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AREA MEASURE AND RADO’S LOWER AREA(Y)

BY
TOGO NISHIURA

Abstract. The theory of Geodcze area for two-dimensional surfaces in three-
dimensional space had been essentially completed by the mid 1950’s. The only
hypothesis needed for all theorems in this case is the finiteness of the area. See [2] for
an account of this theory. In the early 1960’s, H. Federer established, in his paper
[6], fundamental facts concerning his integral geometric area for higher dimensional
area theory by employing the theory of normal and integral currents. These facts
employ not only the finiteness of area as a basic hypothesis but certain other hy-
potheses as well. The extensions of GelOcze type area to higher dimensions also
employ not only the finiteness of area but certain added hypotheses. These hypotheses
are of such a nature as to allow the use of the theory of quasi-additivity [3], [11].

The present paper concerns these added hypotheses which play such an important
part of higher-dimensional area theory of today. It is shown that Radd’s lower area
is the best Gedcze type area to describe these added hypotheses. That is, it is shown
that the quasi-additivity hypotheses of Gedcze area in [11] imply the quasi-additivity
hypotheses of lower area. Second, it is shown that the quasi-additivity hypotheses
for lower area imply that the surface has the essential cylindrical property defined
by J. Breckenridge in [5]. This essential cylindrical property is proved to be equivalent
to the existence of area measures on the middle space of the mapping representing
the surface. Finally, it is shown that the essential cylindrical property of a surface is
equivalent to the quasi-additivity condition for lower area. Thus, an intrinsic property
of the surface characterizes the quasi-additivity condition for the lower area of a
surface.

0. Introduction. Around 1945, T. Radé introduced a Gedcze type area which
he named lower area. As he remarked in [12] lower area is the largest of the Gedcze
type areas of a surface. Also, around 1951, L. Cesari used surface area to induce a
measure over a suitable Borel algebra on the domain of the mapping which repre-
sents the surface. The definition of area used by L. Cesari was a Gedcze type area
but not lower area. In dimension two, the equality of the two areas to Lebesgue
area is known and so Cesari’s area measure is applicable to both the lower area
and Lebesgue area. For dimensions larger than two the equality of areas is not
known. Nonetheless, Cesari’s area measure can be constructed from his Gedcze
area under suitable additional hypothesis and Rado’s lower area is well defined.

It is the purpose of this paper to investigate measures induced by areas and the
lower area of Radé. This investigation is prompted by certain “cylindrical”
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properties of mappings which were investigated in [5], [9] and [2]. These cylindrical
properties relate the mapping to its corresponding flat mappings. It is not surprising
that such cylindrical properties are important; for, the area measure of a surface
should be intimately tied to the area measures of the flat mappings corresponding
to the surface. Indeed, it is shown in the present paper that the essential cylindrical
property as defined by J. Breckenridge is precisely the condition needed to define
an area measure of a mapping which is consistent with the area measures of its
corresponding flat mappings.

§1 establishes some notation and sets forth some concepts and theorems con-
cerning flat mappings. In §2, we define Radd’s lower area and relate it to the
concept of quasi-additivity introduced by L. Cesari in 1962. §3 concerns the area
measure induced by the quasi-additivity property of lower area for a certain class
of mappings. Finally, we establish in §4 a criterion under which lower area will
induce an area measure on the surface; and also an intrinsic characterization of the
quasi-additivity condition for lower area is established.

1. Preliminaries. Let k and » be integers with 2<k =<n.

T (n, k) will denote the class of all continuous transformations f whose domain
(f)<= R* and range (f)< R". In general we will only consider those f with domain
(f) possessing nice properties such as being locally connected, locally compact and
k-dimensional at each of its points.

A mapping will be called flat if fe€ J (k, k).

If fe 7 (n, k) and A<domain (f), then L(f, 4) will denote the Lebesgue area of
fon A. (We, of course, mean k-dimensional area.)

A(n, k) will denote the set of all increasing k-termed sequences in {1, 2, ..., n}.
For each A=(A,..., A) e A(n, k), P*: R" — R* will be the usual orthogonal
projection given by PN(¥)=(ya,, ..., ¥a,), Where y=(yy,..., y.) € R

For convenience of notation, s will denote a function defined as follows: For
each pair of sets 4 and B,

s(4,B) =0 ifA4 ¢ B, s(4,B)=1 if 4 < B.

For the remainder of this section we will assume f is a flat mapping and
X=domain (f). For each simple polyhedral region w<X, we have the usual
topological index O(f, =, y), y € R¥. Let A< X. For each finite system & of non-
overlapping simple polyhedral regions =< X, we have the numbers

> s, A)|Of, =, )|,

e

*) > s(m, A)O*(f,m, y), and

ne©

> s(m, AO~(f,m, y),

7e©

where O* and O~ denote the positive and negative parts of O. The suprema over all
such systems & are denoted by N(f; 4, y), N*(f, 4, y) and N~ (f, 4, y), respec-
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tively. It is known that each of the functions in (¥*) is lower semicontinuous on R¥*
and N(f, 4,y)=N*(f, 4,y)+ N ~(f, A4, y) for almost every y € R*. The suprema
over & of the integrals of the three functions of (*) will be denoted by V(f, 4),
V*(f, A) and V~(f, A), respectively. The flat mapping f is said to be of bounded
variation (BV) if [ N(f, 4, y) dy<co.

Suppose f is BV and = is a simple polyhedral region contained in X. Then
O(f, m, y) is summable and we will denote its integral by

() = [ O m ») db.

For each A< X, we define

U(f, A) = Sup Z@s(ﬂ, A u(f, 7|,
U*(f, 4) = Sup > s(m, Au*(f, ),

nec

U~(f, 4) = Sup > s(m, Au~(f, =),

neS

and

where the suprema are taken over all finite systems & of nonoverlapping simple
polyhedral regions =< X.
The following theorem is true [10], [2].

1.1. THEOREM. For each flat mapping f and A<domain (f),
LU, 4) = [N 4 9) dy = VU, ),

jwmmw@=wmn

Furthermore, if f is BV then U(f, A) and U*(f, A) can be added to the above
equalities.

For each BV flat mapping f and 4 =domain (f), we define the relative area of f

on A as
wf, A) = U*(f, A)-U"(f, A).

For a BV flat mapping f with X=domain (f) we define two mesh functions &
and 8. Let 2 be a finite system of nonoverlapping bounded domains D with
closure D< X, and S be a finite system of nonoverlapping simple polyhedral
regions m < X. Then,

8(2) = Max {diam [f(D)] : D e .@}+[U(f, X)- Z@ (f, D)l],
and ©

8(®) = Max {diam [f()] : m € ©}+[U(f, X)— ZG |u(, 1r)|].

Each & can be considered as a 2 by just taking the interior of each 7 € &. The
following lemmas are valid.
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1.2. LEMMA. 8(&)<25(€).

Proof. Observe that U(f, m)=U*(f, n)+ U~ (f, =), u(f, m)=u*(f, m)—u~(f, m)
and U *(f, m 2 u*(f, =) for m € . Hence it follows that §(&) <2§(S).

1.3. LeMMA. If A<=domain (f), then
U(f, )= 2, s(D, A f, D) -0
De2

as 8(2) — 0.

Proof. From [11, §6.5] we infer that for each £>0 there is an >0 and a set
B, open in X, such that

(i) BoX -4,

() U, A+ U, By<U(f, X)+e,

(iii) S< X, SN (X—A4)# @ #S N (X— B) imply diam [f(S)]=7.

Suppose 8(2)<=. Then, for each De 2, we have diam [f(D)]<». Hence,
De 2 and DN (X—A)# o imply D< B. So, we have

U(f, A)— Z@ s(D, A1, D)|
< U(f, A)— 2, s(D, DS, D)+ U(f, B) - ngw, B)|«(f, D)|

De2

1A

U(f, X)= > [f, D)|+e < (D) +e,

De2

since s(D, A)+s(D, B)=1 for all De 2.

2. Radé’s lower area and quasi-additivity. Let fe 7 (n, k) and X =domain (f).
For each A< X we follow Radé and define the lower area of f on A as the su-
premum of the set of numbers
2 s(D, ) > [LP oS, DF)™
De2 AEA(n, k)
where 2 is a finite system of nonoverlapping domains D< X. The lower area of f
on A is denoted by R(f, A).
The following theorem is easily proved.

2.1. THEOREM. Let fe I (n, k) and A< X=domain (f). Then
(@) R, LS, 4);
(ii) R(f, A)=L(f, A) if f is a flat mapping;
(ii)) Cream,ir [R(P? o f, A2 = R(f, A) S Srencn,io R(P? o f, A); and
(iv) R(f, X) <o if and only if P* o fis BV for each X € A(n, k).

Let fe I (n, k) with P o f of bounded variation for each A € A(n, k). Then for
each finite system 2 of nonoverlapping bounded domains D with closures D<= X
=domain (f), and each A € A(n, k), the mesh §,(2) is defined as in §1 above for the
flat mapping P* o f. We define, for the nonflat case, the mesh & as

8(2) = Max {8,(@) : e An, k)}.
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Similarly, we define the mesh §(&) of a finite system of nonoverlapping simple
polyhedral regions #< X.

RZ*(n, k) will denote the class of those mappings f € .7 (n, k) for which 8(2) can
be made arbitrarily small. Similarly, 7 *(n, k) will denote those mapping f€ 7 (n, k)
for which §(&) can be made arbitrarily small. The class 7 *(n, k) has been studied
in [11], [5] and [8]. Lemma 1.2 implies the following theorem.

2.2. THEOREM. J *(n, k) = #*(n, k).

Let e, ..., e, be the standard basis for R* and for each Ae A(n, k) let e,
=ey A -+ Ae,,. Then for each fe I (n, k) with R(f, X)<o and A< X=domain
(f), we have v(P* o f, A) as defined in §1. We define the k-vector

Wf, )= D wWPof, Ae,

A€A(n,k)

and denote the Euclidean norm of »(f, A) by |v(f, 4)|.
The following theorem generalizes Lemma 1.3.

2.3. THEOREM. Let f'€ #*(n, k) and A< X=domain (f). Then

R(f, 4) = a(gm > s(D, A, D).

=0 pe2

Proof. Let D, be any finite system of nonoverlapping domains contained in X.
Then, by Lemma 1.3 and Minkowski’s inequality, we have

>, sDo A 3 [P S, D)™

Do AeAn, k)
=2 (Do, 4 S [UErf, Do)]z)”z
Doe%o AeA(n, k)

Z s(Dy, A)( z lim Z s(D, Do)|W(P* o f, D)l]z)llz

DoeDo AeAm,k) L6(2)-0 pcg

lim 2 sDoA)( > [3, s(D Do)lAP =, D)™

HD)=0 pocd, AeA(n,k) LDe2

liminf > s(Do, A) ngs(D, Dy)|u(f, D)|

4D)~0 pich,

< liminf > s(D, A)|(f; D)|

¥2)=0 peg

IIA

< lim sup > s(D, A)|(f, D)|

(2D)-0 De2

< lim sup Z s(D, A)( Z [L(P* - f, 1-))]2)1/2

(2)-0 pey AeA(n, k)
< R(f, A).

The theorem now follows.
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We next prove the theorem which establishes the fact that (D)=w(f, D) is a
quasi-additive set function in the sense of L. Cesari [3], [4].

2.4. THEOREM. Let f€ #*(n, k). If ¢>0 then there is a 8,>0 such that for each
D, with 8(2,) < 8, there is a 8, >0 such that 8(2) < 8, implies

0 3[4 D9= 3, 50, DA, D)| < (i)e

Doe2o De2
and
(i) S [1— S s(D, Do)]|v(f, D)| < 2(,’:)8.
De2 Doe%o

That is, W(f, D) is a quasi-additive set function.

Proof. There is 8, > 0 such that for all A € A(n, k) and 2 with §(2) < 8, we have
0SU(Pof, X)—Dpea |W(P o f, D)| <e.

Let 9, be such that §(9,) < §, and N be the number of elements in &,. There is
8, >0 such that for all A e A(n, k), Dy € D, and 2 with 8§(2)< 6, we have

0 < UP*of, Do)~ > s(D, Do)|uP* o, D)| < e/N.

Now, b
L2 [P, D)= 3 s, DY o, )|
éDOEZ_% [U+(1>A of, Do)_ggs(p, DYU*(P* o, D)]
_[U‘(P’* of, Do)—lggs(D, Do)U (P o, D)] |
énoez% (UP* o f, Do)—gg s(D, D)U(P* o, D)]
S 3 [V D)= 3 s(D. DOP* £, D] <
and

Zg [1— 29 s(D, Do)]lv(PA of, D)|
> WP of, D)= > > s(D, Do)[A(P* < f, D)|

De2 Doe2o De2

UP*of, X)— > [U(P*of, Do)—¢/N]

DoePg

IIA

IA

IA

UP*of, X)— D [P*of, Do)l +e

Doe@ 0

< 2e.

The theorem follows easily.
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2.5. REMARK. The notion of quasi-additivity has been extensively studied in
[31, [4], [5] and [11]. We refer the reader to these papers for some further facts
concerning mappings f in the class Z*(n, k). Notably, we can infer from these
papers that for mappings in the class J *(n, k) Cesari’s Gedcze area equals the
lower area. We also refer the reader to [8] for the quasi-additivity approach to the
existence of a current valued measure associated with mappings in the class Z*(n, k).

3. Area measures. LetfeJ (n, k)and, for convenience, assume X =domain (f)
is compact and locally connected in addition to those conditions assumed in §1
above. Then the following diagram commutes:

XL) _L)Rn

) N 1”“ l,n

where m, | and m,, I, are the monotone-light factorizations of f and P* o f and
A and A, are the middle spaces of the respective mappings. The mappings II,
are also monotone, A € A(n, k).

Suppose further that R(f, X)<oo. For each Z<. and A e A(n, k), we define
the following outer measures on . :

w(Z) = inf {R(f, m~*[B]) : Z < B, Bopen},
wr(Z) = inf {R(P* o f, m~[B]) : Z < B, B open},
pi(Z) = inf {U*(P*of,m~1[B]) : Z < B, B open}.

We also define the signed set function
oNZ) = p(Z)—px (2).

3.1. THEOREM. Suppose f€ #*(n, k) and X € A(n, k). Then p, p,, pi are Borel
regular measures on M. Furthermore, o, is a signed measure on the algebra of Borel
subsets of M and (0,)* =pi.

Proof. This theorem is a consequence of quasi-additivity. See [2], [11], [4] and
[5].
Suppose f'€ Z*(n, k). Then we define a k-vector valued measure o on the algebra
of Borel subsets of .# by
O(Z) = Z UA(Z)e)\.

AeA(n, k)

Then the total variation of o with respect to the Euclidean norm is x. This again
follows from the quasi-additivity of ¢(D)=v(f, D).
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3.2. REMARK. There are natural outer measures II,4(u,) defined on 4, by
letting TT u(pa)=pa o II5 % Tt is a simple matter to show for each Z<.#, that

M(ua(Z) = inf {R(P* o f, m;*[B]) : Z < B, B open}.

Similar remarks hold for IT,4(u). These measures on .4, are also Borel regular.
3.3. REMARK. Since fe J *(k, k) if and only if fis BV, we have that u, u* are
Borel regular measures on .# whenever fis a BV flat mapping. Also, n* and p~
are mutually singular. Finally, we have, for A< X=domain (f), that R(f, 4)
=u[m(A)— m(boundary A)}, where boundary A is computed relative to R*. See [11].

4. Essential cylindrical property. For the sake of convenience all mappings f
in this section will be such that X=domain (f) is compact and locally connected.
First, let f be a BV flat mapping and let

X\_,/Rk

be the monotone-light factorization of /. As remarked in 3.3 above there are three
Borel regular measures u, u* and = on 4 and p* and g~ are mutually singular.
For each set 4 open in X, the functions N(f, 4, -), N *(f, A4, -) are nonnegative-
integer valued lower-semicontinuous functions on R¥ such that N(f, 4,y)
=N*(f, 4,y)+N~(f, 4, y) for almost every y in R* and [ N(f, 4, y) dy <co.

4.1. PROPOSITION. Let f be a BV flat mapping. Then there are two Borel subsets
E* and E~ of M with the following properties:
() E*YNE-=g;
(ii) W(E* N B)=p*(E* N B)=u*(B) for Borel subsets B of M ; and
(iii) ifz € E*, G is an open neighborhood of z and y=1(z) then 1 = N(f, m~(G), y).

Proof. Let # be a countable basis for the topology of . Then u(B)=
[ N(f, m=%(B), y) dy for each Be #. Let Ny=I"*{y: N(f,m *(B),y)=0} N B.
Ny is a closed subset of B and hence is an F, subset of .Z. It is easily shown that
w(Ng)=0. Let S=# —\J {Ng : Be #}. S is a G, subset of A.

Next, observe that there are disjoint Borel subsets S+ and S - of .# which satisfy
the condition p*(S*)=p*(#) and p*(S¥)=0. Since p=p*+p~, we have
(S U ST)=p(M). So, u(S*)=p*(S*)=p*(A).

Let E* =S N S*. (i) is obviously true. Since u(A# — S)=0and w(A —(S* U S 7))
=0, (ii) follows. To prove (iii), let Be % with ze B<G. Then z ¢ Ny and hence
LS N(f, m=(B), ) SN(f, m~*(G), y).

The proposition is now proved.

In the remainder of this paper we will need to refer to the Lebesgue measure of
subsets 4 of R*. We will denote it by F*[4].



1971] AREA MEASURE AND RADG’S LOWER AREA 363

4.2. LeMMA. If E* are the Borel subsets of # in Proposition 4.1 and Z<E*
with u*(Z)=0 then £*[I(Z)]=0.

Proof. Z< E* and p*(Z)=0 implies u(Z)=0. Let G be any open subset of &
with Z<G. Then L*[I(Z)] <[ N(f, m~*(G), y) dy=R(f, m~*(G)) and the lemma
follows from the definition of u(Z)=0.

4.3. ReMARK. If E=E* U E~ then F satisfies the following two conditions:

() w(E)=np(A).

(ii) If Z<E and u(Z)=0 then ZL*[I(Z)]=0.

Borel subsets of # with the above two properties are called essential sets. See [5].

Next suppose fis a mapping in the class 7 (n, k) with P* o f of bounded variation
for each Ae A(n, k) and consider the commutative diagram (**). For each
A€ A(n, k), P* o f has an essential set E,. We say f has the essential cylindrical
property if

L*ye R¥: z€ E, 3 I,(z) = y and diam [[(TI{1(2))] > 0} = 0

for each A e A(n, k). It is clear that the notion of essential cylindrical property is
independent of choice of the essential sets E,, A € A(n, k).

4.4. THEOREM. If f€ #*(n, k) then f possesses the essential cylindrical property.

Proof. This theorem is an easy consequence of the next theorem due to the
definition of p,, Theorem 3.1 and Remark 3.2.

In the remainder of this section we investigate the relationship between measures
on ./ and the essential cylindrical property of f where fe J (n, k) with P o f of
bounded variation, A € A(n, k). Consider again the commutative diagram (*¥).
For each flat mapping P* o f, A€ A(n, k), we have the Borel regular measures
fia, B on the middle space .#, of P o f.

Area measures should be defined on . rather than .#,. To each flat mapping
P*of, there should be a measure i, on # satisfying the following natural
conditions:

(i) ¥, is a Borel regular measure on /.

(ii) If G is an open subset of  then R(P* o f, m~}(G))=y(G).

(iii) Mg = -

We remark that conditions (i) and (ii) imply (iii). Condition (iii) is included to
explicitly emphasize the interplay of 4 and .#,.

4.5. THEOREM. Let fe I (n, k) with P* o f of bounded variation for A € A(n, k).
Then, natural measures i, on M, A€ A(n, k), exist if and only if f possesses the
essential cylindrical property.

Proof. Suppose ,, A € A(n, k), are natural measures on .Z. Let E, be essential
subsets of ., for P*of. For each positive integer m and Ae A(n, k), let H)
={z€ E, : diam [[I;(z)]=1/m}. H) is a Borel set. Consider any finite family
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{B1, B, ..., B} of closed sets of /# with diam [B;]<1/m and {J!., B, equal to the
closure of I1; *(H}). Since ¢, is Borel regular, there is for every j and >0, an open
set G;2B; with diam (G;)<1/m and #,(G,— B;)<e/t. By Remark 3.3 and the
monotonicity of II,, we have

(G = R(P*of,m~[G,]) = R(P*of, m~[G,~ B,)) = (G~ B) < eft.
Hence
WITHHD 5 5 ) < ,Z h(G) < -
That is,
0 = YT [HAD) = Ty(a)(HR) = A

It now follows easily that ,{z € E, : diam [II;(z)]>0}=0 from which we infer
that #*[{y € R* : 3z € E, 3 y=1,(z) and diam [/(II; }(z))] > 0}]=0.

Conversely, suppose f has the essential cylindrical property. Using the mapping
IT, and the Carathéodory construction, we can induce on .# a Borel regular
measure ¥, such that, for any Borel subset B of .#,

da(B) = f n(TL,|B, z) din(2),

where n(Il,|B, z) is the number of elements in II;%(z) N B (possibly +0). See
[7, §2.10.10].

Since II, is a monotone mapping, we have for each Borel subset B of ./ that
Aal{z : n(I1,| B, z) 2 2}]=0. Hence, for Borel subsets A of .#, we have

p()(4) = allITH(4)] = fn(HAIH{ (4), 2) dpa(2)

- f din(2) = fin(A).

Let G be an open subset of #. Since m~Y(G)=my[II,(G)], we have
R(P* o f, m~X@)) £ palTIN(G)] = | n(IL\|G, 2) da(2) = ¥a(G).

For each >0, we next establish R(P?* o f, m~*[G]) > ¢.(G)—e. Since g,[B]=0
where B={z : diam [II;(z)] >0}, we have ¢,(II;*[B])=0. Therefore, there is a
compact subset F of G—II; *[B] such that ¢,(F)> ¢ ,(G)—e. Since F is a subset of
the set on which II, is one-to-one, we have II,(/ — G) N II,(F)= @. Hence there
is an open subset K of .#, such that K>II,(F) and mi(K)<m YG). Con-
sequently,

R(P* of, m™[G]) 2 R(P*o f, mi [K]) = fin(K)
An(TL[F]) = f W(IL,|F, 2) dax(z)
IN(F) > Y\(G)—e.

v
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The theorem is now completely proved.
We conclude this paper with our main theorem.

4.6. THEOREM. Let fe T (n, k) with P* o f of bounded variation for A € A(n, k).
Then f € %#*(n, k) if and only if f possesses the essential cylindrical property.

Proof. One half of the theorem has been proved as Theorem 4.4. We prove the
converse. Suppose f possesses the essential cylindrical property. Let > 0.

For each A € A(n, k) there are disjoint Borel subsets Ey and E; of ., such that
E,=E; U E; is an essential set for P*of, i, L E¥ =a#, and ze E, implies
diam I Y(z)=0. (@, L E;f means the measure given by (@, L E)(B)=a,(EE N B).)
Let £ be a finite Borel partition of .# such that each of the Borel sets II; *(E;),
7 YEy) and A —117Y(E,), A€ A(n, k), is the union of sets in & Let M be the
number of sets S in the partition .

Suppose A e A(n, k) and S € £ are such that II,(S)<E;}. We will employ the
measure $,(B)=[ n(I1,|B, z) dfi,(z), given by Theorem 4.5 above. Since #, is
Borel regular, there is an open set G and a closed set F such that F=S<G such
that ¢,(G— F) <e/M. Since Fis contained in II; }(E,), F is a compact subset of the
set points at which II, is one-to-one. We have from Theorem 4.5 that ¢,(G)
=[ N(P"o f,m~%G), y) dy. Let C be a compact totally disconnected subset of R¥
such that

/M > Lk cN(PA o f, m~X(G), y) dy

- f N(P* o f, [m=G) = (P* o f) ~X(C)], ) dy.

I7Y(C) is a zero-dimensional subset of ), and hence II\(F) N I7Y(C) is also a
compact zero-dimensional set. Since II, is a homeomorphism on F,
T=Fn(,oII,)"%(C) is a compact zero-dimensional subset of S. Also,
II(A# — G) N II\(F)= . Consequently, we have

0 = ga(S)—9AT) = $A(G)—Yu(T) = Y(G—F)+p(F-T)
= e/M+p[II(F-T)] = ¢/M+ p,\[TT\(F)—I5*(C)]

o/ M+ f NP of,m(G), y) dy S /M.

RF -

Let T'(A, S) denote the compact zero-dimensional subset T of S and G(A, S)
denote the open set G containing S constructed above. Similar constructions can
be made for A and S with II,(S)<E;.

Let 9 be any finite system of nonoverlapping domains D in . such that
diam (D)< (A, S) where &(A, S) is the distance from . —G(A, S) and T(}, S).
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Suppose further that each D meets T(}, S) and & is a cover of T(A, S). Then, if
II,(S)=E}, we have

2 P o fm=YD)| 2 | 3, (P o f, m=Y(D))|
2 WP f, m™ U D))
= U@ o f,m™[J 9D -2U~(P* o f,m™[U D))
= (U D)—2U~(P* o f, m~*[U D))
2 Y1) =20~ (P o f; m™*[U D))
2 Ya(S)—2¢/M—2U~(P* o f; m~[U D)),
where the summation is extended over 9. We next show U~ (P*of, m~1[ 9])
<e/M. To see this, consider
U-(Profym U D)) = UP* o f,m™[UJ D) - U* P f, m™[U D))
S U D-U*Pref,m U D)
S Q) -U*(P* o f, m™[U D))
$a(G—T)+¢u(T)— U*(P* o f, m~*[U D))
e/ M—(U*(P* o f, m~[U D)) — i (ILIT])
e/M
where the last inequality is valid because II\[#—J )N I\(T)=2 and
a(IL[T] =@ (I1,[T]). Consequently, we have
Ia(S) =2, [P o f, m[D])| < 4e/M.
The same inequality holds when A and S are such that II,(S)<Ej.

Consider the compact zero-dimensional subset

Z=U{TS):(S) < Ef or II|(S) < E;,SeP, e A(n, k)},

IA A

and the positive number 8 with 8§ <4¢ and
8 < min {82, S) : II,(S) < E; or II,(S) < Ey, SeZ Ae An, k)}.

Let 9 be any finite cover of Z by nonoverlapping open connected sets with

diam (D)< 8, D € 9. Such covers 9 exist because Z is a compact zero-dimensional
set. Let Ae A(n, k) and let #={Se? : N,(S)<E,}. Then |JZ=E,. Let
9D, s={De 9 : DT\, S)# 2)}. Our earlier calculations now yield

UP*of, X)— > |W(P*of, m~*[D])|

Ped
SUPef,X)=- 2 2 P f,m D]
sePr DeF s
=2 [MS)— > P °f,m'1[151)|]
seZ) Beda s

< 4e.
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Therefore, we can assert the existence of a finite system 2 of nonoverlapping
domains D< X such that 8(2)<4e because m is monotone and / is Lipschitzian
with Lipschitz constant not exceeding one. Thus we have shown fe #£*(n, k).
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