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1. Introduction. Let (S% =™, ¢), i=0, 1 or 3, be a free differentiable action of
St on the homotopy m-sphere =™ with orbit space Z™/S* and a homotopy equiv-
alence f: X™/St*— KP* (K=real, complex or quaternionic according to whether
i=0, 1 or 3). By a characteristic homotopy (m—q)-sphere of Z™ we mean a homotopy
sphere 2™~ ¢ which is S*invariant, that is p(S*xXm-9)cXEm-9cX™ and such that
fis transverse regular on KP' with f~*(KP")=Zm™~9/S*and f|Z™~9/S"is a homotopy
equivalence. In this paper, we are concerned with the problem of finding character-
istic homotopy spheres. The case i=0 and g=1 was studied by Browder and
Livesay [3]. For the case i=1 and ¢=2, Montgomery and Yang have shown that
the obstruction is preciesly the Browder-Livesay invariant which is obtained by
restricting the action to the subgroup Z, [11]. We consider the case i=3, m=4n+3,
and compare the obstructions between the S3-action and S*'-action for S'< $3.
We also give some interesting examples in dimensions 11, 13 and 15. Our methods
will be based on the computation of the surgery obstruction by using a formula
of Browder [2, 4.4].

Throughout the paper, Z denotes the ring of integers, o(M) the index of the
smooth manifold M, =(M) the tangent bundle of M. We let CP™ be the complex
projective n-space and QP™ be the quaternion projective n-space.

2. The invariants I,,(S?, 22" **) and I,,(S3, Z4**3), Suppose that S* (resp. S%)
acts freely and differentiably on a homotopy sphere Z2"+* (resp. Z***3), and let
N=X2"*1/81 (resp. Z*" *3/8%) be the orbit space. Letf: N — CP"(resp.f: N— QP™)
be a homotopy equivalence which is transverse regular on the submanifold
CP™~* (resp. QP"~¥) with n—k>2 (resp. n—k > 1), and let M =f~1(CP"~¥) (resp.
S Y (QP*~*)). Furthermore we assume that dim M =4q. There is an obstruction to
make f normally cobordant to f': N— CP™ (resp. f': N— QP"™ a homotopy
equivalence, such that if M’ =(f")"*(CP"~*) (resp. (f')~(QP"*~¥)), f': (N, M’) —
(CP", CP"~¥) (resp. f': (N, M') — (QP", QP"~¥)) is a homotopy equivalence on
each term [2, 2.14]. The obstruction is simply the difference of two indices, namely
o(M)—o(CP"~¥) (resp. o(M)— o(QP™~¥)) which lies in the group 8Z, and we shall
denote it by I (S?, Z2"*+1) (resp. I, (S3, Z***3)). It is precisely the obstruction of
the free S* (resp. §°) action on Z2"** (resp. 4" *2) having codimension 2k (resp. 4k)
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494 H.-T. KU AND M.-C. KU [May

characteristic homotopy sphere. For S* action with codimension 2 characteristic
sphere, the obstruction is the invariant I(S?, Z2"*1) defined by Montgomery and
Yang [11], hence I(S?, 22"+ 1) =I(S?, 22" +1)if n > 4. We restate a result of Browder
in [2, 4.4] as the following theorem:

THEOREM 2.1 [2]. Let (S*, Z2**1) or (S3, 24" *+3) be a free differentiable action.
Then

L[S, 22 *Y) = (L(r(N) @ kp™"), Xn-1>—1,
1, (8%, 24 *3) = (L(1(N) @ kp™?), Xn-i» —(QP"75),

where p is the canonical bundle over N=X%2"*1[S! or Z4"*3/S§3  associated to the
principal bundle

Sl__>22n+l_)z2n+l/sl or Sa_>z4n+3_)z4n+3/sa

respectively, p~* the inverse of p, xn-y is the generator of Hy(N), n—k=2q or
n—k=q, and L, the qth component of the Hirzebruch’s L-genus [5],

L: (KO)~(N) — ;0 H*(N, Q).

DEFINITION 2.2. Let p(CP" Z)=rg* (resp. p(QP", Z)=Fp"). A homotopy
complex (resp. quaternion) projective n-space M is called semistandard if the
Pontrjagin classes p(M)=r,e® for i < [(n— 1)/4] (resp. p(M)=Fp', i< [n/2]), where
o, & (resp. B, B) are the generators of H*(M,Z), H*(CP", Z) (resp. H*M, Z),
H*(QP™, Z)) respectively.

Suppose that a free differentiable S3-action on a homotopy sphere Z*"*3 is given
(n=3) such that the orbit space Z¢**3/S3 is a semistandard quaternion projective
space. If we restrict the action to the subgroup S* of S®, we have the fibre bundle
n: §2 — Ten+3/§1 1 F4n+3/ 93 with p(n) =1+ 44, a the generator of H4(Z4"*3/§3, Z)
and p(QP™) =(1+a)2"* (1 +4e)~?, « the generator of H*(QP™", Z) [1]. Hence we
see that " +3/S? is also semistandard. In [6], W. C. Hsiang has shown the exis-
tence of infinitely many nonhomeomorphic semistandard complex (2n+ 1)-spaces
and quaternion n-spaces such that their Pontrjagin classes p; are distinct for
iz[n/2]+1.

THEOREM 2.3. Suppose that S® acts freely and differentiably on a homotopy
(4n+3)-sphere T4 +3 (n23) such that the orbit space Z*"*3[S® is a semistandard
homotopy quaternion projective space. Then

I4n- 4[n/2] - 4J(S3’ 24” + 3)
j-1
1) = Z {{Linz1 45 -(7(Z*"*3/S?)), Xiniz1+7-20 — {Limzr+1-(T(QP™); Ximiz1+5-00}
=0

X<{L(n=[n/21-)p""), %> forj z 1,
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Ly apnjzy - 45+2(S, Z4*°)
i1
#)) = z {{Linsz1+ 5 -(T(Z2"*3[S°), Rinmizr+5-17 = Limz+5-(7(QP ™), Xinjz1+5-00}
i=0

x{Lfn*n @ 2n—2[n/2]-2j+1)p~ ), x> forjz 1,
L apnizy-o(S3, Z**8) = Iip_ gpnjzy-o(S?, Z4*9)
3) = Stni21+ 1{Pins21+1(Z4"*3/8®), Xinj21+1>

—{Pn21+1(QP ™), Ximiz+ 10}
I4n —4[n/2]1+ 4](83’ 24" + 3)

= Iin_atmz1+4742(SHZ*%) =0 for [nf2]-22j 20,
where p, p denote the canonical bundles over CP*"*! and QP™, x4, Xa and ¥, the

generators of H,(CP?*"**,Z), Hy(QP", Z) and H (Z*"+3/S3, Z), respectively

(¢f. Theorem 2.1), Spnj21+1 the coefficient of piyoy+1 in Liygy+1 [5, p- 12], and [n/2] is
the largest integer less than or equal to n/2.

Q)

Notation. In the proof, we will denote the canonical bundles over Z***3/S* and
34n+3/63 by p’ and p’ respectively, and y; the generator of Hy (2%"*3/S%, Z). Let
r=7(CP2"*1), ¢’ =7(Z4"*+3/SY), s=7(QP") and 7 =r(Z*"*3/S°).

Proof. Since 2%"*3 admits free S3-action, we have fibre bundle

’

7't S —» Ttn+3/g1 "_> T4n+3/63
which is homotopically equivalent to the standard fibration : §2 — CP2**+! =, Qp"

by (f,f), that is, we have the following commutative diagram:

gt S 5 Stn+3/g1 i__) Tn+3/g3
vl
7: 82 —s CP#+1 T, gpr
Notice that p'=f*(p), p'=f*(p) and o’ =f*(y). By assumption we have
©) FXp(QP™) = p(2*"*3/S%)  and
f¥(p(CP**1Y)) = p(Z**3/SY) fori = [n/2].

Now we consider the standard free action of S® on S$*"*3. This action has charac-
teristic (4[n/2]+4j+ 3)-sphere S4™21+4/+3 Hence by Theorem 2.1, we have

L2+ A7 @ (n—[1/2]=1)p" %), Ximz1+1) = o(QPM+)
or
LA LA(n—[1/2]=7)p ")+ - - - + Limar+ (=121 =)™ ), Xinsz1+ 5>
(6) = o(QP™A*7) — Ligjgy+ (D) + - - - +Liyz+2(9)
X L;_y((n—[1/2]=1)p"1), Ximiz+ 1)~
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Since F*(p( QP ™) =p(E*"+3/S?) for i < [n/2], L(¥)=F*L(#) for i< [n/2). Thus we
obtain
Limaf(F) LA = [n/2]=j)(p") ") + - - + + Linzy+ A0 = [1/2] =7)B) )5 Kiniza+ 27
= (YLD LA(n—[1/2]—j)5~ )
) + o+ Ly (1= [1/21=7)p ™1}, Rinizr+ 27
= o( QP )~ Lijy 4 A7)+« + - + Linizy +2(9)
XLy 1((n—[n/21=1)p""); Xiniz1+2>
by (6). Again by Theorem 2.1,
Iy apnjz1 - 4/(S3, Z4*0)
= (L + A7)+ -+ - + Loy +1(F) Ly - 1((n = [1/2] = 7)) )5 Kimzr+ 90
+{Lin2(F)Li((n— [n/2]1-j)(5)) ")
+ o+ Ly + (0= [1/2]=7)(F) ™), Kiniza+ 19 — o(QP21*7)

i=1
= Z {{Lin21+1-(7(Z4"*3[S®), Rimzr+5-0)
=0

= L1+ 1-(7(QP ™), Ximizr +5 -0 K Ll(n—[1/21=7)p %), %>
by (7), and (1) is proved.

The proof of (2) is similar. We have 7' =#"*7" @ #'*y’ and r=7*F @ =*1. As
we remarked before, f*p,(7)=p,(7") for i<[n/2]. The standard free S-action on
S*"+3 has characteristic sphere S*™21*4/+1 hence

1 = Lz + (7 @ 2n—2[n/2]=2j+1)p™ "), Xiniz1+ 5>
= {Lipgy+ m*7 @ m*n @ 2n—2[n/2] =2+ 1)p ™), Xinizr+ -
For simplicity, let k=2n—2[n/2]—2j+1, then

Limaf(m*F)L(m*n @ kp~ 1)+ - - - +Linjay+ (m*n @ kp™1), Ximizr+2)
= 1= Loy 4 Am*F) + - - +Linjay s 1(m*F) Ly 1 (7*n D kp™ ), Xtz + 20
= 1= L2y + A7*7); Xtni21+ 27
— o =L Ly +1(m* ), Xomizr + 10 Ly 1(m*n @ kp~?), xj-1>
= 1= Lin21 + )5 Xiniz1+5”
— o L Ly 410D Kimz 410 <Ly 1 (m*n @ kp™1), x5-10-

If we use the fact that #'*f*=f*=*, we can see that

{Lina(m@*#)Li(m"*n' @ kp' ")+ - - - +Limar+ j(@"*n" @ kp' ™), Xtnz14+2>
(&) = 1= Lnj214+ %) Xinsz1+”
- _<L[n/2]+1(7-')’ )?[n/2)+1> <Lj-1(‘”*"l @ kP—l)a Xf—1>-

Therefore, if we substitute (9) into the formula for I, _ 4n2) - 454+ 2(S?, Z*"*3), the
conclusion of (2) follows. The proof of (4) is essentially the same but a little

®)



1971] CHARACTERISTIC HOMOTOPY SPHERES OF S! AND S$°? 497

simpler. The statement (3) follows from (1), (2) and (5). This completes the proof
of Theorem 2.3.
As a simple consequence, we state the following:

COROLLARY 2.4. (i) If Iyn-apnjzy-4(S3, 24"¥8)£0, then
I4n —4[n/2] - S(Saa Z4n + 3) # I4n —-4[n/2] - G(Sl’ 24n + 3).
(ii) I(S*, Z1%)=14(S*, Z1%) and I(S*, Z'®)=1I4(S?, 31°), since L4(X'5/S%)=0,

Ly(Z*/S%)=1 and {Ly(=*n @ p~Y), x> =1.
(iii) For n25, Iy _atno1-o(S?, T4+ 3) =14y _ 4injz - (S, 22" +3) if and only if

3 Linjzr+ o(7(Z4"*3/S3)), Rtz + 2> — {Linsz1+ 2(T7(QP™), Xinizr + 20}
= (2n—2[n/2] = ) Linj21 + 1((Z*"*3/S®)), Xinizy+1>
= Linj21+1(7(QP™), Xini21+ 10}

We may derive the similar results in other cases.
To conclude this section we prove the following characterization theorem.

THEOREM 2.5. Let S? act freely and differentiably on a homotopy (4n+ 3)-sphere
Z4n*8 (n=4). Then the orbit space Z*"*3[S® is a semistandard homotopy quaternion
projective space if and only if (4) is satisfied.

Proof. We use the notation of Theorem 2.3. Suppose (4) holds. It suffices to
show that the following relations are satisfied:

(10) CLAT), %> = <L), xpp forl £ j = [n/2].
From Iy, _¢(S3, Z4*3)=1,, _4(S?, T +3)=0, we obtain
L7 @ (n=2)(p) 1), k2> = {La(7" @ (2n—3)(p") 1), x2>
= KLo(m™* 7" @ 7™y ® (2n—3)(p') ™), x2)
because 7' =#"*# @ ='*y’. Simplifying this equation we get
an L), XALLa((n—2)(5) %), %10 — {La(@"*q" @ (2n—3)(p") ™), x1)}
= (Lo(m"™*n" @ 2n—=3)(p")7Y), x2> —<La((n—2)(5") ™), X2>-
Similarly if we consider the standard free S?® action on S*"*32, we have
Lin-o(S?, S"*2) = L, _o(S*, S*"+°) = 0;
thus the same argument implies
CLy(), xALLi((n—=2)(p) ™Y), 51> — (La(m*n @ (2n—3)p™Y), x10}
= {La(m*n @ 2n—3)p™?), x2> — < La((n—=2)(p) 1), K-
By comparing (11) and (12) we have
(13) ' CLy(7), 31> = {Li(D), x>

(12)
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since
(Ly((n=2)(p")"), x> = {Li((n—2)p""), %1,
(Ly("™*n" @ 2n—=3)(p)""), x> = {Ls(m*n @ 2n—3)p~1), x1D,
(Ly(@"™*n" D (2n—3)(p") ™), x2> = {Ly(m*n @ 2n—3)p~%), x2»,
and

CL((n—2)(5")"Y), %2> = {Lo((n—2)p"1), X2>-
Next we see from Iy, _g(S3, 24 *3)=(Ly(¥ @ (n—2)5""), 520>—1=0 and
I,,_5(S3, S*"+3)=0 that

(14) (Lo(F), X2 = {La(P), %2>-
Now we suppose that

L(7), x> = <L(D), x> for1 =i < [n/2].
But
Tin-g-o(S3% 243 = (L o(F @ (n—i=1)(p) "), Ri+1> —0(@QP'*Y) = 0
and
Iyn_4i-o(S% S**8) = (L1 41(F ® (n—i—1)p"), X410 —0o(QP*1) = 0.
Thus,
CLiss(7), Fiv 1> = o(@QPH* 1) = L(7), x> {La(n—i=1)(5") "), %2>
— oo =Ly (==Y, i+ 1D
= o(QP** 1) —<L(7), g <{Li((n—i—1)p""), 71>
= = LLa((n=i=1)7Y), Kuard
= {Li+1(P), i+ 1)-
This completes the proof of the theorem.

3. Lower dimensional examples. This section contains some results on the free
differentiable actions of Z,, S* and S® on homotopy spheres of dimensions 11, 13
and 15.

1. Actions on homotopy 11-spheres. In [8] we studied the differentiable actions
of S® on homotopy 11-spheres and proved

THEOREM 3.1. Let X3} denote the Milnor sphere which represents the generator of
0, [9). Then a homotopy 11-sphere Z'* admits a free differentiable S3-action if and
only if 211 x 32kZ}} for some k=0, +1, £2, +3, +4, +5, £10, +11, £12, +14,
+ 16 (mod 31). These all admit infinitely many topologically distinct actions which
can be distinguished by the first Pontrjagin classes of the orbit spaces.

The proof of this theorem is based on the examples constructed by the Hsiang
brothers [7] and the following fact [8]: Let S2 act freely and differentiably on a
homotopy 11-sphere 2*. Then either
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(i) p,(Z11/83)=(672k +2)a for some integer k, and

pEY) = —(13k+1D(k+1)k/31 (mod 1),

or

(i) p,(211/S®)=(672k+ 194)c for some integer k, and

w(ES®) = —1(—k+1)(Tk+2)(k—T)/31 (mod 1),

where & denotes the generator of H*%(X!/S%,Z) and w(Z'') the Eells-Kuiper
p-invariant [4).

It is said in [8] that the homotopy sphere kZ}}, k odd, admits no free differ-
entiable S'-actions. Since we made some errors in computation, this does not follow
from Lemma 2.1 of [8]. We conjecture that this result remains true. We correct

this by proving the following Lemma 3.2. The proof being essentially the same, we
only sketch the proof.

LeMMA 3.2. Let St act freely and differentiably on a homotopy 11-sphere Z'1,
Then
p(Z') = (9i+102i%+288i%+ 148+ 720ij+4961)/992  (mod 1),
for some integers i, j and t. Moreover,
p1(Z1Y/SY) = (24i+6)a?,
DpaA(Z11/S1) = (1008i2+264i + 15 + 14405)c?,
where « denotes the generator of H*(2'/S*, Z).

Proof. Let D? — W Z, Z'1/S* be the associated disk bundle of the principal
bundle ¢: St — X1 —» X11/S1. We see that p(§)=1+02, wy(W)#0 and the index
o(W)=1. Let

Pi(ZMSY) = ri0?,  py(ZM/ST) = raet,
Pi(W) = rsf?, W) = r,p
B=w*a and ry, ry, s, ro€Z. We have ra=r,+1, ry=r,+r,. Since B reduction
mod 2 is wy(W), the invariant »(Z'?) is well defined [10]. By substituting the above
data into the formula for », and using the fact that »(2**)=2u(X%!) (mod 1) [10], we
have
496m(Z1) = 992u(XZ1Y)
= {—312+480r, — 64ry+ 142r3 + 60r,r, —45r$}/2%-32.5 (mod 496).

The rest of the proof is just repeating the same argument as in the proof of Lemma
2.1 of [8].

THEOREM 3.3. Let S* act freely and differentiably on a homotopy 11-sphere ',
Then I(S*, Z1*)=16(9i2+ 2i + 14j) for some integers i and j. Hence if I,(S*, £11)=0,
then i is even and Z' =~ mZ}} for some even integers m.
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Proof. It is known that p(p~!)=(1+«?)~'. We apply Theorem 2.1 to obtain

I(S%, Z1) = (Ly(r(ZMSY) @ p™Y), x> — 1
= (La(ZM/SY) +Ly(ZVS) Li(p™ ) +La(p ™), xa>— 1

= % [7(1008i%+264i+ 15+ 14405) — (24i + 6)?]

| 1 1
—3(24i+6) 3+ 7z (1-1)-1
= 16(9i2 + 2i + 14j).

COROLLARY 3.4. There exists free differentiable Zs-action on kZ}} for some k
such that this action cannot be extended to the free differentiable action of S*.

Proof. Let I(Z,, 2'*) be the Browder-Livesay invariant [3], [11]. Montgomery
and Yang showed that I(Z,, 211)=I,(S?, Z'!) [11]. Santiago has constructed the
free involution (Z,, Z}') for all k € Z such that

I(Zz, Ellél) = U(Wk) = 8k,

with Z1! bounding a #-manifold W}2 [12], [14]. Thus for k odd, or k is not of the
form 2(9i2+2i+ 14j), the free Z,-action on kZ}} cannot be extended to free S*-
action.

THEOREM 3.5. Let S® act freely on homotopy 11-spheres X' and Z,=S* are
subgroups of S3. Then

(i) p.(Z*1/S3)=(672k +2)é for some integer k, and I(Z4, 1Y) =I,(S*, Z11) =224k
or

(i) pi(Z11/S®)=(672k+194)a for some integer k, and I(Z,, Z1*)=1I,(S*, Z1)
=224k +64.

In particular, Z'* has S*-invariant characteristic 9-sphere S° if and only if 311~ S*1.

The involutions in (i) for different k are all differentiably distinct. This answers
a question of the Hsiangs [7].
Proof. If p,(Z'!/S®)=(672k +2), then

p1(Z1Y/SY) = (672k+6)B8%, and py(X11/ST) = (64512k2+ 3072k +15)84,
where pZ=n*a, m:3'1/S! - X11/§3 the natural projection [7]. Similarly, if
P1(Z11/S3)=(672k + 194)&, then
pi(Z/SY) = (672k+198)B%, and py(X11/SY) = (6412k2+39936k +6159)8%.
Thus (i) and (ii) are easily computed as in the proof of Theorem 3.3. We note that
I(S,21)=0 if and only if p,(Z'!/S%)=(672k+2)a for k=0. Hence pn(Z'?)
= —(13k+ 1)(k+ 1)k/31=0 (mod 1), and so Z**x S*! by [4].

II. Actions on homotopy 13-spheres. Let S* act on a homotopy 13-sphere X8
with p,(213/S1)="7e?, « the generator of H3(Z!3/S?, Z). W. C. Hsiang has shown
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that there are infinitely many nonequivalent actions of S! on some X2 with
p1(Z*3/S)=Te? and different second and third Pontrjagin classes [6]. Let
P2(Z13/SY) =reat and py(213/St)=r;08. Since the index o(Z3/SY)=1, we have

1 = (Ly(Z%/87), [Z*3/S])

= (s @paE1S) - I3pu (S HpE /") +pu(ES ), [2S7]

1

= 3—3’—5.—7 (62r3—91r2+686)

where [Z13/S'] denotes the fundamental class of £3/S, It is not difficult to see that
r, = 62i+21 and r; =91i+35 for some ie Z.

Now « reduction modulo 2 is the second Stiefel-Whitney class wy(2*3/S*) which is
different from zero. Thus by [5], A(Z'3/S?, «/2) is an integer. A simple calculation
shows that

—259+14ry—rs 37

ACTISh o) = —5 5~ s

hence i=26.32.5.i for some i € Z. Thus,

I(S*, B%) = (Ly(r(Z*%/S") @ 2p™7), x> —1
7-62i

= 27.7.31{
5 = 27.7.31i.

Therefore we complete the proof of

THEOREM 3.6. There are infinitely many free differentiable S*-actions on homotopy
13-spheres so that none of them has a characteristic homotopy 9-sphere.

III. Actions on homotopy 15-spheres.

THEOREM 3.7. Let S® act freely and differentiably on Z1°.

(i) Z5/8® is a semistandard homotopy quaternion projective 3-space if and only
if I(S?, Z1%)=1,(S?, £9).

(ii) If Z'%/S® is a semistandard quaternion projective 3-space, then I,(S*, £'°)
=Ig(S?, X15)=2".217i for some icZ, and X*° € 32bP,; @ Z,. Hence there are
infinitely many free S®-actions on some 3° so that none of them has a S'-invariant
characteristic 13-sphere S'® and S'-invariant characteristic homotopy 9-spheres.

Proof. Let p(Z'%/S%)=rd!, i=1, 2, 3, « the generator of H*(Z'%/S?, Z). Then
1,(53,31%) = 41—5 (Tra—r3—10r, +17)—1
and

IS, 21%) = ?4—13 (Trg—ri+5r,—43)—1,
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whence I,(S3, 215)=I(S?, Z*®) if and only if r, =4. Repeating the argument used
in the proof of Theorem 3.6, since o(Z!%/S3)=0, we see that ry,=31i+12 and
rs=26i+8 for some i € Z. But £'5/S% is a spin manifold, hence A3(Z5/S3) is an
even integer and A45(2!5/S%)=i/(28-3). Thus i=27-3-i for some i € Z. By Theorem
23 (3),

7 ,
1(8% 2%°) = 75 {{pa(Z7°/S?), %2> —<Po(QP%), %)}
= T Gli+12)-12
=i
=——="""T2 =27.217i forsomei = 15ieZ.

Now let W€ be the total space of the disk bundle D* — W — X15/83 associated to
the principal bundle $% — X% — X15/8§3 By using standard technique (cf. proof
of Lemma 3.2), we obtain the Eells-Kuiper u-invariant as follows:

HE®)

_12096p4( W) py(W) + 5040p,(W)2 — 22680p,( W) py(W)? +9639p, (W)* — 181440
= 215.3%.5.7-127

_3i(32i-3)
=17 (mod 1).

Hence 2% € 32bP,¢ @ Z, by [4].

4. Free S3-actions with codimension 4 characteristic homotopy spheres. In this
section we like to compare the invariants I,(S*, Z¢**3) and I,(S3, Z***+3) for any
free differentiable action of S® on a homotopy sphere Z**+3, where S*<S2. The
arguments are similar to those used in §2, so we shall use the notation of
Theorem 2.3.

THEOREM 4.1. Suppose that a free differentiable action of S® on a homotopy
(4n+3)-sphere Z4"+3 s given, n=3, and let S* be the subgroup of S®. Then
I(S1, T4 +3) = I ,(S3, Tin+3),

Proof. According to Theorem 2.1, we have

(S, Z4*%) = (Ly(7" @ p' ™), xn> — 1
= Ly(a"*7 @ 7"*n" D p'7), xa>—1
= (Lp-a(m*7), xn -1 {La(@"*7' D p' ™), x>
+{La-o(m"*7), Xn- 2> {Lao(7"*n" D p' 1), x2>
+ o La(m™*n D p' ), x) HLLa(m"* ), xn> — 1}
= (Ln-2(F), Xn-1> +{Ln-2(F), Xn-20 {Lo(m*n @ p™1), x2>
+ o +<La(m*n D p™Y), xn> H{(L(T), Xn> — 1}
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because (L,(7"*y’ @ p'~Y), x1> =1 and #»'*f* =f*z*, Similarly,

I(S%,Z4*3) = (Ly-o(F @ 571, Xn-1>—0(QP"7)
= (Ln-1(F), Xn-10 +<{Ln-o(F); Xn-2><{L1(p" ™), X1
+oo < Laoa(F 7Y, Rn-1> —o(QP™TY).
But (L. (7'*#), xn>— 1= —o(QP"~1). Thus it suffices to show that

L(m*n @ p™ 1), x> = {Ly-1(p™Y), X-1» fork =1

since {Ly_1('"Y), ¥r—1>=CLk_1(p™Y), %1y for k=1. By direct computation,
we see easily that the above relation holds for k=1, 2. Suppose it is true for
k <m=n. We consider the standard free action of S and S on S$4"+3, The same
computation gives

0 = (S, S4m+3)
= <Lm—1(7-')s )?m—1>+<Lm—2(f)’ )?m—2> <L2("*77 @ P_l)’ X2>
+-- +<Lm(‘”*7l ® P_l)a Xm>+{<Lm(f), )?m>_ 1}‘
0 = I,(S3, Stm+3)

= (Lp-1(F); ¥m-10> +<{Lm-2(7); Xm-2> <Ll(p-l)’ X1
+oee +<Lm—1(p_1)a fm—1>_o(QPm_1)'
Again {L,(%), ¥my—1=—0(QP™"?) and so
<Lm(77*7) @ P—l)’ Xm) = <Lm—1(p—1)’ Xm-1)

follows from induction hypotheses. This completes the proof of the theorem.

ADDED. In the paper Differentiable S* actions on homotopy spheres (to appear),
G. Brumfiel has found all possible homotopy spheres in dimensions 9, 11 and 13
which admit free differentiable actions of S*. He also studied the free differentiable
actions of S on homotopy spheres which do not bound #-manifolds.

The authors were informed that the action on homotopy spheres not in bP,,
were also studied by D. Frank.

Concerning the problem related to the existence of characteristic homotopy
spheres, the authors also showed the following results: There are homotopy
(4n+1)- or (4n+ 3)-spheres which admit infinitely many topologically distinct free
differentiable actions of S* or S® with characteristic homotopy spheres in certain
dimensions and without characteristic homotopy spheres in some other dimensions
(cf. Free differentiable actions of S* and S® on homotopy spheres, Proc. Amer. Math.
Soc. 25 (1970), 864-869). We remark that Theorem 4.1 can be generalized as
follows with the same proof:

Loy 2(S*, TH42) = Iy (8%, B4 %) + o1 o(S%, Z474°%) for 0 5 k < n—2.

See also a paper of B. Conrad (Extending free circle actions on spheres to S* actions,
mimeographed, Temple University, Philadelphia, Pa., 1970).
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