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G-STRUCTURES ON SPHERES

BY

PETER LEONARD

Abstract. G„ denotes one of the classical groups SO(ri), SU(n) or Sp(n) and H a

closed connected subgroup of G„. We ask whether the principal bundle G„ -*■ G„ + 1

-*■ Gn + i/G„ admits a reduction of structure group to H. If n is even and G„ is SO(n)

or SU(n) or if «^11 mod 12 and G„ is Sp(n), we prove that there are no such reduc-

tions unless n = 6, G6 = SO(6) and H=SU(3) or (7(3). In the remaining cases we

consider the problem for H maximal. We divide the maximal subgroups into three

main classes: reducible, nonsimple irreducible and simple irreducible. We find a

necessary and sufficient condition for reduction to a reducible maximal subgroup

and prove that there are no reductions to the nonsimple irreducible maximal sub-

groups. The remaining case is unanswered.

1. Introduction. In this paper we consider the problem of determining all

G-structures on the standard «-sphere, Sn. More precisely, let Gn denote either the

special orthogonal group, SO(n), the special unitary group, SU(n), or the sym-

plectic group Sp(n). Given a closed connected subgroup 77 of Gn we ask whether

the principal Cn-bundle G„-> Gn + 1 -» Gn + 1/Gn admits a reduction of structure

group to 77.

The problem has been solved in a number of significant cases. Adams [1] has

obtained a complete solution for Gn = SO(n) and 77 the standard subgroup

SO(n — k), \^k<n. The results of Atiyah and Todd [3] and Adams and Walker

[2] completely solve the problem for Gn = SU(n) and 77 the standard subgroup

SU(n — k), lfik<n. Finally, Borel and Serre [4] obtained the final solution for

G2n = SO(2n) and H= U(n).

For Gn equal to SO(n) or SU(n) and « even and for Gn equal to Sp(n) and

«^11 mod 12, we obtain a complete solution to the general problem. Namely, we

prove

Theorem 1. A. For n even, the fibration

SO(n)-> SO(n+l) ->SO(n+l)/SO(n) = Sn

cannot be reduced to a proper subgroup 77 of SO(n) unless n is 6 and 77 is SU(3) or

U(3).
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B. For n even the fibration

SU(n) -s- SU(n+1) -> St/fn + l)/SU(n) = S2n + 1

cannot be reduced to a proper subgroup of SU(n).

C. For w^ll mod 12, the fibration

Sp(n) -*■ Sp(n+l) -> Sp(n+l)/Sp(n) = Sin + S

cannot be reduced to a proper subgroup of Sp(n).

In the remaining cases we restrict ourselves to consideration of the maximal

closed connected subgroups of Gn. Following Dynkin [6], we divide these subgroups

into three main classes: the reducible maximal subgroups, the nonsimple irre-

ducible maximal subgroups and the simple irreducible maximal subgroups. We

obtain a necessary and sufficient condition for reduction to the reducible maximal

subgroups. We prove

Theorem 2. A. Let H be a reducible maximal subgroup of SO(n), n odd. Then

H leaves invariant a subspace V of Cn such that K= V. Let k be the larger of

dim V, codim V. Then SO(n) -* SO(n +1) -*■ Sn can be reduced to H if and only if

there is a reduction to the standard subgroup SO(k).

B. Let H be a reducible maximal subgroup of SU(n). Then H leaves invariant a

subspace V ofCn. Let k be the larger of dim V, codim V. Then SU(n) -> SU(n+l)

_^¡¡2n + i can oe rec¡ucec¡ iQ n if and only if there is a reduction to the standard

subgroup SU(k).

For the symplectic case we need the following definition. Let J: C2n -*• C2n be

defined by J(xu ..., x2n) = (x2, -xu ..., x2n, -x2n_i), and (x, y)' the skew-

symmetric bilinear form of C2n defined by

n

\X,y)    =    2ii   (X2k-iy2k~X2ky2k-l>-
fc = l

Then we have

Theorem 2. C. Let H be a reducible maximal subgroup of Sp(n). Then H leaves

invariant a subspace V of C2n such that either

(a) J(V)=V, or

(b) V © J( V) = C2n and (x, y)' is either zero or nondegenerate on V.

Let k be the larger of dim V, codim K. Then Sp(n) -> Sp(n+l) -> Sin + 3 can be

reduced to H if and only ifJ(V) = K and there is a reduction to the standard subgroup

Sp(k/2).

The nonsimple irreducible maximal subgroups are dealt with in

Theorem 3. If H is a nonsimple irreducible maximal subgroup of Gn, then

<jn + i -> G„ + i/<j„ cannot be reduced to H.
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We are unable to solve the problem for the simple irreducible maximal sub-

groups. However, we prove the following

Proposition 4. The fibration SU(n+l)—> S2n + 1 can be reduced to the sub-

group SO(n) of SU(n) if and only ifn = 3.

The results of this paper are contained in the author's doctoral dissertation. The

author wishes to thank Professor Bruno Harris of Brown University for suggesting

the problem and for many helpful conversations during the preparation of this

paper.

2. Notation. SU(n) denote the group of unitary « x « matrices of determinate

1, a the automorphism of SU(n) induced by complex conjugation, SO(n) the sub-

group of SU(n) of fixed points. If n = 2m, let t be the automorphism of SU(2m)

defined by r(A) =J~la(A)J, where J is the 2m x 2m matrix with 2x2 blocks

down the main diagonal and zeros elsewhere. Sp(m) denotes the subgroup of

SU(2m) of fixed points of t.

By a subgroup of SU(n) we will mean a closed connected subgroup. A subgroup

is reducible if it leaves invariant a proper subspace of complex «-space Cn and

irreducible otherwise.

If A and B are square matrices of orders m and n, respectively, then AxB

denotes the square matrix of order m + n of the form

\A 1LO    B\

and A 0 B the square matrix of order mn with entries

M.k)  _  niUk

where we use the ordered pairs (i, k), l^i^m, 1 ̂ k^«, as indices. If M and N

are two sets of square matrices of orders m and «, respectively, then MxN(M ® N)

is the set of all matrices AxB (A ® B) where Ae M and BeN.

If G is a Lie group, la CW-complex ahd r¡ a principal fibre bundle with structure

group G over the suspension SX of X, then r¡ is classified by a map c: X-+G or a

map c: SX^> BG, where BG is a classifying space for G [9]. We will speak of either

map as a classifying map for -n.

Finally, if p is a prime integer, « an integer, vp(n) will denote the highest power

of p dividing «.

3. Proof of Theorem 1.

Lemma 3.1. Let G be a Lie group and 77, Hu H2 closed subgroups of G such that

77(c77, i=l, 2. The composition

77». c 77-^77/772
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is essential if there is a principal G-bundle over the suspension of a CW-complex

which can be reduced to H1 but not H2.

Proof. Let it: E-> S(X) he such a bundle and c: X-^-G a classifying map.

There is a homotopy commutative triangle

X—c-^ G

x/
where i is inclusion. If H^ -> H/H2 is inessential, then, by the homotopy lifting

theorem, there is a homotopy commutative triangle

#! —'—^ H

\Á
H2

where /', i2 are inclusions, and c: X-+ G factors through H2.

Corollary 3.2. Let -n: £-> S(X) be a principal Gn-bundle which can be reduced

to Gn-k but not Gn-k-1. If there is a reduction to a closed subgroup H ofGn-k, then

H acts transitively on the sphere Gn-k/Gn-k-1 through Gn-k.

We proceed with the proof of Theorem I.A. The fibration SO(2n) -> SO(2n+1)

-> 52n cannot be reduced to SO(2n— 1) [1]. By Corollary 3.2, if there is a reduction

to a subgroup H, then H must act transitively on S2n~1 = SO(2n)/SO(2n— 1)

through SO(2n) and must be one of the groups SO(2n), SU(n), U(n), Spin (7)

(n = 4), Spin (9) (n = 8), or if n = 2m, Sp(m) or Sp(l)xZ2 Sp(m) [12], [14].

Reduction to U(n) is possible if and only if «=1 or 3 and to SU(n) if and only

if n = 3 [4].

Suppose that n is even. Reduction to Sp(n/2) implies reduction to SU(n) and this

is impossible.

Suppose that n is even and that reduction to Sp(l)xZ2Sp(n/2) is possible. If

n = 2, Sp(l)xZ2 Sp(l) = SO(4) and we need only consider the case «2:4. The pro-

jection Sp(l) x Sp(n/2) -> Sp(l) xz¡¡ Sp(n/2) is a double covering and induces an

isomorphism

nto-iiSpiDxSpOiß)) S ^n-i(*(l)xZ2 Sp(n/2)).

Thus we have a homotopy commutative diagram

S2"-1-> 50(2«)

Sp(l)xSp(n/2) —> Sp(l)xZzSp(n/2)
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where c is a classifying map, c1 classifies the reduction to Sp(l)xZ2 Sp(n/2) and i

is inclusion. By Lemma 7.5, there is a homotopy commutative diagram

5an-i .   _c-„ so(2«)

j

Sp(\)xSp(n/2)'—> Sp(n/2)

where j is inclusion. Thus, we are back to the previous case.

We now consider the fibration SO(S) -> SO(9) -*■ S8 and the subgroup Spin (7).

The exact sequence of homotopy groups

""llCS8) -► '"'ll(-ßsO(8))-► ^llC^SOO))-► ""loi'S'8)

-► ^io(Psom)-► 7rlo(PsO(9))

of the fibration S8 —>■ 77SO(8. -»■ Bsom is as follows [10] :

z24 —-> z24 e z8 —> z8 —► z2 —>z2@z2@z2 —► z2 e z2.

Thus,

"■ní^8) —► ^hC^soís)) —► ^iiC^soo))

is the exact sequence

I) ^ ^24 ^ ^24 + Z3 ► Z>3 > U.

Since n-11(5Spln,7j)=Z8, c cannot factor through 77Spin(7).

Finally,  consider the  fibration  50(16)^ 50(17)-^S16  and  the  subgroup

Spin (9). The exact sequence of homotopy groups

ttiÁS18)-► ^is(Esoae))-► "íÁEsoav)-*■ ^^(S18)

*" 7ria(Esoae))      *■ 7ri8(7>soa7))

is as follows [10]:

r.

Z24->• Z2i+Z3-> Z8-> Z2-> Z2 (¿) Z2 (+j Z2-> Z2 (+j Z2.

Thus

Tl^S16) -► 1"l9(5sO(16)) -► •T19(-SsO(17))

is the exact sequence
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Mimura [11] has shown that

^lgC^SpinO)) = Z2835 © Z16 0 Z8 © Z2.

A simple argument shows that c* cannot factor through Z2835 © Z16 © Z8 © Z2.

This completes the proof of Theorem I.A.

We now prove Theorem l.B. The fibration SU(2n) -> SU(2n +1) -> Sin + 1

cannot be reduced to SU(2n— 1) [3]. By Corollary 3.2, if there is a reduction to a

subgroup 77 of SU(2n), 77 must act transitively on Sin-1 = SU(2n)/SU(2n-l)

through SU(2n) and must be one of the groups SU(2n), Sp(n) or Spin (9) (« = 4).

There is a fibration

c
C4n + 1_.    D _v.  D

and c is a classifying map. From the exact sequence

7r4n + l('-> ) > 'TT'ín + l(BsU{2n)) > 7Tin + l(BsU{2n + u)^

we see that c* is surjective since ^in + i(BSu{2n + i)) = ^ [5]. Since [10]

7r4n + l(-°S£7(2n)) = Z(2n)i,

^4n + i(-SSj,(„)) = 0     if «even,

= Z2   if « odd,

and [11]

i-iT^spmo)) = Z2 © ■ • • © Z2       (6 copies),

we see that there are no reductions to Sp(n) or Spin (9) (« = 4).

Finally, we prove Theorem l.C. We first show that if Sp(n) -> Sp(n+ 1) -*■ 5,4n + 3

can be reduced to Sp(n— 1) then «+1=0 mod 12. Since Sp(n+ 1) —> Sin + 3 is a re-

duction of St/0 + 2)^S""l + 3, reduction of Sp(n+1) -> Sin + 3 to 5/?(n-l)

implies reduction of 5(7(2« + 2)-> 5,4n + 3 to SU(2n-2). But this is possible if and

only if 2« + 2 is divisible by the Atiyah-Todd number A/4 = 24 [2].

Therefore, if «^ 11 mod 12, and if Sp(n+1) —> S4n + 3 can be reduced to a sub-

group 77, 77 must act transitively on Sin~1 = Sp(n)/Sp(n—\) through Sp(n). But

the only subgroup of Sp(n) acting transitively on Sin ~x is Sp(n).

4. Proof of Theorem 2. One may easily obtain the following description of the

reducible maximal subgroups of SO(n) (n odd), SU(n) and Sp(n).

Proposition 4.1. Let H be a reducible maximal subgroup of SO(n) (n odd). Then

77 leaves invariant a proper subspace V of Cn such that V— V and is conjugate in

SO(n) to SO(k)xSO(n-k) if dim V=k.

Proposition 4.2. Let H be a reducible maximal subgroup of SU(n). Then H

leaves invariant a proper subspace V of Cn and is conjugate in SU(n) to

S(U(k)x U(n-k)), where k = dim V and S(U(k)x U(n-k)) is the subgroup of

unimodular matrices in U(k) x U(n — k).
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Proposition 4.3. Let H be a reducible maximal subgroup of Sp(n). Then H

leaves invariant a proper subspace V of C2n such that either

(a) J(V)= V, and H is conjugate in Sp(n) to Sp(k) x Sp(n — k), where 2fc = dim V,

(b) K © J( V) = C2n and (x, y )' is zero on V, and H is conjugate in Sp(n) to U(n), or

(c) V ®J(V) = C2n and (x, y)' is nondegenerate on V.

We will also need the following:

Lemma 4.4. Let G be a Lie group, H a closed subgroup and U1, U2 subgroups of H.

Let a be an automorphism of G such that <*(//) = H and a(Ui) = U2. Then G -> G/H

can be reduced to Ui if and only if there is a reduction to U2.

Proof, a induces homeomorphisms a: G/H'-*■ G/H and à: G/Ux^- G/U2 such

that the diagram

G/Ux -^ G/U2

I        I* a Y

G/H —> G/H

commutes. Since reduction of G -> G/H to t/¡, /= 1, 2, is equivalent to the existence

of a cross-section of C7/í/¡ -»■ G/H, the lemma follows.

We now prove Theorem 2.A. Since the reducible maximal subgroups of SO(n)

(n odd) are conjugate in SO(n) to one of the subgroups SO(k)xSO(n — k), by

Lemma 4.4, it suffices to prove the theorem for these subgroups. Let c : Sn ~1 —> SO(n)

be a classifying map for SO(n +1) -> Sn. There is a reduction to SO(k) x SO(n — k)

if and only if there is a homotopy commutative triangle

Sn~1      c    >   SO(n)

X />
SO(k)xSO(n-k)

where j is inclusion. By Corollary 7.2, such a triangle can be completed to a homo-

topy commutative diagram

Sn~1-y SO(n)

SO(k)xSO(n-k) —► SO(q)

where q = max {k, n — k] and i is inclusion. Thus, SO(n+1) -> Sn can be reduced

to SO(k) x SO(n — k) if and only if there is a reduction to SO(q), q = max {k, n — k}.

To prove Theorem 2.B, it suffices to prove the theorem for the subgroups

S(U(k)x U(n-k)) of SU(n). We show that SU(n+l) -> S2n + 1 can be reduced to
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S(U(k)x U(n-k)) if and only if it can be reduced to SU(k)xSU(n-k). The

theorem will then follow, as above, from Corollary 7.2. The inclusion of

SU(k) x SU(n — k) into S(U(k) x U(n — k)) induces an isomorphism

7T2n(SU(k)xSU(n-k)) ~ 7r2n(S(U(k)xU(n-k))),

since S(U(k)x U(n — k))/SU(k)xSU(n — k) = S1. Thus, a homotopy commutative

triangle

S2n -> SU(n)

S(U(k)xU(n-k))

can be completed to a homotopy commutative diagram

SU(n)

SU(k)xSU(n-k) —► S(U(k)x U(n-k))

We now prove Theorem 2.C. Let 77 be a reducible maximal subgroup of Sp(n).

We must consider three cases.

(a) 77 is conjugate in Sp(n) to one of the subgroups Sp(k) x Sp(n — k).

Sp(n+l) -> Sin + 3 can be reduced to 77 if and only if there is a reduction to

Sp(k)xSp(n — k) which is equivalent to reduction to Sp(q), q = max{k,n — k}, by

Corollary 7.2.

(b) 77 is conjugate to U(n). We show that reduction to £/(«) is impossible. Since

Sp(n+l)^Sin + 3 is a reduction of SU(2n + 2) -> Sin + 3 to Sp(n), reduction of

Sp(n+1) -> Sin + 3 to U(n) implies reduction of 5(7(2«+ 2) -> Sin + 3 to U(n) under

the inclusion

j; U(n) -> Sp(n) -» SU(2n +1)

which is given by j(A) = BxI1, where B is the 2«x2« matrix consisting of 2x2

blocks of the form

atj    0-

- 0    ätj.

where A = [au]. We can write y'L4) = ^1^2 where A1 = B1 x [det A], A2 = B2x [det A]

and Bu B2 are 2« x 2« matrices consisting of 2 x 2 blocks of the form

[ou    0]

0    1

ri    o

respectively. Let C». be the 2« x 2« matrix with blocks

n
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down the main diagonal and zeros elsewhere, and C=C1x(—l)nI1. Then

Ce SO(2n+\) and CA2C_1 = 2?». x(det A)h. Let D be the matrix of the linear

transformation of C2n+1 defined by

F>(e2k-i) = ek, l è k ^ n,

D(e2k) = en+k,        I £k £ a»

-Dfen + l) =   ±<?2n + l,

where the sign is chosen so that D is unimodular. Then

D(A1CA2C~1)D-1 = Alxln + 1.

Thus, there is a homotopy commutative triangle

U(n)   ,. J , ?  St/(2«+l)

\  /

where /C4)=v4x/n+1, and reduction to i/(n) under 7 implies reduction to the

standard subgroup SU(n). But then 2«+ 2 must be divisible by the Atiyah-Todd

number Mn + 2 [3], [2]. Since v2(Mn + 2)2:«+l, 2n + 1 must divide 2«+ 2, which is

impossible, if n> 1. Since v2(M3) = 3, M3 does not divide 4.

(c) 7/ leaves invariant a subspace K such that V ©J(V) = C2n and (x, y)' is

nondegenerate on K. The dimension of Kis even, and, thus, « is even. In particular

n^ll mod 12 and, by Theorem l.C, reduction to H is impossible.

5. Proof of Theorem 3. We first obtain the following description of the non-

simple irreducible maximal subgroups of SO(n), SU(n) and Sp(n).

Proposition 5.1. Every nonsimple irreducible maximal subgroup of SO(n) is

conjugate in 0(n) to one of the groups Sp(s) (g> Sp(t) (4st = n, IStSs) or

SO(s) (g> SO(t) (st = n, 3^t^s,s,t=£4).

Proposition 5.2. Every nonsimple irreducible maximal subgroup of SU(n) is

conjugate in SU(n) to one of the groups SU(s) ® SU(t) (st = n, 2^t^s).

Proposition 5.3. Every nonsimple irreducible maximal subgroup of Sp(n) is

conjugate in Sp(n) to one of the groups SO(s) ® Sp(t) (st = n, 12:1, 52:3, s^4 or

t=l,s = 4).

Proof of Propositions 4.1, 4.2, 4.3. Let Sl(n) denote the group of all complex,

unimodular matrices of order n, SO(n, C) the subgroup of Sl(n) leaving invariant

the standard symmetric bilinear form on C" and Sp(n, C) the subgroup of Sl(2n)

leaving invariant the standard skew-symmetric bilinear form on C2n. Then SU(n),

SO(n) and Sp(n) are compact real forms of Sl(n), SO(n, C) and Sp(n, C),

respectively.
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Let G be a simple complex Lie group and G a compact real form of G. Since G

is maximal among the real subgroups of G [6, p. 256], G is a maximal compact

subgroup of G, and every compact subgroup of G is contained in a conjugate of G.

Let (G, G) denote one of the pairs (SO(n, C), SO(n)), (Sl(n), SU(n)) or (Sp(n, C),

Sp(n)).

The propositions follow immediately from Dynkin's Theorems 1.3 and 1.4

[6, p. 253] and the following 2 lemmas.

Lemma 5.4. Let H be a closed subgroup of G with Lie algebra ¿if. If H is the sub-

group of G with Lie algebra £? ®/? C, then 77 is an irreducible maximal subgroup of

G if and only if H is an irreducible maximal subgroup of G.

Proof. Let 77 be an irreducible maximal subgroup of G. Suppose 77 is contained

in a subgroup 0 of G. Then 77, Ü are irreducible groups of unimodular linear

transformations and, therefore, semisimple. Let Ube a maximal compact subgroup

of 0 containing 77. Since U is compact, there exists b e G such that

bHb'1 S bUb-1 ç G.

If b e G, then either U= 77 or U= G and, thus, 0= 77 or ¿7= G. We now show that

b does belong to G. Let h e H. Since bhb^eG, bhb-1 = (bh-1b-1)-1 = (b')-1hbt

and b(bh = hb'b, for all he 77. By Schur's Lemma, btb is a scalar matrix, say

Btb = XIn. But A>0 and An= 1. Thus blb = In and beG.

If 77 is an irreducible maximal subgroup of G, then Si (g)R C is an irreducible Lie

algebra of linear transformations. Thus, =Sf is an irreducible Lie algebra of linear

transformations, and 77 is an irreducible group of linear transformations. If 77 is

not maximal, then 77 is contained in a subgroup U of G, and 77 is contained in 0.

Thus, 77 is an irreducible maximal subgroup of G.

Lemma 5.5. Let Hu H2 be irreducible subgroups of G. H1 and H2 are conjugate

in G if and only if H1 and H2 are conjugate in G.

Proof. If aHla~1 = H2, aeG, then aH1a~1 = H2.

Suppose aH1a~1 = H2, de G. Then aHxa~x is a compact subgroup of 772, and

there is a b e H2 such that baH1(ba)~1<^H2. Let c = ba and heHx. Then chc'1

= (ch~1c~1)~1 = (ct)~1hct and ctch = hctc, for all « e 77!. As above, ceG.

We can now prove Theorem 3. For the fibration SO(n+1) -*• Sn we need only

consider the case « odd, and the subgroups SO(s) ® SO(t), where st = n, 2<t^s.

The natural projection j: SO(s) x SO(t) -> SO(s) ® SO(t) is a covering map and,

if « > 2, induces isomorphisms

^rn-1(SO(s)xSO(t)) « tt^îSOOï) ® SO(t)).

Let c: S""1 ■-> SO(«) be a classifying map. A homotopy commutative triangle

5-.-1 —^^ 50(«)

\    /

SO(s) <g> SO(f)
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can be completed to a homotopy commutative diagram

S""1 ---► SO(n)

SO(s) x SO(t)  -¿* SO(s) ® SO(t)

which, by Lemma 7.3, yields a homotopy commutative triangle

S»-i —£_«. SO(n)

X /
SO(s)

where i is the standard inclusion. Thus reduction to SO(s) <g) SO(t) implies

reduction to SO(s).

We show that there is no reduction to SO(s), where n = st, 2^tSs and n odd.

The result of Adams [1] may be stated as follows: Define £(«) by

i(n) = 2v2(n) +1    if v2(n) = 0 mod 4,

= 2v2(n) if v2(n) =1,2 mod 4,

= 2v2(n) + 2   if v2(n) = 3 mod 4.

Then S0(n+l)-> S"1 can be reduced to SO(s) if and only if n-súí(n+l)-l.

Let n+l=2"a, where aâl is odd. Then 2(í+l)<tó=« and s+\^(n+\)/2-\.

Therefore, n-s^(n + l)/2+l>2ß+l^l(n+l)-l, if ß%5 or «>1. If n+l =2",

1 g/:¿4, then n is prime for fc=l, 2, 3 and the only remaining case is «=15, t = 3,

s = 5. But £(16)-l=8<n-j=10. Thus, t,(n+l)-l<n-s.

For the fibration SU(n+1) -> S2"*1 we need only consider the case n odd and

the subgroups SU(s) ® SU(t), n = st, 2 £ t £ s. As above, reduction to SU(s) <g> 5(7(0,

implies reduction to SU(s). But Adams and Walker [2] have shown that this is

possible if and only if n+l is divisible by the Atiyah-Todd number Mn_s + 1. In

particular, n +1 must be divisible by 2", where

a = v2(Mn_s + 1) = ma\{r + v2(r) | 1 á r á n-j} 2: »—5.

Thus 2n_s must divide n+l. But

n+l ^ s2 + l < 22s ^ 2s«-" = 2n~s,

since r2:3.

For the fibration Sp(n+l)—> Sin + 3 we need only consider the subgroups

Sp(s) (g) SO(t), n = st, t>l. Using Lemma 7.4, we see that reduction to

Sp(s) ® SO(t) implies reduction to Sp(q) where q = max{s, t}. Since Sp(n+l)

-^Sin + 3 is a reduction of SU(2n + 2)^ Sin + 3, this implies a reduction of

SU(2n + 2)^Sin + a to 5K<7) and, hence, to SU(2q). Thus, 2n + 2 would have to
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be divisible by the Atiyah-Todd number M2n + 2-2q [2]. In particular, 2«+ 2 would

be divisible by 2B where

ß = v2(M2n + 2_2,) = max{r + v2(r) | 1 £ r £ 2n-2q+l} ^ 2n-2q+\.

Thus, 22n~2Q + 1 must divide 2«+ 2. If r = min{i, t}, then n = rq^q2, and if s>l,

n—qtq. So, if s> 1,

22n-2q ^ 22" > 2q2+l ^ «+1,

and 22n"2Q + 1 cannot divide 2« + 2. If 5=1, then t = n and Sp(l) <g> SO(n)

= 5f7(2) ® 50(«). Reduction to SU(2) ® 50(«) implies reduction of 5t/(2« + 2)

-> Sin + 3 to 5(7(2) ® 5(7(«). But reduction to 5(7(2) <g) SU(n) implies reduction

to SU(n). Thus 2« + 2 must be divisible by Mn + 1. But v2(M„ + 1)2:« + 1 and 2n does

not divide « +1 if « > 1.

6. Proof of Proposition 4. Since 5C/(n +1) -> 52n + ' is a reduction of 50(2« + 2)

-_> ̂ an + i; there is a homotopy commutative triangle

52n     c   >  50(2«+ 1)

X/
5Í7(«)

where c and / are classifying maps and i is inclusion. Reduction of 5(7(«+l)

-> 52n + 1 to 50(«) would result in a homotopy commutative triangle

52n      C    > 50(2«+1)

4
SO(n)

where j is the composition

SO(n) -■*■ 5<7(«) -^ 50(2«+1),

i.e. j(A) = A xA x7j. Corollary 7.2 readily implies the existence of a homotopy

commutative triangle

SO(n)      J   > 50(2«+l)

/

50(«)

where i(A) = AxIn + 1. Thus, SU(n+l) ^ S2n + 1 can be reduced to SO(n) only if

« +1 < £(2« + 2), where

£(2« + 2) = 2v2(«+l) + 2   ifn+l = 0mod2,

= 2v2(«+l)+l    ifn+1 slmod2.
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Let j=v2(n+l) and n+l=2'a. Then n+l 2:2/>2(l+j) if/2:4, and n+12:32'

>2(1 +j) if a> 1. Thus n+1 > £(2n + 2) if n +1 #2', 1 ̂ /=3 and the proposition is

proved for «,¿3,7.

Suppose there is a homotopy commutative triangle

f
S1*      -    »  517(7)

50(7)

where/classifies 5t/(8) —>> 51B. Then there is a commutative triangle

7T14(5") -^-* *u(SU(Tj)

"itisog))

Since 7714(5i7(8)) = 0,/N is surjective [9, p. 90] and i, must also be surjective. But

77-14(5<7(7))=Z7!, and [12] 77-14(5O(7))=Z2520+Z8+Z2, and /* cannot be surjective.

Thus, we are left with the case n = 3. Let/: 56 -*■ SU(3) he a classifying map for

517(4) -¥■ 57. We show that there is a map g: Se -*■ 50(3) such that the triangle

56      * >   517(3)

XX   '
50(3)

is homotopy commutative. Since the homotopy class off generates n6(SU(3)) [9],

it is sufficient to show that z'*: 7r6(50(3)) -* tt6(SU(3)) is surjective.

The composition

.

50(3) —> 517(3) —► SU(3)/SU(2)

is inessential since it factors through 50(3)/50(2), and there is a homotopy com-

mutative triangle

50(3) —É—  5f7(3)

4
SU(2)

where j is inclusion. Let w. 53 -> 50(3) be the universal covering of 50(3). We

show that qm: 53 -> 53 has degree ±1. Since ir* : 7r3(53) -*■ 7r3(50(3)) and

7*: 7i-3(5i7(2)) ->■ 7r3(517(3)) are isomorphisms, it suffices to show that

/*:7r3(50(3))-^7r3(5(7(3))
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is an isomorphism. If ^ is the class of 2-primary abelian groups, there is a <€-

isomorphism [7]

rr3(5(7(3)) K n3(SO(3)) © n3(SU(3)/SO(3)).

Since tt3(SU(3))xZ, tt3(50(3)) X Z, tt3(SU(3)/SO(3)) e if and

/*:7r3(50(3))->7r3(5(7(3))

is a "^"-isomorphism. Thus, i* is an isomorphism.

Now consider the commutative diagram

tt6(53) -^* tt6(50(3)) -^ n6(SU(3))

<p\ /h
7T6(SU(2))

Since <p^tt^ is an isomorphism and j# is surjective, /4 is surjective.

7. We now establish some results which were needed for the proof of the main

propositions.

Lemma 7.1. Let k<n and /■: Gk^-Gn be defined by jl(A) = IlxAxIn_k_¡ if

Gn = SO(ri) or SU(n) and byj¡(A) = I2¡ xAx 72(n_fc_,) ifGn = Sp(n). Thenj¡ is homo-

topic to j0 for OSlSn — k.

Proof. Let

0     Ik
c, =

lEIt    OJ
x7n_fc_.,       E=(-1Y

in the real or complex case. In the symplectic case replace I¡ by 72/ and let 7s =1.

Then C, e Gn and

Cljl(A)Cr1=jo(A).

Since Gn is path connected, we are finished.

Corollary 7.2. Let  Ku--.,Km  be positive  integers,  n = Kx+ ■ ■ ■ +Km  and

q = max{Ki}. There is a homotopy commutative triangle

GKlx---x GKm —*-+ Gn

where j(Au ■. -, Am) = A1x ■ ■ ■ xAm and i(A) = AxIn_q (i(A) = AxI2^_q) in the

symplectic case).
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Lemma 7.3. Let Gn = SO(n) or SU(n). Ift^s, then there is a homotopy commuta-

tive triangle

GsxGt -£~* Gst

where K(A, B) = A ® B and i(A) = A xlslt-1}.

Proof. Let 7f, : Gs-> Gst and K2:Gt^Gst be defined by K1(A) = A ® It,

K2(B) = IS <g> B. Then K(A, B) = K1(A)K2(B), and it suffices to show that Kt, K2

can be factored through Gs, Gt respectively.

Since K2(B) = Bx ■ ■ ■ xB (s copies), a simple application of Corollary 7.2 shows

that K2 has the desired factorization.

There is a real orthogonal matrix C». such the

d(A (g/OCf1 =It®A.

Let e = det Cx and C=([e] xT^^C*.. Then

CK^C'1 = Äx(A x ■ ■ ■ x A)       (t-l copies)

where Ä=([e]xIs_1)A([e]xIs_1). An application of Corollary 7.2 shows that Kr

has the desired factorization.

Lemma 7.4. Let q = max {s, t}. There is a homotopy commutative triangle

SO(s)xSp(t) -£* Sp(st)

I
SP(q)

where K(A, B) = A (g) B and i(A) = AxI2lst-Q).

Proof. Let Kt : SO(s) -* Sp(st) and K2: Sp(t) -> Sp(st) he defined by KX(A)

= A® I2t, K2(B) = IS <g> B. Then K(A, B) = K1(A)K2(B) and it suffices to show that

K~!, K2 factor through Sp(q).

Since K2(B) = Bx ■ ■ ■ xB (s copies), Corollary 7.2 can be applied to obtain the

desired factorization.

There is a symplectic matrix C such that

C(A ® h^C-1 = It® {A® I2).

Thus, Kx is homotopic to the composition

/ j
SO(s) —> Sp(s) -^ Sp(st),
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where 1(A) = A (g) 72 and/(7?) = 7?x ■ ■ ■ xB (t copies). Hence, Corollary 7.2 can be

applied to obtain the desired factorization.

The concluding lemma will require the following description of Sp(n). Let 77

denote the quaternions and 77" quaternionic «-space as a right vector space over

77 with quaternionic inner product <x, j>>H = 2 PiX¡- H" can De considered as a

4«-dimensional vector space over the reals with inner product <x, j>/» defined by

taking the real part <x, yyH. The group of quaternionic linear transformations of

77" leaving <x, yyH invariant is Sp(n). The group of real linear transformations of

77" leaving <x, j>/f invariant is 0(4«), and we have a natural inclusion

j: Spin) -* SO(4n).

If XeSp(i), the unit quaternions, define Z,(A), R(X): 77" ■•» 77" by L(X)v = Xv,

R(X)v = vX. Then L(A) e Sp(n), R(X) e 50(4«). If

g: 5/j(1) x 5/X«)-> 50(4«)

is defined by g(X, A) = R(X)j(A), then g is a homomorphism with kernel generated

by (-1, -70"). We write

5/?(l) xZ2Sp(n) = 5/>(l)x5/>(«)/kerg;

g induces an inclusion Sp(i) xZz Sp(n) -> 50(4«), and Sp(l) xZz Sp(n) is a proper

subgroup if and only if «> 1.

Lemma 7.5. If n> 1, there is a homotopy commutative triangle

Sp(\)xSp(ri)      g   »  50(4«)

Spin)

where g, j are as above and K(X, A) =L(X)A.

Proof. Define Ck: 77" -> 77" by Ck(y) = (yu ...,yk, ..., yn). Then Ck e 0(4«)

and has degree -1. If A e Sp(l), define Lk(X), Rk(X): 77" -» 77" by

Lk(X)(y) = (yu ...,Xyk,..., yn),   and    Rk(X)(y) = (yu • • •, y A • • •, JV>-

Then L,(A) s Sp(n), Rk(X) e 50(4«) and QCfc7?fc(A)(CiCk)-1=Lfc(A) if j^k.

Let Dk = CnCk for I Sk<n and Dn=CxCn. There is a path Dk(t) in 50(4«) such

that Dk(0) = ld and Dk(\) = Dk. Define a homotopy

ht: Sp(l) x Sp(n) -> 50(4«)

by «t(A, A) = 7)1(r)7?1(A)7)1(/) -»..,. Dn(t)Rn(X)Dn(t)"M. Then «0 =g and h, =j o K.

Bibliography

1. J. F. Adams, Vector fields on spheres, Ann. of Math. (2) 75 (1962), 603-632. MR 25 #2614.

2. J. F. Adams and G. Walker, On complex Steifel manifolds, Proc. Cambridge Philos. Soc.

61 (1965), 81-103. MR 30 #1516.



1971] G-STRUCTURES ON SPHERES 327

3. M. Atiyah and J. Todd, On complex Steifel manifolds, Proc. Cambridge Philos. Soc. 56

(1960), 342-353. MR 24 #A2392.
4. A. Borel and J.-P. Serre, Groupes de Lie et puissances réduites de Steenrod, Amer. J. Math.

75 (1953), 409-448. MR 15, 338.

5. R. Bott, The stable homotopy of classical groups, Ann. of Math. (2) 70 (1959), 313-337.

MR 22 #987.

6. E. B. Dynkin, Maximal subgroups of the classical groups, Trudy Moskov. Mat. Obsc. 1

(1952), 39-166; English transi., Amer. Math. Soc. Transi. (2) 6 (1957), 245-378. MR 14, 244.

7. B. Harris, On the homotopy groups of the classical groups, Ann. of Math. (2) 74 (1961),

407-413. MR24#A1130.

8. -, Some calculations of homotopy groups of symmetric spaces, Trans. Amer. Math.

Soc. 106 (1963), 174-184. MR 26 #776.

9. D. Husemoller, Fibre bundles, McGraw-Hill, New York, 1966. MR 37 #4821.

10. M. A. Kervaire, Some nonstable homotopy groups of Lie groups, Illinois J. Math. 4 (1960),

161-169. MR 22 #4075.

11. M. Mimura, The homotopy groups of Lie groups of low rank, J. Math. Kyoto Univ. 6

(1967), 131-176. MR 34 #6774.
12. D. Montgomery and H. Samelson, Transformation groups of spheres, Ann. of Math. (2)

44 (1943), 454-470. MR 5, 60.

13. H. Toda, Composition methods in homotopy groups of spheres, Ann. of Math. Studies,

no. 49, Princeton Univ. Press, Princeton, N. J., 1962. MR 26 #777.

14. A. P. Whitman and L. Conlon, A note on holonomy, Proc. Amer. Math. Soc. 16 (1965),

1046-1051. MR 32 #1641.

Rice University,

Houston, Texas 77001


