 1.1 holds with M¢~™, g e Ck,

In fact, (a) and (b) imply that v(p)=d—e; [3]. If e=1 (so that f(M?) is a hyper-
surface in E4*1), then v(p)=d—1>0 and Corollary 1.1 reduces to a theorem of
Hartman and Nirenberg [8].

On a Riemann manifold M¢ with a continuous curvature tensor, a vector
z € T,(M?) is called a nullity vector at p if R(x, y)z=0 for all x, y € T,(M?), where
R(x, y) is the curvature transformation associated with x, y; the nullity u(p) is the
dimension of the linear space of nullity vectors in T,,(M?); Chern and Kuiper [3].
On a complete Riemann manifold M¢, Toponogov [15] defines a “line” to be a

complete geodesic with every subarc of minimal length. Corollary 1.1 has the
following generalization.

COROLLARY 1.2. Assume (i), (ii) of Theorem 1.1 and that the nullity satisfies
w(p)>e for all pe M?® (for example, that there exists u, linearly independent
““lines” through some point p, € M and p,>e). Then m=min v(p) is positive and
the conclusion of Theorem 1.1 holds.

Corollary 1.1 is the special case where u(p)=d for all p (by virtue of the local
flatness). In general, Chern and Kuiper [3] prove that u(p)=v(p)= pu(p)—e. As to
the parenthetical part of Corollary 1.2, results of Toponogov [15] imply that
u(P) Z po; cf. Proposition 4.2 below.

It is easy to see (cf. Proposition 4.1 below) that if assumptions (i), (ii) of Theorem
1.1 hold and L! is a geodesic arc on M ¢ such that L, =f(L?) is a line segment in
S(M¥<E%*e then a vector on T,(L') at p € L! is a relative nullity vector at p and
the normal space of f(M %)< E%*¢ is constant (i.e., parallel) along L,. This implies
that f(M%) cannot be (m+ 1)-cylindrical.

In Theorem 1.1, let p, be a point of M ¢ where v(po)=m. Then v(p)=v(p,) for all
p near p, and, hence, by Lemma 3.1 of Hartman [6, p. 98], there exists for such p
a Euclidean space E™(p) satisfying f(p) € E™(p)<f(M?) (and, in fact, the spaces

E™(p) are parallel; [6, pp. 100-101]). Thus, Theorem 1.1 is contained in the
following

THEOREM 1.2. Assume (i), (ii) of Theorem 1.1 and that f(M?) contains m linearly
independent lines, 0 <m=d. Then the conclusion of Theorem 1.1 holds.

The assumption that f(M¢) contains m “linearly independent” lines L,, ..., L,
means that translates of L,, ..., L, through the origin of E%*¢ span an m-space.

In any of the statements above, there is no loss of generality in supposing that
M¢? is simply connected, for otherwise it can be replaced by its universal covering
manifold. If, in addition, the sectional curvatures of M¢ vanish, then it can also be
supposed that M¢=FE¢ cf., e.g., [8, p. 913]. Thus the reduction above of Theorem
1.1 to Theorem 1.2 shows that the flat cases of these theorems are contained in
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LeEMMA 1.1. Let f: E¢ — E%*¢ be an isometric immersion of class C*, k= 1, such
that f(E?) contains m linearly independent lines. Then there exist factorizations
E¢=Fmx Fé¢-™ FEé*e=Fmx Et*e~m and f=ixg such that i: E™— E™ is the
identity map and g: E4~™ — E¢*¢~™ js q C¥ isometric immersion.

In contrast to the case e= 1, where necessarily m = d— 1, the situation m=0 can
occur in Lemma 1.1 when e> 1. For example, if u=(?, ..., u%) € E¢ and e=d,
one can choose the isometric immersion f: E¢ — E2¢ to be of the form

f(ula s ud) = (fl(ul)a gl(ul), f2(u2)’ s gd(ud))5

where (fi, g.): E! — E?is an isometric immersion for k=1, ..., d. It is easy to see
that if f;, g, are suitably chosen, then f(E%)< E2¢ contains no lines. Actually, m>0
must hold only if d>e.

Below, we shall first prove Lemma 1.1 in §2. (In fact, it will essentially be
sufficient to consider only the case d=2 and m=1.) Theorem 1.2 will then be
deduced in §3 from Lemma 1.1 and a factorization theorem of Toponogov [15]
which is the ““intrinsic’’ analogue of Theorem 1.2. This gives a rather short proof
of Theorem 1.1 and of the corresponding part of Sacksteder’s result. Actually, the
brevity is somewhat misleading for, in contrast to Sacksteder’s proof, we employ
Toponogov’s theorem.

The arguments in the proof of Theorem 1.2 also give the following theorem (in
which there is no assumption on the relation between curvatures of M¢ and M%+*¢):

THEOREM 1.3. Let (ig)M?*¢ e C**! be a complete Riemann manifold with non-
negative sectional curvatures (d=2,e>0,k=2); (i) M®e C* a complete Riemann
manifold with nonnegative sectional curvatures; (i) f: M*— M®*° an isometric
immersion of class C* such that f(M?¢) contains m (> 0) linearly independent ** lines”
of M2+e. Then there exist factorizations M3+¢=Em™x Md*e-™ Me=Fm™x M4~ ™
and f=ixg such that M%*¢e—me C*k=1 Md4-mec C¥k-! are complete Riemann
manifolds, i: E™ — E™ is the identity map, and g: M¢~™ — Mé+e-m js g Ck~!
isometric immersion.

The reader not interested in the question of differentiability conditions should
read the assertions and proofs with all differentiability classes replaced by C*.
For other readers, §5 will contain remarks and clarifications of the differentiability
classes which occur in the statements and proofs. For locally flat manifolds, there
is no difficulty. In general, what is involved is a determination of conditions suffi-
cient for the validity of Rauch’s comparison theorem [11] and of Toponogov’s
comparison theorem [14] and factorization theorem [15].

2. Proof of Lemma 1.1. Case 1(d=2and m=1). Let Lbe alinein f(E2)<= E2*e.
Since f'is an isometry there exists a line L, in f~*(L)< E? which f maps homeo-
morphically onto L. Choose coordinates (¥, v)=(u?, ..., ut*¢; v) € E2*¢ such that
L: u=0, where we write u=(u!, ..., u* *°) and v is real-valued. Choose coordinates
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(r, s) in E2? such that L, :r=0 and that if f(r, s)=(u(r, s), v(r, 5)), then
2.1 u(0,s) =0 and v(0,s) =s.

In order to complete the proof in Case 1, it suffices to show that u(r, s)=u(r) is a
function of r alone and that v(r, s)=s,

2.2) f(r,s) = (u(r),s) for —oo < r,s < 0.

Below |f], |u, |v], ... denote Euclidean norms and a dot means scalar multi-
plication. Thus if f,=0f]or and f,=0f]0s, then

2.3) il =1fil =1 and f,-f;=0.
We have, by (2.3) that |f(r, s)—f(0, s)| = |r|, i.e.,
2.4 lu(r, s)|2+|s—ov(r, s)|2 £ r

In particular,

U [1—v,(r, D] dt| < [o(r, O)] +]r].
]
Since the inequality
2.5) l—v(r,s) 2 0
is clear from (2.3),
+
2.6) f [1=oy(r, 5)| ds £ |o(r, 0)] +]r| < co.
In particular,
2.7 v.(r) = lim [s—uoyr,s)] exist.
§—> o0
From |u,|2=|f;|2—|vs|2=(1 +v-)(1 —v;) £2(1 —v,) and from (2.6),

(2.8) J‘j: lug(r, $)|2 ds < 2(|o(r, 0)| +|r]) < oo.

By (2.3), f.-fi=u,-u,+v,0,=0 or, equivalently, v,= —u, -u,+(1—v,)v,. Hence
[0,]2 = 2(Jus| 2+ | 1 — 0] ) £ 2|5|2 + 4|1 — vy, sO that

+ ©
[ totr, )12 s 5 8106, 0|+ 1) < co.

Consequently, by Schwartz’s inequality,
f +

Hence v(0, s)=s gives

fr v(t, s) dt

0

2 + oo T
ds < |rlf J‘ lo,(t, $)[2 di ds < co.
-0 0

+
f [s—o(r, s)|2 ds < oo.
-
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It follows from (2.7) that v, (r)=0. But, for fixed r, s—uv(r, s) is a nondecreasing
function of s by (2.5), so that v(r, s)=s.

The relation 1=|f;|2=|us|2+ |vs|>=]us|2+1 shows that uy(r, s)=0, i.e., u(r,s)
=u(r) is a function of r alone. This proves (2.2) and Case 1 of Lemma 1.1.

Case 2 (d=2 and 0<m =d). The proof for the Case 1 shows that if L is a line
in f(E?)< E®*¢, then through every point of f(E?) there passes a line in f(E¢9)
parallel to L. In particular, there are factorizations E¢= D™ x E¢~™ such that
f(E™x{0}) contains m linearly independent lines through the point f(0, 0) of
E?*¢ Since fis an isometry, it follows that f|(E™ x {0}) is a linear (isometric) trans-
formation of E™ x {0} into an m-dimensional subspace of E¢*¢, The proof of Case
1 now implies the general case.

3. Proof of Theorem 1.2. Following Toponogov [15], we call a complete
geodesic in M ¢ a “line” if every subarc is minimizing. He shows that if L is a
“line” in M4, then, under the condition of Theorem 1.2 on M¢, through every
point p € M4, there is a unique ““line”” L(p) ““parallel” to L(i); cf. §5.

If two “lines” L', L2 in M? are “parallel” in the sense of Toponogov, they
possess arclength parametrization g,, g.: £' — M ¢ and there exists a homotopy
g:E'x[0, T]— M* such that g[(E*x{0})=g:; g[(E'x{T})=g2; g(s, -): [0, T]
— M? is an arclength parametrization of a minimizing geodesic orthogonal to
L', L? at t=0, T, respectively; and g(-, t): E* — M? is an arclength parametriza-
tion of the unique “line” in M¢ parallel to L' and L? through the point g(s, ¢).
When M¢is of class C¥, k = 2, with a curvature tensor of class C*¥~2, theng e C*~1;
cf. §5.

Suppose that L, is a line of E¢*¢ in f(M?). Then there exists a “line” L! in
f~Y(L,) which f maps homeomorphically onto L. The proof of Lemma 1.1 shows
that if {LX(p)}, p € M ¢, is the family of “lines parallel to L'”, then L,(p)=f(L(p)),
p € M4, is a family of parallel lines in E¢*e,

IfL,..., L, are linearly independent lines of E¢*¢ in f(M%); L*(p), ..., L™(p)
corresponding families of “parallel lines” in M?; and L,(p)=f(L*(p)), ..., L.(p)
=f(L™(p)) the related families of parallel lines in E?*¢, then L,(p), ..., L,(p) span
an m-space at f(p).

According to the factorization theorem of Toponogov [15] (cf. (Two) in §5),
there is a factorization of M¢ of the form Mé=E™x M?~™ where M¢-me Ck~?
is a complete Riemann manifold. If p=(p,, p,) € M ¢, with po € E™ and p, € M¢~™,
then LY(p), ..., L™(p) span (E™x{p;})=M*®. The map f|(E™x{p,}) is a linear
isometric map of E™x{p,} onto an m-dimensional subspace of E¢*¢ and,
fl({po} x M2~™)=g(p,) is independent of p,; cf. the proof in Case 1 of Lemma
1.1 that u;=0. This proves Theorem 1.2.

4. Nullity. The purpose of this section is to give two propositions which pro-
vide verifications for statements of §1 concerning nullity and relative nullity.
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PROPOSITION. 4.1. Assume that M? is a d-dimensional (d=2) Riemann manifold
of class C2, f: M¢ — E%*¢ q C? isometric immersion, and L*< M*® an arc of class
C?. Then the following are equivalent: (1) the tangent vectors to L' are relative
nullity vectors and (2) the normal spaces of f(M?) are constant (i.e., parallel)
along L,=f(L*). If M° has nonnegative sectional curvatures and L' is a geodesic,
then (1) and (2) are equivalent to: (3) L,=f(L*)<f(M %)< E®%*¢ is a line segment.

Proof. Fix a point p,e L' and let u=(u, ..., u%) be local coordinates in a
neighborhood of p, on M? and let f=f(u)=f(@?,..., u?) give the embedding of
this neighborhood. We shall use the following indices on the indicated ranges

1<ijksd and 1Sk2ASe,

and observe the usual tensor summation convention. Let N*(u), A=1,...,¢e, be a
C* family of orthonormal normal vectors to f(M?) at f(u), so that, in terms of
Euclidean scalar products N*- N*=8"* and f;- N*=0 for all i, A, where f;=0df]ou'.
Thus we have the Gauss and Weingarten derivation formulae,

4.1) fis = Tif+ RN, By = fy- N* = —fi- N},

4.2) N} = —hyg"fu+b*N*, b} = N} N* = —b.

Let u=u(s), 0Ss=c, be an arclength parametrization of a subarc of L, u’ =du/ds,
and f'=df(u(s))/ds=fu". Thus (1) is equivalent to

4.3) hy(u(s))u(s) =0 forallAand 0 =5 = c.

The normal spaces (or tangent spaces) of f(M?) at f(u(s)) are independent of s
if and only if C- N*(u(s))=0 for all A, s and all vectors C € E¢*¢ tangent to f(M?)
at f(u(0)). Put

y* = C-NNu(s)), sothaty* =0ats=0.

From y»=C- N} and (4.2),
4.4) YN = —hutg™(C-fr)+b}uty~.
Thus, (4.3) implies that

Y= b utyc and y(0) =0,

and hence that y*(s)=0 for any vector C tangent to f(M ¢) at f(1(0)). Consequently,
(1) implies (2). Conversely, let (2) hold, so that y*(s)=0 for any vector C in the
tangent space to f(M?) at f(u(¢)), 0=t =c. Then (4.4) gives

0 =y = —hu'g"™(C-fu).

Choosing C=f,(u(¢)) gives (4.3). Thus (1) and (2) are equivalent.
Suppose now that M¢ has nonnegative sectional curvatures and that L! is a
geodesic arc. Then, by (4.1) and the fact that u(s) is a geodesic,

4.5) f" = KN Y.
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The nonnegativity of the sectional curvatures of M ¢ are expressed by the inequality
(4.6) (R3¢ &) Mnun™n"™) — (R €' )(Hpné™) 2 O

for all é=(¢% ..., €9, 7=@" ..., 79).
Since f: M%— E%*¢ is an isometric immersion, s is also arclength on the arc
fu(s)),0=s=c. Thus L, =f(L") is line segment if and only if /" =0 or, equivalently,

4.7 hyu(s)u'v” =0 forA=1,...,eand0 < s = c.

If £=u’ in (4.6), it follows that (4.7) holds if and only if Au''7'=0 for all » and A;
i.e., (3). This proves the equivalence of (1) and (3).

The next proposition concerns the parenthetical part of Corollary 1.2 and is an
obvious consequence of Toponogov’s factorization theorem [15] (cf. (T};) in
§5) on the product structure of complete manifolds of nonnegative sectional
curvature containing “lines”’.

PROPOSITION 4.2. Let M® be a complete Riemann manifold of class C® (or of
class C? having a continuous curvature .tensor as, e.g., in [5, p. 283)) containing a
“line” L' and having nonnegative sectional curvatures. Then a tangent vector in
T,(L*) for p € L' is a nullity vector at p. In particular, if through one (hence every)
point p e M?, there passes p, linearly independent “lines”, then the nullity satisfies

w(p)Z po for all pe M°.

The next proposition is unrelated to this paper, but is an “intrinsic analogue”
of the last part of Proposition 4.1.

PROPOSITION 4.3. Let M*? be a Riemann manifold of class C® (or of class C?
having a continuous curvature tensor as, e.g., in [5, p. 283]). Let p € M*° and suppose
that either K(£)20 or K, (Z) =0 holds for the curvatures K,(X) at p of all 2-sections
X through p. Let z € T,(M*?). Then z is a nullity vector if and only if K, (X)=0 holds
for all 2-sections X through p with z € T,(X).

Proof. The definition of a nullity vector trivially implies that K, (X)=0 for all
2-sections through p with z € T,(2).

Conversely, suppose that K,(X) for all such 2-sections. In appropriate local
coordinates, with z=(z%, .. ., z9),

Rijpnxix*zizm = 0 for all x = (x,..., x9).

Since K,(X)=0 or K,(Z)=<0 for all 2-sections X through p, the vector z is a null
vector for the symmetric matrix (RyxmX'x*) =(Rjm;x'x*), for j, m=1, ..., d,

Rijymx'x*z™ = 0 for all j and x.
Thus, for fixed j, this form in x is skew,

(4.8) (Rijkm+ Rysim)z™ = 0 for all i, j, k.
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From the standard relation R;jiy,+ Ryijm= Ryjim,» W€ Obtain
(2Rijim + Ryijm)z™ = 0.
By (4.8), Ryijmz™= — Rjixmz™= Ri;xmz™, S0 that
Rijxmz™ = 0 for all i, j, k.
Hence z is a nullity vector.

5. Differentiability assumptions in theorems of Rauch and Toponogov. The
assumption M?e C¥ implies that, in local coordinates, the metric tensor is of
class C*~1, In general, k=2 does not permit the definition of sectional curvature
on M¢. But the existence of an isometric immersion f: M ¢ — E?*¢ of class C2
implies that there exists a continuous curvature tensor expressible in terms of
second fundamental forms; cf., e.g., [5, pp. 283-284]. Thus the statements in §l
are meaningful even for k=2,

When M9 e C¥, k=2, has a continuous curvature tensor of class C/, 0<j<k—2
(for example, if there exists an isometric immersion f: M — E¢*¢ of class C’/*2),
then there exist local geodesic coordinates of class C/*?; cf. [5].

No further remarks are needed as to “differentiability” in the proofs of Corollary
1.1 and Lemma 1.1. The proofs of the other results of §1 depend however on the
factorization theorem of Toponogov [15], called (T, ) below, which in turn is
based on his comparison theorem [14], see (CT,) below. Consider the validity of
the following two assertions, (T,;) and (CT,):

(T.;) Assume that (i) M%e C* is a complete Riemann manifold with non-
negative sectional curvatures and that () there exist m linearly independent ““lines”
through some point p € M2 Then there exists a complete Riemann manifold
M4-™e C7 such that Me¢=FE™x M4e-™,

(CT,) Assume that (i) holds. If abc is a triangle in M¢ with minimizing geo-
desics as sides and ABC is a triangle in E2 with corresponding sides equal to those
of abc, then corresponding angles of 4BC do not exceed those of abc.

On the one hand, Toponogov’s proof [15] of (T ) makes it clear that if (CTy)
holds for M¢ and if there exist (local) geodesic coordinates of class C? on M?® with
J =k, then (Ty;) holds. On the other hand, we shall point out below that the proof
of Toponogov’s comparison theorem in [4, pp. 182-194], can be modified to yield

(a) (CT,) isvalid, provided that M ¢ has a continuous curvature tensor ( for example,
in the sense employed in [5, p. 283)).

This gives, therefore, the following:

(b) (Tx.re—1) is valid for k=2 provided that M e C* has a curvature tensor of
class C¥~2 (e.g., if there exists an isometric immersion f: M® — E¢*¢ of class C¥).
In particular, (Ty;) is valid for k=23, 1 <j<k—2.

These remarks indicate the correctness of the proofs above under the stated
differentiability conditions. It is clear that one can obtain assertions analogous to
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those of §1 if one replaces the assumptions “M%e C* and fe C*, k=2” by
“Mee Ck, k=3, and fe C?, 15j<k—2” and the corresponding part of the
conclusion by “M?-me C*¥-2and ge C’”.

The remainder of this section is devoted to a verification of (a). The proof of
Toponogov’s comparison theorem (CT,) in [4] depends essentially on two
results: Rauch’s comparison theorem and a result of A. D. Alexandrov (d=2)
and Toponogov (d=2). The latter is stated as Lemma 2 in [4, p. 187], and corre-
sponds to (b,) below with a C® assumption. Thus the proof of (CT) in [4] can
be modified to yield (a) if the following assertions (a,), (bo) are verified. (For other
proofs of (CT ) or related results, see [1], [9].)

(ao) Rauch’s comparison theorem is valid for manifolds of class C? having con-
tinuous curvature tensors.

(by) Let M4 e C? be a complete Riemann manifold; p, q, r distinct points of M¢;
B, vy minimizing geodesics from p to q and p to r, respectively; r ¢ B; q1, qa, . . ., points
of B, p#q, — p as n — ©; vy, a minimizing geodesic from q, to r; 6 the angle from
y to B at p; and 0, the angle from v, to B at q,. Then lim sup 6, =6 as n — 0.

On (a,). Let M¢ be a Riemann manifold of class C2 having a continuous curva-
ture tensor. Consider local coordinates u=(u, .. ., u%) on a neighborhood of M¢.
Let u=u(s, t) be a l-parameter family of geodesics having initial conditions
u(0, t), u'(0, t)=[du(s, t)/ds];= o of class C* for small |¢|. Then, by [5, pp. 283-284],
u(s, t) and u'(s, t) are of class C* in (s, t); furthermore, if v; =g, u*’, then 0%u/os ot
=ui" and (v;,— I'f,v,ul)’ exist, are continuous, and satisfy the system of differential
equations

(5.1) ui + Djaufu® = g7(v;,— Lo,
(5.2) (03— Do) — Tievi — TRomtif YU = — gin Riy ™ u™ i

The left side of (5.1) is the ith component of Du,, the covariant derivative of the
covariant vector u;=0u/ot along the geodesic u=u(-, t). The left side of (5.2) is
the jth component of the covariant derivative of a contravariant vector along the
same geodesic for fixed ¢. Since the covariant derivative of the metric tensor is 0,
(5.1) and (5.2) show that, for a fixed 7, w=u,=0u/ot satisfies the Jacobi equation
in the standard form

(5.3) D(Dw)+ R(w, u')u’ = 0.

(In particular, D(Dw) exists and is a continuous function of (s, t).) The standard
theory of existence, uniqueness, and disconjugacy for this type of normal, linear,
second order, selfadjoint system (cf., e.g., [7, pp. 384-396]) and the usual proofs
of Rauch’s comparison theorem (cf., e.g., [4, pp. 178-181]) give (ao).

On (by). The theorem (b,), with CZ? replaced by C ®, is deduced in [4, pp. 187-189],
from a result similar to



538 PHILIP HARTMAN [February

PROPOSITION 5.1. Let M? e C? be a complete Riemann manifold and Mo<= M*? a
compact set. Then there exist constants e=e(My)>0, C=C(M,) with the property
that, for g € Mo; x, y € T(Mo); and ||x|, || y| <e,

(54 |dist (exp, x, expe ¥)— [|x—y[l| £ C(|x]2+ | »]?.

In (5.4), exp, x=u(1), where u(s)=exp, sx is a (not necessarily unique) geodesic
satisfying u(0)=¢q, u'(0)=x.

The proof of (by) in [4] uses a form of Proposition 5.1 in which C(||x[|2+ | »[?)
in (5.4) is replaced by o(||x,[|2+||y.]|? if g=¢,—p in M?® and x=x,, y=y,
— 0 € T,(M?%) in T(M?). Actually, the proof of (b,) in [4] is valid if “ 0"’ is weakened
to “0”.

Proof of Proposition 5.1. Let pe M?; u=(u, ..., 4% local coordinates on a
neighborhood N of p:u=0; G%(u)=(g;;(u)) the first fundamental matrix; and
G(u) the positive definite, symmetric square root of G%(u). Below, we shall identify
a point of N and its local coordinates. N will denote a suitable neighborhood of p
and C,=C,(N) a constant depending only on N; N and C; are not always the
same.

Let dist (-, -) be the metric on M¢; |£| the Euclidean length of £ € R%; and
[€]l.=|G(u)é| the norm of £ e T,(M?). For a suitable choice of N, there is a
constant C,; =C,(N) such that

(5.5) [€]/Cy = |G@)é| = Cul€l,
(5.6) [[Gu)—G@)I€| < Ci|u—v|- €|

for all £ € R? and u, v € N. There also exists a constant ¢; =&,(N) >0 such that if
u=u(s), 0<s=c, is an arclength parametrization of a geodesic of length c=<e,
with u(0) € N, then, by the differential equations for geodesics, |u"| < C; and

G.1) | J' "GO (s)| ds—c| = Coc?,

0
(5.8) |u(e)—u(@)—cu'(s)| £ Cyc? for0 = s = c.
Since

ICIG(u(O))y’(S)l—IG(u(O))[u(C)—u(O)]I | £ Cic?,
we have
(5.9 le—|G(0))[u(c)—u(0)]| | = Cyc

In particular, ¢/C; — Cy¢? = |u(c) —u(0)| £ Cic+ Cic?; so that if 0<c =< ey, &y =¢,(N)
is sufficiently small, and »(0) € N, then

(5.10) ¢/Cy = |u(c)—u(0)| = Cie.
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Let ge N, 0#x e T(M*?), and u(s)=exp, (sx/|x],) for 0<s=|x|,<e. Then
(5.8) gives

lexpy x—g—x| = Cix|3.

This inequality is trivial if x=0. From this inequality and a corresponding one for
Y, yeT(M?) and | y|,Sey,

(5.11) |(expg x—exp, »)—(x—y)| = Cu(||x]|12+ [ »[2).

Let u=u(s), 0=s= c=dist (exp, X, exp, ¥) be a minimizing geodesic joining u(0)
=exp, x and u(c)=exp, y. Then, by (5.9), (5.10) and (5.11),

(5.12)  |dist (exp, x, exp, y) — |G(u(0))[exp, x —exp, y]| | = Cu([|x[7+ [ ¥]D.
The analogue of (5.10) applied to the geodesic exp, (sx/|x|,), 0=s= || x|4 gives

"an/cl = |equx_q| = Cl"-x"q’

and (5.6) applied to u(0)=exp, x, v=gq gives
[[Gu(0))—G(9))¢| = Ci|x|o|é] forall £ R
Thus, (5.11), (5.12) and ||x—y|,=|G(g)(x—y)| imply that

(5.13) |dist (exp, x, expg ¥)— [ x—=y[lo| = Ci(||x[|Z+[¥]2)

for ge N and x,yeT(M?), |x|,Ze, ||y]|sSe. Proposition 5.1 now follows
from the compactness of M.
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