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Abstract. We show that there exists a suitable strong Markov process on the
underlying space of each regular Dirichlet space. Potential theoretic concepts due
to A. Beurling and J. Deny are then described in terms of the associated strong
Markov process. The proof is carried out by developing potential theory for Dirichlet
spaces and symmetric Ray processes and by using a method of transformation of
underlying spaces.

Introduction. This paper is a continuation of [10]. We will use those notions
and terminologies adopted in [10].
Let (X, m, #, &) be a D-space. We define («,-) capacity of an open set A< X by
Cap (4A) = inf &%(u,u) if &, # 2,
0.1) ueLa
= 400 otherwise,

where o, is a fixed positive number and

0.2) Z={ueF;u 2 1m-a.e.on 4}.

The capacity of an arbitrary set A< X is defined by

0.3) Cap(4) = inf Cap(B).
AcB,Bopen

We show in subsection 1.1 that this definition gives us a Choquet capacity(?). A
set A< X is said to be polar if A has zero capacity. If 4 is polar, then m(4)=0.

From subsection 1.2 to the end of this paper, we will concentrate our attention
on regular D-spaces. According to Definition 2.3 of [10], a D-space is called regular
if m is everywhere dense on X and the space # N C(X) is dense both in & with
norm &% and in C(X) with uniform norm, C(X) being the space of all continuous
functions vanishing at infinity on X. Our goal in this paper is to establish the
following existence theorem of a strong Markov process.
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THEOREM 4.1. Let (X, m, F, &) be a regular D-space. There exist then a (possibly
empty) Borel polar set B< X and a right continuous strong Markov process
M=(Q, #, #, X,, P,) with state space X U 0— B such that the resolvent of the
process M generates the given D-space (¥ *, &)(®): if we put

(0.4) Rf(x) = Ex( f o”’ = 9f(X,) dt), xeX—B,

for fe L3(X; m) N C(X) under the convention that f(0)=0, then the function R,f
belongs to the space #* and the equation

(0.5) S (Raf,v) = (f, 0)x

holds for every v e &. Furthermore the state space X U ©— B has no branch point
and M is quasi-left continuous on [0, + o).

In §4 we will prove this theorem by constructing these objects (2, #, 4, X, P,)
in a specific way and describing more detailed properties that they possess. It
turns out that the process M is actually a Hunt process(*).

Here we give a brief account of our procedure.

§1 will provide some basic facts related to a regular D-space most of which are
well known as the contents of Beurling-Deny’s potential theory. We reproduce
them because our definition of the regularity is slightly more general than Beurling-
Deny’s and further our approach to the potential theory is based on the concept
of quasi-supermedian functions.

Theorem 2.1 of §2 will state that, if two regular D-spaces are equivalent in the
sense of Definition 4.1 of [10], then their underlying spaces are related by a capacity
preserving quasi-homeomorphism(®). We need the regular representation theorem
[10] for the proof of Theorem 2.1.

In §3 we examine the relationship between two aspects of a strongly regular
D-space—the potential theoretic one developed in §1 and the probability theoretic
one corresponding to the associated Ray process. For instance, we prove in Theorem
3.12 that a set A is polar if and only if there is an m-negligible Borel set B> A4 such
that almost all sample paths of the Ray process starting at any point of X — B will
never contact with B.

The proof of Theorem 4.1 is accomplished in the following way. Let (X, m, #, &)
be a regular D-space. Then by virtue of Theorem 3 of [10], there is a strongly
regular D-space (X, m, #, &) which is equivalent to (X, m, #, £). Owing to
Theorem 2.1, X is related to X by a capacity preserving quasi-homeomorphism gq.
g will transform the associated Ray process on X into a process on X which turns
out to have the properties of Theorem 4.1.

(®) #* is the quasi-continuous modification of & (subsection 1.2).

(%) See P. A. Meyer [16, Chapitre XVI]. The state space of the process M is not necessarily
a locally compact set but a Borel subset of the compactum X U o.

(%) We can find an analogous reasoning in M. Nakai [17].
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Thus every regular D-space is endowed with a probabilistic structure and we can
see that all theorems of §3 are generalized at once to the case of the regular D-space.
Subsection 4.2 collects some of the generalizations—an identification of decom-
position of the D-space and that of an associated Hunt process, an identification
of quasi-continuity and q.e. fine continuity, etc. In particular our notion of polar
sets turns out to be weaker in general than the usually adopted probabilistic one.
They are identical, however, as we will see in subsections 3.6 and 4.2, if and only
if the underlying measure m is a reference measure for the process.

Although we go no further at present, it may be asserted that sample paths
governed by a Dirichlet space will run along ““the roads” indicated by the 0-order
Dirichlet form & and with “speed”” indicated by the underlying measure m.

I wish to express my hearty thanks to T. Shiga who read the original version of
the manuscript and gave me valuable suggestions.

1. Potential theory for D-spaces. Let (X, m, #, &) be a D-space. We do not
assume any regularity condition in the first subsection. From subsection 1.2
throughout §1 we will assume that (X, m, &, &) is regular.

1.1. Capacity.

THEOREM 1.1. The capacity defined by (0.1) and (0.3) for all subsets of X is a
Choquet capacity, that is,

(a) it is increasing,

(b) for any increasing sequence of subsets A, of X,

cap (U A,) = sup Cap (4,),

and
(c) for any decreasing sequence of compact subsets A, of X,

Cap (ﬂ An) = inf Cap (4,,).
n n

Furthermore it has the property that
(d) it is nonnegative and countably subadditive.

Our capacity is evidently nonnegative and increasing. Property (c) is also clear.
In fact, for any e>0, there exists an open set E>("), 4, such as Cap (), 4,)
2 Cap (E)—e. However, E> A4, for some nand we have Cap (), 4,) 2 inf, Cap (4,).

According to P. A. Meyer [15, III, T23], the other assertions of Theorem 1.1
follow from the next lemma.

LemMA 1.1. The capacity defined by (0.1) for all open sets of X has the following
properties. Denote by % the class of all open sets A for which %,+# .
(i) It is finite, nonnegative and increasing on %.
(ii) It is strongly subadditive on % : for any A, Be %,

Cap (4 V B)+Cap (4 N B) < Cap (4)+Cap (B).
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(iii) If A, € % is increasing and \ ), A, € %, then
Cap (U A,,) = sup Cap (4,).
n n

(iv) For any open set A belonging to %,,
Cap(4) = sup Cap(B).
Bc A,Be¥

Proof. For A € %, there exists a unique element p, € %, minimizing the quadratic
form &%(u, u) in &, since %, is a nonempty convex set of # closed with norm
&%, Evidently,

(1.1 Cap (4) = &%(py, Pa)-
Since (0 Vv p,) A 1, being a normal contraction of p,, is identical with p,, we have
(1.2) 0p,=1 m-a.e. on X,
(1.3) pa=1 m-a.e. on A.
Further we have
(1.4) E%(psy ) 2 0
for any v € # which is nonnegative m-a.e. on A. This follows from
E%(patev, patev) 2 E%(py, pa), &> 0.

It is easy to see that p, € & is characterized by two conditions (1.3) and (1.4).
Keeping these in mind, let us prove Lemma 1.1.

(i) Trivial.

(ii) Since |p,—ps| is a normal contraction of p,—pg, we have

E%(ps V P, Pa V Pp)+E%(pa A P, Pa A Ps) S E%(py, pa)+E%(ps, Ps),

which implies the desired inequality.
(iii) For n>m,
E*(Pay—Pans Pan—Pa,) = Cap (4,)—Cap (4n).
Since Cap (4,) is bounded from above (by the capacity of 4=, 4,), the pre-
ceding equality means that p,, converges to a u, € # in norm &%. u,=1m-a.e. on 4

because p,, =1 m-a.e. on A, Moreover &%(up, v)=lim,, o &%(p,,, V)20 for
every v € # which is nonnegative m-a.e. on 4. Thus u,=p, and

nlew Cap (4,) = ,,li‘l‘m E%(Pays Pa,) = E%(pa, pa) = Cap (4).

(iv) Consider an element 4 of %, and put c=supgc 4,zeq Cap (B). There exists
an increasing sequence of open sets A, € % such that | ), 4,=A. By making use of
statement (iii), we easily obtain the equality c=lim,_, , , Cap (4,) £ + 0. Now this
equality combined with exactly the same argument as in the proof of (iii) leads us to



1971] DIRICHLET SPACES AND STRONG MARKOV PROCESSES 189

the conclusion that c is finite if and only if 4 € % and in this case ¢c=Cap (4). Hence,
if c=+o0, then 4 ¢ % and Cap (4)= +co by definition. In any case, we get the
desired equality. The proof of Lemma 1.1 is complete.

Theorem 1.1 combined with Choquet’s theorem implies that, for any analytic
set A X,

(1.5) Cap (A) = sup Cap (K).

K c A,K compact
In subsection 1.5, we will give some characterizations of the capacity for compact
sets in the case of the regular D-space.

A subset 4 of X is called polar if Cap (4)=0. The expression “‘quasi-everywhere”’
or “q.e.” means ““except for a polar set””. Let E be an open set of X. A function u
defined q.e. on E is called quasi-continuous on E if, for any ¢>0, there exists an
open set o< E such that Cap (w)<e and the restriction of u to X — w is continuous
there. Quasi-continuous functions on X are simply said to be quasi-continuous.

THEOREM 1.2. (i) If A is polar, then m(A4)=0.
(ii) If u, and u, are quasi-continuous on an open set E< X and u, = u, m-a.e. on E,
then u, 2 u, q.e. on E.

Proof. (i) This is evident in view of the inequality Cap (4) 2 «;m(A4) for the open
set A, which is immediate from (0.1).

(ii) Fix an £>0. There exists then an open set w< E with Cap (w) <& such that
u;, and u, are continuous on E—w. Put o' ={x € E; there exists a neighborhood
U(x) of x such that U(x)< E and m(U(x)—w)=0}. It is easy to see that ' is an
open set, o< w' < E and m(w’ —w)=0(°). Hence Lo’ =Lw and, by (0.1), Cap (')
=Cap (w) <e. Now let us show A< w’, where A={x € E; u;(x) < uy(x)}. Suppose
that there is an element x € 4 N (E—w’). Since x € 4 N (E—w), there exists a
U(x)<E such that u,<u, on U(x)—w. However, m(U(x)—w)#0 because
x € E—w'. This contradicts the assumption that u; =Zu, m-a.e. on E. Thus 4<w’
and Cap (4) <e, proving that A4 is polar.

1.2. Quasi-continuous modification #*. From now on we assume that the given
D-space (X, m, %, &) is regular.

Theorem 1.2(ii) then implies that Cap (4)>0 for every nonempty open set A.
Moreover, if a subset A< X has a compact closure, then Cap (4) is finite. In fact,
A is then included in an open set E with compact closure. .%; is not empty for such
an E.

THEOREM 1.3. For any u € &, there exists u, € ¥ N C(X) and increasing closed
subsets F, such that &*(u,—u, u,—u) — 0, Cap ((\n=1 F5)=0 and u, converges

(®) Since X is assumed to be separable, we can use the Lindeldf covering theorem to prove
this point. Cf. Hilfssatz 5.9 in C. Constantinescu and A. Cornea, Ideal riinder Riemannscher
fdchen, Springer, 1963.
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uniformly on each F,. The limit function u* of u, is quasi-continuous and equal to u
m-a.e.

Proof. By means of (0.1), we have
(1.6) Cap {x; |v(0)| > &} < E%(v, v)/e?

for any e>0and ve # N C(X). Take u € # and find u, € # N C(X) converging
to u with £%-norm. Subtracting a suitable subsequence if necessary, we can assume
that Cap (G,)<1/2" for the open set G,={x; |un(x)—u,,1(x)| >1/2"}. The state-
ment of Theorem 1.3 holds for F,, ="}, G&.

If a function u is defined m-a.e. on X and if u* is quasi-continuous and equal to
m-a.e. on X, then u* is called a quasi-continuous modification of u. Denote by F*
the set of all quasi-continuous modifications of functions of #. We regard two
functions of #* to be equivalent if they are identical g.e. on X. On account of
Theorems 1.2 and 1.3, the equivalence classes of #* with inner product 8¢ form a
real Hilbert space which is just identical with the space (%, %), two functions of #
being identified if they coincide m-a.e.

The next lemma can be proved exactly in the same manner as in J. Deny and
J. Lions [5, II, Lemme 4.1 and Théoréme 4.1].

LeMMA 1.2. (i) The estimate (1.6) holds for any ¢>0 and v € F*.

(ii) If u, is a Cauchy sequence in (¥ *, &%), then u,, converges to a function u € F*
with &%-norm. Further there exists a subsequence ny such that lim,, _, ., ,(X)
=u(x) q.e. on X.

1.3. Quasi-supermedian functions and potentials. Let {G,, «>0} be the L2-
resolvent associated with the D-space (£ &). Each G, is a linear operator from
L*(X; m) into #. From now on, however, we regard G, as a linear operator from
L?(X; m) into the space F*, as the preceding subsection 1.2 admits us to do.

We call a function u € L%(X; m) («e-) quasi-supermedian if the following two
conditions are satisfied.

(1.7) u is quasi-continuous and #=0 q.e.

(1.8) BGsiqu=uq.., B>0.

LeMMA 1.3. A function u e F* is quasi-supermedian if and only if &%(u, v)=0
for every v e F* such that v=0 q.e.

Proof. If u € #* is quasi-supermedian then according to Lemma 2.1 of [10],
E%(u, v) = ﬁlim Bu—BGs.o i, v)x 2 0 forveF
-+
such that v20 m-a.e.
Conversely assume that u € #* satisfies the inequality &%(u, v)20 for every

v € F* which is nonnegative q.e. on X. Then u is the unique element minimizing
the norm &%(w, w) in the convex set %, ={we F*;w=u q.e.}. |u| is a normal
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contraction of # and belongs to .%,. Thus u=|u| 20 g.e. proving (1.7). Furthermore
we have, for any v € L%(X; m) such as v=0 m-a.e.,

=BGy aeth V)x = EP+%(u, Gy ogt) =Bl Gpsao0)x = 6%, G 00)

which is nonnegative because Gy, .0 € F* and Gj, 020 q.e. (Theorem 1.2(ii)).
This proves (1.8). The proof of Lemma 1.3 is complete.

Denote by My the set of all nonnegative Borel measures p on X satisfying the
following two conditions:

(1.9) F N C(X) < L\(X; p).

(1.10) There exists a function u € #* such that
Eoo(u, v) = L o(x)u(dx) for any ve F N C(X).

The function u of (1.10) is uniquely determined by u € My . It is called the («o-)
potential of n and denoted by Up.

Every n € M{ is a Radon measure on X, namely, p is finite for any compactum.

Any ue F* defines a linear functional I, on & N C(X) by I,(v)=E&%(u, v),
veF N C(X). Meanwhile, # N C(X) is closed under lattice operations and
vAleF N C(X) for any ve F N C(X) [10, Lemma 4.1]. Therefore by the
general theory of Daniell integral [14, Chapter 3], I, is an integral by means of the
Baire measure with respect to the class & N C(X) if and only if /, is a positive
functional and continuous under monotone limits. Since the Baire family generated
by & N C(X) is the set of Borel functions, we get the following

LeMMA 1.4. ue F* is a potential if and only if

(1.11) &%(u, v)20 for any nonnegative ve F N C(X).

(1.12) &%(u, v,) | 0 if v, € F N C(X) converges monotonically to zero.

When X is compact, condition (1.12) is superfluous. If u is a potential, u deter-

mines the associated measure p € Mg uniquely.
Now we will state the relation of quasi-supermedian functions and potentials.

THEOREM 1.4. A function ue F* is a potential if and only if u is a quasi-
supermedian function satisfying condition (1.12).

Proof. It suffices to show that condition (1.11) implies the stronger condition
of Lemma 1.3. Suppose that u € #* satisfies (1.11). Let v € #* be nonnegative q.c.
and v, € F N C(X) be a sequence converging to v in &%-norm. Consider v;}
=v,V0eF N C(X). Then &%(vy, vy )< E%(v,, v,) is bounded in n and

&%, Goof) = (0, f)x = (0, f)x = E%(v, Gy f) for any fe LA(X; m).
Since G,,(L?) is dense in &, v converges to v weakly. In particular,

&%(u, v) = lim &%(u, v;;) = 0.
n— + oo
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1.4. Basic properties of potentials. Define the support Sp of pe Mg by Sp
={x€e X; w(U,)#0 for any neighborhood U, of x}. Su is a closed set. Let us
begin with an approximation lemma.

LeEMMA 1.5. Suppose that p € Mg has a compact support Su. Then for any open
set E such that E>Su and E is compact, there exist nonnegative functions
[ € L3(X; m) which vanish m-a.e. on X— E and satisfy

(1.13) f,-m — p vaguely as measures,
(1.14) Ge fo — U weakly in (F, £%).

Proof. By virtue of Theorem 1.4, the potential Up is quasi-supermedian, and so
(1.15) 85 = B(Up—BGp +4,(Up))

is nonnegative. Let us prove the equality

(1.16) lim f o) g5(e)m(dx) = fx o(Opu(d)

for every continuous function v such as |v| £ v,, where K= Su and v, is an arbitrarily
fixed function in # N C(X). According to Lemma 2.1 of [10] and (1.10), the equal-
ity (1.16) is true for every ve % N C(X). Incidentally the measures g,-m are
uniformly bounded in B on any compactum. Turning to the case of general v,
choose v, € F N C(X) such as |v| v, and |[v,—v|» — 0, k — + 0, and observe
the following inequality:

[, pestoman [ outen|

< ‘ [ gstomtan) - [, omtan)

+[ 1o - 0lu(a)

+[ 10— 00l gom@n) +2 [ oux)estim(a)

For any £> 0, take a compactum F such that v, <e on X — F, then the superior limit
in B of the last term of the right-hand side is less than 2 [ (v, A £)u(dx) < 2¢- u(K).
Now by taking sufficiently large k, we can make the superior limit in 8 of the
right-hand side arbitrarily small.

It is clear that (1.16) implies (1.13) with

(1-17) fn(x) = gn(x)XE(x)’ x € X,
xe being the indicator function of the open set E. It follows from (1.13) that
EUGafor®) = U x> | 00ld) = 6(Ups, 0)
K

forve N C(X).
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Since
éaao(Gaofm Gaofn) = (fm Gaofn)x = (gm Gaogn)x
= (gm nGn+¢0U,U')X = (gm U:”')X

is uniformly bounded by &%(Up, Uw), we arrive at (1.14).
We will point out here that, for any p € Mg and compactum K, the measure px
defined by pg(-)=p(K N ) is also in M§ and

(1.18) &o(Upg, Upg) = 6%(Up, Up).

Indeed, the inequality

‘ [ otomata

< [, 16GOlu(dx) = 6%V, o]
< V(E(Un, UV (%0, ),  veF N C(X),

implies the existence of the potential Uuy € F satisfying (1.10). Further we have
p—pg € Mg . Therefore, by means of Lemma 1.3 and Theorem 1.4,

% (U(p—pk)s Upg) 2 0,
which means (1.18). Keeping this in mind, let us proceed to

THEOREM 1.5(7). (1) If A is polar, then u(A)=0 for every p e Mg .
(ii) If p€ Mg, then F*<LY(X; p) and

(1.19) &o(Up, 1) = L up(dx),  ue F*

Proof. (i) Suppose that 4 is polar and € M¢. For any >0, there is an open
set E> A with Cap (F)<e. Take any compactum K included in E and choose f,
satisfying conditions of the preceding lemma for px and an open set E,< E with
compact closure E;. Then,

E%Unz, ps) = lim_ E%(Goofonps) = lim_ [ fi(xm(dx) = u(K).
n— + n— + 1
Hence

#(K) = V(E*(Upk, Up))V(E*(ps, pp)) £ V(E%(Un, Un))-v/(Cap (E))

and

H(E) = Ve v/ (E%(Un, Up)).
Thus u(4)=0.

(") This is a version of Theorem 4(iii) of [1] whose proof was recently given in [4].
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(ii) Consider pe Mg and ue F*. It is clear from assertion (i) that u is u-
measurable. Let u, € # N C(X), F,< X and u* be those of Theorem 1.3 for the
present u. It suffices to show that u* € L'(X; ) and

(1.20) E(Up, u) = j uCOu(d)

because u=u* q.e. and the right-hand sides of (1.19) and (1.20) are identical.
Let us prove (1.20). We may assume that each F, is compact. Consider the
sequence of measures p,=pur,, then

E(Upy, 1) = f o(x)p(dx) —> fu  o(ud)

= [ 0outdn) = (U, 0),  veF 0 ),

X
which, combined with (1.18), implies that Uy, converges to Up weakly in (&, &%).
On the other hand,

&% (Upy, u) = lim  E%(Upy, uy)
n— + o

= lim | u(u(dx) = L u*(o)u(dx).

n-+ o

Therefore,
E(Up, u) = lim &%(Up, u)= j u*(pu(dx) = f u* (p(d).
k— + ® Ulch X

THEOREM 1.6. Let K be a compact set. Then, for u € F*, the next three conditions
are mutually equivalent:
(i) u is a potential Up with Sp<K.
(i) &%(u, v) 20 for any v e F N C(X) which is nonnegative on K.
(iii) &%(u, v) 20 for any v € F* which is nonnegative q.e. on K.

Proof. Owing to Theorem 1.5, (i) implies (iii). Trivially, (iii) implies (ii). All we
have to do is to derive (i) from (ii). Suppose that u € F* satisfies condition (ii).
We will first prove that u has the properties (1.11) and (1.12). (1.11) is trivial. Let
w be a function of # N C(X) which is no less than 1 on K. If v, € F N C(X) is
decreasing to zero, then v, converges uniformly on X and a,=Ssup,cx Ua(x) de-
creases to zero. Since v, <a,w on K,

E%(u, v,) £ a,&%(u, w)y — 0, n— +oo.

Thus, u satisfies (1.12). By means of Lemma 1.4, u is a potential of a measure
w€ M. In view of equation (1.10) and condition (ii), we have Sp= K.

1.5. Equilibrium potential and capacity for the compact set. We will first define
equilibrium potentials for open sets in the class % of the subsection 1.1 and study
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their properties. Let 4 be in % and p, be the function of & which is characterized
by (1.3) and (1.4). Denote by e, any quasi-continuous modification of p,. We call
e, the («g-) equilibrium potential for the open set A € %. According to Theorem 1.2,
e, has the following properties:

(1.21) Cap (4)=6E"%(ey, e4)-

(1.22) e,=1 q.e. on A.

(1.23) &%(e,, v)=0 for any v € F* which is nonnegative g.e. on A.

e, € F* is characterized by (1.22) and (1.23) and indeed, it is a unique element
which minimizes the norm &%(u, u) in the convex set {u e F*;u=1 q.e. on A4} of
F*. Obviously e, is a quasi-supermedian function.

In the particular case when the closure 4 of 4 is compact, we can see by Theorem
1.6 and (1.23) that e, is a potential of a measure v, € Mg with S,,< 4. We call v,
the equilibrium distribution for the open set A. We have

(1.24) Cap (4) = v4(4),

because there is a function w e & N C(X) which is equal to 1 on 4 and we get
Cap (4)=&E%(ey, w)=v,(4).

Now consider any compact set K of X and put L¥={ue F*;u=1q.e. on K}.
Z% is a nonempty convex set of #* and closed in norm &% according to Lemma
1.2. Therefore there is a unique element e, of £ which minimizes the quadratic
form &%(u, u) in L%. We call ek the («o-) equilibrium potential for the compactum K.
It is easy to see that e is characterized as an element of #* which has the following
two properties:

(1.25) ex=1q.e. on K.

(1.26) &%(ey, v)=0 for any v € #F* which is nonnegative q.e. on K.

By virtue of Theorem 1.6 and (1.26), we see that ey is a potential of a measure
vg € Mg with Svy< K. We call vg the equilibrium distribution for the compactum K.

THEOREM 1.7. Let K be compact.
(i) The equilibrium potential ey is characterized as an element of F* possessing
properties (1.25) and

(1.27) &%(eg,v) 2 0 foranyveF N C(X)

which is nonnegative on K.
(ii) The next equalities hold:

(1.28) Cap (K) = &%(ex, ex) = vx(K).
(1.29) Cap (K) = inf &%(u, u)

where €x={ue F N C(X); uz1 on K}.

Proof. (i) is evident, since (1.27) is equivalent to (1.26) by virtue of Theorem
1.6. The second equality of (1.28) is immediate from (1.19) and (1.25).
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Let us prove the first equality of (1.28). For any >0, there is an open set A2 K
such that Cap (K)+e>Cap (A4). 4 is in %. By (1.21), (1.22), (1.25) and (1.26), we
have &%(e,, ex)=E(ex, ex) and 0=&E%(e,— ey, e,—ex)=Cap (4) — E%(ex, ex).
Hence we get the inequality Cap (K)= &%(ex, ex). In order to obtain the converse
inequality, let us take a sequence of open sets A, such that 4, is compact, 4,24, ,
and (-1 4,=K. Let e, and », be the equilibrium potential and distribution for
A, respectively. Since &%(e,—e,, e,,—e,,.)‘= Cap (4,)—Cap (4,), n<m, e, con-
verges to some e, € # * in &%-norm. Since e,=1 q.e. on A4,, e, has the property
(1.25). On the other hand, v, concentrates on 4, and v,(4,)=Cap (4,) <Cap (4,)
by (1.24). Therefore a subsequence of v, converges weakly to a measure v, whose
support is in K. Now the equality &%(e,, v)= [z, v(x)v,(dx) leads us to £%(e,, v)
=fK v(xwo(dx), ve F N C(X), which enables us to conclude that e, has the
property (1.27). Thus, by statement (i), we see that e,=ex and &%(eg, ex)
=lim,_, , » §%(e,, e,)=lim,_, , , Cap (4,) = Cap (K).

Finally, we will show the equality (1.29). Put c=inf,¢, £%(u, u) and take a
minimizing sequence u, € ¥k : lim,_, , o, &%(u,, u,)=c. It is easy to see that u,
then forms a Cauchy sequence in norm &% and the limit function u, € #* does
not depend on the choice of the minimizing sequence u,. Since u, A 1 € €, forms a
minimizing sequence as well, we have u,=1q.e. on K according to Lemma 1.2.
Further the property (1.27) for u, can be derived from the inequality

E%(uy + ev, Uy +ev) 2 E%(uo, o)

which holds for any ¢>0 and v € & N C(X) such as v20 on K. Therefore, state-
ment (i) means that u,=ex and ¢=8&%(u,, uy)=Cap (K). The proof of Theorem
1.7 is complete.

2. Transformation of underlying spaces. Consider two regular D-spaces
(X, m, & &) and (X, m, #, &). The concepts corresponding to the latter will be
denoted with tilde ~.

DEFINITION 2.1. A mapping q defined q.e. on X taking values in X'is said to be a
quasi-homeomorphism between X and X if, for any >0, there exist closed sets
F< X, F< X such that Cap (X—F)<e, Cap~ (¥—F)<e and the restriction of ¢
to F is a homeomorphism onto F. X and X are said to be quasi-homeomorphic if
there exists a quasi-homeomorphism between X and X.

It is clear that g is a quasi-homeomorphism if and only if there exist increasing
sequences of closed sets F,<X and F.= X with lim,, ., Cap (X—F,)=0,
lim,.. , . Cap~ (X—F,)=0 such that g is one-to-one from X,=J, F, onto
Xo=Up-1 F, and its restriction to each F, is a homeomorphism onto F. The
domain of definition of a quasi-homeomorphism g will always be considered to
be such an F,-set X,. g and ¢! are then Borel measurable transformations between
X, and X,. Hence the images by g and ¢! of analytic sets are also analytic sets(®).

(®) Cf. [15, III, T11].
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A quasi-homeomorphism g is said to be capacity preserving if, for any analytic
set A< X,

@D Cap (4) = Cap~ (¢(N)C)-

We will write as X~ X if there exists a capacity preserving quasi-homeomorphism
between X and X.

LemMA 2.1. Consider the underlying spaces X, X, X of three regular D-spaces.
If X=X and X~ X, then X= X.

Proof. Suppose that X and X (resp. X and X) are related by the map g, (resp. ¢.).
For any >0, there exist closed sets F< X, FicX,F,cXand Fe X satisfying the
following: Cap (X—F)<e, Cap™ (X—F;)<e, Cap™ (X—F,)<e, Cap~ (XF—F)<e
and ¢, (resp. g,) is homeomorphic from F (resp. F,) onto F; (resp. F). Put F’
=qi {(F, N F,) and F'=q,(F, n F,). Then, g=q,-¢, is homeomorphic from F’
onto F’ and

Cap (X—F’) £ Cap (X—F)+Cap (47 }(F, — F))
= Cap (X—F)+Cap” (F,—F,) < 2e.

In the same way, we have Cap~ (X¥— F’)<2e. Thus, X and X are quasi-homeo-
morphic by the map q. Evidently q is capacity preserving.

According to Definition 4.1 of [10], two D-spaces (X, m, %, &) and (X, m, &, &)
are called equivalent if there exists an algebraic isomorphism ® from #F N L*(X; m)
onto & N L*(X; m) which preserves three kinds of metrics—L®-norm, L2-norm
and &-norm. Notice that we always regard the normed algebra & N L*(X; m)
(resp. & N L=(X;nm)) as the set of equivalence classes in the sense that two
functions of & N L*(X; m) (resp. & N L*(X; m)) are identified if they coincide
m-a.e. (f-a.e.). The isomorphism @ is viewed to transform each equivalence class
to an equivalence class.

The isomorphism @ can be uniquely extended to three kinds of transformations:
a unitary map @, from (¥, &%) onto (£, &%), a unitary map ®, from L3(X) onto
L3(X) and an isometric isomorphism ®, from LZ(X) onto L (), where L2(X)
(resp. Lg (X)) is the closure of # N L*(X) in the metric space L2(X) (resp. L(X)).
L3(X) and Ly (X) are defined in the same way. Suppose that two D-spaces are regular.
Then @, is regarded as a unitary map from (F*, £%) onto (£ *, &%), two functions
being identified if they coincide q.e. Moreover we have in this case L3(X)=L?(X)
and Ly (X)>C(X) because # N C(X) is dense in the metric space L2(X) (resp.
C(X)) (see (5.4) of [10]). We also have L3(X)=L*X) and LZ(£)> C(X).

Now we will state the theorem of this section.

(®) This definition does not depend on the choice of set Xj.
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THEOREM 2.1. Assume that two regular D-spaces (X, m, #, &) and (X, m, %, &)
are equivalent under an isomorphism ®. Then X~ X under a capacity preserving
quasi-homeomorphism q which has the following properties.

(q.1) g induces the extension of the given isomorphism ®: put

22 - (P*u)(x) = ulg™'%),

where u is a function on X and % is a point of X for which u(q=1%) makes sense, then
®* defines a transformation of functions which coincides on F* with ©,.
(q.2) q is m-measure preserving: m(A)=m(q(A)) for any Borel set A< X,,.

Before proceeding to the proof of Theorem 2.1, we need several notions related
to a regular D-space (X, m, %, &). For a set A< X, we put

23) A ={xe X;m(U(x) N A) # 0 for every neighbourhood U(x) of x}.

Obviously A’ is closed. We say a closed set F is m-regular if F=F’.

Consider any closed set F. Then F’ is a closed set contained in F, m(F—F')=0
and Cap (X — F')=Cap (X— F). We can see this in the same manner as in the proof
of Theorem 1.2(ii). Furthermore F’ is necessarily m-regular because m(U(x) N F’)
2m(U(x) N F)—m(F—F')>0 for any neighborhood U(x) of x € F’.

Denote by X the compact space obtained from X by adjoining the point at
infinity A. If X is already compact, we regard A to be isolated. For each set A< X,
we put A2=4 U A and consider this to be a topological subspace of X2. A set
F< X is closed in X if and only if F* is compact.

We further use the notion |u|, defined by |u|,=sup,c, |u(x)| for a function u on
A< X. Since m is everywhere dense, we have

24 lullw = |ulx, ue C(X).

Finally let {F,} be an increasing sequence of m-regular closed sets of X such that
Cap (X—F,) > 0. Put C{F,.})={u; u is defined on X,=(Jg=, F, |u|x, is finite,
the restriction of u to each F, is continuous there and continuously extendable to
F2 by setting u(A)=0}. Obviously C(X)<= C{F.})=L*(X; m). C{F,}) is a Banach
algebra with norm | |x,. Further

2.3) lulo = lulz,, — ue CEF).

This is clear from m-ess-sup,er, |u(x)|=|u|r,, k=1,2,..., which is due to the
definition of m-regularity of F;.

Each element u of C(X) (resp. C({F,})) will always be regarded as a function on
X2 (resp. X&) by setting u(A)=0.

LEMMA 2.2. Let Q be any countable subcollection of F N L*®. Then there exists
an increasing sequence of m-regular closed sets F, with Cap (X—F,) — 0 such that
each element of Q has a unique modification belonging to C({F}).
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Proof. For Q={u,}, u,e # NL®, n=1,2,..., we denote by u}f a quasi-
continuous modification of u, specified in Theorem 1.3. Thanks to the countable
subadditivity of the capacity, we can select an increasing sequence of closed sets
F,< X with Cap (X — F,) — 0 such that every function u} has the following prop-
erty: the restriction of ¥ to each F, is continuous there. By virtue of the special
manner of the construction of u} stated in Theorem 1.3, we may further assume
that » is continuously extendable from F, to F2 by setting u¥(A)=0. In order to
complete the proof of Lemma 2.2, we only have to replace F;, with its m-regulariza-
tion F. After the replacement, we can see by (2.5) that u;¥ becomes a unique element
of C({F,}) which coincides with u, m-a.e.

Now we will prove Theorem 2.1 by means of the next three lemmas.

LeEMMA 2.3. Under the assumption of Theorem 2.1, there exists an increasing
sequence of m-regular closed sets F,< X, k=1, 2, ..., withlim,_, ,, Cap (X—F,)=0
which satisfies the following. We put X,=\J7-, Fi.

(i) There is an algebraic isomorphic and isometric transformation ¢ from
(C(X), | |2) into (CAF), | |x,)- ¥ is just the restriction of the transform ®3! to
c(X).

(ii) There is a mapping q from X¢ into X 3 such that q(A)=A and the restriction
of q to each Fp is continuous there. For each x € X%, qx is characterized by

(2.6) fi(gx) = @a)(x), @ C(X).

Proof. (i) Since# N C(X)isa dense subalgebra of C(X), wecan find a countable
subset C; =& N C(X) such that the algebra 2/(C,) generated by C, is dense in
C(X) with maximum norm. Applying Lemma 2.2 to ®-1C,c% N L*(X; m),
we get an increasing sequence {F,} of m-regular closed sets of X with Cap (X— F;)
— 0 such that, for every e C;, ® i has a unique modification belonging to
C({F}). Denote this modification by 4ii. The map  is extended to an algebraic
isomorphism on «/(C,) which is consistent because of

2.7 |ale = [$alx,  de(C),

where Xo=\Ji-, F.. The equality (2.7) follows from (2.4) and (2.5) as |i|x
= ||| 5 = | ®5 @] = || x,- Now ¢ is readily extended to a map from C(X) into
C({F,}) satisfying conditions of the first statement of the present lemma.

(i) For each x € X2, L (%)= (a)(x), i € C(X), is a character (a linear multiplica-
tive functional) on C(X). Hence there exists a unique element gx € X 2 such as
L(#)=1i(gx), @i e C(X). Since I,(1)=0, we have gA=A. Suppose that x, e F2
converges to x € F2. Then d(gx,)= (#)(x,) converges to (i)(x)=1(gx), i € C(X),
which implies gx, — gx, n — oo, and hence the restriction of g to F2 is continuous
there.

LemMMA 2.4. In addition to the assumption of Theorem 2.1, we assume

(2.8) O(F N C(X)) = F n ().
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Then all the conclusions of Theorem 2.1 are valid for the map q of Lemma 2.3.

Proof. By assumption (2.8), there exists an algebraic isomorphic and isometric
transformation ¢ from C(X) into C(X): o is just the restriction of the transform
®; to C(X)<L{(X). Therefore there is a continuous map y from X 2 onto X4
such that, for each e X Z, yX is characterized by

(2.9) u(y%) = pu(®), wue C(X).

On the other hand, the map 4 of Lemma 2.3 is the inverse of ¢ in the sense that
Pou(x)=u(x), x € X§, for every u € C(X). Indeed u € C(X) and Jopu (=51 dgu)
€ C({F}) are in the same class of Ly(X) and so they are identical on X by virtue
of (2.5). Hence, in view of (2.6) and (2.9), the map y is the inverse of ¢ of Lemma
2.3:

(2.10) y-gx = X, x € X8.

In particular g(X,)< X because y(3)=A. We put
@.11) Fo=q(F), k=12,..., X5 = ,Dl F.

Since the restriction of g to the compactum F2< X2 is a continuous map, its
image q(F2)=F? is a compact set of 3. F, is therefore a closed subset of £.

From now on, let us restrict the domain of the definition of g (resp. y) to X,
(resp. X) and study the detailed properties they possess.

First of all we know from (2.10) that g is one-to-one from X, onto X, and its
restriction to each F is a homeomorphism onto F, the inverse being y.

We will prove that ¢ is measure preserving between X, and X,. It is enough to
show

(2.12) m(g~*(K)) = m(K)

for any compact set K contained in some F. To see (2.12), choose a sequence
i, € Z n C(X) converging to the indicator function of K everywhere on £ as well
as in L2(X; ri)-sense. This is possible because & N C(X) is a lattice and a dense
subset « f C(X). Then i, (x) =#,(gx) converges to the indicator function of ¢~*(K)
< F, for each x € X, and hence m-a.e. on X. Since  on # N C(X) is a modification
of @~ which preserves L2-norm, {iii,} also forms a Cauchy sequence in L3(X; m)
and further
I’?I(K) = nEer (ﬁm ﬁn)X = nl—i»Too (‘l‘am l/’ﬁn)x = m(q_l(k))’
getting (2.12).
Exactly in the same way as above, we can prove

(2.13) m(K) = iy~ (K))
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for any compact set K< X. Moreover, combining (2.12) and (2.13), we come to the
conclusion that
(2.14) mly Y(F)—-F)=0, k=12....
Indeed, fix a number k and take any compact set K<y~!(F,)—F,. Then put
K=y(K) and K,=q(K). K and K, are compact sets in F, and F respectively.
Since y~1(K)>K U K, we have
m(Ky) = m(g='(Ky) = m(K) = m(y=(K)) 2 m(K v K,)

from which follows #(K)=0.

Next we have to show
(2.15) m(y~1(A)) = 0.
Observe that y~1(A)={% € X; pu(%)=0 for every u € C(X)}. Notice further that,
since # N C(X) is dense in L*(X; m), the space p(F N C(X)) (= D(F N C(X)))
is dense in L3(X; M) (=®(L*(X; m))). Hence for any compactum K<y~1(A)
there is a sequence u, € N C(X) such that gu, converges sir-a.e. on X to the
indicator function of K. But gu,(#)=0, € K, n=1,2,..., and we have m(K)=0
proving (2.15).

We are in a position to complete the proof of Lemma 2.4. Let us derive the
inequality
(2.16) Cap~ (K) < Cap (X),
where K is any compact subset of y~1(X) and K=y(K). Since y is continuous, K
is a compact set of X. Consider the sets $x={uc F N C(X);u=1 on K} and
fx={ieF n C(X); 521 on K}, and observe the inclusion ¢(&x)=%. Since
coincides with ® on # N C(X) and ® preserves §%-norm, we get from (1.29) that

Cap (K) = inf &%(u, u) = inf &%(qu, pu)
Ue¥k uefk

= inf &%(#, &) = Cap~ (K).

deo(€k)

We can now show that g is capacity preserving on X,. On account of Theorem
1.1(b) and (1.5), it suffices to prove for any compact subset K< F, with a fixed k,

@.17) Cap (K) = Cap~ (K),
where K=g(K). Noting the inclusion
W8r) = (ueF NC{F});u z 1on K} = Z%,

we have
Cap~ (I?) = inf &%(i, i) = inf &%, Yil)
ie@x ie@x
= inf &%(u, u) 2 Cap (K),
UueY(€K)

which combined with (2.16), proves (2.17).
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For the proof that g is a capacity preserving quasi-homeomorphism and measure
preserving, it only remains to show

(2.18) Cap~ (X-X,) = 0.
Choose any >0 and fix a number & such as Cap (X — F;;) <e. We are going to show
(2.19) Cap~ (X-F) < e.

Observe that X— F, is an open set of X consisting of three disjoint parts: X— F
=y Y X—F)+ & Y(F.)—-FE)+y 1(A). By (2.14) and (2.15), A-measures of the
last two terms of the right-hand side are zero. y ~!(X— F,) is open and contained in
X—F,. Hence by definition (0.1) of the capacity, we have

(2.20) Cap~ (X-F,) = Cap~ (y"(X—Fy)).
On the other hand (2.16) and (1.5) mean the following:
Cap~ (y"{(X—F,)) = sup Cap~ (K) < sup_ Cap (K)
K

K=v(K)

< Cap(X—-F,) < ¢,

the supremum being taken for all compact set K<y ~}(X—F,). Thus we arrive at
(2.19).

It is easy to see that our g possesses the property (q.1) of Theorem 2.1: (2.9) and
(2.10) mean, for u € F N C(X),

(2.21) O*y = d,u q.e.,

which can be extended to #* by virtue of Lemma 1.2. We have completed the
proof of Lemma 2.4.

LEMMA 2.5. Under the assumption of Theorem 2.1, there exists a regular D-space
(X, 1, & &) satisfying the following:

(1) Both the given regular D-spaces are equivalent to (X, i, &; &) by isomor-
phisms, say, ®' and ®". ® is equal to (®")~1- @’

(2) O(F N C(X)=Z n C(X), ?"(F n C(R)=F n CX).

Proof. Thislemma is an application of the regular representation theorem of [10].
First of all we will establish the inclusion

(2.22) Dy(Co(X)) © LY(X; ), D3H(Co( X)) = LN(X; m).

It is enough to prove the first. For any function u € Cy(X), there is a nonnegative
function v € & N C(X) such as v> +/|u| on X. Since @, is a lattice isomorph as well
as an algebraic isomorph and since ®zve £ <L3(X;m), we have @s(+/|u|)
€ L3(X; m) and |®zu| =(Ds(+/|u]))? € L(X; ).

Now denote by L the closed subalgebra in LY (X) generated by C(X) U @5 1C(X).
Then L satisfies the condition (C) of [10, §5]. (C.1) and (C.2) are clear. By (2.22),
LY(X; m) N L includes the algebra generated by C,(X) U @5 *(Co(X)) which is



1971] DIRICHLET SPACES AND STRONG MARKOV PROCESSES 203

dense in L, proving (C.3). Therefore we can take as (X, m,jéﬁ) the regular
representation of (X, m, %, &) with respect to L (Theorem 2 of [10]). The algebraic
isomorphism @’ associated with this representation is translating # N L onto
Z N C(X) getting the first inclusion of (2). The second is also clear because
(X, m, %, &) is the regular representation of (X, m, &, &) with respect to L under
the isomorphism ®'-®-1, I being the closed subalgebra of LY(X; 7i7) generated by
d(C(X)) U C(X).

Proof of Theorem 2.1. Lemmas 2.1, 2.4 and 2.5 admit us to conclude that
X~ X under a capacity preserving quasi-homeomorphism g possessing the property
(q.1). (q.2) is a consequence of (q.1) because ®* is L2-norm preserving from F*
onto & *. The proof of Theorem 2.1 is complete.

If two D-spaces are equivalent and if one of them is regular, then it is said to be
a regular representation of the other.

COROLLARY TO THEOREM 2.1. The underlying space of a regular representation
of a given D-space is unique up to a capacity preserving quasi-homeomorphism.

3. Potential theory for symmetric Ray processes. Let (X, m, # &) be a strongly
regular D-space and {R,(x, E), «>0} be its associated symmetric Ray resolvent
kernel on X. For a function u on X, put

G.1) Rou(x) = j R(x, dyu(y),  xeX,

whenever the right-hand side makes sense. The images by R, of Borel (universally)
measurable functions are also Borel (universally) measurable. By definition,
(& &) is generated by {R,(x, E), «>0}, thatis, R,(L*(X; m) N C(X))=F N C(X)
and R,u, u € L*(X; m) N C(X), satisfies the equation

(32) ga(Raua U) = (ua U)X

for every v e # Moreover # N C(X) includes a set C; attached to the Ray re-

solvent (Definition 2.5 of [10]).
3.1. Supermedian and excessive functions.

LemMmA 3.1. For any nonnegative measurable function u of L*(X'; m), the function
R,u defined by (3.1) belongs to the space F* and satisfies the equation (3.2) for each
a>0.

We will prove this lemma by making use of the following proposition:

PROPOSITION. Suppose that a set H of real-valued functions on X satisfies the
next conditions.

H.1) If fi,fo€H and c,fi+cof220 with some constants ¢y, c,, then ¢ f,
+cofs € H.

(H.2) If f, € H increases to fe L*(X; m), then fe H.

(H.3) Cf(X)=H.

Then H contains all nonnegative Borel measurable functions of L*(X; m).
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For the proof of the Proposition, it is enough to take any open set E< X with
compact closure and consider the class S of all Borel subsets of E whose indicator
functions are in H. S contains all open subsets of E. Since S is a A-system relative
to E, it contains all Borel subsets of E (Lemma 0.1 of [7]). The rest of the proof is
clear.

Proof of Lemma 3.1. Let H be the set of all nonnegative Borel measurable
functions u of L?(X; m) such that R,u belongs to #* and satisfies equation (3.2)
for each «>0. H satisfies (H.3) because L%*(X;m) N C(X)<H. Suppose that
u, € H increases to u € L>(X; m). Then

épa(Raun - Raum, Raun - Raum) = (un —Up, Ra(un - um))X

= (l/a)(un—um, un—um)x —> 0, n, m — +o00.

By virtue of Lemma 1.2, a subsequence of R,u, € #* converges to a function #*
g.e. on X as well as in &%norm. However R,u,(x) converges to R,u(x) for each
x € X. Therefore R,u belongs to #* and satisfies (3.2). Condition (H.2) is verified.
Thus we see by the proposition that Lemma 3.1 is valid for any nonnegative Borel
measurable function u of L2(X; m).

Finally let u be a nonnegative universally measurable function of L3(X; m).
There exist nonnegative Borel measurable functions u; and u, such that u; Su=u,
on X and u, =u, m-a.e. on X. We have R,u; £ R,u=< R,u; on X. Further, by the
symmetry of R,,

0= f (Ratty — Ratts)(x)m(dx) = j R () (ta(x) — 1y (x))m(d)

IA

}‘ j (ua(x) — s (x))m(dx) = O,

which implies R,u;, = R,u; m-a.e. on X. Since R,u; and R,u, are quasi-continuous,
we see by Theorem 1.2(ii) that R,u; =R,u=R,u, q.e. on X and consequently
R,u € #*. The equation (3.2) for u can be derived from that for ;. The proof of
Lemma 3.1 is complete.

DEerINITION 3.1. A function # on X is said to be («,-) supermedian if the following
two conditions are satisfied:

(3.3) u is nonnegative and universally measurable,

(3.4) BRg . u(x)Su(x), x € X, B>0.

A supermedian function u is said to be («,-) excessive if

(3.5) limg, ;o BRy 4 gou(x)=u(x), x € X.

If u is nonnegative and universally measurable, then R, u is excessive.

If u is a nonnegative universally measurable function and limg._, o BRg . 4,u(x)
=1i(x) exists for every x € X, then the limit function i is said to be the regularization
of u. Every supermedian function has its regularization which turns out to be
excessive.
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THEOREM 3.1. If a function u is nonnegative universally measurable, belongs to the
space F and has its regularization il, then il is a quasi-continuous modification of u.
In particular any excessive function belonging to ¥ is an element of F*.

Proof. We see by Lemma 3.1, that R,u € #* and the operator R, applied to u
is identical with L2-resolvent associated with (£, &). Hence by taking Lemma
2.1(iii) of [10] and Lemma 1.2 of the present paper into account, we see that a
subsequence of BR; , ,,u converges g.e. on X to a quasi-continuous modification of
u. Thus we get Theorem 3.1.

REMARK 3.1. Every supermedian function belonging to the space & * is quasi-
supermedian in the sense of subsection 1.3. According to Theorem 3.1, every
excessive function belonging to the space & is quasi-supermedian.

3.2. The associated Ray process and the branch set. Put X=X U @ where 9 is
adjoined to X as the point at infinity if X is noncompact and as an isolated point
if X is compact. Extend the kernel {R,(x, E), «>0} to X in the manner of Remark
2.2(ii) of [10]. Then the extended kernel becomes a conservative Ray resolvent over
the compactum X to which the original set C, is still attached if we extend each
function u of C; to X by setting u(2)=0.

Therefore the results of D. Ray [18, Theorem I, IT and III] concerning resolvents
on compact spaces and their improvements by H. Kunita and T. Watanabe [13, §2]
can be brought over to our situation and we get the following conclusions.

The first conclusion is about the branch set. For each x € X, the measure
aRy(x, -) on X converges to a unique substochastic measure u(x, -):

Jim aRf() = [ (v, dn)f(2) for any fe CX).

A point x € X is said to be a branch point if the measure u(x, -) is not a unit dis-
tribution at x. The set X, of all branch points of X is called the branch set. The
measure p(x, -) is not supported by X, for any x € X. X, is characterized as follows:

(36) X, = U {xi80 > [ gdute )},

9eCy

where C;={g=fAc; fe Cy, ¢ is any positive rational number}.
The second is about the transition function. There is a unique sub-Markov
transition function P,(x, E) on X such that

3.7 Pf(x) = j P(x, dy)f(y), feC(X),xeX,

defines a right continuous function of ¢> 0 with

(.8) f " e-wpf(x) dt = Rof(x), « > 0.
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The third is the existence of a right continuous strong Markov process on X
with transition function P, This is called the Ray process associated with
{Ry(x, E), «>0}. We can adopt as the Ray process the canonical realization
M=(W, %, P,) of {R,(x, E), «>0} in the following sense(*°). W consists of paths
w=w(t), t€[0, +0), taking values in X such that w(¢) is right continuous in
t € [0, +0), has the left limit at any ¢ € (0, +o0) and stays at o after its lifetime
{(w). The tth coordinate w(t) of w is denoted by Xy(w). {(w) is defined by
inf {t=0, X(w)=0}. & is the o-field of subsets of W generated by {X, € E} with
0<s=<t and Borel set Ec X. For each x, P, is a unique probability measure on
B°=\/>0 B? which satisfies

Px(",t;eEla 1‘32€E2,..., /Yt,,eEn)

3.9 r_ _ . _
- j f | Pt )P )Pyt (e )
E; JEg Ey

for 0<t;<ty<---<t, and Borel sets Ej, E,, ..., E, of X, where P,(x, E)
=Pyx, EN X)+(1—Pyx, X))8)(E).

The Ray process M=(W, %?, P,) has the following properties:

M.1) P(X, € E)=u(x, E) for x € X and Borel Ec X. Define & to be the com-
pletion of #° with respect to the family of measures {Pu(-)= [y p(dx)P.(-); pis a
finite measure on X} and %, to be the completion of #? in # with respect to the
same family(*?).

(M.2) Strong Markov property with respect to the augmented fields {%,}: for
any stopping time T, >0 and Borel ECX, P.Xr,,€ E|#;)=P(Xy, E), P,~
almost everywhere for each x € X. Here, T is said to be a stopping time if {T<¢}
€ %, for any t=0 and #; is defined as the collection of those sets A € # such that
{T<t} N Ae %, forall t.

(M.3) Quasi-left continuity in the restricted. sense: if stopping times T, increase
to T, then Xr=lim,_, ,. Xy, P,-almost everywhere on the set

{T < 400, lim X €X— X,,} for each x € X.
n— + ©
(M.4) P(X,e X— X, for any t20)=1, x € X.
For a set A< X, we define the first entry time o 4(w) and the hitting time ¢(w) by
o4(w) = inf{t = 0; X, € 4},

(3.10) .
oy(w) = inf{t > 0; X, € 4}.

We define o4(w) or o)(w) to be {(w) when the set in the braces is empty. If A4 is
analytic, then random times o,, o) and 7=inf{t>0; X,_ € 4} are %,-stopping
times. We can see this by [15, Chapter IV, T47 and 53].

(29) See [16, XIII] for the canonical realization of a Feller semigroup.
(**) See R. M. Blumenthal and R. K. Getoor [2, p. 26] for the terminology.
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THEOREM 3.2. The branch set X, is polar in the sense of §1.

Proof. By Lemma 4.1 of [10] and by the inclusion C; =% N C(X), we see that
F N C(X)includes the countable collection C; which appeared in (3.6). The members
of C; will benumbered as g1, g3, - - -, 8is - - - - Put X&', ={x; g(x) — @R, 4 0, 81(x) > 1/n},
which includes the set {x; g.(x)> [x gx(¥)u(x, dy)+1/n} for every «>0. Lemma
2.1(iii) of [10] and the estimate (1.6) lead us to

Cap (XZ,) < n?6°(gy— Ry 0o8k 8 — Ry +ay8k) >0, & — +o0.

For any >0, take ¢, >0 such as > ¢, <e. For each k and n, choose o such that
the open set Y¥= X%, has the capacity less than ¢,/2"*1. Now X, is included in
the open set |, (U, Y¥ whose capacity is less than e, as was to be proved.

3.3. Symmetry of the process. Here we will observe how the behaviours of the
associated Ray process reflect the symmetry of our Ray resolvent. It is clear that
the symmetry of {R,(x, E), « >0} implies the symmetry of the associated transition
function {Py(x, E), t>0}: for any >0 and nonnegative Borel measurable functions
fand gon X

G.11) f P.f(x)-g(x)m(dx) = Lf(x)~Ptg(x)m(dx) < +oo.

LemMa 3.2. For 0<t;<--- <t,_;<t, and nonnegative Borel measurable func-
tions fo, fi, -+ s fa-1.Sn 0N X,

E(fo(Xo)f1(X2) -+ - fu-1(Xe, - ) fa(Xe,))m(dx)
3.12) °F

- [ B s i Koty Aoy K )

Proof. Notice that P,(X,=x)=1 for m-a.e. x € X because of (M.1) and Theorem
3.2 of the preceding subsection and Theorem 1.2(i). We will prove this lemma by
induction. Suppose that (3.12) holds for a given n. Then

L E(fo(Xo): - £ ) foe1(Xo, , ))(d)
- j E(foXo) ooy sy - o )Xo m(d)

- j LN AT XCAS TG AN 1o B C)

which is equal to
[ S GOPr B X oK) S Ko DI ()

= J; Ex(.fn + I(XO)f;l(th $1 —tn) v 'fO(A’tu + 1))m(dx)
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by virtue of (3.11) and the Markov property. Thus (3.12) holds for n+ 1, completing
the proof of Lemma 3.2.

Since @ is not a branch point of M, (M.3) implies as in [2, (9.3)] that the left
limits of sample paths must lie in X up to their lifetimes almost surely. In the follow-
ing we assume without loss of generality that every w € W has the property that
X;_(w) € X for every t < {(w).

Fix a positive number ¢>0. Denote by  the set of all functions ¢(z) (0=t=c¢)
taking values in X. The (time reversal) transformation g of the space & is defined
by ge(t)=¢(c—1), 0=t=c. For w € W such as X,_(w) € X, we define v,w and v,w
€ & by

o)) = X(w), 0=st<c, ()t)= Xow), t=0,
= X,_(w), t=c; = X,_(w), 0<t=Zc
Finally we put for I'c{X,_ € X},
(3.13) yI' = v g, I'(*%).
Denote by %, ., the restriction to {X,._ € X} of the o-field \/,<. %;.

THEOREM 3.3(*3). If I'c%..), then yI' € B ., and

(3.14) f P yD)m(dx) = j P (D)m(dx) £ +co.

Proof. It suffices to prove the theorem for the set
(3.15) I'={X,eEy, X, €E,, ..., Xy, €EE,_1, X;_ €E,},
where 0<t,<t,<---<t,_;<cand E,,..., E, are Borel subsets of X. Clearly
YD ={Xo€E, X¢c_t,_ - €En_1,..., Xcot- € Ey, Xo_ € Eg}.

By Lemma 3.2 we have for sufficiently small ¢>0 and >0,

|IRXTZCSTHC AR ARG AT AT
~ [ B ety ymem) - FiKemty - ) Ko D).

Assume that fy, f1, . . ., fn € C¢(X) and let £ and 6 tend to zero. Then after a routine
procedure we get the equality (3.14) for I of (3.15).

(*2) The operator y was introduced by E. B. Dynkin [7, IV, §4] in connection with the
multidimensional Brownian motion. The present author used a similar notion in the analysis
of a reflecting Brownian motion [8]. However the notion y defined in [8, p. 206] was insufficient
for the situation there and he likes to correct it here: it must be replaced by the present definition
(3.13).

(*3) Cf. Theorem 4.12 of [7].
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Here we give two applications of Theorem 3.3.

According to the proof of IV, T52 of P. A. Meyer [15] we observe that, for any
Borel set B< X and ¢>0, the set {oz <t} is in the completion of the o-field %#?
relative to Pu, u being an arbitrary probability measure on X. This fact will be used
in the proof of the following theorem:

THEOREM 3.4(**). For q.e. x€ X,
(3.16) P(X,_ € X— X, for every t € (0, {)) = 1.
CoROLLARY. If T, are increasing stopping times with limit T, then
(.17) Px( lim Xp, = Xp T < g) — PAT < )
n—+ o
forge. xe X.

This corollary is immediate from Theorem 3.4 and property (M.3). Here, the
exceptional points x € X do not depend on the choice of {T,}.

Proof of Theorem 3.4. Put I'.={o%, <c, X,- € X} and A, ={X,_ € X, for some
te(0,c), X.—- € X}. X, is a Borel set (actually an F,-set) and P.(['.)=0, x € X,
according to (M.4). Hence there exists a set I'; € By, such that I'.<I', and
{x P(Te)m(dx)=0. Since A,=yI'.<yI';, Theorem 3.3 implies that P,(A.)=0 for
m-a.e. x € X. Notice that A={X,_ € X,, for some 7 € (0, )} = eo0 Ac, Q being the
set of all positive rational numbers. We have therefore P,(A)=0 for m-a.e. x € X.
On the other hand u(x)=P,(A) is an excessive function: u is universally measurable
and

exp (—«o8)Psu(x) = exp (—aps)P{X;- € X, for some te(s, )} } u(x), s | 0.

Thus u(x)=0 for q.e. x € X in view of Theorem 3.1 and Theorem 1.2.
Finally for an open or a closed set A< X we define

(3.18) PY(x,E) = PAX,€E t < o,), t=0.
{P{(x, E), t=0} is a sub-Markov transition probability on X. Since P2f(x)
=[x P(x, dy)f(y) is right continuous in ¢ 2 0 for f € Co(X), P2(x, E) is measurable
in (¢, x) € [0, +0) x X for each fixed Borel set E< X. Put
+ o
(.19) RY(x, E) = f e-*PY(x, E) dt.
0

{RY(x, E), «> 0} is a sub-Markov resolvent on X. Obviously R2f(x)={x R(x, dy)f(y)
satisfies

(3.20) ROf(x) = E,,( f " e-af(x,) dt), xeX,
0
if f'is Borel measurable and R2f(x) is well defined.

(**) Cf. Lemma 3.7(iv) of [8].
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THEOREM 3.5(*®). For an open or a closed set A< X, the transition probability
and the resolvent kernel defined by (3.18) and (3.19) are m-symmetric:

3.21) j £)- PO g(xym(dx) = f POf(x)-g(Im(dx), 120,

622 [ S0 Regm@n) = | Ref@-g(m@d,  « >0,

for f, g € C*(X).

Proof. (3.22) is a direct consequence of (3.21). Let us show (3.21) when 4 is an
open set. Fix a positive number ¢ and Borel sets F, G<= X. Consider the set
I'={X, € F, c<0,, X._ €G}. Since 4 is open, I' € B, ., and

'yF = {XoeG,C é Oy, Xc_ EF}.

Noting that P(X,=x)=1 m-a.e., we get by Theorem 3.3,
j PAX._ €G,c < am(dx) = f PAX._ € F, ¢ < o)m(dx)
F G
from which follows the equality

L S)EL(8(X.-), ¢ = a)m(dx) = L E(f(X.-), ¢ £ 0,)g(x)m(dx)

for f, g € Co(X). By putting c=¢+ 1/n and letting n tend to infinity in this equality,
we obtain (3.21).

Next suppose that A4 is closed and choose a sequence of open sets A4, such as
A, A4,,,°A4 and A, | A. By virtue of the quasi-left continuity (Corollary to
Theorem 3.4)

(3.23) P04, 1+ 04) =1, ge xeX.

Hence (3.21) for the closed set A follows from those for open sets A,.
3.4. Probabilistic decomposition of (¥#*, £%). Let A be an open or a closed set of
X. We put

Hy(x, E) = E,(e”*4; Xo, € E),

(3.29) ,
H)(x, E) = E, (e %4; Xo € E).

In this subsection we will consider the kernels H, and H, on X as well as the
localized resolvent R? defined by (3.19) and reveal the roles they play in the strongly
regular D-space (&, &).

Any Borel measurable function on X is extended to X=X U 0 by defining its
value at 0 to be zero. It holds under this convention that H,f(x)=E.(e~*4f(X,,))
and R,f(x)=E.(J; e *f(X,) dt) for all xe X when f is Borel measurable and

(*%) Cf. Lemma 14.1 of [7].
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H,f(x)= f x Ho(x, dy)f(y) and R,f(x) are well defined for x € X. H,f can be ex-
pressed in a similar way. If a Borel measurable function f is excessive, then H, f
is supermedian and H, fis excessive. When 4 is open, o,=0¢} and H,=H,.

LeMMA 3.3. If fis a bounded Borel measurable function on X, then for each x € X
(3.25) R f(x) = R f(x)+ H.R,f(x), >0,
(3.26) H f(x)— Hpf(x)+(e—B)RGH, f(x) =0, B > 0.

Proof. We can use the strong Markov property (M.2) to obtain the formula
(3.25). (3.26) is a result of the Markov property.

By virtue of Theorem 3.5, the kernel {RY(x, E), «>0} is an m-symmetric sub-
Markov resolvent kernel on X. Let (F@, &) be the Dirichlet space generated by
{RY(x, E), «>0} : RYLAX; m) N C(X))<F® and the function R, fe€ L3*(X; m)
N C(X), satisfies

3.27) EO(RYf, v) = (f,v)x forevery ve FO,
THEOREM 3.6. FOF and &P is the restriction of & to F©:
(3.28) EOu, v) = &(u, v), uveFO,

Proof. Denote by B the set of all bounded Borel measurable functions on X.
Since R (L* N C) is dense in F@ with metric £ %, it suffices to prove the
following:

For every fe®NL? R} fe# and
E%(RE, S, Reof) = (f, R, N)x-
We can observe by Lemma 1 of [9] that u € L2(X; m) is an element of & if and only

iflimg., , o B(u—PBRy 4 q,U, )y is finite and in this case the limit is equal to &%(u, u).
Thus the relation (3.29) is equivalent to

(3.30) lim B(u—BRy o5, W)x = (f, W)x

B— + ©

(3.29)

where u=R} f, fe B N L2
Let us show (3.30) for an open set A. By (3.25) and the resolvent equation for R,

B(u—BRg 1 agt, x = B(RY +aof, Wx—B*(Hp + a4 Rp + aglt, Wx-
Since R§ is symmetric and its L2-norm is no greater than 1/e,
B(RS +aof, Wx = (fs Re [~ RE+oao/)x = (L),  B—> +o0.
We have to prove
(3.31) B (Hp s aoRs+aoths )x —>0,  B— +o0.

We may assume without loss of generality that fis nohnegative. By the symmetry
of R}, and the formula (3.26), the left-hand side of (3.31) is no greater than
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B(HyRs + o1t f)x- Notice that u is the difference of two excessive functions:
u=R,,[— Hy (R, f). Hence limg., , o B(HyoRy 1 ook, £)x=(Hayl, f)x. However, since
04(0,,0)=0 for wef{o,<{}, we have H, -H, (R, f)(x)=Hy(Ro [f)(X), x€ X,
which means H, u(x)=0, x € X, yielding (3.31). Here 6 denotes the usual trans-
lation operator on W (cf. [16]).

Thus (3.30) and hence (3.29) are established when A is open. (3.29) for a closed
set A is now to be proved. Find open sets 4, such that 4,24,,, and 4, | 4.
Denote by "RY and "H, kernels corresponding to A,. Put u,="Rj f for a non-
negative f€ B N L2 Then owing to (3.20) and (3.23), u, increases to R} f q.e. as
n — +00. Now observe the following equality: for m<n,

ﬁ(un - :B-RB + aoum um)x
= Ig(ng + aofa “m)x +B(mHB +ag nRg + aof, um)X - ﬁ2(nHB + aoRB + aoum um)X‘

Here we used the identity "R$f="R3f+™H; "R}f. Let B tend to infinity. Then the
first term of the right-hand side of the equality tends to (f, u,)x as was proved
earlier. The second term is, in view of the symmetry of ™R} and (3.26), no greater
than ("H,, "R3 .+ 4./, f)x, which decreases to zero. The absolute value of the last
term is no greater than B%("Hp 1 4 R + aoltns Un)x, Which also tends to zero by (3.31).
What we have proved is &%(u,, u,)=(f, Un)x, m<n, which in turn tells us that u,
converges to RY, fin &%-norm, arriving at (3.29) for the closed set 4. The proof of
Theorem 3.6 is complete.

On account of Theorem 3.6, F© is a closed subspace of # with metric &%.
Let us denote by 5, the orthogonal complement of # in the Hilbert space
(F 6%).

LEMMA 3.4(3%). If u is either an element of % N C(X) or of the form R,h,
he B N L2 then H,u is quasi-continuous and

(3.32) H,u = Px,,
P, being the projection on the space #;,.

Proof. Let us first show this for u= R, h, h € B N L2 By (3.25),(3.29) and Lemma
3.1, we have
E°o(HyoRooh, R3y8) = E%(Rogh— Ragh, R3,8)
= (h, R3,8)x—(h, R3,8)x =0
for every g€ B N L2 This means that the formula (3.25) represents the direct

decomposition of u= R, A into the sum of elements of F and H#, getting (3.32).
The quasi-continuity of H,u is clear if 4 is open, because it is then the difference

(*%) We have further Hogu=Hyu, q.e. forue F n C (X). Since HoyRyou is the regulariza-
tion of the quasi-continuous function Ha,Raok, these two are equal g.e. From this we can get
the desired equality.



1971] DIRICHLET SPACES AND STRONG MARKOV PROCESSES 213

of excessive functions H,(R,,h*) and H, (R.h~) of # to which we can apply
Theorem 3.1. Coming to the case when A4 is closed, consider open sets 4, and
corresponding kernels "R} and "H,, just as in the second part of the proof of
Theorem 3.6. Then the quasi-continuous functions "H, u=u—"R} h converge to
u— RS h=H,u q.e. on X as well as in &%-norm. Hence the latter must be quasi-
continuous (Lemma 1.2).

Next take any u € # N C(X). Since, for each 8>0, Rzu is equal to R, A with
some h e B N L%, we have H, (BRsu)=Px, (BRsu).

By Lemma 2.1 of [10], BRsu — u and hence

P, (BRsu) — Py, B— +oo,
with respect to &%-norm. On the other hand,
ﬂ!ffflw H,(BRsu)(x) ﬂliIPw E(exp (—2000)BGsu(X,,); X, ¢ X5)
= Ex(exp (-0 u(X,,)) = Hyu(x), x€X,

by virtue of property (M.4). Thus we get (3.32). H,u is quasi-continuous because
it is the limit of quasi-continuous functions H, (BRu) in &%-norm as well as in
the pointwise sense.

LEMMA 3.5. Suppose that A is compact. Any quasi-supermedian function belonging
to the space 3, is a potential of a measure whose support is concentrated on A.

Proof. Assume that u is quasi-supermedian and u € 5. Then u e #* and we
have by Lemma 1.3 that &%(u, v) 20 for all v € #* such as v=0 qg.e. Let v be any
function of &# N C(X) which is nonnegative on A. By Lemma 3.4, &%(u, v)
=&%(u, H,v) which is nonnegative because H,v(x)20, x € X. According to
Theorem 1.6, we arrive at Lemma 3.5.

The next two are the main theorems of this subsection.

THEOREM 3.7(17). Put
(3.33) Fi s={ueF*,u=0gq.e on A}

Then F%_ ,=(FO)*, where (F©)* denotes the set of all quasi-continuous modifica-
tions of functions in the space F©.

Proof. On account of Theorem 3.6 and Lemma 1.2, (F@)* and # % _ , are closed
subspaces of the Hilbert space (#*, £%). If fe L? N C, then R} f(x)=0on 4— X,
and R} f=R} f—H,(R,f) is quasi-continuous in view of Lemma 3.4. Hence
F%_ 4 contains RS (L? N C) which is dense in (F©)*. Thus, F%_,2(F)*.

(*") We can assert even more: for any nonnegative universally measurable function
f€L*X; m), RYf belongs to the space F¥_, and the equation &*(RSf, v)=(f, v)x holds for
every v € F¥_ 4. In view of the proof of Theorem 3.7, this is true for fe L? N C(X). Now the
general case can be obtained exactly in the same manner as in the proof of Lemma 3.1.
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Let us prove the converse inclusion. Denote by % the space of all quasi-
continuous modifications of functions of the #;, . It suffices to show that S5 —the
orthogohal complement of (F©)* in (F*, £%)—is orthogonal to F%_,. Since
H, R, (L? N C) is in #7 by Lemma 3.4 and dense there, it is enough to prove

(3.39) E%(H, R, f,0) =0, fel®NC* veFi_,

Assume first that 4 is compact. Since H, R, f is supermedian, it is quasi-super-
median (Remark 3.1) and is a potential of a measure u € My with Su< A4 by virtue
of Lemma 3.5. Owing to Theorem 1.5, the left-hand side of (3.34) is equal to
{ 4 v(x)p(dx)=0.

In the case when A is open or closed, we can find compact sets 4, such that
A, 1 A. Denote by "H,  the kernel corresponding to A4,. It is easy to see that
"H, R, f then converges to H, R, f increasingly and in &“-norm. If v eF¥_,
then v e £%_, and the left-hand side of (3.34) is equal to lim, §%("H, R, f, v)=0.
The proof of Theorem 3.7 is complete.

Owing to this theorem, we get an important conclusion about a local property
of the space 5% : Any function in 5 is determined by its restriction to the set A.
In fact the space (F*, §%) is expressed as a direct sum F*=F%_, @ H#5 and
so any function of #°, which vanishes g.e. on 4 should vanish g.e. on X. Keeping
this in mind let us prove the next theorem.

THEOREM 3.8. Suppose that A is a compact set or an open set belonging to the
class %. Then we have for q.e. x € X,

(3.35) e(x) = E(exp (—a0,); 04 < §) = E.(exp (—o0h); oy < ).

Here e, denotes the equilibrium potential of A defined in subsection 1.5.

Proof. Suppose that 4 is compact. By (1.25) and (1.26), e, is an element of
5, which is equal to 1 g.e. on 4. The function u(x)= E,(exp (—y0,4); 0, <{) has
the same property. Indeed u(x)=1, x € A — X,, and hence q.e. on 4 by Theorem 3.2.
u can be expressed as H,, f(x) with any function fe # N C(X) such as f(x)=1 for
x € A. Hence u € #% by Lemma 3.4. Thus we get the first equality of (3.35). The
third term of (3.35) is the regularization of the second. Hence they are equal q.e.
on X in view of Theorem 3.1.

When A4 is an open set of the class %, (3.35) is also obtained by approximating
A with a sequence of compact sets increasing to 4 and by noting (1.22) and (1.23).

3.5. Regularity of quasi-continuous transformations along sample paths. Let us
begin with a lemma which states a probabilistic feature of polar sets.

LeEMMA 3.6. Let A be a Borel polar set and {A,} be a decreasing sequence of open
sets such that A,> A and lim,,_, , ,, Cap (4,)=0. Then the equalities

(3.36) P.(X,or X,_ € A for somet = 0) = 0,
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(3.37) P,,(UA" = { for some nor lim o, = +oo) =1
n— + o

hold for g.e. x € X.

Proof. (3.36) is a consequence of (3.37). In order to show (3.37), let us put
un(x)=E(exp (—ao04,); 04,<{). By Theorem 3.8 and (1.21) we have &%(u,, u,)
= Cap (4,) which decreases to zero by the assumption. Since u, is quasi-continuous,
Lemma 1.2 implies that lim, _, , », #,(x)=0 g.e. on X. We arrive at (3.37) on account
of the identity

lim u,(x) = Ex(exp (—ao lm a,,"); Fjl {on, < c}).

n—+ o

Since the branch set X, is polar (Theorem 3.2), we can apply the above lemma
to X, to get

(3.38) P (X,_ € X, for some ¢t = 0) = 0,

for g.e. x € X. Notice that (3.38) is stronger than (3.16). We will further strengthen
the assertions of Lemma 3.6 as follows:

THEOREM 3.9. Under the same assumption as in Lemma 3.6, there exists a Borel
polar set B including A such that the equalities (3.37) and

(3.39) P, (X, or X,_ € B for somet 2 0)=0
are simultaneously valid for every x € X — B.

Proof. By virtue of Lemma 3.6, we see that (3.36) and (3.37) are valid for every
x € X except on a polar set N;. By replacing N; with a G,-polar set including it if
necessary, we may assume that N, is a Borel set. Apply again Lemma 3.6 to the
Borel polar set 4 U N;. We get

(3.40) P(X,or X,_€AVYN, forsomet =0)=0

for every x € X except on a Borel polar set N,. Repeating the same argument, we
have a sequence {N,} of Borel polar sets such that for each k the equality

(3.41) Px(Xt or Xt— GA ) Nl U 'U’Nk fOI’ some t ; 0) = 0

holds for every x € X— N, ,;. Put B=4 U (U} Ny). B is polar by Theorem 1.1.
If x e X— B, then (3.41) is valid for every k. Letting k tend to infinity, we get (3.39).

Turning to the main task of this subsection, let us consider a quasi-continuous
function g on X taking values in some nice topological space. We fix a decreasing
sequence {4,} of open subsets of X such that ¢ is continuous on each X— 4, and
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lim,_, , ., Cap (4,)=0. By virtue of Theorem 3.9, there is a Borel polar set B such
that B>();;% A, and equalities (3.37) and (3.39) hold for every x € X— B: if we put

Wi, = {we W; X(w) and X,_(w)e X—B for all ¢ > 0},

(3.42) .
Wi, = {w € W; 0, (w) = {() for some nor lim o, (w) = +oo},
n—+ o
then
(3.43) P(W)=1, xeX-B,

where W, denotes the set W,; N Wi,
Now let us put

(3.44) B =RBW,, B} =B,-Wy, tz0,

and denote the restrictions of measures P,, x € X — B, to #* by P, again. We also
maintain the notion X, to express its restriction to W;. It is then clear that the
process M, ={W,, #*, #}, X,, P,} is a right continuous Markov process with state
space X—B.

THEOREM 3.10. (i) The process M, is a strong Markov process with state space
X — B. The resolvent kernel of M, is the restriction to X— B of the Ray resolvent
kernel {R.(x, E), o> 0} of the original process M. Further

(3.45) R,(x, B) = 0, x€e X—B.

(ii) The o-field #* (resp. #}) is the completion of B°- W, (resp. ;- W, in #*)
with respect to the family of measures

{P,,(-) = L_B w(dx)P,(-); w is a finite measure on X — B}.

(iii) Assume an additional condition that
+

(3.46) X, < () A

Then the process M, is quasi-left continuous on [0, +o0): if {#}}-stopping times
T, increase to T, then lim,_, ,» Xy, = X1 P,-a.e. on {T< + oo} for every x € X—B.

(iv) Assume an additional condition that

(3.47) q can be extended to X — (\+2y Ay in such a way that the restriction of q to
X — A, is continuous there for every n.

Then, for each w € W, g( X (w)) and q(X, _(w)) are well defined and Y(w)=q(X(»))
is right continuous in t 20. Y,(w) has the left limit at every t>0 with

(3.48) Y, (o) = 9(X;-()).

(v) Assume that both the conditions (3.46) and (3.47) are valid. If {#}}-stopping
times T, increase to T, then lim,, o, Yr,=Y; P,-a.e. on {T<+co} for every
xe X—B.
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Proof. (i) The latter assertion together with (3.45) is evident. M, is now a
Markov process on X — B with right continuous sample paths and right continuous
o-fields {#}}. Obviously the right continuity of R,f, fe C(X), along the sample
paths is preserved under the transfer from M to M;. Thus, M, is a strong Markov
process on X — B.

(ii) Take a set A € #' and consider its property with respect to the original
process M. Property (M.1) implies that

PAA) £ P.(Wy{Xo=x}) =0 ifxeB-X,

and

PA) = fx u(x, dy)P,(A) = jx M PN i xE X

Therefore, for any finite measure p on X, P,(A)=P, (A) with a finite measure p,
supported by the set X — B. This means statement (ii).
(iii) By the hypothesis (3.46),

P.(X,_€ X,forsomet=20)=0, xeX—B.

Combining this with statement (i), we can prove the quasi-left continuity of M,
on [0, +00) exactly in the same way as in [13, §2] (see [16, XIV, T15] for more
information).

(iv) Fix an we W;. If {(w)< + o0, then o, (w)={(w) for some n and hence
X,(w) and X,_(w) belong to the closed set X— A, for all £=0. Hence we get the
desired properties of Y; by the hypothesis (3.47). If {(w)= + o0, then for any 1=0
there exists an 4, such that o, (w)>t. Hence we get the desired conclusion in this
case also.

(v) By the preceding two statements (iii) and (iv), we have lim,. .. Yr,
=q(lim,., ; » Xr,)=¢(X7r)= Y7 P.-a.e. on {T< +oo} for every x € X— B. The proof
of Theorem 3.10 is complete.

REMARK 3.2. Here we give some remarks on the hypotheses (3.46) and (3.47) in
Theorem 3.10. We can assume (3.46) without loss of generality because the branch
set X, is polar. Assertions (iv) and (v) are still valid up to the lifetime { without
assuming (3.47). Condition (3.47) is satisfied by two important cases in which we
have interest. Theorem 1.3 implies that each numerical function u€ % has a
modification # which is not only quasi-continuous but also satisfies (3.47) by
setting #(9)=0. In case that g is a quasi-homeomorphism from X to the underlying
space X' of some regular D-space, q satisfies (3.47) if we put g(9)=0". We can see
this immediately from the definition of quasi-homeomorphism.

Theorem 3.10 will be the key to prove Theorem 4.1. Here we state another appli-
cation of Theorem 3.10. Consider a function u defined q.e. on X. Let us agree to
say u to be Borel (resp. universally) measurable if there is a Borel (resp. universally)
measurable function # on X such as u=d q.e. We call u finely continuous gq.e. if
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there exists a nearly Borel polar set B satisfying the following: B> X,, X—Bis a
fine open set and u is finely continuous at each point x € X— B, fine topology being
defined in terms of M(*®). For instance take a quasi-continuous function u (not
necessarily real valued). Then u is clearly Borel measurable in the above sense.
Furthermore from the first and second remarks in Remark 3.2, we can see that u
is finely continuous q.e. Thus we get the first part of the following theorem.

THEOREM 3.11. (i) Every quasi-continuous function on X is finely continuous q.e.
and Borel measurable.

(ii) Conversely if a function u of F is finely continuous q.e. and Borel (or more
generally, universally) measurable, then u is quasi-continuous.

Suppose that a function u € # is finely continuous g.e. and universally measur-
able. Denote by # a quasi-continuous modification of u. Then by the first part of
Theorem 3.11, the m-negligible function v=u—# is finely continuous q.e. Therefore
the second part of Theorem 3.11 follows from the next lemma which is a counter-
part of Theorem 1.2(ii).

LeMMA 3.7. If a function v is finely continuous q.e. and universally measurable
and if v=0 m-a.e., then v=0 g.e.

Proof. By making use of Theorem 3.9, we see that there is a Borel polar set
B> X, such that X— B is finely open, v is finely continuous at each point of X— B
and v is universally measurable on X— B. The set C={x € X— B; v(x)#0} is then
a fine open and universally measurable set which is consequently contained in the
set D={x € X—B; R,,(x, C)>0}. Since C is m-negligible and R,, is symmetric,
D is m-negligible. Hence D becomes polar by virtue of Theorem 1.2(ii) and Lemma
3.1. v now vanishes except on the polar set B U C.

3.6. Polar sets and absolute continuity conditions. The first half of the preceding
subsection gives us probabilistic interpretations of polar sets. Here we will com-
plete them.

We say a Borel set Y< X is M-invariant if the equality

P (X;and X,_e YU oforallr 20) =1
holds for every x € Y.

THEOREM 3.12. The following statements are equivalent to each other:
(i) A Borel set A is polar.
(ii) For m-almost all x € X,

(3.49) P, <0 =0.

(iii) There exists an m-negligible Borel set B including A such that X—B is
M-invariant.

(*®) See [2, II] or [16, XV].
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Proof. (i) implies (iii) according to Theorem 3.9. Statement (iii) means (ii).
Suppose that statement (ii) is valid. Then E,(exp (—cq0%); ox <{)=0 m-a.e., for
any compact set K< 4. We have Cap (K)=0 by Theorem 3.8 and (1.21). Owing to
(1.5) we arrive at the statement (i).

It should be noticed that we cannot generally strengthen the above statement (ii)
by replacing ‘“m-almost all x”* with “all x”. The simplest example illustrative of
this point is the case when # =L%(X) and &=0. In this case each m-negligible set
is polar but every point of X is trap with respect to the corresponding Ray process.
The next theorem will concern the conditions to eliminate such irregular situations.

Suppose that a Borel set A4 is of potential zero: R,(x, A)=0 for all xe 4 and
a>0. Then m(4)=0. Indeed symmetry of the kernel implies « [, R,1(x)m(dx)
=a [ Ry(x, A)m(dx)=0. Letting « tend to infinity, we get m(4)=m(4— X,)=0.

THEOREM 3.13. The following conditions are mutually equivalent :
(i) A4 Borel set A is polar if and only if (3.49) is satisfied for all x € X.
(ii) m is a reference measure of M: a set A is of potential zero if and only if
m(A4)=0.
(iii) R,(x, -) is absolutely continuous with respect to m for each x € X and «>0.

Proof. It suffices to show the equivalence of (i) and (iii). Suppose that condition
(iii) is satisfied and consider a Borel polar set 4. By Theorem 3.12, we have u(x)
=P,(c,<{)=0, m-a.e., and consequently u(x)=lim,,, , o BRu(x)=0 for every
x € X. Thus condition (i) is valid. Conversely assume that (i) is met. Let 4 be an
m-negligible Borel set. Symmetry of the kernel and Lemma 3.1 then imply that
R,(x, A)=0 holds for every x € X except on a polar set, which is of potential zero
under condition (i). Thus we have R,(x, A)=limg_, , , BR; . R.(x, A)=0 for every
x € X arriving at condition (iii).

REMARK 3.3. Suppose that condition (iii) of Theorem 3.13 is satisfied. Theorem
3.13 then tells us that we can adopt the set ({1 4,) U X, as the set B in Theorems
3.9 and 3.10.

4. Regular Dirichlet spaces and strong Markov processes. Let (X, m, %, &) be a
regular D-space. We adjoin a point 0 to X as the point at infinity if X is noncompact
and as an isolated point if X is compact.

4.1. Construction of a strong Markov process—proof of Theorem 4.1. This sub-
section is devoted to the proof of Theorem 4.1 mentioned in the beginning of the
present paper.

(I) By Theorem 3 of [10], there exists a strongly regular D-space (X, w1, £, &)
which is equivalent to (X, m, &, &). Every notion related to this strongly regular
D-space will be written with tilde ~. We already have several related notions
specified in §3—the Ray resolvent {R,(%, E), «> 0}, the branch set £,, the transition
function {P,%, E), 1>0} and the Ray process (W, &, P;) on the extended space
Xus.
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By Theorem 2.1, there exists a capacity preserving quasi-homeomorphism g from
X to X: there are decreasing sequences of open sets 4,< X and 4,< X such that

lim Cap (4,) = 0, lim Cap~ (4,) =0
k- + o k—++wo
and the restriction of ¢ to X— A4, is homeomorphic onto X— A4 for each k. The
equality (2.1) holds for every analytic set A< X —(#33 4. If we extend g by setting
q(0)=9, then according to Remark 3.2,

(4.1) the restriction of g to X U @— A4, is a homeomorphism onto X U §— 4.
Moreover we can assume without loss of generality that

+
(4.2 X, = N 4
k=1
because we can replace A (resp. 4,) with
-~ ~ +oo ~ +
A,u b, = A,u (ﬁk— ﬂlA,,) (resp. A, Uq‘l(D,,— A ,Z,,))
n= n=1

if necessary. Here {D,} is a decreasing sequence of open sets of X such that D> X,
and lim,._, , », Cap~ (D,)=0.

By Theorem 3.9, there exists a Borel polar set B> (= 4, which satisfies the
following: if we put

Wy ={@eW; X(a) and X,_(&#) e XU 0— B for all ¢ = 0},
4.3 -
“3) Wy, = {oj € W; 6z(@) = &) for some nor lim &z (a) = +oo},
n—++ o
and Wy=W,, N W,,, then
4.4) P.(W) =1, xeXuUd-B.

According to Theorem 3.10, we have a right continuous strong Markov process
M,=(W,, %, X, P,) with state space £ U d— B which is quasi-left continuous on

{0, +00).
(I1) Definition of M=(Q, #, M#,, X,, P,). Let us define a set B< X by
4.5 X—-B =q Y(X-B).

Since B=(N-1 4x) Y ¢ (B— N1 4.), B is a Borel polar set including the set
&= Ax. We put

4.6) Q=W, A =2%R, M=%
The element of Q (resp. .#) is denoted by w (resp. A) instead of @ (resp. A).
Define X, and P, by

X(w) = ¢ (X)), weQ,tz0,

4.7 ~
@7 P.(A) = P,(A), xeXUO0—B, Ae A
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X, takes values in X U 8— B. The field #9=4%?- W, is generated by functions
X,, s<t, because it is generated by X,, s<t, and both g and ¢! are one-to-one
Borel measurable between X U @— B and X U d— B. The field #°=%°- W, is of
course generated by X;, s=0.

By (4.4), P, is a probability measure for each x € X U 0—B. P,(A) is for each
A € #° a Borel measurable function of x € X U & — B because it is the composition
of two Borel functions g and P-(A).

The field A4 is the completion of #° with respect to the family of measures
{Pu(-)={x0o-5 #(dx)P,(-); p is a finite measure on X U 29— B}. This follows from
Theorem 3.10(ii) and from the following observation: there is a one-to-one corre-
spondence between finite measures on X U &— B and those on X U 8— B by the
relation u(E)=7(g(E)) and in this case we have P,(A)=P;(A), A € #°. The field
M, is the completion of ) in . with respect to the same family of measures.

(III) M is a Hunt process on X U 0— B. M has namely the following properties
(M.a)~(M.e).

(M.a) The sample path X; is right continuous for =0 and has the left limit in
XU d—Bfort>0, P,-a.e. (xe XU d— B). Further X,=0 for t={ P,-a.e., where
{(w)=inf{t20; Xy(w)=2}.

(MLb) P(Xo=x)=1,xe XU d—B.

M.c) A,=M,,, t>0. M, is the completion in the sense of the preceding para-
graph of the o-field generated by {X, 1=s=0}.

(M.d) Strong Markov property.

(M.e) Quasi-left continuity.

In the present case, the statement (M.a) is valid for all w € Q in view of Theorem
3.10(iv) and (4.1). By (4.2) we see X,=B and P (Xo=x)=P,, (X,=gx)=1,
x € X U 0—B yielding (M.b). The second property of (M.c) is evident by the
observation of the preceding paragraph. The first is due to the right continuity of
B, (M.d) follows from Theorem 3.10(i). To see this, consider an .#,-stopping time
T and a set A € #;. Then for any ¢>0 and any Borel set E< X U 8— B,

Px(XT+t € E’ A) = qu(XT+t qu> A) = qu(ﬁxr(/?t qu), A)
= Eq(Py-12p(X; € E), A) = E(Px,(X; € E), A).

(M.e) is due to Theorem 3.10(iv): if {T,} is an increasing sequence of .-
stopping times and if T=Ilim,_, , , T}, then

Px( lim Xp, = X, T < oo) = qu( im Xp, = X, T < oo)
n— + o

n—+ o
= P (T < ©0) = P(T < ).
(IV) The resolvent of the process M generates (¥*, &). If we define the resolvent
kernel {R,(x, E), «>0} on x— B by

“8) R B) = B[ ety ),
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then for any nonnegative universally measurable function fon X — B which belongs
to the space L%(X; m),

4.9 R, fe F*

and R, f satisfies the equation (0.5).

In order to prove this statement, put f= ®*f with ®* defined by (2.2): ®*f(X)
=f(q~ %), %€ £—B. fis then a nonnegative universally measurable function on
X—B. If we extend fto a function on X by setting f(%)=0, % € B, then f becomes
universally measurable on X. Further by virtue of (q.2) of Theorem 2.1, f'e L3(X; ).
Hence we can see by Lemma 3.1 that Ref belongs to & * and satisfies the equation
E4R.f, 5)=(/f, D) for all # € £. On the other hand we have R, f(%)=®*(R,f)(%),
% € X— B, because

+ ©

Raf) = B[ eme) )

~ B[ TR0 dt) = RePign,  xex-b.

Now (q.1) of Theorem 2.1 leads us to (4.9) and the equality &*(R.f, v)
=&%R, f, ®*v)=(f, ®*v)g which is equal to (f, v)x for ve F* according to the
property (q.2).

4.2. Generalizations of theorems of §3. All results of §3 are still valid when the
strongly regular D-space and the associated Ray process of §3 are replaced with the
regular D-space (X, m, %, &) and its associated Markov process due to Theorem
4.1 respectively.

We consider a Borel polar set B< X and a Markov process

M = (Q, #, A, X, P,)

on X U 0— B which enjoys the properties (III) and (IV) of subsection 4.1(3?).

Observe that in the course of arguments of §3 the speciality of the Ray process
that its resolvent leaves the space C(X) invariant has been essentially used nowhere
except in the proof of Lemma 3.1. Besides we now have the counterpart of Lemma
3.1, namely, property (IV) of 4.1. Thus all the arguments of §3 are immediately
applicable to the present context to establish following generalizations.

THEOREM 4.2. If a function u is nonnegative universally measurable on X— B,
belongs to the space F and has its regularization @i on X— B, then @i is a quasi-
continuous modification of u. In particular any excessive function on X — B belonging
to Z is an element of F*.

This corresponds to Theorem 3.1. The next is a generalization of Lemma 3.4,
Theorems 3.7 and 3.8.

(1) It is sufficient to assume property (IV) only for fe L2 N C.
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THEOREM 4.3. Let A be an open or a closed subset of X. Put
Fi s={ueF*;u=0q.e. on A.

(i) The D-space (F%_, €) is generated by the resolvent kernel R,(x, E)
=E([34 e~ *xz(X;) dt), «>0, on X— B: for each nonnegative universally measurable
function f on X — B belonging to L*(X; m), the function R3f(x)=[,_, R3(x, dy)f(»),
x € X— B, belongs to the space F% _ , and the equation &*(R3f, v)=(f, v)x holds for
everyve Fx_,
(i) Denote by H¥ the orthogonal complement of F%_, in the Hilbert space
(F*, &%) and define the kernel H,(x, E) on X— B by

H,(x, E) = E,(exp (—aoy); X,, € E).

Then the relation Pxzu= H,u holds for every ue F N C(X) where Px; stands for
the projection on .

(iii) If A is an open set of the class % or a compact set, then the equality (3.35)
holds q.e. on X.

The first assertion of the above theorem generalizes Lemma 3.7(ii) of [8].
Finally we give generalized versions of Theorem 3.11, 12 and 13.

THEOREM 4.4. A function uc F is quasi-continuous if and only if u is finely
continuous q.e. on X and universally measurable.

This essentially generalizes a theorem of J. Deny and J. Lions [5, Chapitre II,
Théoréme 3.2] concerning BLD functions and Cartan’s fine topology.

THEOREM 4.5. The following statements are equivalent to each other:
(i) A Borel set A is polar.
(ii) (3.49) holds for m-almost all x € X.
(iii) There exists an m-negligible Borel set C>A U B such that X—C is M-
invariant.

THEOREM 4.6. The following conditions are mutually equivalent:
(i) A Borel set A is polar if and only if (3.49) is satisfied for every x € X—B.
(ii) m is a reference measure of the process M.
(iii) R,(x, -) is absolutely continuous with respect to m for each x € X—B and
a>0.
(iv) m is strictly positive on every nonempty finely open set.

The last condition of Theorem 4.6 follows from condition (iii). The converse is
also true because of symmetry of R,,.
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