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UNIQUENESS OF SOLUTIONS OF THE DIRICHLET AND
NEUMANN PROBLEMS FOR HYPERBOLIC EQUATIONS

BY
EUTIQUIO C. YOUNG()

Abstract. Conditions for uniqueness of solutions of the Dirichlet and Neumann
problems are obtained for a singular hyperbolic equation involving a real parameter.

1. Introduction. It is well known that the Dirichlet problem for hyperbolic
equations does not in general constitute a well-posed problem. In the case of the
two-dimensional wave equation u,, —u.., =0, for instance, it is known that in order
to determine the solution in a rectangle with sides having slopes + 1, it is sufficient
to prescribe its values on only two adjacent sides of the rectangle. On the other
hand, Bourgin and Duffin [I1] have shown that for rectangles with sides parallel
to the coordinate axes, uniqueness of solution of the Dirichlet problem holds if
and only if the ratio of the sides of the rectangle is an irrational number. Related
investigations of the well-posedness of this problem have also been conducted by
John [2] and Fox and Pucci [3]. More recently, the result in [1] has been extended
by Dunninger and Zachmanoglou to the n-dimensional wave equation [4] and to
more general hyperbolic equations in cylindrical domains [5]. A similar result on the
Neumann problem has also been derived by Sigillito [6] for the n-dimensional
wave equation. For singular equations of the fourth order, corresponding results
have recently been obtained by Dunninger and Weinacht [7].

In this paper we present conditions for uniqueness of solutions of the Dirichlet
and Neumann problems for the singular hyperbolic equation
¢)) Lu = uy+(k[t)u,— (@1 ), +cu = 0
where the coefficients a' and c¢ are functions of the variables x;, .. ., x, alone and
k is a real parameter, —o0 <k <oo. Here the repeated indices are to be summed
from 1 to n. The boundary value problems are considered in a cylinder Q=D x I,
where D is a bounded domain in the x=(x;,..., x,) space and [ is the interval
0 <t <T. Necessary and sufficient conditions for uniqueness are given for different
ranges of the parameter k.
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We assume that the coefficient matrix (a¥) is symmetric and positive definite
and that c=20in D. Moreover, we assume that the functions a, ¢, and the boundary
oD of D are sufficiently smooth in order to allow the application of the divergence
theorem and to ensure the existence of a complete set of eigenfunctions for the
eigenvalue problems that arise in the sequel.

2. The Dirichlet problem. Consider the homogeneous Dirichlet problem
2) Lu=0 inQ, u=0 onaoQ.

We shall prove uniqueness of solution by showing that every smooth solution of the
problem vanishes identically in Q. In the case when k >0 however, we will see that
every smooth solution vanishes identically in Q whenever it vanishes at =0 and
on the lateral surface of the cylinder Q.

THEOREM 1. Let k>0. If ue C*Q) N CYQ) is a solution of Lu=0 such that
u=0at t=0 and on @D for 0<t<T, then u=0 in Q for any value of T.

In order to prove this theorem we shall make use of the fact that every solution
of equation (1) belonging to C? for #>0 and to C* for ¢ =0 satisfies the condition
u;(x, 0)=0 for any nonzero k. In the special case when (a") is the identity matrix,
this property was first established by Walter [8] for ¢=0 and then by Fox [9] for
¢#0. The method used in [9], which was due to Zaremba and Asgeirsson and later
improved by Walter, can be carried out here almost step for step to establish the
same result for the more general equation (1) using the cylinder Q.

Proof of Theorem 1. We integrate the differential identity

3) 2uLu = (U7 +au, .+ cu®),— 2(au, uy) ., + (2k [t )uf

over the domain Q,=Q N{0<t<s}, s<T, and use the divergence theorem to
obtain

2
4) [+ @ U,y + ct®)v,— 2au, upw,] dS+2k || “Ldxdt =0
20 Xy i J ° t

where (vy, ..., v, v;) denotes the outward normal vector on ¢Q,. In view of the
boundary conditions satisfied by u and by the fact that u,(x, 0)=0, equation (4)
reduces to

) L WP+, iy, + 1)

u2
dx+2kﬂ  gx di = 0.
t=s Qs t
Since (@) is positive definite, ¢ =0, and k >0, it follows that both terms in (5) must
be zero. Thus

6) J; (W +a"u,u,,+cu?) dx =0

t=s

for 0= s=<T. This implies that u is a constant in Q. But u=0 at 1=0, therefore u=0
in Q for any value of T.
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THEOREM 2. If k<0, then every solution u e C%(Q) N CX(Q) of the problem (2)
vanishes identically in Q if and only if

(3) Ja -w2(N?T) # 0
where A, (m=1, 2,...) are the nonzero eigenvalues of the problem
©) (@0, )x,—cv+2v0 = 0 in D, v=0 inoD,

and J,(2) is the Bessel’s function of the first kind of order p.

Proof. Suppose there exists a nonzero eigenvalue A, of the problem (9) such that
Ja —12(AL2T) =0. Let v, be the eigenfunction corresponding to A,. Then the function

(10) w(x, 1) = t37BRJ (A2 )0,(x)

is a nontrivial solution of the problem (2) as is readily verified.
Conversely, if condition (8) holds, we integrate the differential identity

(11) wLu—uMw = (uw—uw,+kuw/t),— [a"(u,w —uw,,)],,

over the cylinder QT enclosed by Q between the planes t=sand t=T7,0<s<T. The
operator M in (11) is the adjoint of L and is given by

(12) Mw = wy—k(Ww/[t),—(a"Wy)x,+cw.

By the divergence theorem we obtain

(13) fj (wLu—uMw) dx dt = f [(uew —uw, + kuw|t)v,— a"(u,, w—uw, )v;] dS.
Q;

Q]
If u is a solution of the problem (2) for k =0 and if we choose
(14) w(x, 1) = 12y o(AR2E)om(x)

where A, is a nonzero eigenvalue of the problem (9) and v,, the corresponding
eigenfunction, then Lu=0 and

MW = - t(l + k)lz',(l —k)/2()‘11nlzt){[aij(vm)x(]x, —CUp + ’\mvm} = 0

Thus the left-hand side of (13) vanishes and so we have

(15) L (upw — uwy + kuw]t)

dx—f (uw —uw, + kuw|t) dx =0
t=T D t=s
inasmuch as w vanishes on ¢D for s<t=<T.

Now let s approach zero. Since both w, and w/t are bounded at =0 and both u
and w, vanish there, the second term in (15) converges to zero. Hence in the limit
(15) yields

(16) TaroRz, | (2T) j ux, T)om(x) dx = O.
D
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In view of the condition (8), this implies that
an f w(x, Top(x)dx =0, m=1,2,....

D

By the completeness of the set of eigenfunctions {v,}, m=1, 2, ..., it follows that
u,(x, T)=0.

Next, integrating the differential identity (3) over the cylinder QT and using the
fact u(x, T)=u,(x, T)=0, we obtain

(18) J; (W + auuy, + cu?)

2
dx—zkﬂ ¥ g dt = 0.
s QT t

t=
Since k£ <0 it follows as in equation (5) that

dx =0

t=s

19) L (uf +au,u,,+cu®)

for any s, 0<s=<7T, which implies the conclusion of the theorem.

When k=0 condition (8) becomes sin (A}/2T)#0 which yields the result AL2T
#pm, p=1,2,..., previously obtained in [5].

Of special interest perhaps is the case when (a) is the identity matrix, ¢=0, and
D is the rectangle defined by 0 <x; <a;, i=1, 2, ..., n. Equation (1) then reduces to
the well-known Euler-Poisson-Darboux equation

(20) -+ (k[ )ty — Dt = 0 (A -3 62/6x,2).

The corresponding eigenvalue problem (9) in this case is defined by
@n Av+dv =0 in D, v=0 onaD,
for which the eigenvalues are given by

@2) w3 (mjay

where (m,, . . ., m,) are n-tuples of positive integers. The condition (8) then becomes
n 1/2
(23) Ja- k)lz{ [121 (my/ ai)z] w T} # 0,

k £0. In particular, when k=0 this gives
n 1/2
24) 7| 3 ol # m
i=1

for all (n+ 1)-tuples (m,, . . ., m,, m) of positive integers, which is the result obtained
in [4].
3. The Neumann problem. In the case of the homogeneous Neumann problem

(25) Lu=0 inQ, oufon =0 on 0Q,
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where on the lateral surface of Q the derivative ou/on is defined by
oulon = a‘u,;,
(v1, . . ., v,) being the outward normal vector on 9D, we have the following result.

THEOREM 3. If ue C%(Q) N CXQ) is a solution of the problem (25), then u=0
(or u=const if ¢=0) for k20 if and only if
(26) Ja+ren2(A7?T) # 0
where A, (m=1, 2,...) are the nonzero eigenvalues of the problem
a'v, )., —cv+dv =0 in D,
@ (@70,
ovfon =0 on oD.

Proof. The necessity of condition (26) actually holds for all k. For if there exists
a nonzero eigenvalue A, of (27) such that

(28) J<1+k)/2()‘11:/2T ) =0
then the function
(29) w(x, t) =t 152252 )v,(x),

where v, is the eigenfunction corresponding to A,, constitutes a nontrivial solution
of the problem (25) for any value of k. Indeed by (27) it follows that Lw=0 and
ow[on=0 on 0D for 0=¢=<T. Moreover, since

owlor = —MPA-PRLL L O8200,(x) = O(),

it is clear that w;(x, 0)=0 and by (28) w,(x, T)=0. Thus the function (29) satisfies
the boundary condition in (25) as well.

On the other hand, let k=0 and suppose that condition (26) holds. If u is a
solution of the problem (25) and if we choose

(30) w(x, 1) = t PRI 1A/t )om(x)
then substitution of these functions in (13) leads again to equation (15). Since
wy(x, 1) = [kt® DR _1y0(AK2t) — A2t ARG 1A% ) Jom(X)

it is clear that
—wetkw(t = NPYORT (AP )on(x) = O +5).

Therefore, as s is allowed to approach zero in (15), we obtain in the limit
(€2)] A},.’?T““‘”"’mem(/\%{zT)f u(x, T)vp(x) dx = 0

D
which by (26) implies that

(32) f ux, Tyop()dx =0, m=1,2,....
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By the completeness of the set of eigenfunctions {v,} of the problem (25), this
implies that u(x, T)=0 if ¢>0 or u(x, T)=const if ¢c=0.

Let us assume that ¢>0. There remains to be shown that ¥=0 in Q. In this
connection, the sufficiency proof of Theorem 2 (see equation (18)) does not permit
us to make the desired conclusion since now k = 0, except of course in the obvious
case k=0. Thus for k>0 we need to use a different approach.

We integrate instead the differential identity

2tu Lu = [t°WUf + @V, + cu®) ] — 2t (@1,

+ %72k — oJuf — aaVu, u, — acui®]

(33)

for any real «>0 over the cylinder QT to obtain

dx

t=s

—fD s*(uf + aVuu,, + cu®)

(34)
+ f L 152k — o — ity — ccu®] dix dt = 0.

Letting s approach zero in (34) and noting that the first term vanishes, we are then
left with the convergent integral

(35) H 1% 1[(2k — e)uf — aa@"u o u . — acu®) dx dt = 0
Q
for any real «> 0. If we rewrite this in the form
(36) @k=0) [[ 1= dx dt = f f 0N (@ it + cu®) dix dt
Q Q

it becomes clear that (35) can hold if and only if the integral on each side of (36)
vanishes. Thus in particular

37 fL t* @ u e, +cu?) dx dt = 0

from which the conclusion that u=0 in Q follows.

If ¢=0 the discussion above implies that u=const in Q. In the special case when
(a) is the identity matrix, ¢=0, and k=0, condition (26) gives the result obtained
in [6].
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