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CRITICAL MARKOV BRANCHING PROCESSES
WITH GENERAL SET OF TYPES

BY
H. HERING

Abstract. This paper is concerned with the asymptotic behaviour of critical,
quasi-positively regular Markov branching processes. Several results which have
been established with restrictions on the set of types or on the parameter are proven
on slightly different moment assumptions for an arbitrary set of types and continuous
as well as discrete parameter. The methods employed are analytic and rest upon the
properties of probability-generating functionals constructed from the given transition
function.

The asymptotic behaviour of critical, positively regular Markov branching
processes with general set of types has already been studied for discrete parameter
by Mullikin [9]. For arbitrarily large finite set of types a corresponding continuous
parameter theory had previously been given by Cistjakov [1]. A few years later,
Joffe and Spitzer [5] weakened the moment assumptions underlying the theory for
processes with finite set of types and discrete parameter. In the following a treat-
ment of critical, quasi-positively regular processes (§1.4) with general set of types
is given, which applies to continuous as well as discrete parameter.

1. Preliminaries.

1.1. Setup. Every state of the kind of branching system we are interested in may
be conceived as a finite population of objects each of which is characterized by a set
of properties called its zype. Let X be the set of types and X™ the symmetrization
of X*:=Xr-, X, with X;=Xfor i=1, ..., n. The element {x,, ..., x,> € X may
then be regarded as representing the unordered population of n objects with the
types X, ..., X, respectively. Denoting by 6 the state in which ‘“no object is
present” and setting X©:={6}, we define

X:= C—T—j xm

n=0
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as our state space. Let % be a o-algebra on X. Writing x, for the indicator function
of A< X and defining

N4, %) :=0, 6,

%
Il

n
= izl xa(%), =Xy X0y

for A< X, {xy,...,x,>€ X, and n>0, the o-algebra | on X induced by U is
identical with the Borel extension of

{teX: N4, R =n,i=1,...,m}: 4, €N n=20,i=1,...,mm> 0}

where A,, ..., A, may be taken mutually disjoint. For details see [8], [2].

Denoting the set of nonnegative integers by Z, and the set of nonnegative reals
by R, , suppose that either T=Z, , or T=R,, and let P,(4|%) be some homogeneous
transition function defined for te T,:=T—{0}, A9, and £e X. That is, we
assume that P,(4|%) is a probability measure on 9 for each t€ T, and %€ X, an
ﬁ[-measurablev function of £ for each te T, and 4 €, and that it satisfies the
Chapman-Kolmogorov equation

(1) P,,.(d|%) = jx P(A|%)P,(d%'|%)

for Ae, £e X, and t,se T,. If in addition Py(-|-) satisfies the condition of
branching without immigration

P(X®|0) =1,

Pt({N(Ah "e) =n,i= l’- .y m} l <x1’ sy xk>)
k

- @ z ) [ I; P({N(4y, £) = nf”;i = 1,..., m}[<xy))
P+ dnlP=ng v=
i=1,...,m

for t € T,, each decomposition {4, ..., 4,} of X with 4, e ¥, n,=0,i=1,..., m,
m>0, and each {x,,..., x> € X, k>0, then it is called a branching transition
function. Any Markov process {£,; ¢ € T} in (X, 9() having such a transition function
is called a Markov branching process.

We suppose to be given a branching transition function. We shall use the term
““process” although we shall be dealing almost exclusively with this transition
function and functionals constructed from it. Only the proof of Theorem 1’ pre-
supposes the existence of a corresponding process for discrete parameter or for a
discrete skeleton imbedded in the parameter set. The existence of such a process is
guaranteed without restrictions. The problem of constructing Markov branching
processes will not be treated. (See e.g. [4].)
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1.2. Generating functionals. Denoting by % the Banach algebra of all bounded
A-measurable, complex-valued functions £ on X with norm [|¢|:=sup,ex |£(x)]|
and writing

SO, %) :=1, £=09,
(1.3) n o
= ],_,! "I(xv), X = <x1, ey xn>,
v=
for n € # and % € X, we follow [8] in defining by
) Flil#] := [ fon #)P(a15),

at least on L:={ne & : || <1}, the generating functional F,[-|%£] associated with
Py(-|%) for te T, and % € X. By

Fnh(x) := Fl<x)]  Vne &, xeX,

we further define for each t € T, a generating mapping F,[-], from & into & [9].
As illustrated by [9], generating functionals and mappings are a useful tool in
the investigation of Markov branching processes. This is due mainly to the fact
that the basic relations (1.1) and-(1.2) for the branching transition function may be
replaced by an equivalent set. of simple functional relations for the associated
generating functionals [8]:
The branching condition (1.2) is equivalent to -

Flnl%] = 1, %=6,

1.5 n
( ) = ].:_I; E[ﬂ|<xv>]9 £ = <x1, ey x,,},

for te Ty, n € &, and % € X. (Proof. Taking any decomposition {4, . .., 4,} of X
with 4;e ¥, i=1,..., m, m>0, inserting n=2"; Aix,, into (1.5), and comparing
coefficients of [ [7., A™ yields (1.2). This conclusion may be reversed utilizing the
completeness of the set of stepfunctions in # and the continuity of generating
functionals on &. The latter is obtained by means of a dominated convergence
argument.)

Given (1.5), the Chapman-Kolmogorov equation (1.1) is equivalent to

(16) Ft+s["7|-£] = Fs[E["l]ll"e]

for t,s€ Top,ne &, and %€ X. (Progf. Representing F,, ,[n|%£] as the limit of a
sequence of Lebesgue-Stieltjes sums with finitely many terms each, replacing
P, (- |%®) according to (1.1), using dominated convergence to interchange integration
and limit operation, finally applying (1.4) and (1.5) yields (1.6). By insertion of
=211 Ax4, into (1.6) and comparison of coefficients as above, (1.1) is recovered
for a class of sets countably generating [ and thus, by a monotone convergence
argument, for all 4 € 91.)
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According to [8] every generating functional is analytic [3] on
S ={cH: | <1}
The kth Fréchet-differential of Fy[n|£] becomes

S¥Fifn; £, . .., £4J%] = f Fearean, )PLAR|5),
f1 ..... :k(ﬂ,x) _0 N(erl) <k’

an = 3 TT&@), & =Cu.axnn=k

~ (n—k)! k)! " Z l_[ ‘fv(x:v)ul:[+1 7(x,,),

i) v=1

X =<xy,..., X0, 0 >k,

where summations extend over all permutations (i,...,#,) of the numbers
1,2,...,n[8)

In agreement with the assumptions in [9], even every generating mapping is
analytic on . Given the analyticity of generating functionals, this follows im-
mediately from the fact that any functional F which is analytic and bounded by 1
on ¥ satisfies

Fly+3)=Flo) _ - Lel?
(1.8) OFlr: 8| £ T A= =T TED

whenever |q| +|A|- [ €] <1 with A a complex number and 7, ¢ € #. The estimate
(1.8) is easily obtained by expanding F[y+ A£] in powers of A and estimating the
coefficients by means of Cauchy’s integral formula [3]. (Remark. A more direct
procedure yielding analyticity for generating functionals and mappings simul-
taneously starts from the explicit representation (1.4) with (1.3) and employs
estimates as those used e.g. in the proof of [4, I, Lemma 0.1].)

Analyticity on & implies strong continuity on <. An additional continuity
property of generating functionals and mappings arises from the o-additivity of the
associated probability measures: Suppose &, € # Vte T and write #-lim,_ ,, &
=¢if lim,., , £(x)=§€(x) Vx € X. A functional F defined at least on 2<% will be
called w-sequentially continuous on 2 if lim,_, , F[¢,]=F[£] for every sequence {£,}
in 2 with #-lim, , , £,=¢ € 9. (Remark. Since the space of complex numbers is a
metric space, m-sequential continuity of F on 2 entails lim,_ , F[§]=¢ if £,€ 2
Vte R, and =-lim,., &=§€ 2.) It now follows from (1.4) by the dominated
convergence theorem that Fj[-|%] is m-sequentially continuous on & for every
te T, and % € X. An analogous argument applies to 8“F,[y; £,, . . ., £&]|X] on closed
partial sets of & ® #*.
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1.3. Factorial moment-functionals. For (¢4, ..., £&) € #*, k>0, and £ X let

N(k)(gla CERE) flc’ ﬁ) = Os N(X, .f) < k,

(1.9) 1 k .
2=(n—:7)—'“ Zi)r'[],f(x{v)’ x=<x1,...,xn>,ngk,
* (11..0510) V=
where the summation extends over all permutations (i, ...,7,) of 1,2,...,n.
Employing this, we define by

(1.10) M(tk)[f]_, Y gklf] = J:? N(k)(fh RS fk’ x’)Pt(dﬁll'f)

the kth factorial moment functional associated with Py(-|%) if the integral on the
right exists for §&; =¢€;="- - - =§,=1:=xx and therewith for all (¢,, ..., &) € $* [8].
By convention M,[-|£]=:M"[-|%].

Every kth factorial moment-functional is symmetric, k-linear, bounded, and
therefore continuous on #*. In consequence of the o-additivity of Py(-|%) it is also
m-sequentially continuous on bounded regions in #*. Combining (1.7), (1.9), and
(1.10), we have

(1.11) M€y, . .., &l %] = }Ln: 8 Fi[ny; &1, .. ., fkl)e]

for every sequence {n,} in & with #-lim,_, , 7,=1. Vice versa, if
lim 8*F[y,;1,...,1|%]
V= o

exists for some monotone sequence {,} in &, :={f€ &L : £§(x)=0 Vx € X} with
w-lim,, , 9,=1, then M{,[€,, . . ., &|X] exists.
If sup,ex Mél1, . . ., 1|{x>] <o, then

M(tk)[fh coo S (x) 1= M lés, ..., §k|<x>] V(¢ ..., &) B, xe X,

defines a mapping M(,)[-1; from %* into # called the kth factorial moment at t.
Again M[-];:= M§)[- 11, also Mt:= M![-],. (Remark. Mullikin [9] used the strong
limit s-lim; - py-0 8“Fin; &1, - . ., &J1 in place of the kth factorial moment. It can
be shown that the existence of M, 1,[ 1, is sufficient for the existence of this limit.)

We now turn to the expansion of generating functionals in factorial moment-
functionals. For any £ e # and #' € X

16 #) = = 3 = 9 f1-M1=8), #)]r-

v=1V
1 k
(1.12) ‘(lel)!L (1= Xyt %f(l—z\(l—f), ) dr

ko (—1)+1 — 1)
= 3 Nt 16 9+ S r@a g 2)

V.
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with
r(§( %) :=0, N(X,%) sk,
1 k 1 n
- m a Z t )1:‘[1 C(xi")(l _kJ; (=1 ul_k[ﬂ (=2 _f(xi"))] dA),

X =LXy, ...y Xp,n >k,

for ¢, ¢ € B. If M{,[-|X] and thus M{,[-|%], v<k, exists, we may integrate (1.12)
for ¢ € & with respect to Py(- |)2) and obtain

(1.13) 1—F[¢)4] = z = -6, 1-e0+ S Ry 00—l
with
Rio(OIU1] 1= [ O, )P(E#1)

for ¢ € & and { € . Relation (1.13) generalizes expansions used in [5] for the case
of finitely many types and refines an expression derived in [9] for k=2 on the basis
of analyticity and more stringent moment assumptions.

For every ¢ € & the functional R%,(£)[{|£] is a bounded continuous monomial
of degree k in { € . It is m-sequentially continuous in ¢ € & and in £ on bounded
regions in &. Writing { £ ¢ if {(x) < é(x) Vx € X and defining 0 by 0(x):=0Vx € X,
we have

(1.14) 0 = Riu(§)ILIX] = Ru(OIL|X] = MElL', ..., UI%]

if0S£<¢=<1and 0={=<{. Combining this with
(1.15)  (k+ RGO —E]R] = Mbes[1-§, ..., 1—£[%]— Rber 1(H[1 - €[ 2],
we obtain
Rio(ON£] = (/11— €[F)RG(1— [ 1— £ D1 - £[1]%]
< (Y + DM [L, ., 1L 1= €

whenever 0= €1 with ¢#1.
If M,[- ], exists, then it follows from (1.14) that

Rin(OILh(x) 1= Ri(OLKxD]  Vée P, e B, xe X,

defines a mapping R4,(-)[-]; from & ® % into &.
We conclude this section with functional relations derivable from (1.5) and
(1.6) by means of (1.11). Equation (1.5) entails

(1.17) M'E|#] = Noy(M'[€], ) VEe B, % e X,

(1.16)

if M*[-], exists. If in addition M[-|%] exists, for some % € X, then we may integrate
(1.17) with respect to Py(-|X). Representing M‘[£|%] suitably as the limit of a
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sequenceof Lebesgue-Stieltjes sums, utilizing dominated convergence to interchange
limit operation and integration with respect to P(- [%), and finally applying (1.1), we
are lead to

(1.18) MO[E[3] = MMUELIR])  Vée B,

which is due to Moyal [8].
Equation (1.18) may be obtained more directly by differentiating (1.6) in n € &,

8F, . s[n; €|%] = 8F[Fi[n); 8F\[n; £l1|X] Vée %,
and subsequently letting n approach 1. To justify this procedure even if
Ined : |Fnh| =1,

we differentiate F¢,[n|£]: = F[eF,[n];|%] for e € (0, 1) and afterwards let ¢ tend to 1,
noting that 8F,[n; £|£] has a continuous extension to & ® % if M°[-|£] exists, and
using (1.8) to show that, for (y, )€ & @ # and 0 <|A| <(1—|n])/]€ll,

|8F¢,[n; €|%]—8F,4[n; €|%]|
S (A[TMFdn + A R] = Fow sln + AE|R]| + | Fialn| £]— For sl X1 + O5,1(2)
with lim,_¢ |0, «(A)| =0 uniformly in ¢ € (0, 1), that is,
lim 8F%[n; £12] = 8F, s €151,

Either method is applicable up to arbitrary order. The respective second order
recurrence relation for factorial moments is

(1.19) ML, €X] = MC[ME)[L, EL| 2]+ M& M (L), M€ |5]

which holds for {, { € # in case the functionals and mappings involved on the
right exist. If for some {, { € #, :={n € # : n=0} the formal procedure of deriving
this relation yields infinity on the right, then M**3[-|%] does not exist.

1.4. Quasi-positive regularity. If the first (factorial) moments associated with
the given branching transition function exist, then according to (1.14) and (1.18)
they form a semigroup of nonnegative, bounded, linear operators on #. Certain
spectral properties of this semigroup are strongly reflected in the asymptotic
behaviour of the process and may therefore be used as a means of classification.
We restrict ourselves to positively regular and quasi-positively regular processes.
The former are defined as Markov branching processes whose moment semigroup
exists and satisfies the following three conditions:

(M.1) For each ¢€#B, with £#0 there exists a t(€§)e T, such that
infiex M O[E[(x)]>0.

(M.2) For some tye T, there is a compact operator V on % such that
[ Mo — V| <plo:=lim,. [ Me[1];]"

(M.3) If T=R,, then |M'[1],| is bounded on bounded subsets of T,, and
M[¢|<x}] is continuous in t € T, for every £ € & and x € X.
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Let #* be the adjoint space of &, further &% :={iy € B* : J[£]20 VE=0},
B, :={écB, :inf.x (x)>0}, and BF:={Sc B% : Y[£]>0VE20, £€#£0}. For
real-valued 7, £ € Z we shall write 7> ¢ if and only if n— ¢ € #7,.

PROPOSITION. A Markov branching process whose moment semigroup exists and
satisfies (M.3) is positively regular if and only if M' may be represented in the form

M' = p'P+Q, withPQ, = Q,P =0,
(1.20) P = gpp*, peB, p* € BY, o*le] = 1,
10 = Ko, 0<K<®00<a<op,

or all t € T,, where ¢* is m-sequentially continuous on bounded regions in &.
¢ g

It is trivial that (M.1) and (M.2) are satisfied whenever (1.20) holds for all
t € T,. The converse conclusion has been established for T=Z, in a more general
setting by Karlin [6] in continuation of work done by Krein and Rutman [7],
Yosida and Kakutani [10]:

The reflexivity of %, the nonnegativity of M! with respect to the cone 4, , and
the nonemptiness of #°, and #°F together entail the situation of p in the point
spectrum of M?, as well as the existence of a nontrivial eigenvector ¢ € 4, and a
nontrivial eigenfunctional ¢* € % of M associated with p. Assuming (M.1), we
have p>0, ¢* € #°F, and ¢ € #°, which implies that p is a simple eigenvalue [7].

If it is known in addition that M possesses no spectral points of modulus p
except a finite number of discrete eigenvalues with finite multiplicity each, then p
is the only eigenvalue of modulus p [6].

Given (M.2) and assuming the existence of a number C <o such that ||p~"M™"|
< C Vn>0, the set of spectral points of M! with modulus p does indeed consist of
an at most finite number of discrete eigenvalues of finite multiplicity each, and the
radius of the remaining part of the spectrum is smaller than p [10].

These results are linked to establish (1.20) for T=Z_ by the fact that p>0 and
o € #° combined imply the existence of a number C <oo such that |p~"M*|<C
VYn>0 [6].

The w-sequential continuity of ¢* on bounded regions in & follows immediately
from (1.20) and the =-sequential continuity of M‘[-|<{x)>] on bounded regions in #
for any x € X.

We now reduce the continuous parameter case in the proof of the Proposition
to the discrete parameter case.

Proof for continuous parameter. For each £ %, with ¢#0 and se T, with
s<7(€) there is by (M.1) a number £>0 such that M*®[£]; 2 eM*®~5[£]; and
therewith

MIM™®[EL]; 2 eMS[M*®5[€],]; = eM™P[¢], » 0
which entails M*[¢],>0 V= 7(£).
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Choosing for every t e T(t,):={rt, : r>0 rational} a pair of positive integers
m(t),n(t) such that =m(t)to/n(t), we have V,:= Mt™ — (Mt — V)™® as a compact
operator satisfying

IMBO -V, = [(Mto— V)| < |[Mto—V|r® < plom® = pin>

for every t € T(t,).
Given a proof of the Proposition for discrete parameter, we may therefore write
down a representation of the form
M" = P+ Qyy With PO, = QP =0,
P; = o9t p.€ B, of € BY, ¢l
" Qt,n" é Kta;"’ 0 é Kt < 00, 0 < ot < Pt’

1,

for t e T(t,) and n e Z, —{0}. Since this immediately yields

"Pto_Pt " = "P_mvat.n(t)v" + "P_tom(t)tho,m(t)v "v_._: 0 forte T([o),
we have even
Mt = p'P+Q, with Q,P=PQ, = 0,
(1.21) P = pop*, pe B, o* € B, p*lg] = 1,
I Qnto" < const a™o, 0<a<op,

for te TI(t,) and ne Z, —{0}, where ¢* is again =-sequentially continuous on
bounded regions in .

Consistently with (1.21) we now define Q,:= M!—p'P Vte T,. Using PM*
=M'*'P=p'P YVt € T(t,) which follows from (1.21), and taking into account (M.3),
the m-sequential continuity of ¢*, and the fact that T(¢,) is dense in T,, we have
PMt=M'P=p'P Nt € T,. This implies Q,P=PQ,=0 Vte T,. It also entails Q,Q,
= Q45 Vt, s € T,. Since it follows from (M.3) that | Q.| is bounded on bounded
subsets of T,, we thus arrive at | Q] = Qu,Qsll £ || Qns, - || Q5| S const ™o for
t=nty+s € (nty, (n+1)t,), ne Z, —{0}, and consequently | Q,|| < K« V¢t € T, with
K<oo. O

Subsequently the conditions (M.1), (M.2), and (M.3) will not be used explicitly
but only through (1.20). In fact, we shall not always need the full strength of (1.20);
the disturbing restriction ¢* € #°¥ is not essential for the main results. We therefore
introduce so-called quasi-positively regular processes defined as Markov branching
processes whose moment semigroup exists and satisfies

(1.20") representation (1.20) with ¢* € #% instead of ¢* € B°F.
A positively or quasi-positively regular process is called critical if p=1.

II. Limit theorems. In the following we are concerned with the asymptotic
behaviour of critical, positively or quasi-positively regular Markov branching
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processes. As indicated above the treatment applies to processes with continuous
parameter as well as to processes with discrete parameter. Apart from differences
in the moment assumptions the theorems and their corollaries extend results
given for discrete parameter by Mullikin [9]. Lemmata 2 and 4 generalize results
proven for finite set of types and discrete parameter by Joffe and Spitzer [5].

Recalling F,[0|<x>]=Py{0}|<x)) Vt € T,, x € X, we define the asymptotic extinc-
tion function

q:.= W'tlim Ft[O]l
[8]. It always exists, since by (1.4) and (1.6) we have 0= F;.[0], £ F.[0]; =1 for
'St
Given quasi-positive regularity, F;[£]; certainly cannot be independent of ¢ on
& for any t e T,. However, F,[£], — F,[0], may be linear and not vanishing iden-

tically in ¢ for all t € Ty, that is, we may have PN (X, &) S1|Kx))=1Vte Ty, xe X
with it e T, : P(N(X, £)=0|<x))=1 Vx € X. In this case

Flél = F0L+M'[{l,  VieT, {cZ.
For a critical, quasi-positively regular process this entails
lim P(N(4, %) = 1Kx)) = p(x)e*[xa] VAU xeX,
and
1 =g+op*[1].

Taking into account ¢*[p]=1, the latter yields ¢*[¢q]=0. Hence there exists an
A €A with ¢*[x,]=0 such that g(x)=0 Vxe X—A4. Since F[0], is monotone
increasing in t, this implies P,({0}|<x>)=0Vte T,, x€ X—A.

We are left with those processes for which F,[¢]; — F;[0], is nonlinear in £ for some
t e T,. A Markov branching process having this property is called nonsingular.

THEOREM 1. For every nonsingular, critical, positively regular process
2.1) | st-_l.i:,n F[é), =1 uniformly in € &.
Proof. Employing (1.6), m-sequential continuity of F;[-1;, (1.13) for k=1, and
(1.14), we obtain
1-¢ =1-Fjql; £ M'[1—q], Vte T,.
By (1.20) with p=1 we have
<p*[M‘[l—q]1—(l—q)] =0 VteT,.

In view of ¢* € #°F therefore

1-¢ = 1-FJq], = M'[1—¢q], Vte T,.
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Again by (1.20) with p=1 this implies
dceR, :1—q =cp
and on account of (1.13) also
Rby(@)[1—4], =0 Vte T,

For |q| <1 the latter can hold only if P(X™|<{x>)=0 Vte Ty, n>1, x € X, which
is incompatible with the assumed nonsingularity of the process. Hence |g¢] =1.
Because of ¢>>0 this entails ¢=0, that is, g=1. Consequently

(22) lim ¢*[1-F[0},] = 0,

where it has been used that ¢* is 7-sequentially continuous on bounded regions in
Z%. Combining (1.6), (1.13) for k=1, (1.14), and (1.20) with p=1, we have

11— Fiys[01:] = |1—F[F[0].L]
< [Me-F[0L]| £ |ple*[1—F0L]+ Ko
with « <1. By (2.2) therefore s-lim,_, , F;[0]; =1. The esiimate
I1—=F[éL] = [1—F[0L] + | F.llé]).— F[0L]
= 2"1“Ft[0]1" Vée S

completes the proof. [

To secure a similar result for quasi-positively regular processes, we introduce
another condition on the first moments:

(M.4) There exist, for some t' € T,, a bounded measure G(-)|% and a bounded
Sunction m*(-|-) | X ® X such that

M¥[xal<x>] = f m(y|X)Gdy) VAU xeX.

(Note. 1t follows from the additivity and w-sequential continuity of M[-|%]
that M*[x,|%] is a measure on ¥ for each t € T, and £ € X.)
For real-valued ¢, { € # we shall write ¢>{ if and only if &(x)>{(x) Vx € X.

THEOREM 1'. If a critical, quasi-positively regular process satisfies (M.4) and
JueT,: F,[0),>0, then
2.1) s-lim F[€], = 1 uniformly in £ € 2.
t— 0
The proof up to g=1 consists in the slightly adapted proofs of [3, III, Theorems
11.1, 11.2, and 11.3]. Having established g=1, we may employ the same argument

that was used in the proof of Theorem 1.
Recalling (1.5), we immediately have

COROLLARY 1.1. On the hypotheses of Theorem 1 as well as those of Theorem 1’
lim P,({6}|%) = 1
t— o

uniformly in X € X™ for every n>1.
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We continue with several additional conditions and auxiliary statements pre-
paring further limit theorems.

LeMMA 1. For every quasi-positively regular process
2.3) |F[é]l <1 VieTy, .

Proof. From the relations defining generating mappings we read off |F[£],]
<F[|élL and F[|€]li—Fl0) < | £|(1—FI0L), that is, 1—|F[€],| 21— Fl|£]])
2(1— €D —=F,[0],) for t € T, £ € &. By F,[0|<x>]=P,{6}|<x>) we should have
M!1]<x>]=0 if 1-F0|<x>]=0. On the other hand, (1.20") implies M‘[1],
2 || ~*M![p];»>0 Vi € T,. Hence 1—|F[é],|>0Vte T, (€ &L. O

For the following we replace (M.4) by a more stringent condition:

(M.4') Condition (M.4) with G(A)=¢*[x,] VA € A.

We also impose

t
Rawy) t"e T, 2"1_ﬂ|§:g:i;1§1{< . R(:;Szf[)l[i ﬂﬂl' =0 vVt = t".

For positively regular processes with finite X, condition (Rj,) is automatically
satisfied. In case of a quasi-positively regular process with general set of types there
are conditions on the first and second factorial moments dominating (R,,): For
example, let (M.4) be satisfied and assume that for some s € T, there exists a
bounded function m$(1; -|-) | X ® X such that

M1, xal<x>] = J; mia(1; ¥ |x)e* [xau] VAe xe X,

then (Ry)) is satisfied. This can be seen as follows:
By (M.4") and (1.18) there exist a '€ T, and a real-valued function Cy(-)|T,
such that

(24) My £ Ci()e*lxal Ve t, A€

Given (1.20’), the existence of M&,[-, -], entails the existence of M&,)[-, -1, for all
t € T,. This is easily verified, using (1.19) and the nonnegativity of factorial mo-
ments. Setting M°[£];:= ¢ V€€ % and choosing some integer n>0 such that
ns=t’, we obtain from (1.19)

M('5§+t[l, xslh = M(%)[Mns[l]h M™[x4i]
+ z MOV ME M [1], M~ [xahil ] Vie I, AU
v=1
From this with (1.20") and (2.4)
MEM, xa1 S ML, 11,(|P| + K)p™ Cy(ns)p*[x4]

n
4pt+@n-bs 21 p~(|P| +K)? xs,:gr |m&,(; y|x)|e*[xall Vie Ty, AU
Ve ,



1971] CRITICAL MARKOV BRANCHING PROCESSES 197
Hence there exists a real-valued function Cy(+)|T, such that
2.5 ME*1,1-¢£); S C()e*[1—-€N1 VieT, (e P, := PN AB,.
As a consequence of (1.15), (1.14), and (2.5), condition (Ry,) is satisfied.
LeMMA 2. If a quasi-positively regular process satisfies (M.4"), (Ry,), and

S'limt_. © Ft[0]l = l, then

(2.6) Shm o —Fen]

Proof. 1. By (M.4") and (1.20')

"MVH[XAL—PV“P[XA]" = "Qt[Qt’[XA]l]l"
s Ka‘(xsup |m*(y|x)]| +Ptl"‘P")‘P*[XA] Ve T,, Ae¥.
,VeX

= ¢ uniformly in £ € &Z,.

Taking into account 0 <« <p and >0, it follows that there exists a nonnegative
function &(-)| T, with

2.7) lim () = 0

such that
(2.8)  (A—e())p'Pl] = M'[n] = (L+e@)p'Pln] V> t,neB,.
Given (R,), there is for each 7 € T, a nonnegative functional g,[-]|.%, with

(2.9) lim gll]=0 VteT,

in=g-0
such that

(210) 0 = RG,(ON—1) = &lllfP1-L]  Vizt,[:0s{<1
2. Combining (1.6) and (1.13), we have
1-F[¢, = 1-F[F_[¢L],
= M°[1-F,_[£L]; — Ra)(F,—s[€])[1 - F_[€]:)s Vs, teTo, (€ L.
From this, by (2.8), (2.3), and (2.10),
(1—e(s)— g[Fi-s[ELDp*P[1— F,_[£]1]
(2.11) = 1-F[éh = (1+<(s))p’P[1—F,-[£]1]
Vs > max (¢t',t"), t > s, (€ %,
and, by applying ¢*, also
(1 —e(s) — gl Fi- [ Dp’p*[1 — F, - [£]:]

(2.12) S e*1-Fl€l] = (1+e(s))p’e*[1 - F,_,[€]]
Vs > max (¢, t"),t > s, € L.
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In view of (2.3) and ¢* € &% with ¢*[p]=1 we have ¢*[1—F,_[£],]>0Vt—s€ T,,
¢ e &,.. By (2.11) and (2.12) therefore

_26(8) +&[Fi—s[€]1] 1-F[é . 2e(s)+glF-s[£]
1+e(s)

IIA

P = S U-Fleh] * = T—e(s)—glF_ [EL]"

Vs > max (t',t"),t > 5, €€ .

Recalling (2.7), (2.9), and the fact that s-lim,_, , F;[0], =1 entails s-lim,_, ,, F;[¢];=1
uniformly in ¢ € &, this yields (2.6). [

We further restrict ourselves to processes satisfying

(M(z)) The second factorial moment exists at each t € T, and, in case T=R ., we
have lim,_,, p*[M§)[1, 1],]=0.

Given (1.20) and the existence of M§,)[1, 1], for some ¢ € T, it follows by use of
(1.19) and the nonnegativity of factorial moments that | M&,[1, 1], || is bounded on
bounded partial sets of T,. Because of the m-sequential continuity of ¢* on bounded
regions it is therefore sufficient for lim,., p*[M&,[1, 1],]=0 that there exists an
A € A with ¢*[xx- 4] =0 such that lim,_, M&)[1, 1|<x>]=0 Vx € 4.

LeMMA 3. If a critical, quasi-positively regular process satisfies (Mz,), then
(2.13) w 1= (120)p*[Mé[p, 1]
is constant as a function of t € T,.

Proof. By (1.19) and (1.20") with p=1

P* MG e, phi] = ¢*[MElp, oLl +e* [ M) [p, ¢l
for ke Z, —{0} and s € T,. From this

P*[ME [, pli] = ne*[MG"[e, @li] = (n/m)e*[ME)le, ¢]1]

withn,me Z, —{0}for T=R,,andne Z, —{0}, m=1for T=Z,.Incase T=R,,
it follows from lim,_, e*[M})[1, 1];]=0 that lim,_, p*[M,[e, #1,]1=0, and from
this with (1.19) and (1.20") that *[M§,[e, ¢];] is continuous in ¢ € T,. Combination
of these facts yields the proposed constancy of u. [J

As a last condition we postulate

(Rzy) For every monotone nondecreasing sequence {£,} in &, with s-lim,_, , £€,=1
there are o, e € T, such that

(2.14) lim ¢*[RL(£,)[1]1] = O wuniformly in t € [0, o+¢] N T,
V=0

For a quasi-positively regular process with discrete parameter this condition is
automatically satisfied if the second factorial moments exist. In case T=R,, we
certainly have @*[R,)(£,)[1],]— 0 for every te T, but not necessarily uniform
convergence on some nondegenerate t-interval. By (1.16), however, such a uniform
convergence is guaranteed at least if SUPsers,q+ 61 SUPxes M[1, 1, 1/<x)] <00 for
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some o, >0 and an 4 € A with p*[xx-,]=0. Given (1.20"), it is sufficient for the
latter that M§,[1, 1, 1]; exists for some ¢ € T,

LeEMMA 4. If a critical, quasi-positively regular process satisfies the conditions of
Lemma 2 and in addition to these also (M) and (R,), then

.1 1 1 .
(2.15) tlllg r ¢*[I—B[§]1]—q>*[l—£]] = p foreveryin €,

and uniformly on {§ € &, : |[1-¢€|[p*[1-¢€] <c, |[1-¢£| <e/c} for every c<oo and
some > 0.

Proof. 1. By ¢* € &%, ¢*[p]=1, (2.3), and (1.6) we have ¢*[1—-{]>0 and
¢*[1 - F[{],]>0 V¢t € T, whenever { € &, or {=F[£], with { € &, and s € T,. For
any such { we may therefore write down the identity

1 oy L
1~ e @090~ FlD) o= «p*[l—a]

l *[1 — n¥[1 —
m(? (1-C-¢*1-F[ll,)) VteT,

Which, by means of (1.13) for k=2, (1.20") with p=1, and A[{]:= (1-{)/e*[1 -],
is transformed into

Q—¢*1 - LU e*[ME[ALL], ALLTL] - 9*[R(DIALL]LD)

1 1
@19 [ra=rmm 7=l
= e*[M&[ALL, AlLL]—9*[RG(DIALENL]  Vie To.
2. Employing AJ¢]:= A[F,[£)]—¢ Vs € Ty, ¢ € &, together with p from (2.13),

and ¢>>0, we have
|p* [ ME[ALF €D, ALF[E]:01u]—2u

= |p*[2Mblp, h[€]]+ M&lh €], Al€11]|

< e*[Mble, plil(ca]A[€]] +c2 | AlE]]1%) Vi,seT,, §€ S,
with some constants ¢; <00, ¢, <c0. Since according to Lemma 2

(2.17) lim ||A[€]| =0 uniformly in é € &,
this yields
(2.13) s’fg P* [ ME[A[F[€]), ALF[€)1]h] = 2t

uniformly in ¢ € &, as well as in ¢ on every bounded partial set of T.
Using (1.14), (2.1) or (2.1') respectively, (R,), and (2.17), we get

lim [p*[Ray(FIEIAFENIL])
219 < lim *[Ray(F01) ML Kgl + [4(11)? = 0

uniformly in £ € &, and in ¢ € [0, 0+¢] N T, with suitable o, ¢>0.
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3. It follows from (2.16) by substituting {=F;[¢], and applying (1.6), (2.18),
and (2.19) that

. 1 1
2.20 lim - ] =
(2.20 o =R =Rl ~
uniformly in £ € &, and in t € [0, 0+¢] N T,. Defining the integral-valued function
n(t) |{te T, : t=a} by n(t)o<t<(n(t)+1)o Vt 2 o, setting 8(¢):=t/n(¢) Vi Z o and
Fo[€]i:= € V€ € &, and utilizing the uniformity of convergence in (2.20), we finally
obtain

lim 1 1 - ! ]
t-o I Llp*[1-F[£l1] o*[1-¢]

. 1 ni¢)—-1 1 1
B tlilg n(r)3(r) k§=:o [‘P*[I—F(kn)o(t)[f]l] ?’*[I_Fké(n[fh]] -k
for every € € &, and with the proposed uniformity. [

The following results are of interest only for x>0 although they formally remain
true if u — 0, as long as s-lim,_, ,, F,[0]; =1 is assured. By (2.13) and (1.10) we have
>0 if and only if for some s € T, there exists an 4 € A with ¢*[x,]>0 such that
P(X™|{x>)>0 Vxe A for at least one n>1 or, equivalently, that F[¢|<x)]
— F,[0]<x)] is nonlinear in ¢ for x € 4. A quasi-positively regular process having
this property will be called ¢*-nonsingular.

THEOREM 2. Let a critical, quasi-positively regular process be ¢*-nonsingular and
satisfy (M.4), (R.y)), (M(2)), and (R(g,). In case this process is not positively regular,
suppose further that ue T, : F,[0],>0. Then

(2.21) s-lim t(1-F[¢h) = ¢lw  VE€ .
- Proof. Taking into account Theorem 1 and Theorem 1’ respectively, this result
is obtained immediately by combining Lemma 2 and Lemma 4. []

COROLLARY 2.1. On the assumptions of Theorem 2

(2.22) lim tP(X—{6}|%) = Nay(p, D)/n

uniformly in X € X™ for every n>0.
Proof. Using (1.5) and proceeding as in (1.12), we get
tP(X—{6} | %) = t(1-FJ0|])
= Nuy(t(1—F[0],), £) —ra)(F:[0],)(:(1 — F[0],), X)

which by (2.21) leads to (2.22). [

The remaining two results which involve conditional expectations and distribu-
tions refer to the respective regular versions defined through the given transition
function.
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COROLLARY 2.2. On the assumptions of Theorem 2

2.23) lim E(M
t— o0

X, # 0, % = 5“) = pp*[£]

uniformly in X € X™ for every n>0 and £ € A.
Proof. Relation (2.23) is obtained from

M'[£]%] = P(X—{6} | )E(Nuy(é, %) | % # 6, o = %)

by means of (2.22), (1.17), and (1.20") with p=1. O
REMARK. The monotony of Fi[0], with respect to ¢ allows (R s,) to be eliminated
from the assumptions of Corollaries 2.1 and 2.2.

THEOREM 3. Let a critical, quasi-positively regular process be ¢*-nonsingular and
satisfy (M.4"), (Rqy)), M(s)), and (Rez,). In case this process is not positively regular,
suppose further that ue T, : F,[0], >0. Then, for any decomposition {A,, ..., A}
of X with A,e ¥, i=1,...,n,n>0, and any % € X—{6}, the conditional distribution
of the vector

2.24) (N, £, .. N(dns 2))  given 5 # 0, % = £

converges, as t — 0, to the distribution of a vector of the form

(2.25) @*[xa)s - - > P*Ixa)- W
with
(2.26) P(W = z) = xo,o(2)(1—exp [—z/u])  Vze(—o0, ).

Proof. For any ¢:=37.; Axs, with A,>0,i=1,...,n, and §&:=exp[—§/t]
Vt e T, we have

lim 19*[1-£] = ¢*[¢].
According to Lemma 2
1-Fn) = ¢*1-FlL)e+hn]) VieTo,ne s,

with
zlim lAdn]] = O uniformly in 5 € &,
and by Lemma 4
*[] —
(P*[I_Ft[n]l] = 1 +t¢*[(;-£7’](z']+kt[n]) Vte TO’ e y'l-
with

lim ky[y] = 0 uniformly in 5 € {£;: s> 50}
t—®
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for some s, € T,. Combining these five relations we obtain

lim 1(1— - 9o
(227) Stl_{l;? t(l Ft[ft]l) - 1+(P*[§].U'
Using (1.5), (1.12), (2.22), (2.27), and (2.1) or (2.1") respectively, the limit of the
Laplace-Stieltjes transform of the conditional distribution of (2.24), as ¢ — oo,
becomes

lim E(exp [— > A N %) x‘)]
t— o i=1 t

im PLEEI=FIO[%] _ | _limi.o 11— Fl&[£])
o 1=F[0[%] lim;_. » 1(1—F,[0|%])

2 o,xo=x)

= Iy dim (N (e(1= Rl )= ra(Fléh) (1= Fl&L), D)
_ [d Noy(e, H)e*[£] - 1
N ®)  1+o* e~ T+up*ld]

which is the Laplace-Stieltjes transform of the distribution of (2.25) with (2.26).
On account of the continuity theorem this entails the proposed convergence in
distribution. [J
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