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Abstract. Factorizations of various functions are discussed. Complete factoriza-
tions of certain classes of functions are given. In particular it is shown that there
exist primes of arbitrary growth.

I. Introduction. A meromorphic function h(z)=£(g(z)) is said to have f(z) and
8(2) as left and right factors respectively, provided that f(z) is meromorphic and
g(2) is entire (g may be meromorphic when f(z) is rational). A(z) is said to be E-
prime (E-pseudo prime) if every factorization of the above form into entire factors
implies that one of the functions f(z) or g(z) is linear (a polynomial). A(z) is said to
be prime (pseudo prime) if every factorization of the above form, where the factors
may be meromorphic, implies that one of f(z) or g(z) is linear (a polynomial or
f(z) is rational).

[1]-[11], [14] and [17] have dealt with various factorization problems. In par-
ticular, the following result on primes was proved in [1].

THEOREM 1. Let H(z) be a periodic entire function of finite lower order and let a
be a nonzero constant. Then H(z)+ az is prime.

This result generalized an earlier assertion of Rosenbloom [17] proved in [7],
that e*+z is prime. The more difficult problem of whether exp (¢?) +z is prime was
left open.

In this paper we shall weaken considerably the condition that H is of finite lower
order. In a sense we shall show that our growth condition on H is about the best
that can be assumed. However, we then proceed to show that when H is of the
form e% « entire, one can say much more about H(z)+az. In particular, it will
follow that exp (e®)+ z is prime. The question, however, whether e,(z)+z is prime
for n>2 remains open. Here e,(z) denotes the nth iterate of the exponential
function. We next study the primes of the forms (1) Q(z)e#®*+5® where Q(z)
(Zconstant) and S(z) are polynomials and H(z) is entire and periodic such that
H(z)+S(2) is not a constant. This problem is solved completely; in fact all possible
factorizations of the function of the form (1) are found. This class of primes gives
us primes of arbitrarily large growth. We shall in fact exhibit primes of arbitrary
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growth including primes of prescribed order and type. Among the primes of
arbitrarily large growth that are exhibited are a class of almost periodic entire
functions. These are of particular interest, since there are no known periodic
entire primes. Periodic E-primes, however, do exist [11].

We shall assume in the sequel that the reader is familiar with Nevanlinna theory
and the functions T'(r, f), N(r, f), m(r, f), etc.

II. Primes of the form H(z)+az. Let Mi(r) denote the maximum modulus
function of F.
In this section we prove

THEOREM 2. Let H(z) be periodic and entire and let a be any nonzero constant.
If for every positive e, there exist an infinite sequence of r approaching infinity such
that

)] Mu(r) < eyfer),
then F(z)= H(z)+az is prime.
We begin with some lemmas essential to the proof.

LeMMA 1 (PoLYA [15]). Let fand g be entire. For any 8, 0< 8 <1, there exists an
appropriate positive constant ¢ such that

Mq(r) > My(cM,(3r))
for all sufficiently large r, where M(r) denotes the maximum modulus function of F.

LEMMA 2. Let d and T be two numbers such that dr[2ni is an integer. Let T(z) (£0)
be a polynomial of degree t and let H(z) and 0(z) be periodic and entire with period .
For any factorization of

) F(z) = H(z)+T(z)eb@+42
into entire factors, the right factor g(z) must be of the form
3 g(z) = Hy(2)+S(z) exp (Hy(2) +¢2)

where H(z) are periodic and entire with period T, c is a constant and S(z) is a poly-
nomial of degree s. Furthermore, s<t if e©*=1 and s<t—1 otherwise.

Proof. See proof of Theorem 1 in [1].

LeMMA 3. If T(z) is nonconstant and of first degree, then ¢ in Lemma 2 satisfies
e*=1.

Proof. Assume e*# 1. Then for some entire left factor f(w), (2) yields for every
integer n

4) S(H(2)+ K exp (Hy(2) +cz)-e™) = H(z)+ T(z+nt)e’®,
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where K is a constant. We may assume without any loss of generality that |e®*| < 1.
Thus, for a fixed z, the left side of (4) is bounded in n while the right side is not, a
contradiction. Hence, our assertion follows.

LEMMA 4 [11]. Let F(z) be nonperiodic and entire. If F(z) is E-prime, then it is
prime.

LeEMMA 5. If h(z) is meromorphic (and #0) and for all positive integers n, h(n)=0,
then the lower order (denoted by M h)) satisfies A(h)=1. When A(h)=1, the lower
type (defined as lim inf T'(r, h)/r and denoted by +(h)) satisfies 7(h)> 0.

Proof.
A(h) Z lim inflog T(r, h)/log r = lim inf log T'(r, 1/k)/log r

2 lim inf log N(r, 1/h)/logr = 1—¢

el

for any given positive ¢ and sufficiently large r. A similar argument proves the
assertion for r(h).

LEMMA 6 [13]. Let fi(z) (i=1, 2, ..., n) be meromorphic functions which satisfy
for some constants C;

M:

) Cifi=0.

i

]

1

If in addition the functions f; satisfy the following conditions:

(a) The ratios fi|f; (i#J) are nonrational.

(b) If T*(r) is the minimum of T(r, fi/ 1), i #J, and if N(r, f;)=e(r)T*(r), N(r, 1/£;)
=n,(r)T*(r), then there is a set S of infinite measure on which max, ; {&(r), nj(r)} -0
as r— oo. '

REMARK. The statement in [13] is somewhat weaker, but the proof there estab-
lishes the above assertion.

Proof of Theorem 2. We may assume without any loss of generality that a=1
and H has period 1. Suppose that

(©) F(z) = f(g(2)),

where fand g are entire. By Lemmas 2 and 3, for every integer n and some constant
k (k+#0 since F is not periodic):

g(z+n)—g(z) = knexp (Hy(z)+ cz).

Fix z=z, and put k exp (Hy(zo) +¢czo) = A, h(z) =g(zo+2z) — Az— g(2,). Then h(n)=0
for each n and Lemma 5 shows that either /=0 or A(h)=1 or A(h)=1, 7(h)>0.
Hence either g is linear or A(g)=1 or A(g)=1, 7(g)>0.
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Furthermore, by Lemma 3 we have
S(H(2)+ [k(z+n)+b] exp (Hy(z)+¢2)) = H(z)+z+n.

Again fixing z and applying Lemma 5, we conclude that A(f) 2 1, and when A(f)=1,
7(f)>0. Applying Lemma 1 we arrive at the contradiction that for some ¢>0

Mg(r) > My,(r) > eg(er)

for sufficiently large r. The theorem follows immediately by Lemma 4.
The function

F(z) = exp (exp (z)+2)+exp z+2z = G(G(2)),

where G(z)=exp (z)+z, illustrates that the growth condition in Theorem 2 is
fairly sharp. Nevertheless we have

THEOREM 3. Let a be a nonzero constant and H(z) be periodic, entire and satisfy
for any given £>0 and some real t,

My(r) < ex((t+2)r)

for sufficiently large r. If F(z)=H(z)+az=f(g(z)), where f and g are entire and
nonlinear, then g(z) must be of the form

@) g(z) = i A; exp (2mjiz/7) + Bze®?
J=-m

where 2znm||t| <t, c=2nNilr for some integer N, |c|<t, 7 is a period of H, and A,,
B are constants.

Proof. We may assume again that 7=1 and a=1. Arguing as in the proof of the
previous theorem, one easily verifies that g(z) has the form
® g(z) = Hi(2)+zexp (Hy(z)+cz), (e =1)

and that f(z) is of lower order at least 1.
If H,(z) is nonconstant, then by Lemma 5, it is at least of lower order 1. It then
follows by Lemma 1 that for any e>0

M;(r) > es((1—e)r)

for sufficiently large r. This contradicts our hypotheses and it follows that Hy(z)
must be a constant. Thus, we have

€) g(z) = Hy(2)+ Bze™*

for some constant B. By Lemma 1, g and hence H, are of exponential type and
when H, is of order 1, it is of type at most ¢. It follows that g(z) must have the
form (7).

Using Theorem 3, we prove
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THEOREM 4. Let H(z) be periodic of period =, entire and of exponential type and
let s be any integer; then for any constant a (#0) the function

F(Z) = eH()+(2ats/1)z +az
is prime.

Proof. We may assume that a=1 and r=1. Suppose that F(z)=f(g(z)), where
fand g are entire. From Theorem 3

t
(10) g(z) = > A exp (2mijz)+ Bze.
152

Observe that in any strip S, —c0<x<o, as<y=<bh, F(z)=z+ K(z), where K(z) is
bounded. In particular | F(x)| — oo and hence | g(x)| — 00 as x — + 00 or x — —o0.
This shows that in (10) B#0, Re ¢=0. If ¢#0 then u= Bze®® maps S onto a region
covering |u|> A for some A. Thus, in S, F=f(g) takes all large values, which
cannot be the case if F(z)—z is bounded in S. Thus, ¢=0.

Since f(g(z)) has no fix-points (i.e. f(g(z))=z has no solutions) neither does
g(f(2)). Indeed, if for some z,, g(f(z,)) =20, then fg(f(z,))=/f(2,). Thus it follows
from (10) that there exists an entire function «(z) such that

t
(l l) z )‘f €xp (2111']f)+ Bf = PLONwS
-t

Suppose g is not linear. Then let the order of the rational function R(x)=>", A;x’
be k. Then

T{r, R(exp (2if))} ~ kT (r, exp (2wif)).

From (11) it follows that T'(r, e®)~ kT (r, exp 2mif) as r — oo. Thus, the conditions
of Lemma 6 apply to the functions exp (27ijf), —t<j<t, j#0, exp a(z), Bf—z+ Ao,
and we have a contradiction unless for every set S of infinite measure there is an
&> 0 such that for certain arbitrarily large r in §

(12) T(r,f) ~ T(r, Bf—z) > N(r, 1/(Bf—2z2)) > eT*(r)
where T* =T (r, exp («— 2=ijf) for some j.
The set in which (12) holds must therefore have finite measure and we must have
/ |Asft.lme Jj=k (the case j= —k is treated similarly). Then
(13) N T L X _@BHE-DI L A+ Bf—z = %@,
Divide through by 2"/ and we have
{Mc—exp («—2mikf)} + A _y exp (—2mif )+ - - - + (Ao +Bf —2) exp (—2mikf) = 0.

Application of Lemma 6, noting that the characteristic of the first bracket is
O(T(r, f)) on a set of infinite measure, gives a contradiction unless the coefficients
of the exponentials are zero, so that f is linear.
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COoROLLARY. For any a+#0, the function exp (e?)+ az is prime.
IT1. Factorization of Q(z)e#®@+5®,  We now prove

THEOREM 5. Let Q(z) (not identically constant) and S(z) be two polynomials.
If H(z) is periodic and entire, then any factorization with entire factors of any function
of the form F(z)= Q(2)e"®*5® (H + S not identically constant) has one of the forms

(14) F(z) = F(p(2)),
where p(z) is a second degree polynomial, or
(15) F(z) = [g@I,

where t is a positive integer.

In addition to some of the lemmas in §II, we shall need the following results.
DEFINITION. An entire function fis said to be periodic mod an entire function
g with period 7 if f(z+ 7)—f(2) =g(2).

LeMMA 7 [1). Iffis nonconstant and entire and p is a polynomial of degree greater
than 2, then f(p) cannot be periodic mod any polynomial.

LeMMA 8. Let O(z), S(z) and H(z) be as in Theorem 5 and let = be a period of H.
If « is any nonconstant entire function, then «(Q(z)e®*5®) cannot be periodic mod
any polynomial with period .

Proof. Suppose that for some polynomial T(z) we have
(16) a(Q(z+ )eH@+ D) — o Q(2)eH P+ @) = T(z).

Choose w,#0 and an infinite sequence z; (i=1, 2, . ..) approaching infinity such
that Q(z,) exp (H(z)+S(z))=wo,. We may write Q(z+7)=0(z)+ Qo(z) and
S(z+7)=S5(z)+ So(z), where degree Q,<degree Q and degree S, <degree S and
Q,20. Thus, (16) becomes

«([Q(2)+ Qo(2)] exp (H(2) + 5(2) + So(2))) — e Q(2)e@*5@) = T'(z)

or
a([wo+(Qo(z:)/ @(z))wo] €xp (So(2))) —(wo) = T'(z,).

If Re Sy(z;) <0 (Re A4 denotes real part of 4), then the arguments of « on the left side
of the above equation have a limit point and T and « must be constants, contrary
to our hypotheses. We may therefore assume that for an infinite subsequence
{z;} of {z} approaching infinity, Re So(z;)>0, i=1,2,.... Furthermore,
Q(z+ 7)eH@*+S@+9 =y has the zeros z;— 7. Now (16) yields «(Q(z+ 7)ef@+5¢+D)
—a([Q(z+7)— Qo(2)] exp (H(2)+ S(z+ 1) — So(2))) =T (2). At z=z;— 7 we get

(Wo) — e[wo — (Qo(zi — )/ Q(z1))wo] exp (— So(zi— 7)) = T'(z0).
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Since Re Sy(z;)>0, it is clear that Re (—.So(z; — 7)) <0 for sufficiently large i.
Hence, it follows again from the above equation that « must be constant, contrary
to our hypotheses. This completes the proof of Lemma 8.

LeMMA 9 [12]. If f(z) is a transcendental function and a,(z), ax(z) are distinct
meromorphic functions satisfying for v=1 and 2

T(r, a)(2)) = o(T(r,f)) asr— o0,

then

(1+oITC.N) S 3 N6, (@)

Sfor all r outside a set of finite measure.

We now proceed with the proof of the theorem.

Proof of Theorem 5. We first consider the case when F=f{(g), where f is entire
and g is a polynomial. Clearly f must have the form f(w)=T(w)e*™, where T(w)
is a polynomial (#0) and «(w) is entire. Thus,

f(g) = T(g)e*®@ = Q(z)eH@+5@,

Consequently, «(g) must be periodic modulo a polynomial. Hence, by Lemma 7,
g must be of degree 2 at most and this factorization reduces to the form (14).
Now suppose that g is transcendental entire. Then f(w) must have the form

an Jw) = (w—a)"e*®,

where a is a constant, »n a positive integer and « is an entire function. g(z) must be
of the form

(18) 8(2) = (1(2)e!P +a,

where Q, is a polynomial which satisfies Q7= KQ for some constant K and B is
nonconstant entire. Writing «*(w)=«(w+a) we obtain

F = Q1 exp (nB+a*(Q:¢%)) = Qe*5.
Thus,
(19) nB+a*(Q.ef) = H+S.
From (19) we get
(20) o*(Qi(z+ 7)eB*P)—a*(041(2)e*®) = S(z+1)—S(z)—nB(z+ ) +nB(2).

Equation (20) implies that either
(i) B(z)=H,(2)+(1/n)S(z) and o*(Q:(z)e?®) is periodic with period =, where
H,(z) is entire and periodic with period =, or



226 FRED GROSS [November
(i) Qi(z+7)ef?*D— Q,(z)ef@ =B*(z)e’™®, where B* and y are entire and
@) T(, B%) = o(T(r, e¥=+7~5@))

unless B(z+ 7)=B(z).

Applying Lemma 8 to case (i) and the case when B(z+ 7)=8(z), we find that o*
and hence « must be constant so that the factorization reduces to the form (15).
Assume, therefore that (21) holds. (ii) may be rewritten in the form

(22) 0:(z+7)efE* PP — 0,(2) = B*(2)e"®~*® = U(2),

say. It is clear from equation (22) that for some 4 >0 and sufficiently large r
(23) T(r,e""?) > AT(r, ef@+9-5@),

Also

N(r, 1/(U+ Qy)) = o(T(r, U)) and N(r,1/U) = o(T(r, U)).
Thus, by Lemma 9
(02)) {1+o()}T(r, U) < N(r, 1/(U+ Q1))+ N(r, 1/U) = o(T(r, U))

for all r outside a set of finite measure.
Equation (24) leads to a contradiction and our theorem follows.

COROLLARY 1. Let Q(z) be a polynomial of degree 1 or a prime polynomial of
degree greater than 2. If H(z) is a periodic function and S(z) is any polynomial such
that H and S are not both constant, then Q(z)e?®+5® is prime.

COROLLARY 2. For Q(z) as in Corollary 1 and any positive integer n, Qe,(z) is
prime.

The primes we have exhibited are, to the author’s knowledge, the first illustration
of primes of arbitrarily large growth. In the next section we give examples of
primes of arbitrarily large growth which are also almost periodic.

IV. Almost periodic primes. We start with a simple lemma.

LeMMA 10. If f(z) is entire and maps the unit circle on the unit circle, then it must
be of the form f(z)=cz" for some integer n and some constant ¢ with |c|=1.

Proof. By the reflection principle a zero z, of f(z) in |z| <1, corresponds to a
pole 1/(Z,)=2z, of f(z) in |z| > 1. Since f'is entire, we see that the only zeros of f(z)
in |z| <1 lie at z=0 and if z=0 is an n-fold zero, then f=cz", |c|=1.

The author is indebted to M. Newman for suggesting the proof of Lemma 10.

We now prove

THEOREM 6. Let H, (#constant) and G, be entire periodic functions with period
7; and let a; be constants such that a;r;[2mi is not rational (j=1, 2) and assume further



1971] PRIME ENTIRE FUNCTIONS 227

that v,[v, is irrational. Then the functions
(25) Fiz) = Hy+exp (a2+Gyz)) (j=1,2)
when factored into entire factors have no common right factor.

Proof. Suppose that there are nonlinear entire functions f; and an entire function
g such that

(26) Fy2) = f(g()) (i =12).

Then (25) and (26) yield

(27)  f&(z+71))—f(8(2)) = (exp (am)—1) exp (az+Gy(2)) (j=1,2).
We conclude by means of Lemma 2 as in our earlier arguments that

(28) 8(z+7)—g(2) = exp (a,z+1(2)),

where «; is constant and /; is periodic with period 7; (=1, 2). From (27) and (28)
we obtain

8(z+ 71+ 75)—g(2) = exp (e +I5(z+ 71) + apz) + €xp (12 + 11(2))
(29)
= exp (7o +11(z + 72) + 212) +€xp (292 + 1(2)).

Applying Lemma 6, one concludes that I; has periods =, and 7, and therefore I
must be a constant (j=1, 2). It follows that I; must be a constant c,, say (j=1, 2)
since it is periodic. Consequently, one obtains from (29)

(30) (exp (@172) — 1) exp (a2 +¢;) = (exp (@271) —1) exp (a2 +¢3).

Assume first that o; #a,. Then one gets from (30), «y7,=27ni, ayr,=2mmi,
where n and m are integers. Thus, from (28) we obtain as in earlier arguments that
we used, that

(31 8(z) = J1(2) + A, exp (2mniz/Ty) = Jo(2)+ Az €xp (2mmiz/Ty),

where J, is entire and periodic with period r; and A, is a constant (j=1, 2). From
(31) we see that

J1(z)— A5 exp (2mmiz/7,) = Jy(z) — Ay exp (2mniz/75) = G(z), say.

G(z) is thus doubly periodic and hence constant. We may therefore assume that
g(2) has the form

(32) g(2) = Ag exp (2mmiz[1,)+ A, exp (2mniz/ty),

where A;, A, #0 since Fy, F, are not periodic.
Hence, by (25) and (32) we have

(33)  fi(A; exp (Qmmiz/,)+ Ay exp (2aniz/T5)) = Hy(z)+exp (o2 + Gy(2)),
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for any integer k, let z=kr,. Then (33) becomes
(34) Si(Az+ Ay exp (2mniky[75)) = Hy(0)+exp (kayy + G,1(0)).

Since, /7, is irrational, it follows from (34) that as k runs through the positive
integers, exp (ka,;) has an infinity of limit points. The latter is only possible if
either a, 7, is an irrational multiple of =i or if |exp (a;7,)| < 1. A similar argument
with the negative integers k leads to the conclusion that either a,7; is an irrational
multiple of =i or |exp (—a,7,)| <1. Hence, in any case we must have a;r, =smi,
where s is irrational. Thus, (34) implies that the entire function

exp (= G1(0)[f1(A2 + A,w) — H1(0)]

maps a dense set on the unit circle on a dense set on the unit circle. Thus, it must
map the unit circle on the unit circle and, by Lemma 10, f; must be a polynomial
of the form

35) filw) = A(w—B)¥+C,
where A, B and C are constants and N is a positive integer. Using (35) and applying
Lemma 6 to (33) one easily arrives at a contradiction unless N=1. Thus, we may
assume that o; =, =0, say. From (30) we see that exp («7,)=1 implies exp (a73)=1,
which is excluded, since 7,/7, is not rational. Then by (28)
g(2)=J,(z) + 4,e,

where A4;#0 is constant, j=1, 2, J; periodic with period ;. Hence,
(36) Jl(z)+Ale“z = Jz(Z)+A2eaz
or

Ae*(exp (ary) — 1) = Jo(z+71) —Jo(2) + Aze**(exp (ary) — 1),

i.e., for a suitable constant k, Jy(z+ 7,)—Jo(z)=ke**. The left-hand side here is
entire and of period 7, and if k#0 the right side is of period 2wi/« so the ratio
To0f2mi is rational. Similarly J;(z+ 75) —J1(z) =/e** and, if /50, =,a/2xi is rational.
Thus, if kI#0, 7,/7, is rational. Hence, say k=0, then J, has period =, as well as 7,
and so 7,/ is rational again, so J, is constant. It then follows that J; is constant.
We may assume therefore, that the only common right factors are of the form
Ae*?, A a constant. Hence, we may assume that

(37 H}(z) = f(e®) = Hiz)+exp (az+G(2)) (j=1,2).
Let r3=2mi/a, so that the H;* each have period =5 (j=1, 2). From (37), we obtain
(38) H}z+1,)— Hf(2) = (exp (a;77)—1) exp (a2 + G(2)).

Consequently, exp (a;z+G,(z)) is periodic with period =3 (j=1,2). Since 7;/73
(j=1, 2) cannot both be rational, it follows by applying Lemma 6 to

(39 exp (a,(z+ 73) + Gj(z + 73)) = exp (a;z+ G(2)) (=12,
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that either G, or G, must be doubly periodic and hence constant. Thus, (38)
implies that one of the a,7,/2ni is rational, contrary to our hypotheses. This com-
pletes the proof of Theorem 6.
REMARK. Note that when it is assumed that G;(z) are both nonconstant (j=1, 2),
it then suffices to assume that exp (a;7;) #1 (j=1, 2). This is clear from the proof.
As an immediate consequence of Theorem 6, we have

COROLLARY. Let I, and I, be complex numbers whose ratio I,/1, is irrational, then
the function

F(2) = exp ((2mi/lI,)z) +exp ((2mi[I;)z)
is prime.
For in Theorem 6, we can write
H, = exp ((2#i/I,)z), ayz+G, = 2mi[l,)z+0,
H, = exp ((2ni[l5)z),  az+ Gy = (2ni[l})z+0,

ie. ry=1, ro=1,, a,=2mi|l,, a,=2ni[l,. Then F=F;(z)= F,(z) and any nontrivial
right factor of F would be a nontrivial common right factor of F; and F.

Thus, we have exhibited an almost periodic entire function which is prime.

We now prove a generalization of the above corollary.

THEOREM 7. For any nonconstant entire periodic functions H(z) and G(z) of
period T and any constant X such that At|mi is irrational, the function

F(z) = H(z)+eM*6®
is prime.
Proof. We assume again that r=1. Suppose that
(40) F(z) = f(g(2)),

where f and g are entire and nonlinear. We conclude in the same manner as in
the previous theorem that g(z) has the form

(41) 8(2) = Hy(z)+exp (Hy(2) +c2),

where H; is periodic with period 1 (j=1, 2).
(40) and (41) yield

42) S(H(2)+e™ exp (Hy(2) +c2)) = H(z)+e*+G@ern,

As in the previous theorem, we may assume that |¢°| =1. If ¢ is a rational multiple
of =i, then for a fixed z the left side of (42) is one of finitely many values while the
right side runs through infinitely many values as n runs through the integers. Thus,
e forn=1,2, ... is dense on the unit circle and we conclude as in the previous
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theorem that f(w) must have the form
(43) f(w) = A(w—B)*+C,

where 4, B and C are constants and k is a positive integer.
Letting H, — B=H*, (41), (42) and (43) yield

(44)  A(HF¥ +e° exp (Hy+c2)) — A(HF +exp (Hy+cz))* = (et —1)er+ 6@,
Expanding (44) we get an equation of the form
(45) T0+Tlecz+ N +Tke°"2 = exz,

where T; are periodic with period 1 and not identically zero.
From (45) we get

46)  (e*—1)e* = [Ty(e*—1)+Ty(e* —1)e®*+ - - - + Ty (e¥° — 1)~ Dez]ec=

which we can write in the form

47) eA-92 = T4 Tles4 ... + T ek~Dez)

where T} are periodic with period 1 and not identically zero. Continuing induc-
tively, we get

(48) eA-Ue-10z — Tk-14 Tk-1g0z

and finally

e(A-kc)z — T&c

Clearly, e ~*92 has period 1. Dividing both sides of (48) by e°* yields
(49) e -koz — T‘;c—le—cz_*_le—l'

From (48) and (49) we conclude that e°* has period 1, a contradiction. This com-
pletes the proof of Theorem 7.

V. Primes of every order. As we have noted earlier, Theorems 5 and 7 give
examples of primes of arbitrarily large growth. It is also known (see [11, Theorem
5]) that any entire function of the form

(50) F(z) = H(z)+22,

where H(z) is periodic and of finite lower order, has only quadratic right factors.
Thus, for any even periodic H(z) of order greater than or equal to 1, the function
F(4/z) is prime and of order 2 4. In fact it follows that for any p and ¢ with p24
and ¢20 (but #0 when p=1) there exists a prime function of order p and type
a. Of course we also have primes of order zero, namely prime polynomials.

We now consider a class of functions which include functions of arbitrarily small
growth. We prove
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THEOREM 8. Let ¢(z) be any entire function of lower order less than 1 or of lower
order equal to 1 and lower type equal 10 0. Let n, (k=1, 2, . . .) be any infinite sequence
of positive integers such that at most finitely many of the n, are equal. Let a,, be any
sequence of positive reals such that | 2=, (1—z/ay)" is of order less than 1. If ¢(0)
#o(1), then

F@) = ee’z(z—l)ﬁ1 (1—aik)"k

is prime. The assertion remains valid when ¢ is constant.
Before proceeding with the proof we shall need the following two results:

LeMMA 11 [12). Let b; (i=1, 2, ..., n) be any n complex numbers. If g is entire
and if all but finitely many of the zeros of g—b, have multiplicity at least m;
(i=1,2,...,n), then 3t (1-1/m)<1.

LemMA 12 [18]. Let f(z) be an entire function. Assume that there exists an
unbounded sequence {h,}y., such that all the roots of the equations

f@=h  (@=123..),
are real. Then f(z) is a polynomial of degree not greater than two.

Proof of theorem. Suppose that F is not prime. By virtue of Lemma 4, we may
write F(z)=f(g(z)), where f and g are both nonlinear and entire. It follows from
Lemma 12 that either f has at most finitely many zeros or g(z) is a quadratic
polynomial. Since the g, are positive, the latter is impossible. Thus, we may assume
that fis of the form f(w)= Q(w)e*™, where Q is a polynomial and « is entire. If
Q(w) has two distinct zeros b, and b,, say, then all but finitely many of the zeros of
g—>b, (i=1, 2) have multiplicity greater than 3. This is impossible by Lemma 11.
Since z=0 is a simple zero of F, it follows that Q is linear. Hence, we may write
F(z)=g(z)e**®, where « is entire. Clearly, g has the form

efz(z—1) 1131 (1 _aik)

N
’

where B is entire. Since

(51) «(g(2)) = ¢(z)—B(2)+T,

T a constant, and since ¢ is at most of lower order 1 and lower type 0, it follows
by Lemma 1, that either « or 8 is a constant. When B is a constant, we have from
(51) that @(0)=a(0)+S=¢(1) for some constant S, contrary to our hypotheses.
Thus, « must be constant and our proof is complete.

Note that the proof for the case when ¢ is constant is included in the above. The
author would like to thank J. Miles for some constructive suggestions with regard
to the above proof.
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In a subsequent paper the author will discuss a number of extensions of this result.
As an immediate consequence of Theorem 8 and the remarks preceding it, we
have

COROLLARY. There exist primes having prescribed order and type.

VI. Some open questions. An argument similar to the one used in the proof of
Theorem 2 can be used to prove

THEOREM 9. Let H(z) be an entire, periodic function with period +. If H(z) is of
finite lower order, then for any nonzero constant a, the function

F(z) = H(z)+aze®™nz
is prime.

More generally it is reasonable to conjecture

CONJECTURE 1. If az in Theorem 9 is replaced by an arbitrary nonconstant
polynomial which is not of the form P™+ C, where n is an integer > 1, P is a polynomial
and C is Q constant, then the resulting function F(z) is still prime.

It is shown in [1, Theorem 4] that when H is periodic of exponential type, then
any entire function of the form

(52) F(z) = H(2)+ Q(2),

where Q(z) is a nonconstant polynomial, can only have factorizations of the form
(14). It follows, in particular, that when Q(z) in (52) is of odd degree, then F is
prime. This together with (50) suggests the following extension of Theorem 2.

CONJECTURE 2. For any periodic entire function H(z) of finite lower order and
any polynomial Q(z) which has no quadratic right factor, F in (52) is prime.

We conclude this study by suggesting a number of additional functions which
seem to be good candidates for being prime.

(1) Any function of the form Q(z)e*? + P(z), where Q(z) and P(z) (#constant)
are polynomials with no common right factor. When Q is constant we also assume
that « and P have no common right factor.

(2) All functions z¥*12sin v/z (k= %1, +2,...).

(3) All functions z' cos v/z (i=+1, £2,...).

(2) and (3) suggest looking at the factorizations of functions of the form P(z)H(z),
where H(z) is periodic of exponential type and P(z) is a nonconstant polynomial.
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