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Abstract. Modifying Monge’s method and Laplace’s one respectively, we shall give
two methods of integration of Monge-Ampére’s equations. Although they seem quite
different, the equivalence of our two methods will be shown.

The first method will be from a point of view different from that of Lewy. The
second will present a solution to a problem of Goursat.

Modifying Monge’s method and Laplace’s oge respectively, we shall give two
methods of integration of Monge-Ampére’s equations. Although they seem quite
different, the equivalence of our two methods will be shown.

The first method will be from a point of view different from that of Lewy. The
second will present a solution to a problem of Goursat.

1. Introduction. Limiting ourselves to Monge-Ampére’s equation
(M-A) Hr+2Ks+Lt+ M+N(rt—s? = 0,

we shall discuss the following problem:

What partial differential equation can be solved by integrating ordinary differ-
ential equations only ?

Here H, K, L, M and N are functions of x, y, z, p and q. By p, ¢, r, s and ¢, we
denote

0z 0z 9%z 0% 0%z
ax 5y ox* axoy ¢ B2
respectively.

For a general equation F(x, y, z, p,q,r, s, t)=0 with a given initial value of
hyperbolic type, Lewy [8] solved the Cauchy problem reducing it to solving differ-
ence equations. Here we shall try to reduce the problem to solving ordinary
differential equations in the case of Monge-Ampére’s equation where the hyper-
bolicity does not depend on the given initial value.

Let us try to solve the Cauchy problem of Monge-Ampére’s equation, integrating
ordinary equations only. Monge’s method is as follows. For a given initial value,
find such an intermediate integral equation of the first order that is satisfied by the
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initial value. This process requires us to solve a system of linear partial equations
of the first order with one unknown function. In virtue of Lagrange’s theorem it
can be solved by integrating ordinary equations only, if it has a solution. Suppose
that such an intermediate integral exists. Then we can obtain an integral surface
of the original equation which satisfies the initial condition, integrating Lagrange-
Charpit’s system of the intermediate integral. Such an intermediate integral can be
found for every initial value, if and only if the equation possesses two independent
intermediate integrals of the same characteristics. See [4, Chapter II]. In this case
let us say that the equation is Monge-integrable.
Lagrange-Charpit’s system

dx«  dy dz _ —dp
(L) oViop — oV]oq — (oV/op)p+(oV/]oq)q — oV]ox+(dV]oz)p
— —dq
~ oV/oy+(0V]oz)g

of an equation V=0 of the first order has the following property:

If an initial value (x=xu(s), y=po(s), z=2o(5), p=po(s), §=qo(s)) satisfies
dz—pdx —qdy=0 and dV =0, then the surface obtained by integrating Lagrange-
Charpit’s system=d¢ under the initial condition x(0, s)=x,(s), (0, s)=y.(s),
2(0, 8)=2zo(s), p(0, 8)=py(s), (0, s) =qo(s) satisfies dz— pdx —qdy=0.

We shall say that a system

dx _dy dz__ _dp _dq
is integrable, if for any initial value which satisfies dz—pdx—qgdy=0 and Cdx
+ Ddy — Adp — Bdg=0, the surface obtained by integrating the system =dt¢ under
the given initial condition satisfies dz — pdx —qdy =0. There exists such an integrable
system that is not Lagrange-Charpit’s system of any equation.

This notion of an integrable system allows us to generalize Monge’s method of
integration of Monge-Ampere’s equation: For a given initial value, find an inte-
grable system which satisfies Cdx,+ Ddy,— Adp,— Bdg,=0 and the characteristic
condition of the equation. This process requires us to solve a system of nonlinear
partial equations of the first order with one unknown function. Hence in virtue of
Jacobi’s theorem it can be solved by integrating ordinary equations only, if it has
a solution. Suppose that such an integrable system exists. Then the surface ob-
tained by integrating the system =dt under the given initial condition is an integral
surface of the equation. If Lagrange-Charpit’s system of an equation can be taken
as such an integrable system for every initial value, then the equation is Monge-
integrable.

Our method can be applied for integrating an equation which is not Monge-
integrable. Let us try to integrate the linear hyperbolic equation of the second
order by our method. Then it turns out that it is possible if and only if the second
Laplace invariant of the equation vanishes.
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Due to Laplace we have another method of integration. To integrate the linear
hyperbolic equations of the second order, he tried to transform a given equation
to a Monge-integrable equation by a Laplace transformation. It is possible if and
only if the second Laplace invariant of the original equation vanishes. See [I,
Chapter II].

Investigating transformations of a surface of constant negative curvature,
Bicklund found a class of transformations which is wider than that of contact
transformations. A member of his class is called a Bicklund transformation. See
[2, Chapter XII]. The Laplace transformation is a Backlund transformation
(see [7]).

Let us consider the following Biacklund transformation:
X' =f(x,y,2p49, V =8xyzp9),
7 =hx,»,zp9, p =kxyzpq.

Here we assume that the four functions f, g, # and & are functionally independent,
and that each of the quotients made from their Lagrange’s brackets

Lf: &) I/ k), U k1. [, ), [g, k), [, K]

is a function of f; g, h, and k. Then in virtue of Béacklund’s theorem [3, p. 440],
the equation

@ (& h)—k(g,f) =0

is transformed to the equation

3 A hl-q'Lf gDr' + (s, K1 +P'LS, gDs’ —q'[. k1-p'Lf; k1+[h, k] = 0.
This equation has its meaning by our assumption. Here

Dg Dh  Dg Dh

(&%) = 5x Dy Dy Dx

(M

and

De _%,,%, % % Dg_2%, 2% %, 2
Dx —axtPo: "™ Dy~ ot ey
If we put f=x, g=y, h=q+a(x,y)z and k=—b5(x, y)q+{0ajox —c(x, y)}z,
then we have the Laplace transformation which is applied to the linear hyperbolic
equation s+ap+bq+cz=0. The four functions f, g, h and k satisfy the following
functional equations:

@ Vel =LAl =1fkl=0

and

[k, hl/(g, k] = (0 log H |0y —a)k + (0a/ox — 0bjoy — c + b(0 log H[oy))h,
[g9 k]/[g, h] = —b,
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where H is the first Laplace invariant defined by H=0a/0x+ab—c. The equation
s+ap+bq+cz=0 is Monge-integrable (with respect to the characteristics dy=0,
dq+(ap+bq+ cz)dx=0), if and only if the first invariant H vanishes. In this case
the Laplace transformation cannot be defined. Suppose that H#0. Then by this
Laplace transformation the original equation is transformed to the equation

s'+(a—0log H/oy)p'+bq' +(c—dajox+ by —b(0 log H[oy))z' = 0.

The second invariant H, of the original equation is defined as the first invariant
of the transformed equation

H, = 2(da/ox)—ob/oy+ab—c— % log H[0x0y.

The Bicklund transformation (1) gives a correspondence between a solution of
the original equation (2) and that of the transformed equation (3) in the following
way. For a surface ¥ given by z=y(x, y), we have a transformed surface BY
defined by x'=f(x, y; ¥), y'=g(x, y; ) and z'=h(x, y; ) which we obtain from
the equality (1) putting p=0y/ox and g=0y/dy. Then the other function p’
=k(x, y; ) thus obtained is the partial derivative of the transformed surface BY
with respect to x’, if and only if the surface ¥ is a solution of the original equation.
In this case the transformed surface BY is a solution of the transformed equation.
The converse correspondence can be given in the same way, if we assume that the
four functions f, g, h and k satisfy the functional equation (4). In fact they are
functions of x, y, z and g, if we transform the function fto x by a contact trans-
formation. In virtue of a theorem of Lie such a contact transformation exists (see
[9]). Since they are functionally independent, we can solve the equality (1) conversely
with respect to x, y, z and q. We can take also a contact transformation that trans-
forms the functions fand g to x and y respectively, because of the equality [f, g]=0.
Hence the correspondence given above is bijective.

We-shall say that the Biacklund transformation (1) is of Laplace type, if the four
functions £, g, h and k satisfy the functional equations (4) and also

) [k, h)/(g, k] = «k+B,  [g, K)/[g, h] = vk+3,

where o, B, y and & are functions of f, g and A. Then the transformed equation (3)
is expressible in the form

s'—(yp'q' +op’'+8q'+B) = 0.

In this case let us call the original equation (2) also an equation of Laplace type.
The linear hyperbolic equation is of Laplace type, unless H=0. Any equation of
Laplace type is not Monge-integrable (with respect to the characteristics dg=0,
dh—kdf=0).

On this transformation Lagrange’s bracket [g, A] cannot vanish. For to the
contrary if we suppose that [g, h]=0, then we have [k, h]=[g, k]=0 by the equality
(5). This is impossible, because the four functions f, g, h and k are functionally
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independent. Hence our transformation is different from a contact transformation
for which the equality [g, #]=0 holds.

Our transformation can be applied for integrating a nonlinear equation. For
example, putting f=x, g=y, h=q and k =e?, we can transform Liouville’s equation
s=e* to the Monge-integrable equation s'=p'z’.

This transformation is well known in the classical theory. Goursat presented
the following problem (see [5, Chapter IX], and [7]):

Construct a general class of transformations for integrating equations which are
not Monge-integrable such that it contains the Laplace transformation and the
transformation above-mentioned as the special cases.

Our Bickland transformations of Laplace type give a solution to this problem
of Goursat.

The following theorem will be proved.

An equation of Laplace type is integrable by our first method if and only if the
transformed equation is Monge-integrable.

Every notion of integrability defined here is independent of the choice of the
coordinates, if they are changed by a contact transformation.

We are always in the category of infinite differentiability.

A modern formulation of our problem will not be given here. The problem will
be discussed in the classical style.

The author wishes to express his sincere gratitude to Professor D. Montgomery
and Professor D. C. Spencer for their encouragement in the course of writing this
note.

2. An integrable system. Let us find a condition which the four functions 4,
B, C and D should satisfy in order that the system
© d_dy_ _d=_dp_dg
A B pA+qB  C D
may be integrable.
Integration of the ordinary equations

ox oy

_ _ 174 op
©)] i A, 3 = B,

oq

under the initial condition

x(os S) = xO(s)’ y(09 S) = }’o(s), Z(Oa S) = ZO(S)9
p(0,5) = po(s), (0, 5) = qo(s)
gives a two dimensional manifold x=x(t,s), y=y(t,s), z=z(,s), p=p(t,s),

q=q(t, s).
Denoting infinitesimal displacements in the direction of s (¢=constant) and
t (s=constant) by d and 8 respectively, we have

©)

8(dz — pdx —qdy) — d(8z — pdx —q8y) = dpéx+dqdy — 8qdx — 8qdy.
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This gives
(8/6t)(dz — pdx —qdy) = (Adp+ Bdq— Cdx — Ddy),

because 8z—pdx—qdy=(pA+qB)ét—pASdt—qBdt=0. Hence the initial curve
should have the properties

® dzo/ds — podxo/ds —qodyo/ds = 0
and
(10) Adp,/ds+ Bdg,/ds — Cdx,/ds — Ddy,/ds = 0,

in order that we may have 8(dz—pdx —qdy)=0.
Let us calculate 8(Adp+ Bdq— Cdx — Ddy) in the following:

8(Adp + Bdg— Cdx — Ddy)—d(A8p + Bdq— Céx — D3y)
= 8Adp+ 8Bdq—8Cdx — 8 Ddy —dAdp —dBdq+dCéx+d D8y,

where
24
54 = { +—B+—(A+qB)+ c+ }Bt
and
o4 04
dA = d+ d+ d+ dp+— dy.
o PTog M

Then we have
a% (Adp+ Bdg— Cdx— Ddy) = (Edx-+ Fdy+Gdp+Jdg)
o4 . 0B . aC aD
- (a—z c+2Z2 -4~ )(dz—pdx ),

because
Adp+ Béq— Céx— D8y = (AC+BD—CA—DB) 8t = 0.

Here E, F, G and J are the following functions:

oD oD oC oC 04 04 oC oB 0B aoC
E=B(3x+6z p_ay—az q) (8x+3zp 8p)—D(6x+azp+6q)’
oC oC oD oD 0B oB 0D 04 ©0A oD
F = A(_6y+_3z q——ax ~ % p) —D(-—ay +_3z q _3q)_c(—-3y+—3z q+—ap),
04 0A aoC 9A 04 oD 0A OB
G= A(—a;+a—zp+ 3p)+B(3y+ oz q+-$) D(%—a)
and

ax TPt

J= B(3B+6Bq+3D)+A(8B oB 3C) C(@B 8A)
dy 0z oq

aq)" " \op~oq)
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Hence in order that the system (6) may be integrable, the four functions A4, B,
C and D should satisfy the three partial equations
(11) E/C=F|D=G/—A=1J|-

DEFINITION. A system (6) is said to be integrable, if the four functions 4, B,
C and D satisfy the three partial equations (11).

Lagrange-Charpit’s system (L-C) is integrable. In fact we have E= — CoV [0z,
F=— DoV |8z, G=AdV |z and J=BaV |oz.

PROPOSITION 1. Suppose that the system (6) is integrable and that an initial
curve with the properties (9) and (10) is given. Then the two dimensional manifold
N obtained by integrating the ordinary equations (7) under the initial condition (8)
is a surface which satisfies dz—pdx —qdy=0.

Proof. Since we have 0z/0t—pox[ot—qdy/ot=0 on N, it is sufficient to show
0z/0s — pox[os —qoy[ds=0 on N.

Put

uy = 0z[/0s — pox|0s —qdy|os
and
g = A0p|0s+ Bog/os— Cox/os — Doy|os.
Then the functions p,(f, s) and p,(2, s) satisfy the following system of ordinary
equations
Opa[0t = ps, Opo[0t = — wpy —mps,

04 . 8B, oC , oD
w=7C+z-D-A-75"B

where

oz

and w=the function given by each term of (11). Since y,(0, s) and p4(0, s) vanish
by our assumption, we obtain w,(t, s)=py(t, s)=0 in virtue of the uniqueness
theorem for a system of ordinary equations.

The three equations (11) with respect to 4, B, C and D are reducible to the follow-
ing two equations with respect to A/B, C/B and D/B:

ay 44, CDod AdC AD2C AdD CoD_,
BdyB"BB9gB BdyB BBogB BdxB BopB
and
CdA (C\20A4,dC CoC (D AC\éC dD Cé&D

(13) deB+( ) an+dyB+BapB+(§_§§) %GB dxB BB %
where d/dx=0/0x+ po/oz, d|dy= 8]0y +qd/oz.

Here we assumed that C#0. If C=0 and D#0, then we have the following
reduced equations:

dD AdA dA DoA o@D AéD
&xB - % Tsaﬁ“”d—ﬁ”a B B BB
Also if C= D=0, then we have the single reduced equation

BdxB'dyB
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Hence if four functions 4, B, C and D give an integrable system, then the four
functions 74, 7B, vC and 7D multiplied by an arbitrary function = also give an
integrable system.

The existence of an integrable system which is not Lagrange-Charpit’s system
of any equation will be shown in the next section (see Remark 2).

3. A method of integration by integrable systems. Let us try to solve the Cauchy
problem of Monge-Ampére’s equation (M-A) by integrable systems.
One of the characteristics of the equation is given by

(149) Ndp+Ldx+ A dy = 0, Ndg+ Aydx+ Hdy = 0,

where A, and A, are the roots of the quadratic equation A2+2KA+ HL— MN=0.
Here we assumed that N#0. Any equation the coefficient N of which is zero can
be transformed to an equation for which N#0 by a contact transformation.

The fundamental theorem of Monge and Ampére on their equations is as
follows:

A two dimensional submanifold of the space (x, y, z, p, q) gives a solution of
the equation (M-A), if and only if it is a surface generated by one-parameter
family of characteristic curves of the given equation on which we have dz—pdx
—qdy=0.

Here a characteristic curve of the equation (M-A) is a curve along which we
have dz—pdx —qdy=0 and the identity (14).

Let the system (6) belong to the characteristics (14). Then the four functions
A, B, C and D should satisfy

(15) NC+LA+MB =0, ND+MA+HB =0.

Replacing C/B and D/B by —1/N(LA/B+ A,) and —1/N(A,A/B+ H) respectively,
we have a system S of the two partial equations with respect to A/B from the two
equations (12) and (13).
For a given initial curve with the property that dz,—podxo,—qody,=0, let us
find such a solution of the system S that satisfies the initial condition
A dxo dy, Adp, dgy _
L(een) G (A ) ey e e
on the given initial curve. Suppose that such a solution of S can be found. Then by
Proposition 1 we can obtain an integral surface which satisfies the given initial
condition, integrating
ox A oy 0z A P 1 ( A
t

a~F a_ " wu PBte

1(, 4
7 —N(A2§+H)

%
7

under the initial condition (8).
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In order to solve the system S, let us recall here the theorems of Lagrange and
Jacobi (see [6, Chapters II, VII and VIII]).

By x,, X, . . ., X, and u, we denote independent variables and only one dependent
variable respectively.

A system (X7, ..., X;) of independent vector fields

2 )
= ay(xy, ..., Xp) — 1SASr
2, ol i )

is said to be complete, if each of their brackets

n n
[X» X,] = ‘Zl Z (au aa‘;‘ Ay 63‘;:‘)’% A=sApsr)

is a linear combination of X3,..., X,.

Any system (Y3, ..., Y;) of vector fields can be prolonged to a complete system
uniquely.

Lagrange’s theorem is as follows:

Suppose that a system (Xy,..., X;) of independent vector fields is complete.
Then the following linear system

n

Z A.(x)ax 0 (A=A=gP)
of partial equations possesses n—r functionally independent solutions f3, . . ., fo—r-
Every solution is expressed in the form ¢(f;, ..., f,-,), Where ¢ is a function of
n—r variables.
Let us consider a nonlinear system (F,, .. ., F,) of partial equations

FA=FA(xla"-,xmu’ph'°"pn)=o (lé)‘ér)9

where p, =0u/0x,, . . ., p,=0u/ox,.
A system (Fy, ..., F,) of independent equations F, (1 A=) is said to be com-
plete, if each of their Lagrange’s brackets (1A, u=<r)

L OF, (9F, OF, % OF, (0F,  OF,
P Fl= 3 2 (Gt e n) - 2 5 (32452 )

is a linear combination of Fi, ..., F,.

Any system (G, ..., G;) can be prolonged to a complete system (F,,..., F,)
uniquely. Let us call n—r the rank of the original system. Then the linear complete
system (X3, . .., X;) has its rank n—r.

Jacobi’s theorem is as follows:

Suppose that a nonlinear complete system F of rank m is given. Then we can solve
the following Cauchy problem for every m-dimensional surface N, integrating a
system of ordinary differential equations:
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For a given initial value uy(si,...,S,) on the surface N defined by x,=
X3(s1, ..y Sm)y - oy Xn=x3 (51, ..., Sn), find a solution u(x, .. ., x,) such that
U1y« ooy S)s e v s XS5+ ooy Sm) = Ue(S1, . - oy S

In virtue of this theorem of Jacobi, we have the following

PROPOSITION 2. The equation (M-A) is integrable by our method, if and only if
the system S has its rank greater than zero.

As to Monge’s method, he tried to solve the following linear system M:

v oV 14 dv ov 14

y 0.

The equation is Monge-integrable if and only if the system M has its rank greater
than one. In this case it is said to be Monge-integrable with respect to the other
characteristics

(16) Ndp+Ldx+ Ady = 0, Ndg+ M\dx+ Hdy = 0,

because the differential dV of a solution of M can be expressed in a linear combina-
tion of (16) and dz —pdx —qdy. See [4, Chapter II].

Hence we shall say that the equation is integrable by our method with re-
spect to the other characteristics (16), if the system S has its rank greater than
zero.

If the equation is Monge-integrable with respect to the characteristics (16),
then it is integrable by our method with respect to the characteristics (16).

REMARK 1. An involutive system of two Monge-Ampére’s equations has a
system of the form (6) which belongs to the characteristics of both equations. It is
integrable in our sense (see [5, Chapter VI]). From this point of view, our method
can be explained in the following way:

For a given initial value, find such Monge-Ampére’s equation that forms with
the original equation an involutive. system which is compatible with the given
initial value.

ExaMpLE 1. Let us consider a linear parabolic equation r+ap+bg+cz=0,
where a, b and ¢ are functions of x and y. Its two characteristics are the same and
given by

dy =0, dp+(ap+bg+cz)dx = 0.

Put A=1, B=0 and C= —(ap+bq+cz). Then we have

E = —(ap+bg+cz)a+ Db,

da ob ac dD
P (Ep s B D) g2

oD oD
LA —Da—q+(ap+bq+cz —>

op

G=—a, and J = —b.
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Hence the three equations (11) are reducible to

oD da
oq y

The parabolic equation is integrable by our method if and only if 5=0.
The system M is given by
ov 6V oV

56=0 x Pz

d oc
b =0, +ez)o—+D = +D( pHeq+o— )=o.
—(ap )a gtz

+(ap+bq+cz) — =

Since oV /og=0, we have boV/dp=0 from the second equation. If 57#0, then
oV/ep=0. This gives 0V /9z=0 and &V /ox=0. Hence the equation is Monge-
integrable if and only if 5=0.

ExAMPLE 2. Let us consider a linear hyperbolic equation s+ap+bg+cz=0,
where a, b and ¢ are functions of x and y. Its two characteristics are given by

a7 dx =0, dp+(ap+bg+cz)dy = 0,
and
(18) dy =0, dg+(ap+bg+cz)dx = 0

respectively. Put A=0, B=1 and C= —(ap+bq+cz). Then we have

dD (3_a ob

7
q+a—; z) +cq—(ap+bq+cz)a+bD,

oD oD
F= —Da—q+(ap+bq+cz) %

oD oD
G = ?’;9 and J = a—q'
The three equations (11) are reducible to
oD
= o,

dD

——(ap+bq+cz) +bD+( +3b be

oy 5y
This system S has its rank two, if and only if H=2a/0x+ab—c=0. Suppose that
H#0. Then the system S has its rank one, if and only if H, =20a/0x—b/dy+ab
—c—0%log H/[oxdy=0.

The equation is Monge-integrable with respect to the characteristics (18), if
and only if H=0.

REMARK 2. Take a linear hyperbolic equation for which H#0 and H, =0. Then
there exists such a solution of S that is not Lagrange-Charpit’s system of any
equation. In fact if every solution of S is Lagrange-Charpit’s system of an equation,
the equation is Monge-integrable. This is a contradiction.

)+cq a(ap+bg+cz) = 0.




338 MICHIHIKO MATSUDA [July

4. A Bicklund transformation of Laplace type. One of the two characteristics
of the equation

19 (& h)—k(g,f) =0
is given by
(20) dg =0, dh—kdf = 0.

We shall prove the following

PROPOSITION 3. An equation (19) of Laplace type is not Monge-integrable with
respect to the characteristics (20).

Proof. We may assume that f=x, g=y and oh/oq+#0, without losing the genera-
lity. Then the system M is generated by

W_o BV (d_ v,
op  9qdx \dx oq
Since oh/op=0k[/op =0, the second equation gives
oh oV oh oV oh oV (oh 124
@D G aag =% s () 7 O

The first equation of (21) shows that V is a function U(x, y, ) of x, y and A.
Replacing
oV oV oU oU oh oU oh
o and % by a—x-l'-%'a—x and 3_}155
respectively, we have
oh (0U , oU
7 (3~ ar) = 0
from the second equation of (21). Since k is functionally independent of x, y and A,
this equation is reducible to U/ox=0U/oh=0. Hence the system M has its rank
one.
Let us find a condition which the three functions g, 4 and k should satisfy in
order that the equation

22 [g, hls'—q'[g, K1+ [h, k] = O

may be Monge-integrable. H¢re we assume that [g, h]#0 and that [g, k]/[g, A]
and [k, k)/[g, h] are functions of x (=x'), g, h and k.
The two characteristics of the equation (22) are given by

. ,_(lk, h] |, (g K] ,) ,
23) =0, dq (‘[g, AT g r?) > =0
and
24) i =0, ap-leMg, &K, _,

&l

(g, Al
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respectively. We are interested in the system M with respect to (23). It is generated
by

Vo W (LA,
op 7 dx" " \lg,h] [g hl") o

Applying Lagrange’s method we have

v’ d ([k,h (g, k] ) ov’
— o [t md) 57 =0
oz "op \[g k(2 h7) 5q

and

22 ([k, h], [g k] ) ov’
= l—mt+t7—59) == =0.
o g " (& 11 7) 7

Hence the two functions [k, #])/[g, h] and [g, k)/[g, h] should be linear with respect
to k, in order that the system M may have its rank two.

Let us put [k, h)/[g, h]=ck+B and [g, k]/[g, h]=vk+ 8, where o, B, y and &
are functions of x, g and A. Then the equation (22) is expressed in the form

(25 sS'—(p'q +ep’+39'+p) = 0.
The system M is generated by
ov’ ov’ NOV av’ NV
?—O, Fz—'+(a+‘yq)3_q'—0’ ‘3—x',-+(ﬂ+3q)w—0.
This system has its rank two if and only if we have
B 25 oy

oo
mTP®=nth =3y

(see [4, p. 87)).
We shall prove the following

THEOREM. An equation (19) of Laplace type is integrable by our method developed
in the previous section (with respect to the characteristics (20)), if and only if the
transformed equation (25) is Monge-integrable (with respect to the characteristics

(23)).

Proof. We may assume that f=x and g=y. Then the two functions 4 and k
depend only on x, y, z and g. The other characteristic which is different from (20)
is given by

oh dh
dx = 0, a—qdp+(a—k) dy = 0.

Put 4=0, B=0h/ogq and — C=dh/dx—k. Then we have

E

% Do

D, oy
" 9q \dx " dxdy dy

(dh_ ) oh_ ok
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P =gt ) @)
G = %g%;—) and J = gg (%+%q+%§)-
The three equations (11) are reducible to

In this system S, let us replace D by u—dh/dy: — D=dh/dy—u. Then we get

ou ohdu (dh ou ok
5= A (d—x—-k) S 5g Wl A = 0.

Since 0h/dp=0k/op =0, the second equation gives
ohou ©ohou

0q 0z 0z oq ’

ohou (oh \ou ok
( k)%—%u+[k,h]—0.

(26)

ox
The first equation of (26) shows that u is a function v(x, y, k) of x, ¥y and h. Re-
placing

ou ou ov  Ov oh ov oh

a and a—q by a—x+a—ha and a_ha_q
respectively, we obtain

ov ov (ok |oh oh
@7) a—x+ka—h—(%/%)v+[k, h]/% -0

from the second equation of (26).
Here our assumption allows us the following replacement:

ok [oh

oh
5050 = vi+d and [k, h]/-éa — —ak—8,

where the four functions «, 8, y and 8 depend only on x, y and . Since k is functionally
independent of x, y and h, the equation (27) is reducible to

o o
a—x—SU—B =0, YV Te= 0.

Hence the system S has its rank one if and only if

oB _ O« 08 oy
a7 Had = 5c+ﬁ'}', = ox

oh
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This is the necessary and sufficient condition in order that the transformed equation
(25) may be Monge-integrable with respect to the characteristics (23).

5. Examples.
EXAMPLE 3. Put f=x, g=y, h=| dg/$(q), k=e*. Then we have

(e, hl = —1/$(q), [& k] =0, [k h] = —(q/$)e* = qkg, h].

Hence it is a Backlund transformation of Laplace type. By this transformation the
equation s—e*$(g)=0 is transformed to s'—y(z)p’' =0, where g=4(h) is the in-
verse function of h=[dg/¢(q). The transformed equation is Monge-integrable,
because a=y(h) and B=y=6=0.

Suppose that ¢(q)=1. Then the original equation is Liouville’s one (see [4,
p. 97]) s—e*=0. The infinitesimal contact transformation which leaves Liouville’s
equation invariant is given by the following generating function

¥ = p1(X)p+a(y)q+dipy/dx + dio/dy.
From this function the infinitesimal transformation
Xo0/ox+ Yoloy+Zo/oz+ Pojop+ Q2/oq

is generated by

I R R TR
=T YT ATVl et
_ N % N Y

P=ptzp 92=3%37

Hence Liouville’s equation admits an infinite Lie group of parameters #,(x) and
$2(y). However, it can be proved that Liouville’s equation is not transformed to a
linear equation by any contact transformation.

EXAMPLE 4. Put f=x, g=y, h=g+a(x, y)e 3 k=e* Then we have

[g»h:':—l’ [g’k]=0
and
[k, h] = —e’q = —e*(h—ae™?) = —hk+a.
Hence it is a Backlund transformation of Laplace type. By this transformation
the equation

s—ae~*p+(0alox)e *—e* = 0

is transformed to s'—z’p’+a=0. This equation is Monge-integrable, because
a=h, B=—aand y=38=0.

Suppose that a(x, y)=1. Then the infinitesimal contact transformation which
leaves the equation s—e~*p—e*=0 invariant is given by the generating function
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Yy=Qc,x+c3)p—(c,y+c3)g+c,, where ¢,, ¢, and ¢ are constants. Hence this
equation admits a (finite) Lie group of three parameters.

Finally we shall give an example of a Bicklund transformation which is not of
Laplace type. It will be shown that to this Backlund transformation our theorem
cannot be applied.

ExAMPLE 5. (Levy’s transformation, see [3, p. 94].) Put

f=x, g=1 = g+(a(x, y)+a(x, y))z,

k=ap— b(x y)q+(aa Ge —c(x, y))

Here « is a function which satisfies Levy’s condition

?*loga Oa 0 H
“oxdy 8x+6y L HK-H =0,

where H=0a/0x+ab—c and K=0b[0y+ ab—c. Then we have
[f;g]=[f;h]=09 [f’k]=_a’ [g’h]=_1a [g9k]=b

and

oo ob 3a oo
(] = (oa+a~2) p+ (B -ab—ab— 22— L2 c)g

Folraleople e e _62_«+@)z
ox o0x dy Oy oxdy 0xdy oy
Levy’s condition is a necessary and sufficient condition in order that [k, A] may be
a function of x, y, h and k.
By Levy’s transformation the equation s+ap+bg+cz=0 is transformed to
s'+a'’p'+b'q'+c'z' =0, where

a=a——, V=b and ¢’ =c+K-H——=—

a 0y

Let H’ be the first Laplace invariant of the transformed equation. Then the follow-
ing identities are known:

I_{ 0 aH'

H = H+ and H' = H1+a T’

3y «

where H, is the second Laplace invariant of the original equation. Hence H'=0
gives H, =0. However, the converse is not true. For example, let us take a, b, ¢
and o as follows:

a=x, b =2y, ¢ = 2xy, @ =X

Then we get H=1, K=2, and H,=0. The function « satisfies Levy’s condition.
However, we obtain H'=1#0.
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