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Abstract. A Markov process P={x;} proceeds until a random time =, where the
distribution of 7 given P is exp (— ¢) for finite additive functional {¢.}, at which time
it jumps to a new position given by a substochastic kernel K(x;, 4). A new time 7’ is
defined, the process again jumps at a time =+ 7" and so forth, producing a new Markov
process P’. A formula for the infinitesimal generator of the new process (in terms of
the i.g. of the old) is then derived. Using branching processes and local times {¢.},
classical solutions of some linear partial differential equations with nonlinear bound-
ary conditions are constructed. Also, conditions are given guaranteeing that a given
Markov process is of type P’ for some triple (P, {¢:}, K).

1. Introduction. Let P be a Markov process on a metric state space X. We
construct a new process P’ as follows. We proceed according to the process P until
a random time given by a random ““clock” (see §2 for precise definitions), at which
time we stop the process and restart it at a new position given by a substochastic
kernel K(x, A) (where x refers to the position of P at the random time). We reset
the “clock” and proceed from the new position until a new random time, *“jump”
a second time, reset the clock, and so forth. The purpose of this paper is to derive
an expression for the infinitesimal generator of (the semigroup of) the process P’
in terms of the infinitesimal generator of P, the kernel K(x, A) and the additive
functional running the clock. (See equations (2.7), (2.8) below.) As an example,
using branching processes and local times, we construct classical solutions of some
linear partial differential equations with nonlinear boundary conditions.

The process P’ described above was first considered in a general setting by Moyal
[13]. He worked with the transition function of P, and obtained an equation for the
transition function of P’. This equation, essentially the equation (2.5) below, was
shown always to have at least one solution, and the meaning of nonuniqueness was
discussed. These questions were given considerable impetus in 1964 by Skorohod
[19] (and It6-McKean [7]) who showed that a process of type P’ could be used to
give solutions of certain semilinear partial differential equations of parabolic type.
A probabilistic construction of the process P’ was carried out in [6] (see also [5],
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[18], [16]). There a model of the process P’ was built by a brute force procedure of
“cutting and pasting” countably many copies of the process P, which showed
among other things that the strong Markov property would not be destroyed. The
set-up in that construction was essentially that of the first paragraph, except that
the kernel K(x, A) could depend on the “tail-field” of P before the random time
and not just its position. In the special case when the additive functional running
the clock is of “Kac type” (see (2.16) below), a formula for the infinitesimal
generator of P’ was then (in essence) derived. In a branching diffusion context this
gave a complete probabilistic treatment of exactly the class of equations considered
by [19] and [7].

The purpose here is to generalize the class of additive functionals beyond those
of Kac type to include “local times.” The use of a local time in a partial differential
equation setting would lead to the introduction of a nonlinear boundary condition
rather than the introduction of a nonlinear potential term in the equation. In
particular, it would involve a change in the domain of the infinitesimal generator
rather than in its actual values; in contrast we remark that all previous investiga-
tions of the infinitesimal generator of P’ have contained assumptions requiring the
domains of the infinitesimal generators to be the same.

2. Statement of results. Let P={x;, B} be a strong Markov process with
respect to the o-algebras B,=("\(»0; Bl{x;s : s<t+¢}], which we assume has right-
continuous paths in a metric state space X and transition function P(¢, x, A) (see
e.g. [2, Chapter 3]). Let K(x, A) be a substochastic kernel on X, i.e. (i) for fixed
x € X, K(x, A) is a nonnegative Borel measure on X with K(x, X)<1, and (ii) for
a fixed Borel set A< X, K(x, 4) is a Borel function on X. This last condition
insures that the operator Kf(x)={f(y)K(x, dy) preserves the class of bounded
Borel functions on X which, with a convenient abuse of notation, we denote by
Z>(X). As is standard, we assume the existence of an ‘“‘escape point” A ¢ X in
order to have a probabilistic interpretation of P(¢, x, X)<1 or K(x, X)<1; i.e.
at some ‘““termination time” {(w) the process P escapes to and is trapped at A.
P(t, x, X) is then the probability that the process is still in X. The actual state space
is then always understood to be X U {A}; unless otherwise indicated, all f(x) € £ *(X)
will be assumed to be defined on X U {A} and satisfy f(A)=0.

Let {¢(w)} be a (finite) additive functional of the process P, i.e. a collection of
random variables measurable on the process such that

(i) ¢4 w)is B-measurable for all ¢,
(i) ¢o(w) =0,0 = ¢w) < o,
(i)  Pr1s(w) = Py(w)+Oipy(w),

(iv) {¢w)} is right continuous in ¢ for all w,

2.1

where “06,” is the time-shift operator of Dynkin. In particular, ¢ (w)4 for all w.
We also assume ¢w)=d;,-(w) for 1= {(w); this is equivalent to assuming
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EA\(¢,)=0 and P (¢;—¢s_ >0, s=0)=0. In addition, we will from time to time use

(2.2) {¢«(w)} is continuous in ¢ for all w.

Examples would be “local times,” additive functionals of “Kac type” (see (2.16)
below), or additive functionals of saltus type which change only by jumps at the
jumps of {x,}. The random time of §1, when the process is required to jump accord-
ing to K(x, A), is defined as follows (using an idea of Hunt): Let m be a random
variable independent of the process {x,} with P, (m>t)=e~*; m can be constructed,
if need be, by extending the probability space. The random time is then

(2.3) T(w) = sup {t : ¢(w) £ m} = ¢} (w),
i.e. the right-continuous inverse of ¢,(w) at m. If B, =\, B,, then
24 P(r > t/By) = P(¢; < m/B,) = e % as.

Let P’'={x;, B;} be the process described in §1 (which we define to be at A after a
finite time accumulation point of jumps). Set T, f(x) = E.(f(x,))=[ f(»)P(1, x, dy),
TP f(x) = Ef(x)xa>n) = E(f(x)e~ %) and Ti(f(x)) = E.(f(x;)). Then {T;} and {T}}
are semigroups, and T,=Ty is a solution of the equation

@.5) TS(x) = TSFC) + E{xoso [ RO dy))

for all f(x) € £*(X) (see [2, Chapter 9], [6], [13]). Note that formally, (2.5) is just
the strong Markov property applied at m(w). (Let f(x)=x4(x) be the characteristic
function of 4; then T,f(x)=P(t, x, A), T, f(x)=P.(x, € A, 7> 1), etc.)

Finally a word about the domain of the semigroups involved. By standard (weak)
semigroup theory (e.g. [2, Chapter 1]), {T;} is naturally defined on

(2.6) B, = {f(x) 1 f(x) e Z=(X), lthg T.f(x) = f(x) for all x}.

Condition 2.1(iv) guarantees that B, is the same if {T}} is replaced by {T}} or any
Markov semigroup {T;} on X satisfying (2.5). In general, we let B be any linear
subspace of B, which is preserved by the six families of operators T, T7, T,,
R,, R3, R,, where the R)’s are the resolvent (Laplace transform) operators of the
corresponding semigroups (A>0). The space B, always satisfies this condition; of
greater interest in application is the fact that if {T}} is strongly Feller and P, (+<t¢)
=o(1) uniformly in x, then {T;} and {T}} are strongly Feller (see Theorem 5.3 in §5)
and B=BC(X) (the space of bounded continuous functions on X) will be preserved
by these six operators. With some B fixed, we define 4, 4°, 4 as the (weak)
infinitesimal generators of the three semigroups on B, with domains (for example
for A)

D(A) = {f(x) : f(x) € B, |(1/)(T:f(x)—f(x)| = M,
1/)(T.f(x)—f(x)) — some g(x) € B, all x}
(which is also the range of R, on B) with Af(x)=g(x). Set A,=A— A, Ay=A°— Al
etc. for A>0; thus 4, maps 2(A4) onto B and 4,R,= —1I.
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It will be noted that we are considering the ““weak” infinitesimal generator and
not the “strong” generator of the Hille-Yosida theorems. This is partly a matter
of taste; the weak generator seems more natural probabilistically. However if
T.f(x), TP f(x), T.f(x) — f(x) uniformly for all f(x)e B, the weak and strong
infinitesimal generators would coincide on B, and what follows would hold
a posteriori for the strong generator as well.

We are now ready to state our main results, which depend, if {¢,(w)} is con-
tinuous in ¢, on the operators

S = B[ e ) dbio)]

for nonnegative f(x) € Z*(X). If (2.2) does not hold, the results to follow are valid
provided S, is replaced by

Q7 Sfe) = —Ex( f " e 29fxy(w)] exp g, - (w)] d(exp [—qss(w)]))-

THEOREM 2.1. Let {¢(w)} satisfy (2.1), and assume {T;} is some Markovian semi-
group on X which satisfies (2.5). Assume further that S\1(x) <o for all x and some
A>0. Then

(2.8) A, < A\(I-S\(K~-1I))

where the right-hand side of (2.8) is interpreted as a linear operator whose domain is
the set of all f(x) € B with f—S\(K—1I)f € 2(A).

A version of Theorem 2.1 where A=0 is stated in Theorem 2.4. The question of
equality in (2.8) (i.e. when fe 2(A)iff f—S\(K—I)f € 2(A)) is important as it
gives a sufficient condition for f(x) € 2(A). This, in turn, is closely connected with
the question of uniqueness of solutions of (2.5). (See §4 for proofs of Theorems 2.2,
24)

THEOREM 2.2. If B= By, the inclusion (2.8) is attained for any solution {T}} of (2.5)
iff there exists a unique Markovian semigroup solution of (2.5), which occurs iff there
exists no nontrivial bounded measurable solutions of the equation

29 169 = Eo(e™ [FOIKCx, )

For a general B, the inclusion (2.8) is attained (in B) iff (2.9) has no nontrivial solu-
tions f(x) € B, either of which implies that (2.5) has a unique solution {T,} subject to
{T,} and {R,} preserving B. A sufficient (but not necessary) condition for equality in
(2.8) etc. (for any B) is either of

() P(rsSt)<a<l, somety,>0,allx,

(2.10)

(i) E(¢,) < C < oo, some t, > 0, all x.

Condition (2.9) (and its proof) are actually generalizations of Feller’s work on
continuous-time Markov chains [3]. (See e.g. Theorem 7.7.5, p. 368, in [24].) As
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in Moyal [13] uniqueness fails in Theorem 2.2 iff the successive “random jumping
times” of §1 have a finite upper bound with positive probability. Nonuniqueness
results from the fact that (2.5) only prescribes the behavior of the process P’ up
to such an ‘“explosion” time; at such a time the process could jump anywhere it
likes without affecting (2.5). The question of when finite explosion times can occur
with positive probability (at least when K(x, 4)=2§,(A4)) is considered in greater
detail in §3.1.

For branching Markov processes these results take the following form (see §6 for
details). The term ‘‘branching Markov process” here will refer to the same set-up
as in §1, except that at the random time the process P may branch into multiple
copies of itself at various locations, which then proceed independently of one
another and of their parerts. Each has its own 7 independently of other particles,
and eventually branches into daughters of its own (leaving sisters and aunts undis-
turbed), etc. If P={x,, B;} is a process as before on a metric state space D, the new
process will live in the space X=J§ D*={0} U DU Dx D U - - -, where D" refers
to possible distributions of n existing particles and @ refers to the extinction of all
particles (i.e. all die childless).

The process P on X is constructed (see §6) from the process P (on D), the branch-
ing time distribution {¢,} (via (2.3)) and branching location distributions {m(a),
ma(a, E)} (@a € D, Ec D") for a single particle. We define a nonlinear operator .# for

fl@e£=(D), |fl@|=1, by

2@ = 3 [ foma )
@.11) °
— mo@)+ fD f(B)mi(a, db)+ fD fD FBOfbo)mala, dbyx dby)+ - - -

where f(y) is defined by (6.8). By construction £1(a)=1; if for example m,(a, E)
=p(@)8q.c.....o(E), then Lf(a)=3 p.(a)f(a)". Let A be the weak infinitesimal
generator of P on X (with B= B, for simplicity) and A the generator of P on D
(again with maximal domain). Then

THEOREM 2.3 (see §7 for proof). Assume {$,} satisfies (2.1), and that E(¢,) < C,
for all ae D, where C, | 0. Then
(2.12) Z)\ < A;\(I—S)\(g‘—'l)) in D,

in the sense that if f(x) € D(4), then f(a)—S\(L —1)f(a) € D(A) on D and A, f(a)
can be calculated by (2.12). Moreover, the inclusion (2.12) is attained for | f(a)| S c < 1.
That is, if | f(@)| £ c < 1, then f(a)— S\(<Z —I)f(a) € D(A) on D iff {(x) € 2(4) on X.

COROLLARY. Assume f(a) € £ *(D) satisfies | f(a)| S c <1 and f(a)—S\(ZL —1I)f(a)
€ 9(A), and define

(2.13) ua, 1) = E([ [ /&)
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where the product is over the (random) number of particles alive at time t which are
descendents of a single particle initially at a. Then, u(a,t) is the unique regular
solution (i.e. u(a, t)— S\(-Z —Du(a, t) € D(A) for all t>0 with |u(a, t)|2c’'<1) of
the formally nonlinear equation

(2.19) (@*/ot—Nu(a, t) = A\(I—S\(Z —D)u(a, t)

with u(a, 0)=f(a), where ““9* [0t” is a one-sided derivative.

Proof. Evidently u(a, t)=T,f(a), where f(x) e D(4). For uniqueness, use the
product rule to extend (2.14) to X and apply Theorem 2.3 and standard semigroup
arguments in X.

That we can get equality in (2.12) in any sense might be unexpected, since even
with E,(¢,) < C, | 0in D itis possible to have ““finite explosion times”” and definitely
possible to have multiple semigroup solutions of the equation in X corresponding
to (2.5) or nontrivial solutions of the analogue of (2.9). However, if we assume for
example

Z nm(a, D*) £ Q < oo, ae D,
0

in combination with E,(¢,)<C, | 0, then by standard arguments we can exclude
“finite explosion times” (or nonuniqueness in X) and conclude equality in (2.12)
for | f(a)| = 1.

We have the following version of Theorem 2.1 for A=0; similar arguments could
also be made for branching processes. See §4 for proof.

THEOREM 2.4. Assume {¢,} satisfies (2.1), and also that E({) < C<oo. Let {T;} be
a Markovian semigroup solution of (2.5), and let Sf(x)=S,f(x)=1lim,_, Syf(x) in
(2.7). Then if S| f|(x) <0 and SK|f|(x) <o for all x and f € D(A4),

(2.15) A < A(I-S(K-T)).

If E(0) £ C for some solution of (2.5), then the three “‘iff statements carry over from
Theorem 2.2 with A replaced by zero. A sufficient condition for E.({) < C, as well as
equality in (2.15) etc., is (2.2) combined with one of the conditions (2.10).

ExaMPLEs. (1) Assume {¢,} is of “Kac type,” i.e.
t
2.16) 4@ = [ Vinnd, 0sv@sc
V]
where f(x) € B implies V(x)f(x) and Kf(x) € B. For example, if B=BC(X), if

V(x) € BC(X) and K is Feller, then S, f(x)=R\(Vf)x) by (2.7), (2.16), and (2.10)
is satisfied since E,(¢,) < Ct. Hence by Theorems 2.1, 2.2

Z;\ = A)\(I—SA(K_I)) = AA—AARAV(K_I)9
A =A+V(K-1), D(4) = 2(A),

(2.17)
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which has been (essentially) obtained by [6], [18], J. Haezendonck (personal com-
munication) and perhaps others (it is even implicitly in Moyal [13, Theorem 4.2]).
On the other hand, if B=BC(X), K is Feller, {T}} is strong Feller (then all semi-
groups involved are strongly Feller; see §5), but V(x) is not continuous, then (2.17)
could not hold (in B) and (2.8) could not be simplified.

(2) Set K=0. Then, T;=T; and P’ is the subprocess of {x,} associated with
{exp (—¢,)}. The uniqueness criterion (2.9) is straightforward and

(2.18) A = A +S)).

(Theorem 2.1 requires S,1(x)<co, all x, but one could argue directly from (4.2)
and Theorem 3.1 with no extra hypotheses beyond (2.1).) If E({)<C, then a
posteriori Ex({)<C and A°=A(I+S).

These formulas, in the form of operator inclusions, were obtained for the strong
generator in [2, Chapter 9] and [21] under assumptions similar to (2.10). Operator
equality in (2.18) was obtained for large A by [2], who also remarked that the
inclusion (2.18) also held for the weak generator.

A converse of Theorem 2.1, giving conditions implying that a process P={x;, B}
is a process P’ for some other process P, is given in §9. In §5.2 (with some extra
conditions on {¢,}) we derive a formula which is the analogue of the Feller forwards
equation for continuous time Markov chains ([1], [3]). We note that if P(z, x, A)
=8,(A), then (2.5) reduces to the Feller backwards equation for P(t, x, 4) and
(5.11) reduces to the forwards equation (see §5.2).

2.1. We conclude §2 with some applications of Theorems 2.1-2.4 to partial
differential equations. Let

2.19 Ay = i 2”: a,/(x) &%/0x,0x;+ i by(x) 9/0x;+ c(x)

be a differential operator in R", where {a;/(x)} is uniformly elliptic, the coefficients
are uniformly Hélder continuous and bounded, and ¢(x) £0. Let @ be a bounded
open set in R* with C3-boundary 80. We consider first the natural diffusion process
P in 0 corresponding to the generator (2.19) which terminates in 80, and show the
effect of jumping induced by a local time on a submanifold of codimension one in
the interior of @. Secondly we prove a theorem which is perhaps more usual from a
partial differential equations point of view, which results when a diffusion process P
with reflecting boundary condition on 9@ is forced to branch into copies of itself
on d0. Alternate versions of the two theorems are possible; e.g., with a nonlinear
boundary condition on the submanifold in place of (2.21), or a boundary condition
of lateral type on 90 instead of (2.24).

THEOREM 2.5 (see §8). Let I' be a closed submanifold of O of class C*** and
codimension one, and choose B(x) € C(T') with B(x) =0, B(x)=0 on oI'. Let K(x, A)
be a Feller substochastic kernel on 0, and let P be the process resulting from Theorem
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2.1 for {¢,} being local time on T with weight B(x) (see §8) as above. Then, if f(x) € C(0),
u(x, t)=E.(f(x))=T,f(x) is the unique solution of

(2.20) u(x, 1) = 0on 80 (t> 0)’. u(x, 0) = f(x),
olot u(x, t) = Au(x,t)in O—T, t>0,

@20 HD;+Doutx, 1) = —B)|( f@ u(y, DK, dy)—u(x, 1))

for all x € T, where D are the twin outwards-pointing conormal derivatives at x € I
Finally, f(x) € 2(A)iff f(x) =g(x) + k(x), where g(x) € D(A), k(x) € Co(€) N CH(O—T),
A.k(x)=0 in O—T, and f(x) satisfies (2.21). (Co(@)={f € C(O): f=0 on 20}.)

REMARKS. (1) Note D} g(x)=— Dy g(x) if g€ CY(0); thus (2.21) represents a
jump condition in the conormal derivative as one crosses I'. Also, 2(4) can be
characterized in terms of Sobolev spaces [20]; in particular 2(A) is the same as
when A4,=V2 and 2(4)< CY(0).

(2) If A,=4V?, P is Brownian motion terminating on 0. Hence fe 2(4)iff f
=g+k, where g € 9(A) and k(x) is harmonic in @ —TI" with k(x)=0 on 00 and
such that (2.21) holds for f(x).

THEOREM 2.6 (see §8). Assume a;(x) € C2+%(R"), by(x) € C***(R"), and choose
functions {8(a), p.(a)} on 00 such that B(a) 20, B(a) € C*(00) and

O 2@ 20, >p@=1,
(2.22) ’

(i) glpn@—pn(b)l < Cla—bl~.

Let P be the branching process on X=\_) O™ corresponding to P with reflecting
boundary condition on 0 and generator (2.19), where {¢,} is local time on 00 with
weight B(a), and such that if P branches at x=a € 90, n descendents are then released
at a with probability p,(a). Then if f(a) € C(0), | f(a)| < C< 1, and u(a, t) is given by
(2.13), we conclude u(a, t) € C*(0) N C*(0) for fixed t>0 and u(a, t) is the unique
solution of (t>0)

(2.23) @lot—Au(a,t) =0 in0, u(a, 0) = f(a),

2.24) D,u(a, t) = —B(a) (E:: pr(@u(a, t)"—u(a, t)) )

for all a € 80, where D, is the inwards-pointing conormal derivative on 80. Moreover,
if |f@)|£C<1, f(x) e D(A) iff f(a)=g(a)+k(a), where g(a) € D(A) in 0, k(a)e
C2(0) N C*0), (A,—Nk(a)=0 for some A>0, and f(a) satisfies the boundary
condition (2.24).

In Theorem 2.6, the process P branches on 20 into copies of itself at the same




1970] A FORMULA FOR SEMIGROUPS 9

location in @0. More complicated branching rules could, of course, be used and
would lead to more complicated versions of (2.24).

REMARKS. (3) The condition that p,(a) =0 in (2.22) is not essential as long as the
series > p.(a) converges absolutely and uniformly; one can construct ‘“anti-
worlds” for the branching particles to visit and return and a comparable expecta-
tion to solve (2.23), (2.24) with {p,(@)} of varying sign ([14], [26]). Similarly, the
term “—u(a, t)” can be removed under certain circumstances ([14], [15], [26]).

(4) Parabolic linear partial differential equations with nonlinear boundary condi-
tions have been considered by various authors (e.g. [4, §7.5]) but always under the
assumption that the boundary condition corresponding to (2.24) is monotone in .
These results, especially in view of the third remark, do not seem comparable. Also,
we remark that (2.23), (2.24) was regarded as holding “in a weak sense” by Ikeda,
Nagasawa, and Watanabe ([6, II]) on the basis of results in [17], but no further
discussion or proof of e.g. differentiability was given.

Theorems (2.1)2.4) were presented in a colloquium at the Courant Institute in
April, 1968.

3. Lemmas on multiplicative functionals. Here we consider the additive func-
tional {¢,} in multiplicative form. We call a collection of random variables {«,(w)}
a (contractive) multiplicative functional of the process P if «(w)=exp (—¢(w)),
where {¢,} satisfies (2.1) with (2.1 (iii)) replaced by (iii)’ ¢o=0, 0=¢,<oco0. Thus
ow) { in ¢, and e, , ;= «,0,0;. In the first part of §3 we also assume that the analogue
of (2.1 (iii)) holds, i.e.

3.1 ow) > 0 for all ¢ and w.
For 7(w) as in (2.3), we define operators

() SHE) = Ee™f()) = — B[ f " ef(x,) d)
3.2

@) Sufe) = —Eof | e w) dacfes )

for nonnegative Borel functions f(x). If e (w)=exp (— ¢(w)), then (3.2 (ii)) reduces
to (2.7). The purpose of this section is to prove (see also Theorem 3.2)

THEOREM 3.1. For Borel functions f(x), 0= f(x)<C, A>0,

0 §<s:)"f(x) — S,
@) lim (S9Y(x) =0 for all x.

(3.3)

We begin by extending the probability space on which P={5c,, B} is defined to
construct a sequence of nonnegative random variables {r,} such that 1,=0 and

(3'4) Px(7n+1 > I/Bco, T1s T2s -« Tn) = X[t,.>t]+X[r,.§t]01,,,at-1;.(w)

where the superscript © here means that the preceding 6-operator is to be ignored
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by the variable superscripted. The variables {7,} are the successive “random times”
of §1 in the special case where K(x, 4) puts mass one at x. By defining

(3'5) agn) = Px("'n > t/Bao)a

we obtain a sequence of (not in general multiplicative) functionals of the process P
satisfying the recurrence relation

t
(3.6) o = otV f I
1]

Equivalently we could have simply defined o’ =, and {{™} by (3.6). In particular,
o™ is B;-measurable for all #, is right continuous in 7 (here any integral [° ¢(u) df(u)
means the integral over the cell (q, b]), and 0o’ <{®< ... <1. The importance
of the {«{™} for Theorem 3.1 is

LemMA 3.1. For all f(x) e (X)), n21,
(SDYE) = Edexp (~an)f () = —Eo( [ e fx) dup)
Proof. By induction on n
(SFG) = (S ISY() = Eulexp (= Ara_)S3(xs, )
- —Ex(exp (—Af,,_l)Ex,"_l( f: e=Mf(x) das))-

We would now like to use one of the several equivalent forms of the strong Markov
property for r,_,. However, we are only given here that P={x,, B} is strongly
Markov, which guarantees the strong Markov property for stopping times B(w)
with {8>1t} € B, for all . It does turn out, though, that condition (3.5) with o™
being B,-measurable for all ¢ is sufficient for the strong Markov property for 7,.
We deter a proof to §5.2. In any event, by the strong Markov property at 7,_,,

(DY) = —Exfexp (=Ara-)0s,_, [ e7f(x) des)
= B[ [ emer oo 08, o e =)

— B[ efx) )

as a direct result of (3.6) and

LEMMA 3.2. Assume f(s), g(s) are right-continuous, real-valued functions on
[0, 00) which are decreasing in s and satisfy f(0)=g(0)=1,0=f(s)<1,0=g(s)<1.
Set

wo) = 1)~ [ 81— @,
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Then for any nonnegative Borel function ¢(u),
[T s6+nawssan =~ bw dit.

Proof. Straightforward if ¢(u)=x;0,4,(1); the general result follows by monotone
class arguments. The key result for the proof of Theorem 3.1 is

LeMMA 3.3. For jointly measurable functions g(s, w)20, t>0,
G.7) 2 f: g5, w) do® = f: £(5, @) dayfor_.
Proof. Since oy(w)>0, (3.6) implies
o = ol P, [ Uy deg
= ot afelr e — +a, [ a0 d(1fe);

(338) e = 1 [[ e e e
0
by integration by parts. Secondly, the identity o{™ = o,{™ /e, and (3.8) yields
def® = o d(efV[er) + Py doyy = (f® — o2 V) doyfo,_, 1 Z 2,

where the “d”’ notation means that the corresponding integrals add in that fashion.
Thus, since "~V < ™ and de{P=o,_ doyfe, _,

> de® = h(t, w) deyfe, -
1

where h(t, w)=lim,_, , «{”(w) < 1. Hence, to complete the proof of Lemma 3.3, it
only remains to show

(3.9) nlirg M(w)y=1, O0=2T< 0.
Let ¢ be a point of continuity of A(s, »); then by Fatou’s lemma in (3.8)
h(t, w) 2 o4+ o J: h(u+, w) d(1/e,)
= et alh(Ofe—D—a [ diGa,
W1, @) 2 bt )=, [[ dh@o-.

However h(t, ») | in ¢; thus dh(x)=0 and A(t, w)=1.
Proof of Theorem 3.1. Equation (3.3 (i)) follows by taking g(s, w)=e~*f(x(w))
in (3.7); for (3.3 (ii)), note that for any T>0

(SY() = —E,,( j ® e=Mf(x) dagw) < Ce~" 4 CE(1— o

and (3.9) implies the rest of Theorem 3.1.
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COROLLARY 3.1. Assuming afw)>0 for all t, w, 7,(w) — o© a.s. P,, all x.
PROOF. 7,4 by (3.4), but P (7, =T)=E.(1—a) — 0.

3.1. Let {¢(w)} be a contractive multiplicative functional as before. In this

section we consider the limiting behavior of the “successive random times” {7}
with, instead of (3.1), the weaker assumption

(i) If B(w)=sup{t : o(w) > 0}, then P (B < o0, a5_ = 0) = P, (B < o).

(3.10) . .
(ii) For any ¢, f,0(w) is (s, w)-measurable.

That is, if «(w)=exp (—¢(w)), the additive functional {¢,} may become infinite as
long as it does not suddenly jump to infinity. The analogue of Theorem 3.1 is

THEOREM 3.2. For {,} defined by (3.4), f(x) € Z>(X), f(x)=0,
(3.1 l) 'r,,(w) —> ﬁ(a)) a.s. Px, all X,

o

(3.12) > (Sf(x) = Spf(x).

Moreover, if {x,(w)} is quasi-left continuous with left limits {x, _(w)} and f(x) € BC(X)
(3.13) Tim (SPY(x) = Exle™(xy).

We recall that a Markov process {x;, B;} is quasi-left continuous if
P (xg, — x5 a.5., B < 0) = P(B < )

for any sequence of stopping times {B,, 8} with B, 4 B. Equation (3.11) is curious
since none of the {r,} are, in general, B,-measurable, while 8(w), defined by (3.10),
of course is. The proof of Theorem 3.2 depends on

LemMA 3.4. For {«{™, B} as before
P(w) -1, 0 =T < B(w),
P(w) = o (w) = 0, Blw) = T < oo.
Proof. If 0 < T <B(w), then e(w)>0for 0=t=T, and of’ — 1 follows as before.
Now assume T, < T<fB(w) and by induction ft~V(w)=0. Then by (3.8)
T, T
AP S artar [ dQUe) varat [ dUa),
0 V]
of? < agfap,+eof,”Y,

and « =0. By monotonicity =0 for 7=28. Q.E.D.
Proof of Theorem 3.2. First 7,4 by (3.4), and

P(B—e < 1, S B) = E e, —a)—> 1.

Hence 7, — B a.s. (3.12) follows as before; (3.13) follows from Lemma 3.1 and
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(3.11) if we can prove that x;=x,_ a.s. where B <oco. However, if
B, =supf{t:o = 1/nt < n},
then B, <8, B 1 B, and hence x;=x,_ a.s. if B<oo. Q.E.D.
3.2. If the analogue of (2.2) holds, i.e., if «y(w) is continuous in ¢, then (3.6) can
be integrated in closed form. L.e., by (3.8)
/e, = ]+£ o Vfe, dlog 1/,
and by induction (see also [7])
oM = o nil 1/K! (log 1/e)%
from which Theorem 3.1 is immediatz. If
N(t, @) = n, (@) St < 7pyy(w),
=, Plw) 21<oo,
then, given B, N(Z, w) even becomes a Poisson process with rate log 1/c,.

4. Proofs of Theorems 2.1, 2.2, 2.4.
Proof of Theorem 2.1. Let {7;} be a semigroup satisfying (2.5), i.e.,

TS) = T+ Ex(xusa [ Toe SOIK s )
for all f(x) € B. Taking Laplace transforms
Ruf() = RS+ [ e Eufxusn [ Tief 0K ) de
= RIO+ES([” [ e TSR ., ) )

- R;‘if(x)+Ex(e““ jx RSOV dy))
= Rf(0)+ SKRS()

for Sy defined by (3.2). Hence R;f(x)=(I—SyK)R,f(x). Now, by the strong
Markov property at 7 (see Theorem 5.4) T, f(x)=T; f(x)+ E.(xas5T:-.f(x;)) and
by the same argument R; f(x)=(I— S3)R,f(x). Hence for all N

N
(g (SK)")R‘Xf(x) = U= (SY"*HRSG) = Ruf () (SYV* Ry f(3).

Taking N — oo and applying Theorem 3.1 (since any f(x) € B is the difference of
two nonnegative bounded Borel functions) gives

R f(x) = (I+ SR f(x),
Ry f(x) = (I+ SV~ SRK)R ().

@.1)
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Thus (I+ S,)(I— S3K) maps 2(A4) onto 2(A) and
4.2) AT+ S)I—SK)R, = =1, A, < AT+ S)(I— S3K).
Next, if 0= f(x) < C, again by Theorem 3.1,
SASf(x) = Spf(x)— SR f(x)
and as soon as S,|f](x) < oo for all x (note S,|f](x) < | f]|SAl(x))
4.3) T+ S)T— S3K)f = f+ Saf—SrKf— SiSaKf = (I- S(K-1D)f
and hence by (4.2)
“4.4) A, < A\(I-S\K-1)).

COROLLARY 4.1. If we remove the condition that Sy1(x) <o for all x, Theorem 2.1
remains valid with (4.4) or (2.8) replaced by (4.2).

Proof of Theorem 2.2. For A>0, 4, is one-one and onto B, and the expression
on the right-hand side of (4.4) preserves B by definition. Hence it is strict extension
of A4, iff there exists some nonzero f(x) € B such that

4.5) ANI—S\K-1))f(x) = 0.

Since A, is one-one on 2(A4), (I— S\(K—1))f=0. Hence f(x)=S\(K—I)f(x) and
by (3.3)

Sxf(x) = SXSAK—Df(x) = f(x)— SYK—Df(x) = f(x)— S3Kf(x)+ S f(x)

and f= S3Kf, which is exactly (2.9). Similarly (2.9) implies (4.5) by (4.3), and hence

(note that any bounded measurable solution of (2.9) is automatically in B,) the

inclusion (2.8) or (4.4) is proper (in B) iff there exist solutions of (2.9) (in B).
Next, we remark that if (2.8) is attained in B, then (2.5) can have only one semi-

group solution {T;} with T}, R, preserving B, since condition (2.9) is independent of

{T} (it only depends on B) and (2.8) prescribes A, exactly. It only remains to show

that nontrivial solutions of (2.9) imply multiple semigroup solutions of (2.5) in B,.
We now define a sequence of functions { f,,(x)} by fo(x)=1 and

.6) Sunr@®) = Ex(e™ | £,0)KCx, d)-

Since fi(x)=fo(x)=1, f2(x) |, and by induction 0= f,(x)<1. Hence f,(x) | f(x).
If (2.9) has a solution g(x) with |g(x)| =1, then |g(x)| = SxK|g|(x) = fi(x) and by
induction | g(x)| £ f.(x). Hence | g(x)| < f(x); also note that by (4.6), f(x) is a solution
of (2.9). Thus (2.9) has nonzero bounded solutions iff f(x)#0. Next, if P’ ={x;, B;}
is the process constructed in [5], [6] in the context of §1, let {r,} be the successive
random times at which “jumping” occurs and let ®(w) be a random variable
measurable with respect to {x} and {r,,}. Then, if E;(|®|)=Pa(r; <0)=0,

@7)  Eyexp(—Ar)b,®) = Ex(exp (=) fx EJ®)K(x,, dy))-
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(See [6, 11, §2]; here 0, 7,=7,.,—7,.) Hence by induction
4.8) Sa(x) = Ex(exp (—Ay))

and f(x)=E,(exp (— Ar,)) where 7, =Ilim 7,. Thus (2.9) has nontrivial solutions
in By iff Py(7, <0)#0. The last part of the argument can also be done without
reference to the process {x;, B;}, since, in the notation of Moyal,
1) = J' e~Na . (d1, %)
V]
([13, p. 245]). Moyal shows that (2.5) has multiple solutions iff ¢,(#, x) #£0; indeed,
an easy calculation shows that any solution of

TS0 = T+ Exfxoo su [ Tims SOV@)

is also a solution of (2.5) for any probability measure /(4) on X.

Finally, according to Theorem 5.1, either of conditions (2.10) imply |Sxf|
<Bllfll, Br<1, for all A>0, where | f|| =sup,. |f(x)|- Hence if f(x) is any solution
of (2.9)in By, || f|| = | SRKf|| <Bxllf1| < | f]| unless f(x)=0, and the proof of Theorem
2.2 is complete.

For Theorem 2.4 we need

LemMaA 4.1. Let {T.}, B, 2(A) be as in the discussion after (2.5), and E({)<C.
Then, A is one-one from 9(A) onto B, and RyA< AR,= — I, where

Rof0) = [ Tufy ds = E.( [ 100 )

Proof. Clearly |R,f(x)| = ||f|E-(0)<C|fll, and R, is a bounded linear operator
on X. The proof of the lemma is standard; see e.g. Theorem 1.7’ in [2].

Proof of Theorem 2.4. First, if g(x) € 2(A), then g(x)= R, f(x) for some f(x) € B,
and f(x)=Ag(x)— Ag(x). Hence by (4.1), (4.3),

AR, g(x)— R,Ag(x) = g(x)— S\(K—I)g(x).

If SoK|g|(x)<oo and S,|g|(x) <o, then S(K—T1)g(x) — S(K—I)g(x) as A —0,
and in the limit

' — RoAg(x) = g(x)—S(K—I)g(x).
Hence 4 < A(I-S(K—1)). Second, if E,({)<C, then A4 is also one-one and onto
by Lemma 4.1, and (2.15) is a proper inclusion iff there exist g(x) € B,

S(|Kg—g|)(x) < oo,

such that g(x)=S(K—1I)g(x). As before we conclude g=S°Kg, where S°g(x)
= E,(g(x;)). Similarly, if P,({' <o0)=1, g=S°Kg has nontrivial bounded solutions
iff Py(7, <00)#0, etc.

Finally, (2.10) plus E.({) < C implies |S°f|| =8| fll, B<1, by Theorem 5.2 and
a posteriori | Sf| £ Q| f], @=B/(1 —B). Uniqueness follows as before.
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5. Random lemmas. Let {¢,}, 7, S\ be as in §2 and set Syf(x)=E. (e *f(x,)).
Then '

THEOREM 5.1. The two conditions
1) () P(r=t)=a<]l, somety, >0,
@) Si(x)=B<1, all X > 0,
are equivalent and are implied by
(5.2) sup E(¢:,) = C < 00, somet, > 0.
If {¢,} is continuous in t (for all w), then (5.1) and (5.2) are equivalent, and are
equivalent to S)1(x) £ C, <o, all A>0.

Proof. If (5.1 (i)) holds, Sxl(x)=E. (e )< a+exp (= At)(1—a)=B,<1 (note
P.({£7<00)=0 by (2.3)). Given (5.1 (ii)), then conversely, P(r<t)<eME, (e” )
<eMB, <1 for sufficiently small ¢. Given (5.2),

S =~ B[ e d(exp(—qss») =M [T e B —exp (—4) ds.

By concavity of the function ¢(x)=1—e"7%,
SHE) S 1 [ eI —exp (~ E4) ds
0

t
<A f ° e=M(1—e=C) ds+exp (— M) = By < 1.
[\]
Finally, (5.1 (ii)) implies S)1(x) < C,=8,/(1—B,) <o by Theorem 3.1, while if {¢,}
is continuous Sy\1(x)=E.(fg e~ dp,)Z e *E.($;). Q.E.D.

THEOREM 5.2. Assume {$,} is continuous (i.e. satisfies (2.1), (2.2)), satisfies either
(5.1) or (5.2), and E L)< C. Then E(¢)=E($p)<C’ and S°1(x)<B<1, S1(x)
=C’'<oo.

Proof. By (5.2) and basic results on continuous additive functionals (see e.g. [2,

Chapter 6
apter 6) E{$) S Co(l+1) = O(1)  (as t > o),

E.(¢?) < 2sup E(4,)* = O(t?) (as t — o0).

Now, if P,({>1)ZC, for all x and ¢, then P.({>2t)=P({>1t, 6({>1))<C? and
P,(£>1t)< C"e2* for some «>0. Hence

E{$) = D Eu$ns1Xmscsn+n)
1

S 3 @R 2

IA

-]
CZ ne " < oo.
1
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Similarly, E.(exp (—¢;)) Zexp (— E,(¢;)) =8 >0 by convexity and
S°lx)=P(r <) =E(l—exp(—¢)) = 1-B < 1.

Finally, S1(x)=E.(¢.)<C’'<oo by Theorem 3.1. Q.E.D.

5.1. We next prove a result which would imply, in particular, that if {T}} were
strongly Feller and (5.4) held, then {T}} and {T;} would also be strongly Feller. We
recall that £*(X) denotes the set of all bounded Borel functions.

THEOREM 5.3. Let Q be a closed linear subspace of £*(X), and suppose that
T,: >(X)— Q for all t>0. Assume also

(5.49) P(r =t)=0(l) ast—0 uniformlyin x.

Then T : (X)) — Q and T,: L*(X) — Q for all t>0, where {T} is the unique
solution of (2.5).

Proof. Uniqueness of {T;} follows from Theorem 2.2. Next, if f(x) e Z*(X)
and O<s<1,

ITTE-of =T | = I(Te=THTof 1| = |f] sup Ex(1—exp (—¢,)
< |f] sup Pl < 9)

where || f|=sup, |f(x)|. Since Q is norm closed and T,Ty_.f€ Q for all s, we
conclude T} € Q for all ¢>0. With reference to (2.5), we remark

Ex(xesn [ TieofOIK G )~ Ex (15050 [ Tic SR, dy))[ < |fIPdr < o)

and

Ex(X[s§1§t] fx T,_.f(»)K(x., dy))

= B[ KTo-ufw) dexp (~))

t—¢

= —Ex(exp (—¢5)05( o
=TT~ T )f(x) € Q

since T;: Z*(X)— Q. Thus both terms on the right-hand side of the basic
renewal equation (2.5) belong to Q, and T,f(x) € Q as well.

REMARK. If X is compact and Q=C(X), then (5.4) is actually necessary and
sufficient. Indeed, if 1 —T71(x)=P,(r<t) € C(X) for all >0, then (5.4) follows by
Dini’s Theorem.

5.2. An extended strong Markov property This section is devoted to the
necessary question of whether the strong Markov property is valid for the random
time 7 of (2.3) (and the times =, of §3). We are given that {x,, B,} is a strong Markov

KT, oo f(5) d(exp (~4)))
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process, which implies the strong Markov property only for random variables B(w)
satisfying {B>1} € B, for all ¢. If {x;} were a Feller process with right-continuous
paths, or indeed if {x;} merely has right-continuous paths, since {x,} is always Feller
in its own fine topology, there is no trouble; the usual Dynkin-Yushkevich proof
would go through on the basis of (2.4) or (3.5). In any event, fine topological argu-
ments can be avoided, and we would like to give here a short proof of the strong
Markov property for = which does not even require that {x,} has right-continuous
paths, provided it is progressively measurable and has a metric state space.

THEOREM 5.4. Let {x,, %}, where B,=\is>0 Bl{xs : sSt+e}], Bo=\ ., be a
strong Markov process defined on the probability space (Q, %, P,). Let 7(w) be
a nonnegative random variable on Q such that

(5.5) P.(r > t|#B,) = yw) is (ess.) Br-meas.
for all t, and define
F ={E€cF : PAE, 7 < t/%B.,) is (ess.) Br-meas., all t, x}.
Then, given any t >0 and Borel set A< X
(5.6) P(x;4,€ AJF) = P(t, x,;, A) a.s.

where we define x,=A if r=oc0. Other forms of the strong Markov property follow
by standard arguments.

Proof. First we remark that x; is &,-measurable, since
t
Puricd, S 1182) = - [ xx) dy,

is #,-measurable by (5.5). Next, we show that for a general & -measurable random
variable ®(w), with 0= P(w)=1,

Ex(q)XA(xt+1)) = Ex((DP(t, Xzs A))
Let ¢,(w) be a right-continuous increasing %,-measurable version of

(5.7 gl(w) = E(P(0)xusn/Bo)(w)

and let m be a uniformly distributed random variable in [0, 1] which is independent
of {x,}. Define

Blw) = sup{r: qw) = m}, Bfw) =supf{t:qw) <5}, O0=s=1

Then, By(w) are %.-measurable stopping times for which the strong Markov
property is valid, and

PB = 1|B.) = PAq: > m|%.) = gw) as.
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Hence by repeated use of monotone class arguments (note x,, =A) and (5.7)

E@x5i0) = Eof [ xai00) da)
— Ea(4p)) = EoEuxaesp)lm)
= [ Etxutns ds = [ EAPG 50, 4D ds
= E(P(t, x5, A)) = E(DP(t, x;, A))

by (5.7) and the strong Markov property for ;. Q.E.D.
ReMARK. The above proof shows, in particular, that the strong Markov property
for the process {x;, %} is a consequence of the apparently weaker condition

E(xa(X¢+2)) = EXP(2, x,, A))
for all Markov times 7.
5.3. In this section we assume
(i) {¢:} satisfies (2.1), (2.2), and Syx4,(x) <o for all x and n, where {4,} are
Borel sets with 4, } X.
(ii) P(¢, x, A) has a density p(z, x, y) with respect to a measure “dy” on X.
(iii) There exists a nonnegative Borel measure x on X such that

£ = |, [ oo x yyutas) ds,
(5.8) t ;
E([ s db) = [ pto.x fuidy) ds

for all f(x) e £=(X) with f(x)=0, whenever either side of an equation is finite.
(In particular, if f(x)<yx4,(x) for some n.) For Brownian motion, any additive
functional satisfying (2.1), (2.2) must be of the above form, and the p’s which occur
can be explicitly characterized (see [2, Chapter 8], [9]). For example, {¢;} of Kac
type corresponds to u of the form u(dy)=V(y) dy, and “local times™ to n con-
centrated on manifolds of codimension one.

Since P°(t, x, A)S P(t, x, A), P°(t, x, A) also has a density p°(¢, x, y). Indeed

LEMMA 5.1. For all Borel functions f(s, x)
¢

69 ([ fom@yexn (g db) = [

(]

[ 26 %9216, yyutay) ds
Proof. By Laplace transform arguments, it is sufficient to prove
$i0) = B | e exp (~ga db) = [ [ e 5 0)f 0ty s

for f(x)20, S,f(x)<oo (all x). Denote the double integral above by J. Then,
writing

T.f(x) = T f(x)+ Ex(xasoTi - f(x2))
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in terms of densities and using (5.8), (2.7), we obtain

f e=Mp(t, x, ) di = f e-“p"(t,x,y)dex(f e-mp(t_,,x,,y)dt),
0 T

V]
Sif(x) = J+ E (e~ S\ f(x)), Sif(x) = J+ S8 f(x).
By Theorem 3.1, S3S,f(x)=S8,f(x)—Sxf(x). Hence S,f(x)=J+ S\f(x)—Srf(x)
and Syf(x)=J. Q.E.D.

Equation (2.5) always has a minimal transition function solution, which is
obtained by iteration in (2.5). In particular (by iteration) it has a transition density
with respect to dy. In general, if {T,} is any solution of (2.5) with a transition
density p(t, x, y), then by Lemma 5.1 and (2.5)

(G.10) B, x,p) = p°(t, x, )+ f: fx 2°, %, 2) L B(t—s, a, p)K(z, dayu(dz) ds.

If P(¢, x, {x})=1 and ¢,(w) =q(xo(w))t, this is exactly the Feller backwards equation.
For the minimal solution we also have the analogue of the forwards equation.

THEOREM 5.5. Let {T,} be the minimal semigroup solution of (2.5) and let p(t, x, y)
be its transition density (where {¢,} satisfies (5.8)). Then, given any f(x) € L*(X)
and x,y € X,

TS = TofG)+ | ’ [ 765, x, KT oSty ds,
(5.11) X

5t %,9) = p°(t, %, 9)+ f [ 76,52 [ pe-s, 0. 9KC datds) ds.

Proof. Clearly the two equations are the same. Integration and Lemma 5.1
applied to (5.10) yields S, f(x) = Sy f(x)+ SyKS, f(x) where

5./(x) = f: f e=5(s, %, Y)f(»)(dy) ds.

Similarly, the Laplace transform version of (2.5) (see §4) is

R\ f(x) = R f(x)+ S3KR, f(x).
Now the minimal solution is the result of iteration in (2.5), and hence p(, x, y)
is the result of iteration in (5.10). Thus the two equations above are also solved by
iteration, and if f(x)=0

S\Kf(x) = ;i(SXK)"f(x),
Rof() = Rﬁf(x)+§ (SSK)RSS(x) = RLS(x)+ SuKRES(X)

which is exactly (5.11) in Laplace transformation form.

6. Branching Markov processes. Let P={x,, B} be a strong Markov process
with right-continuous paths in the metric state space D, and let P(t, a, E) be its
transition function. Set X=J§ D"={0} U DU Dx DU .-, where D" is the
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usual n-fold Cartesian product and o is an extra point. The purpose here is to
extend the process P (on D) to a “branching Markov process” (see [5], [6], [19]) P
on X of the sort discussed in §2. Our procedure will be similar to that in [5], [6]
except for a simpler but less canonical construction; it is given mainly for complete-
ness and later reference. We first extend the process P to a process (which we will
also call P) on X which corresponds to n copies of P (0<n<o0) developing inde-
pendently. If the process P on D is defined on the probability space (2, &% P,), the
probability space of P on X will be taken to be

Qx=OQ"={Wa}UQUQxQU---
0

where if w=(w;, wg, ..., w,) € Q" and 0=t <0,

z(w) = (x(w1), X(w2), . . ., Xwy,)) € D", z(wa) = 0.
The new process P={z,, BX} on X will be subject to the transition function
P@,x,E, x---xE)=P(t, ay, E)P(t,a,, E;)- - -P(t, a,, E,) and P(t, x, X— D")=0
(if x e D™) and P(z, 0,{0})=1, which, as is easily checked, is a transition function
on X. Let {¢(w)} be a functional of P on D satisfying (2.1), and define an additive
functional {¢,;} of P on X by
(6.1) P(W) = 1) +dlwz) + - - - +dlw,), Pi(wa) = 0,
where w=(w,, w,, . . ., w,). Let my, my, ..., m, be n random variables independent
of P and of one another with P(my >t)=e"*, and set

k(W) = sup {t : $(wx) = my}, B(w) = ll;nilsln (W)
for we Q" Then, if x € D",

P(B > t/BY) = P$w1) < my, ..., $w,) < m,/BY)
= exp (— (1)) exp (—di(wy))- - -exp (—pyw,)) = exp (—(w)).
Since this is exactly (2.4) with {i,} in place of {¢,}, B(w) is the corresponding jumping
time. The branching distribution in X will describe the result of one particle being
transformed into many particles at multiple locations, the other particles remaining
fixed, and is constructed as follows. Assume
(i) mo(a) e L*(D), 0=mo(a) 1.

(ii) For each F< X, n,(a, E) e £*(D) and 0==,(a, E)<1.

(iii) For each a€ D, m,(a, E) is a Borel measure on D".

@iv) mo(@)+ 27 m(a, DM=1.

For g(x) € £*(X) and x=(ay, a., . . ., a,), define stochastic kernels {K;(x, E)} by

K = [ s0Kix, D)
(6.2) = g(als Aoy oo o5 Qi—15, Q15+ - - an)‘”o(ai)

+Z J;m g(ala ey Qi bla bz, .. -’bm, Ait15-:s an)”m(ai,dblx' * dbm)
1
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If n=1, the coefficient of my(a) is taken to be g(d), and K;g(9)=g(d). Finally, the
branching distribution in X at the branching time B(w) is given by

(63) u(w, E) = Z X -saKizaW), E)y  lws, 1)) = 1.

The key complication here is that the branching distribution is not a function of
the position zz(w) of the particles; probabilistically this represents the fact that the
particle which caused the branching (8= ) splits into n new particles (0 =n < 00),
the other particles being undisturbed. We are implicitly assuming here that
P.(r;=7;)=0 if i#J, which is guaranteed by E,(exp (—¢;)) being continuous in ¢ for
all a (e.g. if E(¢)=C, | 0).

Let P°(t, x, A)=E.(x4(z;) exp(—1,)), where P={z} on X. Then, according to
Moyal [13], there exists a transition function P(t, x, A) on X which is the minimal
solution of the equation

64)  B(t,x, A) = P°(t, x, A)+ Ey [Xmga [ P—p.5, A, dy)]

on X. Now u(w, 4), as defined in (6.3), is an “instantaneous distribution” in the
sense of [6]. Hence the path-stitching technique of [6] is also applicable and
guarantees a process P={z,, N;} which is a right-continuous strong Markov process
in X. A partial expression of the fact that individual particles develop independently
under P is

LEMMA 6.1. Let B, be the nth branching time (as in §1) of P and let A,, A, . . ., A,
be Borel sets in D. Then, if x=(ay, as, . . ., a,)
P(zie Ay X Agx - X A, Bn S t < Buiy)
(6.5) =

= z Pa.(zt €A, Bk, St < Bx,+1)

Ky+Kg+:+Kp=m i=1
Ltla++ lg=1

Where Ai=Ap‘+1 X Ap‘+2 X oow- XAP|+1’ pi=ll+12+ A +l‘_1, and Ai={a} l:f' I‘=0.
Proof. For 1 <i<n, let z{’(w) be the /-tuple of exactly those particles at time ¢
which are descendents of the ith particle (this will be a consecutive batch of com-

ponents in z,(w)), and let B{’(w) be the /th branching time only among these particles
and their predecessors. These quantities are definable in our model, and indeed

X8 =zaoaB§” = Xis =nl(ﬁ?l 1—B), Xis =n]03m” = Xs= 1.](35” -B)

for j#i. I claim

n
(6.6) PuzPeA,pP <t <Bhipalli)=]]Pufzcd, By, St < By
i=1

Given (6.6), the lemma follows by summation. (At the cost of extra computation,
one could also argue directly from (6.5).)
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First, by the independence of components of the process P in X, (6.6) is trivial
if m=3% K,=0 (for any n). Hence we assume (6.6) by induction for all n and
>* K{ =m’ <m. Also, by the strong Markov property (i.e. (4.7)) or similar identities
in [13]

E(#0) [ PUEYKCx ) = ELGHAE).

Ea(X[t>u]}_)x.,(zt—uEA, Bl é t—u < Bl+1)) = pa(f > u, ztEAa Igl é t < ﬁl+1)a

where K(a, E) is the kernel defined by (6.2) for n=1.

Let Q(t)={z,€ A’, Bx,St<Pg,+1}, 1 Sj<Sn. Then, with the convention that a
variable superscripted ° is held constant in an inner integration, we obtain from the
left-hand side of (6.6)

6.7)

n
2 PB=r<t,z20ecd, B <t < B, allj)
i=1

n
= Z EB=12tP,(2ped, B s t—B < BY+1(j#0);
Ay B S 1-F° < BD)
n n -
= > Eff = s 0] [P @e—r)
T#

[ Par-e B 5 1= < BKG, )
= 2 ( <t H o1 > 7°, P (Qit— 7))

fx P(z-pe A\ Br,y S t—1° < B )K(xs dy))
- 3 E(p = [P > £ Qo)

by induction and (6.6) twice, (6.3) and (6.7), where Q;=Q/(¢).

Now, if K;=0 and B°<¢, Pa,(ﬁ> B°, Q,-)=Pa,(§2,-). Since this factors out of the
last expression, we can assume K;>0, 1=<j<n, in verifying (6.6). But then P,(Q;)
=P,(Q,, BS1) and, if P,(E|B=s) is the Radon-Nikodym derivative of P,(E, B<s5)
with respect to P,(8<s), we obtain from the left-hand side of (6.6)

n

5 0[] TIP@ie-sT1Peed)

=1 ozg<syall jEp<t I=1
t t n_ LR
= f f f [ T1P.(Q18 = 5) ] | PofB e ds)
0Jo 07=1 7=1

_ ﬂ P08 5 1) = [T Puf0)

since P,(B=s)=0, and (6.6) follows for m. Q.E.D.
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For a more detailed analysis of the “descendence-structure” of {z,} with 4=0,
see [25].

For an arbitrary f(a) € £*(D), | f(a)| <1, define a function f(x) on X by
6.8) f(x) = fla)f(@r) - -fan), x=(a,a...,a), f(®) =1

Then, an important application of Lemma 6.1 is the branching property ([5], [6])

(6.9) T/ = T/@)T.f@)---T.f@), T.f@ =1,

which follows from (6.5) by summation and integration. Another application of
Lemma 6.1 is a probabilistic interpretation of iteration in the so-called ““S-equation”
for branching processes; see [16].

7. Branching Markov processes, continued. We are particularly interested in
those f(a) € #=(D) for which f(x) € 2(4) on X, since these will allow us to handle
certain kinds of nonlinearity on D. Let 4 and 4 be the weak infinitesimal generators
(with maximal domain; i.e., B= B, in (2.6)) of P(¢, a, E) on D and P(t, x, E) on X
respectively, and let S, and S, be as before (on D or on X). Then, if £ is the non-
linear operator defined in (2.11),

THEOREM 7.1. Assume {$(w)} satisfies (2.1), E,(exp (—¢,)) is continuous in t for
all a, and that Sy1(a)< oo for all a. Then, f(x) € D(A) implies f(a)— S\(ZL —I)f(a)
€ 9(A) and

(.1 Af@) = I~ S(L~D)f@) inD.

Proof. If /(x) € 2(4), then f(x)= R, g(x) for some g € £=(X). Integrating (6.4)
with this g(x) and a € D yields
(7.2) Tig(@) = T78@+ Eu[oser | Tivsg)Kr )]
where K(a, E) is the kernel defined by (6.2) if n=1. Arguing as in §4, with KR, g(a)
considered as a function on D, we obtain
Rig(a) = I+ S)I-SK)Rg(@),  A,f(@) = —gla) = A+ S)UI—S3K)f(a).

Finally, Kf(a)=%f(a), and S)\#|f|(@)<c by assumption. Equation (7.1) now
follows as in (4.3).

COROLLARY ([6]). If f(x) € 2(4) and x=(ay, ag, . . ., a,),

) = Z @@, o -o

Proof. By (6.9) and the product rule for differentiation.

This proves the first part of Theorem 2.3. For the second part, assume f(a)
— S\(Z —I)f(a) € 2(A) for some f(a) € L*(D); we would like to show f(x) € D(4)
on X. Our plan is first to show that a similar expression is in 2(4) on X, and then
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apply arguments similar to those of Theorem 2.2 in X. First, however, we need
objects analogous to S,Kg(x) and S3Kg(x), which cannot be the composition of
two linear operators here. For simplicity, we assume that {¢,(w)} is continuous in ¢
for w; this is not an essential restriction (see the remark after Lemma 7.1).

LEMMA 7.1. Assume p, K; are as in (6.2), (6.3), {¢,} as above, and g € L*(X),
g(x)=20. Define

swel) = B [ (3, Kiae) ) )

Sing(x) = Ex(e'“’ L g(y)u(w, dy))’

Sxug(d) = Swug(9) =0

where ¢ (w)=d(w;) (see (6.1)) and ddP|dp; is the Radon-Nikodym derivative in s.
Then, if g(x) is as above and f(a) € (D), 0= f(@)= 1, x=(a,, as, . . ., a,),

(1.3)

04 Su-Dfx) = Z ( [7 e erea-ro [17.f@) d¢s),

J#i
(.9 Swi) = 3, (Sl

Proof. First, by (6.2), (7.3), and the definition of .Z,

S\=Dfe) = 3 B[ e i) —Fe) )

2 E
g (f —As(gf(x(i)) f(x(i))) nf(x(!)) d¢(i))
=2k

(f e ™ Lf(x)—f(x) [ | Tof(a) d¢>s)

J#i

since the components {x} of z, are independent. Second,

S)\l"g(x) = Z E (exp( ATi) H X[t,>z;]K'ig(zn))

= > B[ e kg ([ ] exp (~99) exp () )

i=1

= B[ e( 3 Kieted %) exo (— v )

By induction and §3.2 we deduce the same formula for (S3)"*1ug(x) except for a
factor of ¥%/n! in the integrand. Summation yields (7.5).

REMARK. Continuity of {¢,} is not essential in Lemma 7.1; indeed if «’=
exp (—4{") and y,=exp (—,) then Lemma 7.1 remains valid (by Lemma 3.3)
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provided S,ug(x) is replaced by

(7.6) Sxug(x) = —Ex(f: e‘“(z Kig(z,) ‘510;:7:) ::’f)

and similarly dé, is replaced by dey/e;_ in (7.4).
THEOREM 7.2. Assume {¢,} satisfies (2.1) and
(1.7) E(¢) £ C, foralla, C, | 0.

Assume also that |f(a)| £C<1, fla)—S\(Z—I)f(a) e D(4) in D for some f(a)
€ L>(X). Then f(x)— Sx(p—ID)f(x) € 2(A) in X.

Proof. Note that (7.7) implies that E,(exp (—¢,)) is continuous in ¢ uniformly in
a. We assume for simplicity that {¢,} is continuous, even though the proof goes
through equally well in the discontinuous case. First, if x=(a;, as, . . ., a,), t>0,

S\w—=Df(x) = (Lw e (LS (xs) —f(x,)) g T.f(a)) d¢s)’

> E,
TS\~ D) = Z E

(e [ e -ris [17.../@) d¢,)

e 5 B[ e -1 [T Tusta) dh)

i=1

Hence
n t
(T=DS=-DJE) = @ = DS\e=DIW—e > E, ( f . -d¢,),

78 (Ti— D= Sx(p—D)f(x) = — (= DSy —Df(x) + T/ ()~ f(x)

ret 3 £ ([ e —en [ Tusia) )
Fixing n=1 and using f(a) — S\(Z — I)f(a) € 2(A), we conclude
 (r@-r@+E([, @ro)-roxy ab.)) > c@
where C(a)=Af(a)+ Ax(I— S\(Z —1I))f(a), and that the convergence is uniformly
bounded for all a € D by some constant M. Now, if |f(@)| £ C< 1, choose C,, t,

such that C+2E(¢,,)SC.<1. Then, if 0=5¢=¢,,

(1.9) < MinCy.

L7t~ lf[[ﬂao - £ ([} @reo-r as)|

Since we are only trying to show f— Sa(u—1I)f € D(A), it is permissible to neglect
terms on the right-hand side of (7.8) which (i) have a bound of the form Mt and
(ii) are asymptotic (for all x) to an expression C(x)t, where C(x) € B,. However
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the expression in (7.9) is asymptotic to

(3 c@ gf(a,))z

by the product rule for differentiation. Hence the expression on the right-hand side
of (7.8) is equivalent in the sense outlined above to

L1 [fe—Eu(J] creea st ag) | - L@

(7.10) +Z Eai[ ,Lt (o)D) B [ fa)— Ea,( J’o (Zf(x)—f(x) ds&.)] d¢s].

The proof will be complete if we can show that this last expression is identically
zero. First, expand (7.10) as a multinomial in the variables { f(a,)}. If S is a subset
of the first n integers of cardinality n—/, then the coefficient of [, f(a,) in (7.10)
will be (— 1)’ times

1‘[ 5[ e as.) —2 B[ s [T 8[| stx db.) )

J#i

where {b;, by, ..., b}={a; : j¢ S} and g(a)=(&L—1I)f(a). We note that the inte-
grand in the ith term of the sum represents a random integral over the points
(815 82, - .., 5)) € R* with 0<s,<s5,<¢ for j#i. Hence the expression is zero and
(7.10) is identically zero. Q.E.D.

The proof of Theorem 2.3 is concluded by

THEOREM 7.3. Assume {¢;} satisfies (2.1) and (7.7), and that | f(a)| = C< 1. Then,
fl@)—S\(ZL—I)f(a) e D(A) in D iff f(x) € D(4) on X.

Proof. First, note

a1n S = —E( [ e dexp(—4) = A [ e E(1—exp (~p) ds

<2 f " =M1 —exp (—nCy) ds = Byn < 1
0

by (6.1), (7.7) and concavity of (1—e~%), and S 1(x) = C, , <o for all x € D" by
Theorem 3.1. Combining this and the identities (3.3), (7.5) we can now extend the
proofs of Theorems 2.1, 2.2 in §4 to fit our situation in X. In particular

(7.12) A, < AI-S\(u—1)) inB

where B is any subspace of By(X) which is preserved by the six operators T}, T¢, T,
R,, R}, R,. Moreover, we have equality in (7.12) iff there exist no nontrivial solu-
tions of

(1.13) 8() = Ex(e fx 8w, dy):  g(x) e B.
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Define
(7.14) B= {g(x) € By : lim sup [g(y)| = 0}-
n—ow D7

Since supp |T;g(x)| < suppr | g(x)| ete., Ty, Ry, T7, R; preserve B. I now claim that
T.g(x) € B for any g(x) € B and t>0. By definition, if g(x) € B, for any ¢>0 there
exists M, n such that

n-1
e@| = M, xe D,

lg) <&  xel) D,
and hence

(1.15) IT.a(x)| < s+MI3x(z,enL_Jl D’)-
0

If xe D™, m>n>1I, then by Lemma 6.1

Pz, e D" = > [ 1PufzeDY.
i+ tlp=1 i=1
Now

Pz, = 9) S Py(B S t) = Py(r = 1) = E(1—exp (—¢y)
and P,(z,=9)<(1—exp (—C))=d,<1 by concavity and (7.7). Hence, if m>»n>1,

1 ! :
ij—f(';') ar-7 = Z (m—J‘H)'_' {(m—1)m dr-ijti,
0 0

P.(z,e DY) 7

IIA

— n-1
Px(zte U D’) Smtidr-mpt < e
0

for sufficiently large m. Hence T, preserves B by (7.15), and since Ry= [y e MT,f dt,
R, preserves B also. Hence (7.12), (7.13) are applicable with B given by (7.14).
However, if (7.13) holds for g(x) € B, and

le@)| < 4lgl.  xe U D,
where | g | =sup. |g(x)|, then by (7.11)

lg(x)| = [Sug(x)| = S| gl

80| < Buallgl,  xeQ D

Hence |g|l<|g| if g#0, and (7.13) has no nontrivial solutions in B. Finally
f(x) e B if | f(a)] =C<]1, and by equality in (7.12), f(x) — Sx(u—Df(x) € D(A) iff
f(x) e 2(4). Combining with Theorem 7.2, f(x) € 2(4) iff f(a)—S\(ZL—I)f(a)
€ D(A).

8. Branching diffusion processes. By basic results in PDE [4, p. 82], there exists
a unique “Green’s function” p(t, x, y) € C((0, ) x 0 x 0) satisfying the following
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two conditions. For fixed t>0, ye 0, p(t, x, y) has Hélder-continuous second
partials in x € 0 and

8.1 ofotp = Ayp;  p(t, xe,¥) =0 for x, €00,
(8.2) p(t, x, ) = (C/t"?) exp [ (e/t)(x—y)’],  «>0.
Second, for f(x) € Co(O)={f(x) : f(x) € C(0), f(x)=0 on 20},

T.f(x) = f Pt %, Y)f(p) dy

converges uniformly to f(x) as ¢ — 0. By the interior Schauder estimates [4] we
conclude

(8.3)

for all y e 0.

Hence the operators {T;} map £(0) into C%0) N Cy(0), and u(x, t)=T,f(x)
is the unique solution of 9/8t u= A,u, u(x,, t)=0 on 00 for t>0, and u(x, 0)=f(x)
for f(x) € Co(0). In particular, by uniqueness, {7;} must be a semigroup, which
implies in terms of p(¢, x, y) that

(0/0x, p(t, %, )| S CUd),  |x—20] = d > O,
|0%/0x,0x,p(t, x, y)| = C(d), |x—00| z d > 0,

(8.4) P(t+s, %, ) = f@ 265, x, p(t, 2, y) dz.

By (8.1) and the Hopf maximum principle, [ p(1, x, z) dz<B<1; hence by (8.4)
with s=1

(8.5) p(t, x, ) = C'exp(—<t), tz1, o« >0.

As a strongly continuous Feller semigroup on Co(0), {T};} is associated with a
unique right-continuous strong Markov process [2, Chapter 3] {x,} on 0 such that
T,.f(x)=E,[f(x)]; P.(x, € dy)=p(t, x, y) dy. It can be shown that {x;} has con-
tinuous paths up to its termination time {(w), which here coincides with the first
exit time from @. The process {x;} does not remain in 0 indefinitely; indeed

E(0) = Ex( fo e ds) - f: L ot %, y)dydi < C”

by (8.5).
Define

1% = [! [ pts, % BO)ZD) ds,

where I', B(y) are as in Theorem 2.5 and 2(dy) is surface measure on I'. Breaking I'
up into coordinate patches and applying (8.2), (8.4), we obtain 0= f(#, x) < C"+/1,
St +s, x)=f(@, x)+T.f(s, -)(x). Hence there exists [2, Chapter 6] a unique con-
tinuous additive functional {¢,} satisfying (2.1), (2.2), and

(8.6) Ef$) = f: Lp(s, x, VB(y)Z(dy) ds = C"/1.
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This is “local time on I' with weight B(x).” In particular

5 = B[ Sy ) = [ [ o5 0f0IB0)) ds

0

converges uniformly for any f(x) e Z°(I"). If ye T, |x—80 U I'| 2d>0, then by
the Schauder estimates again and (8.2), (8.5), we can take C(d)=C exp (—at—1y/t)
in (8.3). Hence by (8.1) and an integration by parts

8.7) Sf(x)e CHO-T), A.Sf(x) =0 inO—T.

We now investigate the behavior of Sf(x) near I'. Note

S(x) = f ' f PGS, %, Y)F(1B()Z(dy) ds+ f@ SF»)p(l, x, y) dy

and let g(¢, x, y) be the fundamental solution of 8/0t g=A,q in R* [4, Chapter 1].
Thus 0= p(t, x, ¥) Zq(t, x, ), and by the construction of p(z, x, y)
|p(@t, x, y)—q(t, x, p)| = Ce™"",
(8.8) |6/0x, p(t, x, y)— 0/0x, (2, x, y)| < Ce™™,
|02/ox,0x; p(t, x, y)— 0/0x,0x; q(2, x, ‘ y)| £ Ce ",

for |[x—00|2d>0, |y—00|2d>0, y=y(d)>0. Hence

S0~ [ [ a6, 5 DOBR)E@) ds < C¥0).

Now the integral above is a single-layer potential of ¢(z, x, y) on I', and as such is
known to satisfy a certain jump condition across I". More precisely, let

®9) D# = iiau(x)m*(x) o/ox,

by the two outwards-pointing conormal derivatives for x € I, where {n*(x)} are
orthonormal vectors to I' at x. Then [4, Chapter 5]

(8.10) Dy +Dy)Sf(x) = —B(x)f(x)

for all x e I" and f(x) € C(T").

Finally, let K(x, A) be a Feller substochastic kernel on @. By Theorem 2.4 and
(8.6), there exists a unique semigroup {7;} on Cy(0) satisfying (2.5) and (see also
Theorem 5.3)

(8.11) 4 = AUI-S(K-1)).

THEOREM 8.1. f(x) € D(A) iff f(x)=g(x)+k(x), where g(x) € D(A), k(x) e Cy(0)
N C*O-T), Ak(x)=0 in O—T, and f(x)=g(x)+k(x) satisfies fqr xel

(8.12) KD + D)) = B [, SR, dy) =109
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Proof. First, by (8.11), f(x) € 2(A4) iff f(x)—S(K—I)f(x) € D(A), or iff f(x)
=g(x)+S(K—D)f(x), g(x) e D(A). If f(x)e D(4), then, by (8.7), (8.10), k(x)
=S(K—I)f(x) satisfies the conditions stated. Conversely, if f(x)=g(x)+k(x) as
above, let I(x)=k(x)—S(K—1I)f(x). Then I(x) e Co(0) N CHO—-T), A, l(x)=0 in
0-T, and ¥(D; + D;)I(x)=0 on I'. Hence if /(x,)=supe /(y)>0, we must have
xo € I';butif I(y) <I(x,) forall y e @—T and x, € T, then Dj/(x,) <0 [4, Theorems
2.1, 2.14). Hence /(x)=0, k(x)=S(K—I)f(x), and f(x) € 9(A) by (8.11).

A useful corollary of Theorem 8.1 is

COROLLARY 8.1. f(x) € 2(A) iff f(x) =g(x) + k(x), where g(x) € D(A), k(x) € Co(0)
N C¥O0-T), f(x) satisfies (8.12), and A.k(x), defined on O—T, extends to some
Sfunction in Cy(0).

THEOREM 8.2. If f(x) € C(0), then u(x, t)=T,f(x) is the unique solution of the
system (2.20), (2.21).

Proof. Uniqueness follows from maximum principle arguments as in the proof
of Theorem 8.1. For existence, note that by (4.1), (4.3),

Ry f(x) = R\f(x)+S(K~DR,f(x).

Inverting Laplace transforms
813 Tf(x) = th(x)+f: frp(s, X, YK =DT;-.f(»)B(y)Z(dy) ds.

In particular T,f(x) € Co(0) N C%(0—T), and since {T;} is strongly continuous,
(DY + DT, f(x)= —B(x)K—DT, f(x) by (8.8), (8.13). Also, assume |x—20)|
2d>0, |x—T'|2d>0. Then by (8.2), (8.8), (8.13)

‘Tsh(x) ~ [a6s, % h02) dy[ < Cexp(—y)s)

for any h(x) € £*(R"™. However, if A(x) is twice continuously differentiable in a
neighborhood of a point x, € R, then

3 [ %0, $YHO)— Gz dy — )

by Taylor’s formula (see [4, Chapter 1]). If A(x) =T, f(x) for some ¢ >0, we conclude
o/ot T, f(x)=A,T,f(x) in O—T. Q.E.D.
REMARK. According to Corollary 8.1, the relations

T;: L>(0) — D(A), allt > 0,
(8.14) T, : L>(0) — 29(4°), allt>0,
T,: 2~(0) - 2(4), allt > 0,

follow as soon as we can show that e.g., 4,.T, f(x) is well behaved near 80 and T
for any f(x) € Co(0). This can be done by iteration in (8.13) and standard potential
arguments if e.g., (i) |[8/ot p(¢, x, y)| £ C(¢), x,y € 0, and (ii)) K(x, N)=0 for all




32 S. A. SAWYER [November

x €I and some neighborhood N of 80. Condition (i) seems reasonable, but we
have not been able to remove (ii).

8.1. We assume the hypotheses of Theorem 2.6. According to S. Itd [8], as
formulated by Sato and Ueno [17] in the time-homogeneous case, there exists a
unique function p(z, x, y) € C((0, ) x 0 x 0) satisfying the following two condi-
tions. First, p(t, x, y) is twice continuously differentiable for x,y e @ and any
t>0, and
(8.15) 0/otp = Axp in 0, Dy.,p =0 on 00
where D, is the inwards-pointing conormal derivative at x € 80 defined by (8.9).
Second, if f(x) € C(0), :

ux, 1) = Tof) = [ 1O0Ip(t,x9) dy
converges uniformly to f(x) as t—0. Thus u(x, ¢) is the unique solution of
0[0t u=A,u in 0, Du(x, t)=0 on 80(t >0) and u(x, 0)=f(x). By uniqueness, {T}}
is a strongly continuous Feller semigroup on C({), and, as before, there exists a
unique strong Markov process {x;} on @ such that T, f(x) = E..[ f(x,)].

It follows from the construction of p(t, x, y) and standard arguments (see e.g.
[8, p. 308], [23], (8.2), (8.8)) that

(8.16) L . p(t, x, p)(dy) £ C//1, L 0-|6/6x‘ p(t, x, )| =(dy) < CJt

for all x e 0 and t<1. Hence by the inequality min {b, ab} <ba®, 0<a <1, and the
Mean Value Theorem

C
E1) [ 165 ) =p %2 DIE@D) S s ra— il

for all ¢, 0<a< 1. In particular, by (8.16) and [2, Chapter 6], there exists a unique
additive functional {¢,} satisfying (2.1), (2.2), and '

E($) = f [, 7% BE@) s < O

Moreover, given any g(s, x) € C([0, 7] x 0) N C%([e, t] x 0) for all >0, some o> 0,
then [17, Theorem 2.2]

o, 1) = Exf [ s0—s, m)db) = [ [ 56,5 3)8(t-5 98 =) ds

[

is of class C2%(0) N C*(0) for fixed ¢ >0 and satisfies
8.18) (A,—9d/ot)y =0 in0, D, v(x,t) = —B(x)g(t, x) on a0.
In particular, if f(x) € C%(0),

5.0 = B[ &5/ ()] b,

= [ [, 7965, % DSORDIZD) ds-+e T35,
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satisfies
Sif(x) € CA(O) N CY), (4.—NS\f(x) =0,
Dy Srf(x) = —B(x)f(x) on a0.

Finally, we remark [17, Lemma 2.2, p. 600] that 2(4)< C(0); indeed, if g(x)
€ 9(A), then g(x) e C*(0) and D,,,g=0 on 00.

Now, if {p.(a)} satisfy (2.22), let =, (a, E)=p.(a)x:((a, a, . . ., a)) and construct
the branching process (see §6) corresponding to {x;} on @, {$,}, and {m,}. By con-
struction of {¢,}, all branching must take place on 80, and Lf(a)=>¢5 p.(a)f(a)".

THEOREM 8.3. If f(a) € Z°(0) and | f(a)| Sc< 1, then f(x) € D(A) iff f(a)=g(a)
+k(a), where g(a) € 2(A), k(a) e C*(0) N C*(0), (A4,—Nk(a)=0 for some A>0,
and, for a € 90, f(a)=g(a)+ k(a) satisfies

(8.19)

(8.20) D,f(a) = —B(a) (z Po(@)f () —f(a))~

Proof. By Theorem 2.3, f(x)e 2(A) iff f(a)—S\(Z—-1I)f(a) e D(A4), or iff
fl@)=g(a)+S\(Z —1)f(a), g(a) € D(A). 1 claim k(a)=S\(#—1I)f(a) satisfies the
conditions above. First, since evidently (£ —1)f(a) € £*(20), k(a) e C%0) by
(8.17). Since f(a)=g(a)+k(a), f(a) € C%(@). Thus (£ —1I)f(a) e C*20) by (2.22
(ii)), and by (8.19), S\(&Z —1I)f(a) € C2(O) N CX (), (A,— N)SN(Z —I)f(a)=0, and
D k(a)= —B(a)(e? —D)f(a). Conversely, if f(a)=g(a)+k(a) as above, let I/(a)

=k(a)—S\(Z—1I)f(a). Then (4,—N)l(@)=0 in O, D,(a)=0 on 80, and /(a)=0
as before. Hence g(a)=/(a)— S\(Z—1)f(a) € 2(A4) and f(x) € 2(4) by Theorem
2.3.

THEOREM 8.4. Assume f(a) € C(0) and | f(a)| Sc< 1. Then, u(a, t)=E,(f(x)) is
the unique solution of (2.23), (2.24).

Proof. By arguing as in §4, R,f(a)=(I—S\(K—I)R,f(a) where K(a, 4) is
defined in §6. Thus by the branching property (so that KT,f(a)=%#T,f(a)) and
uniqueness of the Laplace transform

®21) Tf@=Tf (a)+£ fa o P& @& — DT, f(6)B(b)=(db) ds.

Thus 7, f(a) € C*(0) and T,f(a) € C2(O) N C*(0) by (8.17), (8.18), and (8.20) (i.e.,
(2.24)) follows for T,f(a). The proof that (4,—8/dt)T,f(a)=0 for t>0, a0,
proceeds as in Theorem 8.2. To prove uniqueness, let u(a, t) be a solution of (2.23),
(2.24) for 0<t<T with u(a, t) € C2(0) N C*(0), 0<t<T. First, I claim |u(a, t)|
SC'<1,ae 0, 0<t<T. If not, there exist a, € 30, t,>0, such that |u(a, 1)| <1
for t<to, a€ @, and |u(a,, to)|=1. If u(ay, t))= +1, then D,u(ao, o) <0 (see [4,
Theorem 2.14]) and (& — DNu(ay, to) =0, which contradicts (2.24). If u(a,, to)=—1,
then D,u(ao, o) >0 while (&£ —Du(a,, to)=Zp.(a)(—1)"+1=0. Hence |u(a, t)]
SC’'<1, 0Zt<T. Finally, set v(a, t)=u(a, t)— S\(ZL—DNu(a,t). Then v(a,?t)
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e C¥0) N CY(0) and D,,y(a, t)=0 on 20 for 0<t<T; hence 1(a, t) € D(A) for
these ¢ [23, Theorem 2]. Thus #(x, t) € 2(A) and (4 —9/at)ii(x, t)=0 by Theorem
2.3. Since i(x, 0)=f(x), i(x, t)=T,f(x) for 0= < T by standard arguments.

9. A converse of Theorem 2.1. A process {x;, B;} is said to be a Hunt process
if (i) it is a strong Markov process with right-continuous paths, (ii) each sample
path {x,(w)} has a left-limit {x, _(w)} at all 7, and (iii) {x,, B} is quasi-left continuous,
i.e., if {8,>1} € B, for all t and B, 1 B, then P,(xz, — X3, B<00)=P,(B<0). If X is
a locally compact metric space, such processes can be constructed corresponding to
any strongly-continuous Markovian semigroup {7}} on ‘

Co(X) = {f(x)GBC(X) © lim f(x) = 0}

(see [2, Chapter 3]). We will also make use of the condition L of Meyer [10, p. 160],
which can perhaps be most perspicuously stated as [10], [12]

(L) There exists a nonnegative finite measure g4 on X such that if
7(A)=sup {t : x(w) ¢ A} for some “nearly Borel” set A, then P,(7(A4) < 0)
= [y Py(7(A4) < 0)u(dy) =0 implies P,(7(4) < 0)=0.

By a generalized continuous additive functional (gcaf) we will mean a continuous
additive functional of the type considered in §3.1, i.e., satisfying (2.1), (2.2) with
(2.1 (ii)) replaced by (a) ¢o(w) =0, 0 = ¢,(w) < 00 and (b) ${w) =00 implies ¢, _(w) =00,
and (2.2) interpreted in the sense of continuity in the extended real numbers. By
Theorem 3.2 and §4, such {¢,} can be used in Theorems 2.1, 2.2, with (2.8) replaced
by (4.2).

Our result is

THEOREM 9.1. Let {x,, B;} be a Hunt process satisfying condition (L) on a locally
compact metric space X, and assume that almost every sample path of x(w) is
continuous except for a discrete set of jumps. Then, there exists another strong Markov
process {y,, N} on X, which has continuous paths up to its termination time, and a
geaf {¢,} of {y:} and substochastic kernel K(x, A) such that

©.1) TfG) = TS O)+ Exxeen [ Tooif DK dz)]
for f(x) € £=(X), where Pi(r>t|N,)=exp (—4) and Tif(x)=ELf (3, Tf(x)

=FE [ f(Y)xe>a)- Moreover, for fixed {y;} and K, {T,} is the unique Markovian
solution of (9.1), and hence we have equality in (4.2) or (9.7).

REMARK. That {x,(w)} have discrete jumps a.s. is not essential; all that is required
is that there exists a Markov time 7,(w) such that if =,.;=7,+0, 7, then
P, [r, — ©o]=1. We would then conclude that the process {y;} was continuous at
the analogue of the {r,}. Also, one can construct simple examples where the gcaf {¢}
obtained from Theorem 9.1 is not of the form (2.1), (2.2).
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Proof. Set 7(w)=inf{t: x(w)#x;_(w)}, 7o=7,+0, 7, and for all n=2,
Tn+1=Ta+0; 7;. Thus 7,(w) is the nth jumping time of x,(w); as the remark indicates,
we could have made it the nth jump of amplitude = (note 7,,, =00 by definition
if 7,2¢). Define Ty f(x)=E.[f(x;)xw,>n] and, as in Moyal [13], let {T}} be the
minimal solution of

92) Tif(x) = Tef(X) + Exlxus, soTt -2, f (%3, )]

As the construction of Tkeda-Nagasawa-Watanabe [6, II, Theorem 2.2] indicates,
there exists a model {y,, N;} of {T;} which has continuous paths strictly before its
termination time and is a strong Markov process. Since 0= Tof(x) STy f(x) if
f(x)=0 by (9.2), there also exists a contractive multiplicative functional {e,} of {y,}
such that

9.3) f(x) = EXf(y)eu] = EX[f(P)xi>nl

where P;[r>t|Ny,]=0c, [2, Theorem 9.3). By (9.3) we may as well assume
ofw)=0;, (w) and afw)= oy - (w) for t={(w). I now claim «(w)=exp (—¢(w))
for some gcaf {¢,}; all that is necessary is to prove ayw) € C([0, ©0)) a.s. P;. How-
ever, if B(w)=inf{¢ : o;_(w)—(w)=¢} for some >0, then either B(w)=00 or
B(w) < Y{(w), in which case y(w) is continuous at B(w). Hence [11, p. 118] B(w) is
accessible, and there exist stopping times 8, 1 B, B. <B, such that

EXlxis<wop- —ap)] = Pi[r = B < 0]
=P.:[ﬁn < T;ﬁn T 7T < w] =P;[ﬁn < Zoaﬁn T go < OO]
= x[ﬁn<71,ﬁnT 7'1<G)]=0
since {x,} is quasi-left continuous and x,, #x,, _ a.s. Hence B(w)=00 a.s. Q.E.D.
By a theorem of Watanabe [22], there exists a nonnegative continuous additive
functional {o(w)} of {x;} and a kernel n(x, 4) (0=<n(x, A)<o0) such that for all
Borel functions f(x, y)=0
B3 e ) = B[ e [ 05 s, ) o)
1 0 X

It follows from the construction in [22] that we also have
(i) For any stopping time S(w) of {x,}

(9.4) E"(,,zga exp (— A1) f(x, -, x,n)) - Ex( ﬁ: - s J‘x FOxs, Pn(x,, dy) das).

(ii) There exists sets I';, 4 X for which n(x, I';)) S m.
In particular, if B=7, and 4A<T,,

Eoexp (= Arxa(xsy) = Ex( L‘ e=n(x,, A) das)
Ex( f e M A) da,,)

0 ”(xs) r m)

= E(oxp () sl (v,)
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by (9.4). Since xr, — 1 and n(x, 4) <n(x, I'y), we can take the limit and conclude
9.5) E(exp (= At1)xa(x:,)) = Ex(exp (—A1)K(x;, -, 4))

where K(x, A)=1lim n(x, A)/n(x, ') =1.
Now, by the strong Markov property at 7 (see Theorem 5.4)

Tif(x) = Tof(x) + ExlxusaTi- . f (3]
Taking Laplace transforms both here and in (9.2)
R f(x) = R f(x)+Exle™ ™R f())),
R f(x) = R f(x)+ Exlexp (— Am)) Ry f(x;, -)].
Hence by the pointwise density of the range of Ry=2(A4") in By(X)=By(X),
Pty £ t,x,- €A) = Py(r S t,y,€ A),
E, X, soK(xey -5 A)] = EXlxusaK (s, A)).
Combining (9.5), (9.6) and the relation
T.f(x) = Tef(x)+ Exlxw, soTt -1, /(1))

(9.6)

yields (9.1).
For uniqueness, we note that by §4 (4.2) and (9.1)

©.7) Ay S AT+ SHUT - SIK)

where Sy f(x)=E;[[ e~ *f[ys] ds], with (9.7) being attained iff we have uniqueness
in (9.1) or iff there exist no bounded Borel solutions of

f(x) = S3Kf(x) = Ezle " Kf(y,)] = E(exp (—A71)f(x:)
again by (9.5), (9.6). However by (4.8)

f(x) = (SRK)f(x) = Ex(exp (—A7,)f(x.,)) =0
since 7, — o0 a.s. Q.E.D. And we have equality in (9.7).
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