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GENERALIZATIONS OF QF-3 ALGEBRAS

BY

R. R. COLBY AND E. A. RUTTER, JR.

Abstract. This paper consists of three parts. The first is devoted to investigating

the equivalence and left-right symmetry of several conditions known to characterize

finite dimensional algebras which have a unique minimal faithful representation—

QF-3 algebras—in the class of left perfect rings. It is shown that the following con-

ditions are equivalent and imply their right-hand analog: R contains a faithful

S-injective left ideal, R contains a faithful LT-projective injective left ideal; the

injective hulls of projective left Ä-modules are projective, and the projective covers of

injective left .R-modules are injective. Moreover, these rings are shown to be semi-

primary and to include all left perfect rings with faithful injective left and right ideals.

The second section is concerned with the endomorphism ring of a projective module

over a hereditary or semihereditary ring. More specifically we consider the question of

when such an endomorphism ring is hereditary or semihereditary.

In the third section we establish the equivalence of a number of conditions similar

to those considered in the first section for the class of hereditary rings and obtain a

structure theorem for this class of hereditary rings. The rings considered are shown

to be isomorphic to finite direct sums of complete blocked triangular matrix rings

each over a division ring.

Thrall [36] called an algebra A of finite rank (left) QF-3 if it has a unique minimal

faithful left module, that is, a unique (up to isomorphism) module M with the

property that no proper direct summand is faithful. It is not difficult to verify the

equivalence of the following statements.

(1) A is (left) QF-3.

(2) A contains a faithful injective left ideal.

(3) The injective hull of AA is projective.

(4) The injective hull of every projective left ^4-module is projective.

(5) The projective cover of every injective left ^-module is injective.

Moreover, the right-hand analogue of each of these conditions is easily estab-

lished by forming duals with respect to the field so that for algebras being QF-3 is a

two-sided property and distinctions between left and right are unnecessary.

It is apparent from the above list that there are several possible ring theoretic

generalizations of QF-3 algebras and this paper is primarily devoted to resolving

certain questions which arise naturally in connection with such extensions.
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In §1 we show that if F is a left perfect ring then the assumptions that R contains

a faithful E-injective left ideal (see Faith [12]), that R contains a faithful Il-projective

injective left ideal, that the injective hulls of projective left F-modules are projective,

and that the projective covers of injective left modules are injective are equivalent,

and that they imply their right-hand counterparts. Furthermore, we deduce that these

rings are semiprimary and show that perfect rings with faithful injective left and

right ideals have the above properties. These results include and extend those of

Harada [19], Fuller [14], [15], Morita [27], and Tachikawa [35].

The second section begins with some preliminary results connecting submodules

of a module with one-sided ideals of its endomorphism ring which were essentially

noted by Wolfson [37] and are included for completeness and clarity. We combine

these results and an idea of Small [34] to prove that the endomorphism ring of any

projective (respectively, finitely generated projective) left module over a left

hereditary ring is left semihereditary (respectively, hereditary) and several related

results. Similar techniques are applied to show that every projective left module

over a right semihereditary ring is a direct sum of finitely generated modules. The

corresponding result for left modules over left semihereditary rings was proved by

Albrecht [1] and our result, like his, generalizes Kaplansky's treatment of the

commutative case and depends heavily on Kaplansky's reduction of the problem

[23].
Mochizuki [25] proved that a hereditary QF-3 algebra is a direct sum of complete

blocked triangular matrix algebras each over a division algebra. Harada [18] and

the present authors [7] extended this result to semiprimary and semiperfect here-

ditary left QF-3 rings, respectively. In §3 we show that one can drop all finiteness

assumptions and still obtain this structure theorem. More precisely, a left hereditary

ring has the above form if and only if one of the following hold :

(1) The injective hull of RR is projective.

(2) R contains faithful injective left and right ideals.

(3) R contains a faithful injective left ideal and contains no infinite set of

orthogonal idempotents.

(4) R contains a faithful S-injective left ideal.

The results of this section complement those of [8].

1. Perfect QF-3 rings. Let R and A denote rings with identity, N the radical

of R. All modules considered are unital.

Let RMA be a left R, right A-bimodule, Xs M and Î/Ç A. We shall consider two

type of annihilators.

AnnA (X) = {A e A | X\ = 0}

is a right ideal of A and

AnnM (U) = {m e M \ mU = 0}

is an F-submodule of M. We shall abbreviate

AnnAA (U) = l(U)   and   AnnjA (U) = r(U).
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These are always left and right ideals, respectively, and we shall refer to one-sided

ideals of this type as annihilator ideals. We shall use similar notation and terminol-

ogy for annihilators involving R and M.

R is left perfect if every left A-module has a projective cover. Equivalently, R/N

is Artinian and every nonzero right ^-module contains a simple submodule (see

Eilenberg [10] and Bass [3]).

An ^-module M is ^-injective if the direct sum of any number of copies of M is

injective (see Faith [12]).

1.1 Proposition (Faith [12]). Let BM be injective and let A = HomB(M, M).

The following are equivalent:

(1) M is ^-injective.

(2) The direct sum of a countable family of copies of M is injective.

(3) R satisfies the ascending chain condition on annihilators of subsets of M.

(4) MA satisfies the descending chain condition on annihilators of subsets of R.

The following result was proved for left Artinian rings by Fuller [15] and for

left or right Artinian rings by Morita [27], with the assumption of S-injectivity

replaced by injectivity.

1.2 Theorem. Let R be a ring. The following are equivalent:

(Y) R is left perfect and contains a faithful ^-injective left ideal.

(2) R is semiprimary and contains idempotents e and f such that

(a) ¡¡Re andfRB are faithful left and right ideals, respectively.

(h) ReeBe and fRffR are finitely generated, eRe is right Artinian andfRfis left

Artinian.

(c) The functors Hom/Ä/ ( ,fRe) and HomeBe ( ,fRe) define a duality between

the categories of finitely generated left fRf-modules and finitely generated right

eRe-modules (see [26]).

Proof. Assume condition (1) holds. Let Re, e2 = e be a faithful projective S-

injective left ideal of R. Then Re £ R £ n Re so the lattices of annihilators in R of

subsets of Re and of annihilators in R of subsets of R are the same so R is semi-

primary by Proposition 1 and Faith [12, Proposition 4.1]. Let el5 ...,en be a

complete set of orthogonal idempotents of R. Let/be the sum of the idempotents

e¡ which have the property that ReJNe, is isomorphic to a simple left ideal of Re.

By Fuller [15, Lemma 1.1],//? is faithful. By Tachikawa [35, Proposition 2.5] or

Fuller [15, Lemma 2.2], HomfRf(fR,fRe) = Re, HomfBf(fRe,fRe) = eRe and

fBffRe is an injective cogenerator. Thus, applying Morita [26, Lemma 2.1], if A" is

any submodule of fBffR, then

X = Ann/B (AnnHom(/Bi/Be) (X))

= Ann/B (Annfle (X)) = fAnnB (AnnBe (X)).

Hence since R satisfies the a.c.c. on annihilators of subsets of Re, ;wfR satisfies the
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a.ce. on submodules so fRffR is finitely generated and/ß/is left perfect and left

Noetherian, hence left Artinian. Thus 2(c) holds by Morita [26, Theorem 6.3 VI]

and since ReeRe is reflexive, ReeRe is finitely generated so 2 holds.

Conversely, Re is injective as in Fuller [15, Theorem 3.1] and is S-injective by

Proposition 1.1(4).

A module RP is U-projective if HLex P is projective for any index set A. We

denote the injective hull of a module RM by E(RM) (see [9]). The equivalence of

conditions (4), (5) and (6) of the following theorem has been proved by Fuller for

left Artinian rings [15].

1.3 Theorem. Let R be a ring. The following are equivalent:

(1) R is left perfect and contains a faithful 2Z-injective left ideal.

(2) R is left perfect and contains a faithful U-projective injective left ideal.

(3) R is left perfect and contains an idempotent e such that

(a) RRe is a faithful injective left ideal.

(b) eRe is right Artinian and ReeRe is finitely generated.

(4) R is left perfect and the injective hull of every projective left module is projective.

(5) R is left perfect and the projective cover of every injective left R-module is

injective.

(6) R is left and right perfect and contains faithful injective left and right ideals,

respectively.

Proof. It is clear from Theorem 2 that conditions (1) and (3) are equivalent. We

shall prove that (1) -» (2) -> (4) -> (1), (1) <-> (6), and (1) <-► (5).

(1) implies (2). As we saw in Theorem 2, R is semiprimary. Hence FJ_ Re nas an

essential socle F= © 2 S„, Sa simple. Since each Sa is isomorphic to a submodule

of Re, E(Sa) is a summand of Re so is S-injective by assumption. Since there are

only finitely many isomorphism types of simple modules © 2 E(Sa) is the injective

hull of T. Since T is essential in Yl Re,

n*e = ©2£(sa)

so n Re is projective since each E(Sa) is.

(2) implies (4). Let F be a faithful u-projective injective left ideal of R. (4)

follows since any projective left ß-module can be embedded in a direct product of

copies of P.

(4) implies (I). Since E(BR) is isomorphic to a direct sum of modules of the form

Reu we obtain a faithful injective left ideal by letting Re be the sum of one of each

isomorphism type of these Fe¡. If M is any direct sum of copies of Re then since ß

is left perfect, E(M) is the direct sum of indecomposable projective injective

modules, and since M is also such a sum, M is injective by Faith and Walker [13,

Theorem 6.4].

(1) implies (6). This follows immediately from the left-right symmetry of

Theorem 2.
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(6) implies (1). Since fBffRe and fReeRe are injective cogenerators and

HomfBf if Re, fRe) = eRe, and HomeBe (fRe, fRe) =fRf (see Tachikawa [35, Prop-

osition 2.5] and since fRf and eRe are perfect, we can apply a result of Osofsky

[30, Theorem 3.3] to obtain that/i?/is left artinian and eRe is right artinian. Since

ReeBe is reflexive with respect tofRe, the socle of ReeBe is also reflexive so the socle

of ReeBe must be a finite sum of simple modules. It follows that ReeBe can be

imbedded in a finite direct sum of copies of fRe. By Morita [26, Theorem 6.3]

fReeRe is finitely generated. Hence ReeRe is finitely generated and (3), hence (1),

holds.

(1) implies (5). Let Re, e2 = e, he a faithful S-injective left ideal. By the above, Re

is also ri-projective. R is semiprimary by Theorem 2 and, as in Fuller [15, Theorem

2.6] the projective cover of every indecomposable injective module is injective. Let

BE be injective, and (+) 2 $a, Sa simple, be the socle of BE. Since RE is a direct

summand of fl E(Sa) it suffices to show that the projective cover of Y~[ E(Sa) is

injective. Let Pa he a projective cover of E(Sa). By Fuller's result mentioned above

Pa is injective.

Since each Pa is a direct sum of summands of Re, Yla Pa is contained in, hence is

a direct summand of, a direct product of copies of Re so Y]a Pa is projective since

Re is LT-projective. Let Q be a projective cover of n E(Sa). Then n E(S¡¡) is an

epimorph of both Q and Yl Pa, and, since Y~[ Pa is projective, Q is a direct summand

of II Pa so is injective.

(5) implies (1). Let Slt S2,..., Sn be a complete set of nonisomorphic simple

left ^-modules. Then

M=EiSj)®---@EiSn)

is a faithful, injective left i?-module. Let F be a projective cover of M. Since M is

faithful, P is faithful, and since R is left perfect, F is a direct sum of indecomposable

projective injective direct summands of R.

P = 0 2 Reh,       1 á /, á n.

Letting e he the sum of the distinct eu which occur in the above sum, we obtain a

faithful projective injective left ideal Re. It suffices to show that Re is countably

2-injective. Since YIT= i Re is injective, its projective cover is injective. Since R/N

is semisimple Artinian,

T = n RelN(Yl Re)

is an R/N-module, and -/V(n Re) ^ El (Ne), T contains a direct summand iso-

morphic to Yl Re/Yl Ne^Yl (Re/Né) and hence also a summand isomorphic to

2i" i (Re/Ne). It follows that © 2z" i Re 1S isomorphic to a direct summand of the

projective cover of n Re so is injective.

1.4 Remarks. (1) Tachikawa [35] has shown that if R satisfies condition (6) of

Theorem 3, then E(RR) and E(RB) are both projective.
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(2) Müller [28] proved that if ß is perfect and E(RR) is projective, then E(RR) is

projective iff a duality slightly different than the one considered above holds.

(3) A ring satisfying the conditions of Theorem 3 is semiprimary but need not be

Artinian.

For example, let ß be the matrix ring

ß = r¡ real, q rational !

(4) A semiprimary ring with E(RR) projective need not have E(RR) projective.

(See Müller [28, p. 178, Example 3] with B as in (3) above.)

2. Endomorphism rings of projective modules. As in the first section, let ß and

A denote rings with identity and RMA a left ß, right A-bimodule. If Jç M and

Uç=A, we define

(M:X) = {AeA| MA ç X}

and

MU = < 2 miui \ mte M,ute U and A; is a positive integer >■

They are, respectively, a left ideal of A and an ß-submodule of M.

The proofs of the next two lemmas are straightforward and will be omitted.

2.1 Lemma. If Ma is faithful, then

(i) (M:AnnM(U))=l(U).

(ii) AnnA (MU) = r(U).

We say that F is a closed submodule of RM if F= AnnM (U) for some t/ç A.

2.2 Lemma. If Ma is faithful and for each R-submodule T of M, T=M(M:T), then

(i) AnnA(D = r((Af:D).

(ii) If T is a closed submodule of RM, (M:T) = l(AnnA (T)).

(iii) If J is an annihilator right ideal of A, J=AnnA (AnnM (J)).

(iv) IfL is an annihilator left ideal of A, (M:ML)=L.

If F is a free left ß-module and A = HomB (F, F), then RFA satisfies the hypotheses

of these lemmas.

Let RMA be as in Lemma 2, CR(M) denote the lattice of closed ß-submodules of

M and ^4¡(A) and ^4r(A) denote, respectively, the lattices of annihilator left ideals

and annihilator right ideals of A. The content of the two preceding lemmas may be

expressed as follows :

(1) The correspondences

T -»> AnnA (F)   and   J -»• AnnM (/)

are inverse lattice anti-isomorphisms between CK(M) and Ar(A).
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(2) The correspondences

T->(M:T)   and   L^ ML

are inverse lattice isomorphisms between CR(M) and At(A).

(3) The following diagram commutes in both directions

CR(M)

A,(A)   < Ar(A)

where the arrows represent the correspondences of (1) and (2) above and the

usual correspondences between A¡(A) and AT(A).

A ring R is left hereditary if every left ideal of R is projective and left semi-

hereditary if every finitely generated left ideal is projective. Recall that a principal

left ideal Ra is projective if and only if 1(a) = Re with e2 = ee R.

2.3 Theorem. R is a left hereditary ring if and only if for every free left R-module

F, the ring of R-endomorphisms of F, A = HomB (F, F), has principal left ideals

projective.

Proof. Assume R is left hereditary and let a e A. We must show 1(a) = Ae with

e2 = e. But ker (a) = AnnF (a) = Fl(a) by (i) of Lemma 1 and by the fact that since

BF is free T=F(F:T) for all submodules F of BF. Furthermore, since R is left

hereditary every submodule of Fis projective (see [4, Theorem 5.3, p. 13]) and hence

in particular so is the image of a. Thus the kernel of a is a direct summand of Fand

so kera = Fe = FAe with e2 = eeA. Since ¡(a) and Ae are both annihilator left

ideals of A, it follows from the discussion after Lemma 2 that Ae = /(a).

To prove the converse let / be any left ideal of R. Then there exists a free module

F and an epimorphism of F onto I. Since F is free, it contains a submodule T

isomorphic to / and there exists a e A such that Fa. = T. Then the sequence

0—>kera—>F-^->T—>0

is exact and just as in the first half of the proof of this proposition ker (a) = Fl(a).

But Fl(a) = FAe = Fe, e = e2 by hypothesis and hence the above exact sequence

splits and so F and hence also / is projective.

With minor modifications the same argument also serves to establish the next

proposition which was proved originally by Small [34] using a different technique

which does not seem to extend to the situation just considered.

If R is a ring and n is a positive integer, Rn denotes the ring of n x n matrices

over R.
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2.4 Theorem, ß is left semihereditary if and only if, for all n, Rn has principal

left ideals projective.

2.5 Lemma. If R has principal left ideals projective and e2 = eeR, then eRe has

principal left ideals projective.

Proof. Let x e eRe. Then Rexe is ß-projective and so the exact sequence

Re^Rx^ (0)

obtained by sending re -*■ rex splits. Thus Re = Rf® Rf with/and/' idempotents,

ß/£ßx andfx = x. Hence eRex = eRx~eRf=eRe efe, which is a direct summand

of eRe. Therefore eRex is eße-projective.

2.6 Theorem. If R is left hereditary and P is a finitely generated projective left

R-module, then A = HomB (P, P) is left hereditary.

Proof. There exists a projective module Q such that F © Q = F is a free module

of finite rank. Since HomR (F, F) is left hereditary (see [24]) and A^/HomB (F, F)f,

where /is the projection of F on P orthogonal to Q, it suffices to show that eSe is

left hereditary for any left hereditary ring S and idempotent e e S.

Let G be a free left eSe module. Then G s © 2ae¿ Xa with Xa = eSe for all a in

some index set A. Consider the free ^-module © 2aeA Sa with Sa = S for all a e A

and let

ë:@2S°^®2S«
aeA aeA

be defined by ë: la^~ea for all a e A. Then

HomeSe (G, G) * HomeSe /© 2 *» © 2 X«)
\       aeA aeA        /

\       aeA aeA      /

e.

It, therefore, follows from Theorem 3 and Lemma 5 that HomtSe (G, G) has

principal left ideals projective. Thus Theorem 3 implies that eSe is left hereditary.

2.7 Remark. Since ß is left hereditary if and only if the left global projective

dimension of ß (1. gl. pd. (ß)) is ¿ 1 (see [22]), Theorem 6 says that if

1. gl. pd. (ß)a 1, then 1. gl. pd. (A)^l. gl. pd. (ß) where A = HomB(P,P) and RP

is finitely generated and projective. There is no more general inequality of this

type even for algebras of finite rank over a field. To see this let Kbe a field,

u, v, w, x, y e K \
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Then A-^eRe and applying [2] or [22, p. 56] one shows easily that 1. gl. pd. (R) = 2

but 1. gl. pd. (eRe) = co since eRe is a local ring with nonzero socle.

2.8 Theorem. If R is left hereditary and P is a projective left R-module, then

A = HomB (P, P) is left semihereditary.

Proof. Let BF be a free Ä-module, Y = HomB (F, F) and n be any positive

integer. Then F' = 02"=i F¡ with Ft = F, for z'= 1, 2,..., n, is a free Fc-module and

hence it follows from Theorem 3 that Yn ~ HomB (F', F') has principal left ideals

projective. Thus Y is left semihereditary by Theorem 4. The proof can be completed

by applying the same argument used to prove Theorem 6 except that in this instance

one applies Theorem 4 in place of Theorem 3.

2.9 Remark. The endomorphism ring of a free .K-module with an infinite basis

contains an infinite direct product of copies of R (the diagonal) and is, therefore,

never hereditary (see [31, p. 1384]).

An argument similar to those used to prove the two preceding theorems can be

used to prove the next theorem.

2.10 Theorem. If BP is a finitely generated projective module over a left semi-

hereditary ring, then HomB (F, F) is left semihereditary.

In a remarkable paper [23], Kaplansky proved that every projective module is

the direct sum of countably generated modules. He noted, further, that if every

element of a countably generated module X can be embedded in a finitely generated

direct summand, then X is a direct sum of finitely generated modules. Kaplansky

used these results to deduce, among other things, that if R is a commutative

semihereditary ring then every projective .R-module is a direct sum of finitely

generated modules. This result was generalized by Albrecht [ 1 ] who used Kaplansky's

reduction to give a very easy proof that every projective right Ä-module over a

right semihereditary ring is the direct sum of finitely generated projective modules.

We close this section with a different generalization of Kaplansky's results.

2.11 Theorem. Let R be a right semihereditary ring. Then every projective left

R-module is the direct sum of finitely generated projective modules.

In view of the above remarks the following lemma will complete the proof of the

theorem :

2.12 Lemma. Let R be a right semihereditary ring and P be a projective left R-

module. Then any element ofP can be embedded in a finitely generated direct summand

of P.

and P = Re where
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Proof. Let xeP. There exists a module Q such that F=P® Q is free. Let

r = Homfl (F, F). Then as usual Fis a left ß, right T-bimodule. Let x = a1«1-r- • • •

+ anun with at e R be a representation of x in terms of basis elements uu ■ ■ -, un

for F and set G = Ru± + ■ ■ ■ + Run. Since F and G are direct summands of F there

exist idempotents eu e2 e F such that P = Fei and G = Fe2. Since ßx^P n G and

Annj? (Annr (Fe)) = Fe

for any idempotent e e F, it follows that

ßx ç S = Annp (Annr (ßx)) gPnG.

Thus it suffices to show that S is a direct summand of G for this implies S is finitely

generated and a direct summand of F and hence also a direct summand of P.

Since 5 is a closed submodule of F, it is clear that

S = Ann*. (Annr (S)).

This is clearly equivalent to F/S being isomorphic to a submodule of a direct

product of copies of F Hence since both BFand RG are free and G/S is a submodule

of F/S, it follows that G/S is isomorphic to a submodule of a direct product of

copies of G. Hence setting A = Homfl (G, G), we conclude that

S = AnnG (AnnA (S)).

We also note that

AnnA (Rx) = AnnA (AnnG (AnnA (ßx))) = AnnA (S).

Since RG is free, there is an a 6 A such that Rx = Ga. Thus by (ii) of Lemma 1,

AnnA (ßx) = r(a) and since A is right semihereditary by (the right-hand analogue)

of Theorem 10, we conclude that r(a)=fA with f2=fe A. We, therefore, have

5"=AnnG (AnnA (ßx)) = AnnG (/A) = G(1 —/) and so S is a direct summand of G

as required. This completes the proof.

Note added in proof. Several people have kindly pointed out to us that a result

essentially equivalent to Theorem 2.11 was obtained earlier by H. Bass. See Theorem

3 of Projective modules over free groups are free, J. Algebra 1 (1964), 367-373.

3. Hereditary rings. This section is devoted to determining the structure of all

(left) hereditary rings containing faithful injective left and right ideals or whose

injective hulls are projective. These turn out to be precisely direct sums of complete

blocked triangular matrix rings over division rings just as did the hereditary QF-3

algebras of finite rank studied by Mochizuki [25]. We say that T is a complete

blocked triangular matrix ring over a division ring D if there exists a finite-dimen-

sional Z)-space V and a chain of subspaces

V 2 Vi 2 • • • 2 Vk = (0)

such that T consists of all linear transformations y of V such that F¡yC F¡ for
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z'=l,..., k. The name arises from the form of the matrix representation of Y

obtained by choosing a basis for V in the natural manner.

We begin by introducing some definitions and preliminary results used in the

proof of the theorem. As before R denotes a ring with identity, N the Jacobson

radical of R and BM a (unital) left i?-module. A submodule L of M is an essential

submodule if it has nonzero intersection with every nonzero submodule of M. We

say that M is finite dimensional if every independent family of nonzero submodules

of M has only finitely many members and M is uniform if every nonzero sub-

module of M is an essential submodule. M is finite dimensional if and only if M

contains an essential submodule which is a finite direct sum of uniform submodules

(see Goldie [16]). The singular submodule of M, ZiM), is the set of all elements of M

whose annihilators in R are essential left ideals. If R is left hereditary then every

projective ^-module / has zero singular submodule since if O^xe I, AnnB (x) is

not an essential left ideal as it is the kernel of the map of R onto Rx defined by

r -> rx and so is a direct summand of R as Rx is projective.

3.1 Lemma. If P is a finitely generated projective injective left module over a left

hereditary ring R, then A = HomB(F, P) is a semisimple ring with minimum con-

dition on one-sided ideals.

Proof. It follows from Theorem 2.6 that A is left hereditary and from Theorem

5.1 of Faith [11, p. 44] that A is left self injective. Thus the conclusion follows from

Osofsky [29, p. 650].

3.2 Theorem. The following conditions are equivalent.

(1) R is left hereditary and the injective hull of every projective left R-module is

projective.

(2) R is left hereditary and R contains a faithful injective left ideal which is

YI-projective.

(3) R is left hereditary and the injective hull of RR is projective.

(4) R is left hereditary and R contains a faithful injective left ideal and a faithful

injective right ideal.

(5) R is left hereditary and R contains a faithful"Z-injective left ideal.

(6) R is left hereditary, R contains a faithful injective left ideal, and R does not

contain an infinite set of orthogonal idempotents.

(7) R can be written as a direct sum of two-sided ideals each of which is isomorphic

to a complete blocked triangular matrix ring over a division ring.

Proof. It is clear that (1) and (2) each imply (3). We shall first prove that (3), (4),

and (5) each imply (6) and then show that (7) follows from (6). It is known that (7)

implies all the others (see [25] or [18]).

(3) implies (6). It follows from [13, Proposition 2.4] that since E(RR) is projective,

it is finitely generated. Hence E(RR) is a finitely generated projective injective left
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ß-module and so Lemma 1 implies that A = HomB (E(R), E(R)) is a semisimple ring

with minimum condition. Thus

E(RR)?Ii®---@It,

where the T, are finitely generated indecomposable injective left ideals of ß (see

[13, Corollary 2.5]). Thus, since each I¡ is uniform, E(RR) is finite dimensional and

hence so is ß. Thus ß contains no infinite set of orthogonal idempotents. Further-

more, we may assume that these ideals are indexed in such a way that each left ideal

which appears in the above decomposition is isomorphic to exactly one of

Ii,...,Is for some 1 ̂ s^t. Then

T=T1©---0Ts

is injective and faithful since E(RR) is faithful. The proof of this implication will be

completed by showing that ß contains a left ideal isomorphic to I. Now ß contains

a left ideal isomorphic to F so let r be the largest integer ^ s such that ß contains a

left ideal isomorphic to F ©• • -01,. If r^s, write

R = Ii®---@IT®L

and let Uk denote the projection of ß onto Ik with respect to the above decomposi-

tion for each k=l,..., r. R also contains a copy of Tr + 1 and for each k= 1,..., r

the restriction of Uk to Tr + 1 is either zero or a monomorphism since ß is hereditary

and Tr + 1 is indecomposable. Hence it is zero since Tr + 1 is injective, Ik is indecom-

posable and Ik and Tr + 1 are not isomorphic. Thus Tr + 1sL. This contradiction

completes the proof of this implication.

(4) implies (6). Let Re with e2 = e be the faithful injective left ideal of ß. Then by

Lemma 1 eRe is semisimple with minimum condition so we can write e = e1+ • ■ • +et

with the et primitive idempotents of eRe for i'= 1,..., t, and hence each ejße, is a

division ring. Furthermore, eNe = (0) since it is the radical of eRe, and so eN= (0)

since Re is faithful. Thus e¡R contains no nilpotent right ideals and so e¡R is a simple

module as in Jacobson [20, Proposition 1, p. 65]. Hence ßeß is contained in the

right socle of ß. Now if TT is any right ideal of ß, ßeß n TT2TTßeß# (0) since Re

is faithful. Thus it is clear that the right socle of ß is an essential right ideal, ß

contains only a finite number of isomorphism types of simple right ß-modules and

Z(ßB) = (0).

Since ß contains a faithful injective right ideal, it follows from the above

observations that ß contains a copy of the injective hull of the direct sum of one of

each isomorphism type of simple right ideal of ß and that this right ideal is finite

dimensional and faithful. Moreover, it is of the form fR with f2 =f and since

Z(fRR) = 0 it is immediate from Theorem 5.1 of Faith [11, p. 44] that/ß/is a

semisimple ring with minimum condition on one-sided ideals.

Since Re and fR are both faithful ß-modules, the bimodule/ße is clearly faithful

both as a left/ß/and a right eRe module. Thus since eRe and fRf are semisimple it
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is an injective cogenerator over both rings. Moreover, it follows from Proposition

3 of [8] that Hom/B/ (fRe,fRe) = eRe and HomeBe (fRe,fRe)=fRf So/Re induces

a Morita duality between the categories of reflexive left/R/and right eRe modules

(see [30]). It is immediate from Proposition 3 of [8] that ReeRe is reflexive and hence

it is finitely generated over eRe since it is completely reducible and cannot be an

infinite direct sum of eRe modules by Lemma 3.13 of Osofsky [30]. We conclude

from this that the double centralizer Â = HomeB(, (Re, Re) is a semisimple ring with

minimum condition on one-sided ideals. Since Re is faithful we may identify R with

a subring of R in the usual manner and this implies that R contains no infinite set

of orthogonal idempotents since Ê does not. Thus R satisfies condition (6).

(5) implies (6). Let Re he a faithful S-injective left ideal. Then Re £ R £ Yl Re and

so the lattices of annihilators in R of subsets of R and Re are the same. Thus it

follows from Proposition 1.1 that R satisfies the ascending chain condition on

annihilator left ideals and so R contains no infinite set of orthogonal idempotents.

This completes the proof of this implication.

(6) implies (7). Let Re, e2 = e, be a faithful injective left ideal of R. Then since R

contains no infinite set of orthogonal idempotents we can write

e = ejH—• +er   and    l—e = er + 1+---+es

such that the e¡ for z'= 1,..., s are a set of primitive orthogonal idempotents of R.

Since the Ret for i= 1,..., r are indecomposable injective modules, they are uni-

form. Furthermore, since Fee is faithful for each e¡ with r+1 fkjiks, there exists e¡

with 1 úiúr such that e^Re^íO). Hence there exists a nonzero homomorphism of

Re¡ into Re¡ and, since R is hereditary and Re¡ is indecomposable, it must be a

monomorphism. Thus Re¡ is uniform and its injective hull is isomorphic to Re¡.

We conclude from this that BR is finite dimensional and that E(RR) is a finitely

generated projective .R-module.

Since Z(Bi?)=(0) and RR is finite dimensional, it follows from Theorem 1.6 of

Sandomierski [32] that the maximal left quotient ring Q of R is a semisimple ring

with minimum condition on one-sided ideals and it is well known that RQ is iso-

morphic to E(BR) (see [11]). Furthermore, since R is left hereditary and BR is finite

dimensional it follows from Corollary 2 of Sandomierski [33] that R is left

Noetherian.

Since Bge is an essential extension of RRe, Qe = Re and hence eQe = eRe. More-

over, since Q is semisimple, eFce is semisimple and Re is finitely generated as a

right eRe module and so satisfies the descending chain condition on eRe sub-

modules. Thus the chain

Ne 2 N 2e = • • ■ 2 Nke 2 • • •

becomes stationary so that there exists a t such that Nte = Nt + 1e. But this equality

together with Nakayama's lemma implies that A"e = (0) and hence Nl = (0) since

Re is faithful.
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Since Ret is uniform for all z'= 1,..., s and RQe{ is essential over Re¡, it is also

uniform as an .R-module and hence is an indecomposable left ideal of Q. Thus

e,2e¡ is a division ring. If 0#x e e,i?et, it has an inverse a e eiQei, i.e. xa = ax=et.

Then y = (\— et) + x e R has an inverse y~1 = (I—ei) + ae Q. Since

R £ Ry-1 £•••£ Ry-h £•••

is an ascending chain of .R-submodules of Q it becomes stationary after a finite

number of steps and so y-lq + 1) = ry-q for some integer q and r e R. So y~x e R

and hence etj"1 = ei[l— e¡ + a] = ae R. Thus e¡Rei is a division ring. Hence

R/Nfa + N) is a simple R/N module by Jacobson [20, Proposition 1, p. 65]. We

conclude from this that R/N is a semisimple ring with minimum condition.

The results of the preceding two paragraphs imply that R is a semiprimary ring

and as we noted previously R is left Noetherian. Thus R is also right hereditary (see

[2]) and, in view of the equivalence of conditions (1) and (6) of Theorem 1.3,

contains a faithful injective right ideal so that everything which we know about R

is now symmetric. We shall complete the proof by showing that R is generalized

uniserial, i.e. each principal indecomposable left and right ideal of R has a unique

composition series, and by applying a result of Goldie [17]. Because of the left

right symmetry we consider only one side. It suffices to show that if g2=g is any

primitive idempotent of R and k any positive integer such that Nkg=¿(0), then

Nkg/Nk + 1g is simple. However, by the same reasoning used in the first paragraph

of this part of the proof one concludes that Rg is uniform and hence, since R is

hereditary, Nkg is an indecomposable projective .R-module. Since R is semi-

primary this implies Nkg is isomorphic to a principal indecomposable left ideal of

R and so N(Nkg) is the unique maximal left ideal of Nkg (see Eilenberg [10] or

Bass [3]).

We have now shown that R satisfies the hypothesis of Theorem 8.11 of Goldie

[17] and so the desired conclusion follows from that result. This completes the

proof of the theorem.

We could have shortened the proof slightly by omitting the penultimate para-

graph and appealing instead to Theorem 2 of Harada [18, p. 363] for the final

conclusion. We did not do this because Goldie's paper is more self contained and

so may be more accessible to the interested reader.

References

1. F. Albrecht, On projective modules over semi-hereditary rings, Proc. Amer. Math. Soc. 12

(1961), 638-639. MR 23 #A3766.
2. M. Auslander, On the dimension of modules and algebras. Ill: Global dimension, Nagoya

Math. J. 9 (1955), 67-77. MR 17, 579.
3. H. Bass, Finitistic dimension and a homological generalization of semi-primary rings, Trans.

Amer. Math. Soc. 95 (1960), 466-488. MR 28 #1212.

4. H. Cartan and S. Eilenberg, Homological algebra, Princeton Univ. Press, Princeton, N. J.,

1956. MR 17, 1040.



1971] GENERALIZATIONS OF QF-3 ALGEBRAS 385

5. P. M. Cohn, Quadratic extensions of skew fields, Proc. London Math. Soc. (3) 11 (1961),

531-556. MR 25 #101.

6. R. R. Colby and E. A. Rutter, Jr., Semi-primary QF-3 rings, Nagoya Math. J. 32 (1968),

253-258. MR 37 #6322.

7. -, Semi-perfect QF-3 andPP-rings, Osaka J. Math. 5 (1968), 99-102. MR 38 #2168.

8. -, QF-3 rings with zero singular ideal, Pacific J. Math. 28 (1969), 303-308.

9. B. Eckmann and A. Schopf,  Über injektive Moduln, Arch. Math. 4 (1953), 75-78.
MR 15, 5.

10. S. Eilenberg, Homological dimension and syzygies, Ann. of Math. (2) 64 (1956), 328-336.

MR 18, 558.

11. C. Faith, Lectures on injective modules and quotient rings, Lecture Notes in Math., no. 49,

Springer-Verlag, Berlin and New York, 1967. MR 37 #2791.

12. -, Rings with ascending condition on annihilators, Nagoya Math. J. 27 (1966),

179-191. MR 33 #1328.

13. C. Faith and E. A. Walker, Direct-sum representations of injective modules, J. Algebra 5

(1967), 203-221. MR 34 #7575.

14. K. R. Fuller, The structure of QF-3 rings, Trans. Amer. Math. Soc. 134 (1968), 343-

354. MR 37 #2810.

15. -, On indecomposable injectives over Artinian rings, Pacific J. Math. 29 (1969),

115-135.

16. A. W. Goldie, Semi-prime rings with maximum condition, Proc. London Math. Soc. (3)

10 (1960), 201-220. MR 22 #2627.

17. -, Torsion-free modules and rings, J. Algebra 1 (1964), 268-287. MR 29 #2282.

18. M. Harada, QF-3 and semi-primary PP-rings. I, Osaka J. Math. 2 (1965), 357-368.

MR 34 #5874.

19. -, QF-3 and semi-primary PP-rings. II, Osaka J. Math. 3 (1966), 21-27. MR 34 #5874.

20. N. Jacobson, Structure of rings, 2nd rev. ed., Amer. Math. Soc. Colloq. Publ., vol. 37,

Amer. Math. Soc., Providence, R. I., 1964. MR 36 #5158.

21. J. P. Jans, Projective injective modules, PacificJ. Math.9(1959), 1103-1108. MR 22 #3750.

22. -,   Rings  and   homology,   Holt,   Rinehart   and   Winston,   New   York,   1964.

MR 29 #1243.

23. I. Kaplansky, Projective modules, Ann. of Math. (2) 68 (1958), 372-377. MR 20 #6453.

24. L. Levy, Torsion-free and divisible modules over non-integral-domains, Canad. J. Math. 15

(1963), 132-151. MR 26 #155.
25. H. Y. Mochizuki, On the double commutator algebra o/QF-3 algebras, Nagoya Math. J.

25 (1965), 221-230. MR 31 #1273.

26. K. Morita, Duality for modules and its applications to the theory of rings with minimum

condition, Sei. Rep. Tokyo Kyoiku Daigaku Sect. A. 6 (1958), 83-142. MR 20 #3183.

27. -, Duality in QF-3 rings, Math. Z. 108 (1969), 237-252.

28. B. Müller, Dominant dimension of semi-primary rings, J. Reine Angew Math. 232 (1968),

173-179. MR 38 #2175.

29. B. L. Osofsky, Rings all of whose finitely generated modules are injective, Pacific J. Math.

14 (1964), 645-650. MR 28 #5090.

30. -,  A generalization of quasi-Frobenius  rings,  J.   Algebra  4  (1966),   373-387.

MR 34 #4305.

31. -, Noninjective cyclic modules, Proc. Amer. Math. Soc. 19 (1968), 1383-1384.

MR 38 #185.

32. F. L. Sandomierski, Semisimple maximal quotient rings, Trans. Amer. Math. Soc. 128

(1967), 112-120. MR 35 #5473.
33. -, Nonsingular rings, Proc. Amer. Math. Soc. 19 (1968), 225-230. MR 36 #2648.



386 R. R. COLBY AND E. A. RUTTER, JR.

34. L.   W.   Small,  Semihereditary rings,  Bull.   Amer.   Math.   Soc.  73  (1967),   656-658.

MR 35 #2926.

35. H. Tachikawa, On left QF-3 rings, Pacifie J. Math. 32 (1970), 255-268.

36. R. M. Thrall, Some generalizations of quasi-Frobenius algebras, Trans. Amer. Math. Soc.

64 (1948), 173-183. MR 10, 98.

37. K.   G.   Wolfson,   Baer  rings  of endomorphisms,   Math.   Ann.   143   (1961),   19-28.

MR23#A174.

University of Hawah,

Honolulu, Hawaii 96822

University of Kansas,

Lawrence, Kansas 66044


